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ABSTRACT

PROJECTIVE CHARACTERS OF FINITE GROUPS

The purpose of this thesis to analyze the basic facts about projective characters
of finite groups and compare them to the facts about ordinary characters of finite
groups. We start with review of basic facts about the twisted group algebras and
projective representations of finite groups over a field. Then we study the properties
of the projective characters. Finally, we will study these properties on the complex

projective characters.



OZET

SONLU GRUPLARIN PROJEKTIF KARAKTERLERI

Bu tezin amaci sonlu gruplar tizerine tanimlanan projektif karakterlerin temel
ozelliklerini analiz etmek ve bu ozellikleri klasik karakter teorisindeki ozelliklerle karsilag-
tirmaktir. Ik olarak biikiimlii grup cebirlerinin ve projektif temsillerin tanimlar1 ve
ozellikleri hatirlatilacak. Daha sonra projektif karakterlerin tanimlari ve ozellikleri

verilecektir.
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1. TWISTED GROUP ALGEBRAS

Throughout this chapter we’ll assume that G is an arbitrary group and A is an
abelian multiplicative group where G acts on A from left, written as g, where a € A

and g € G. All the results are from Markus Linckelmann’s book [1].

Definition 1.1. A map o : G x G — A s called a 2-cocycle of G with coefficients in
A if

a(zy, z)a(r,y) = a(r,yz)"a(y, ) (1.1)
for every x,y and z in G.

Notice that if G acts trivially on A, the equation (1.1) becomes

alzy, 2)a(z,y) = a(z,yz)a(y, 2) (1.2)

for every x,y and z in G.

The set of all 2-cocycles of G with coefficients in A forms an abelian group, de-
noted by Z?(G, A), and the identity element is the constant map that is sending every
(z,y) € G to the identity element 14 of A.

Proposition 1.2. Let G be a group and A be an abelian group on which G acts. Let
a € Z*G,A). Then we have a(1,z) = a(1,1) and a(x,1) = "a(1,1).

Proof. Putx =1,y = 1, 2 = z in the equation (1.1) to get (1, x)a(1,1) = (1, z) (1, x),
so we get o(1,2) = a(1,1). Similarly, put x = x,y = 1,z = 1 in the equation (1.1) to
get a(z, 1)a(z, 1) = a(z,1)*a(1,1), and hence a(z, 1) =* a(1,1).

Definition 1.3. Let G be a group and k be a commutative ring with unity on which G

acts. Let o € Z%(G, k*). The twisted group algebra of G by « is denoted by koG and the



product is defined by .y = a(x,y)xy for all x,y € G, where x.y is the multiplication

in koG and xy is the usual group multiplication.

Note that in the twisted group algebra k.G, the unit element need not be equal
to the unit element 1 of the group G. For any g € G, we have 1.g = «a(1,g)g and
even though (1, g) yields an identity element in k,G, it need not be equal to the unit

element of k*.

Proposition 1.4. Let G be a group and k be a commutative ring with unity on which

G acts trivially. Let o« € Z*(G,k*). For any g € G we have

(i) a(1,9) = a(g,1) = a(1, 1).
(i) a(g,97") = (g™, 9).
(iii) the unit element of koG is equal to a(1,1) '1¢5.

(iv) the inverse of g in koG is equal to a(1,1) (g, g7 ) tg™ .

Proof. The statement (i) follow from Proposition 1.2 and the fact that G acts on k*
trivially. If we put * = g, y = ¢! and z = ¢ in Equation (1.2) we get a(1, g)a(g,g71) =
a(g,1)a(g™t, g). Using (i) we get the desired equality in (i7). Now consider a(1,1) 1.9 =
a(1,1)ra(l,g)g = g for all g € G. Hence a(1,1)7'1 is the identity element in k,G. For
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the last part, consider a(1,1) (g, g7 tg.g7 = (1, 1) talg, g ) talg, g7 )gg™t =
a(1,1)7'1 which is the identity element by (7).

Proposition 1.5. Let G be a group and o, 3 € Z*(G,k*). Then koG is isomorphic to
ksG as k-algebras where g is mapped to v(g)g for some v(g) € k* if and only if there
exists a map v : G — k* such that a(g,h) = B(g, h)v(g)v(h)y(gh)~! for all g,h € G.

Proof. The image of g..h = a(g, h)gh under the given isomorphism is «(g, h)y(gh)gh.
The product of the images of g and h under the isomorphism is v(g)vy(h)g.sh =
v(g)v(h)B(gh)gh. These two elements are equal if and only if the equality a(g,h) =



B(g, h)v(g)v(h)y(gh)~ holds for all g,h € G.

Definition 1.6. Consider the set of all maps o € Z?(G, A) such that there exits a map
v : G — A such that a(g,h) = v(g9)%y(h)y(gh)™! for all g,h € G. This set is called
the set of 2-coboundaries of G with coefficients in A and denoted by B*(G, A). The set
B2(G, A) is a subgroup of Z*(G,A). The quotient group

H*(G,A) = Z*(G,A)/B*(G, A)

is called the second cohomology group of G with coefficients in A.

Definition 1.7. Let a, 8 € Z?(G,k*). If there exists a map t : G — k* such that
t(1) =1 and a(g,h) = B(g, h)t(g)t(h)t(gh)~" for all g,h € G, then a and B are called

cohomologous.

Corollary 1.8. Let G be a finite group and o € Z*(G;k*). Then the followings are

equivalent:

(i) There is an algebra isomorphism between k,G and kzG.
(ii) The classes of a and f3 is are equal in H?*(G,k*)

(i1i) o and (B are called cohomologous.

Proof. Tt follows from Proposition 1.5.

Note that if v is in the trivial class of H*(G, k*), then there is an algebra isomor-
phism between k,G and kG that sends g € G to a nonzero scalar multiple of g. This

simple fact will be used later.

Proposition 1.9. Let G be a finite group and o € Z*(G;k*). The class of « in
H?(G; k*) is trivial if and only if koG has a module that is isomorphic to k as a k-

module.



Proof. Assume that k.G has a module that is isomorphic to k as a k-module. Then we
can define an algebra homomorhism v : k,G — k. Thus we have v(g.h) = v(g)v(h) =
v(al(g, h)gh) = a(g, h)v(gh) for all g,h € G. Therefore a(g,h) = v(g)v(h)y(gh)~" is
a 2-coboundary, implying that « is in the trivial class of H*(G, k*). Now assume that

« is in the trivial class of H*(G,k*), then k,G is isomorphic to kG. Considering the

trivial kG-module, it is isomorphic to k as a k-module.

Proposition 1.10. Let G be a finite group.

(i) Suppose that k is an algebraically closed field; consider k™ with the trivial action of
G. Let Z be the group of |G|-th roots of unity in k*. The inclusion Z — k*induces
a surjective group homomorphism H*(G;Z) — H?*(G;k*); in particular, the
abelian group H? (G; k*)is finite.

(i1) Suppose that k is a perfect field of prime characteristic p. Let P be a finite
p-group. Then H? (P;k*)is trivial.

Proof. The proof is omitted. It is Proposition 1.2.9 in [1].

Proposition 1.11. Let G be a finite cyclic group and k an algebraically closed field.
Consider k*with the trivial action of G. The group H? (G; k) is trivial.

Proof. The proof is omitted. It is Proposition 1.2.10 in [1].

Theorem 1.12. Let « € Z* (G, F*) and let E be a field extension of F'. Then the map

E®pF,G = EG

A® g Ag

15 an isomorphism of E-algebras.



Proof. Let {g | g € G} be an F-basis of F,,G with 2y = a(z,y)Ty for all x,y € G. For
each g € G,put g =1® g. Then {g§ | g € G} is an E-basis of £ @ F,G and for all

x,y € G,

=011y =1 a(z,y)Ty

= a(z,y)(1 ®7Y) = a(z,y)zy

as required.



2. PROJECTIVE REPRESENTATIONS

Definition 2.1. Let G be a finite group and let V' be a finite dimensional vector field
over a field k. A map p : G — GL(V) is called a projective representation (or an

a-representation) of G over k if there ezists a map o : G x G — k* such that

(i) p(g)p(h) = alg, h)p(gh)

(i1) p(1) = 1y, where 1y is the identity transformation

forall g,h € G.

Observe that p((zy) z) = a((zy), 2)p(zy)p(z) = a((zy), z)elz, y)p(x)p(y)p(2).
Also p(z (yz)) = oz, (yz))p(x)p(yz) = oz, (yz))aly, 2)p(x)p(y)p(z). Therefore, in
order to have associativity of the action of G' to hold, one can observe that a must be

an element of Z%(G, k*) with the trivial action of G on k*.

Definition 2.2. Two projective representations p1 : G — GL(V}) and py : G —
GL(Vs) are called projectively equivalent if there exists a map p : G — k* with
(1) = 1 and there exists a vector space homomorphism f : Vi — Vy so that ps(g) =
w(g)fpi(g)f for all g € G. If u(g) = 1 for all g € G, they are called linearly

equivalent.

Here is an important relation between a-representations and k,G-modules. Let
p be an a-representation. Then we can define a homomorphism f : k,G — Endy(V)
such that g — p(g) for all ¢ € G. By extending it linearly, V' becomes k,G-module
by ( > gec xgg) v =3 cayp(g)v. Conversely, let V be a k,G-module. Then there
exists a homomorphism f : k,G — Endi(V). By defining p(g9) = f(g), p becomes
an a-representation of GG. This gives a bijection between a-representations and k,G-

modules.



Definition 2.3. Let g € G such that a(g,h) = a(h, g) for all h € Cg(g), where Ce(g)

is the centralizer of h in G. Then the element g is called an a-regular element of G.

We have g € G is a-regular if and only if gh = hg for all h € Cg(g). Also if g is
an a-regular element, then so is any conjugate of it. Therefore, if an element g € C' is
a-regular, where C' is the conjugacy class of g, then every element in C' is a-regular.

In that case we say that C'is a-regular.

Here are the two propositions that clarify some facts on the case where G is cyclic.

We omit the proofs.

Proposition 2.4. Assume that k is an algebraically closed field and o € Z*(G, k*). If

G s cyclic, then k.G is isomorphic to kG.

Proposition 2.5. Let G be a cyclic group of order m and generated by g € G and let
a € Z*(G k). Also let X\ =T[;", a(g,g"). Then k.G is isomorphic to k[z] /(™ — \).

Lemma 2.6. Let py : G — GL(V),p2 : G = GL(W) be a and [ representations of
G, respectively. Then the map py ® ps : G — GL(V @, W) defined by (p1 @ p2) (9) =
p1(9) ® pa2(g) is an af-representation of G.

Proof. For all x,y € G, we have

(p1 ® p2) (@) (o1 ® p2) (y) = (p1(z) ® p2(2)) (p1(y) © p2(y))
= (p1(x)p1(y) @ pa(@)p2(y))
= a(z,y)pi(zy) ® B(z,y)p(zy)
= a(z,y)B(x, y) (pr(zy) @ p2(zy))

= a(z,y)B(z,y) ((p1 ® p2) (zy))



as desired.

Here are some theorems that will be referred to later on the next chapter.

Theorem 2.7. (Karpilovsky 1985) Let N be a mormal subgroup of a finite group
G, let k be an algebraically closed field of an arbitrary characteristic and let o €
Z% (G, k*). Then, for any simple koG-module W, dim; W divides (G : N)d, where d is

the dimension of a simple submodule of W .

Proof. Proof is omitted. (Theorem 5.3.1 in [2]).

Theorem 2.8. (Mangold 1966, Tappe 1977). Let G be a finite group, let k be an
algebraically closed field of characteristic p > 0 and let o € Z? (G, k*). Then the
number of projectively nonequivalent irreducible a-representations of G over k is equal

to the number of a-reqular conjugacy classes of p'-elements of G contained in G'.

Proof. Proof is omitted. (Theorem 6.4.1 in [2]).

Theorem 2.9. Let G be a finite group, let k be an algebraically closed field of charac-

teristic p > 0 and let o« € Z* (G, k*). Denote by r the number of nonisomorphic simple
koG-moudles. Then

(i) r equals the number of a-regular conjugacy classes of G if p = 0.

(ii) v equals the number of a-regqular conjugacy classes of p'-elements of G if p # 0.

Proof. Proof is omitted. (Theorem 6.1.1 in [2])



3. PROJECTIVE CHARACTERS

Definition 3.1. Let o € Z*(G,k*) and p : G — GL(V) be an a-representation. The
character of p is the map x : G — k defined by x(g) = tr(p(g)) for all g € G, where
tr(p(g)) is the trace of the linear transformation p(g) of V. We call x the a-character

of G over k (or projective character) of the a-representation of G over k.

Let V be a k,G-module. Then the map f : k,G — End(V') is a homomorphism.
Now the character of V' is xv : koG — k as xv(g) = tr(f(g)) for all g € G. Then the
map x : G — k, where x(g) = xv(g) for all g € G is the a-character of G afforded by
V. Conversely, if y is a character of an a-representation p : G — GL(V), then y is

afforded by the k,G-module V corresponding to p. It follows from the equality

Xv (Z :Egg> = ngXV(g) = ngX(g)

geG geG geG

where z, € k. In conclusion, the character of a k,G-module V is determined by the

a-character of G afforded by V.

Definition 3.2. If the a-character x is the character of an irreducible a-representation

of G over the field k, then it is called an irreducible a-character of G over k.

Let V and W be two k,G-modules, and let xy and xw be their a-characters

respectively. Define yy + xw the sum of two characters as

(xv +xw) (9) =xv(g) + xw(g)

for all g € G. Therefore, we have xyyew = xv + xw which is in fact an a-character.
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However, we will see that the product of two a-characters may not be an a-

character.

Lemma 3.3. Suppose that V is a k,G-module and that

V=Vo2DVee1D---DViDVp=0

is a chain of submodules of V.. Denote by x; the a-character of G afforded by V;/V;_1,1 <
1 < m, and let x be the a-character of G afforded by V. Then

X=X1+Xx2t "+ Xm

In particular, every a-character of the group G is a sum of irreducible o characters of

G.

Proof. Define f and f; as the representations of k.G afforded by V and V;/V;_; respec-

tively. For g € k.G, we can choose an k-basis of V' such that

fl(g)
f2(9)

fm(9)

where the blank entries of the above matrix are zero. Therefore, for g € G, x(g) =

tr(f(9)) = tr(f1(9)) +tr(f2(9)) + .. + tr(fn(3)) = x1(9) + Xx2(9) + - + Xm(g). If we
choose the above chain as a composition series of V', then the last part of the lemma

follows.

Lemma 3.4. Let p, : G — GL(V) and pg : G — GL(W) be o and B-representations

of G, respectively. If xo and xg are the characters of po and pg, respectively, then the
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map
XoXs: G — F
defined by

(XaXp) (9) = Xa(9)xs(g9) foralgeG

is the character of the tensor product p, ® pg.

Proof. Let {vy,vq,...,v,} and {wy,ws, ..., wy,} be bases for V' and W. Then we can
write pa(g)v; = Z?Zl ajv; and pg(g)wy = " byw,, where aj;, by € k and g € G.
Thus, xa(9) = > iy a; and x5(9) = >~ byy. Let’s denote the character of p, ® pg
as x. Since (pa ® ps)(9)(vi ® wi) = palg)vi ® ps(g)wr = >, ajiby(vi ® w,), we have
X(9) = 224 @b = 32, aii D0y b = Xa(9)x5(9)-

Corollary 3.5. Let o, 8 € Z? (G, k*) and let x, and x5 be a and B characters of G,

respectively. Then xoxgs ts an af-character of G.

Proof. 1t follows from Lemma 2.6 and Lemma 3.4.

Lemma 3.6. The followings hold.

(i) The a-representations p; and ps have the same characters if they are linearly
equivalent.

(i) The characters of V. and W, namely xv and xw are equal if V' is isomorphic to
W as k,G-modules.
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Proof. (i) is true since the conjugate matrices have the same trace. (ii) is equivalent

to (7).

The theory of a-characters of G over k can differ from [-characters of G over k
as the ordinary character theory can be different for two different groups. However, if
« and f are cohomologous, then there is a bijection between « and S-characters of G

over k. The following lemma illustrates this fact.

Lemma 3.7. Let a, 8 € Z*(G, k*) be cohomologous, meaning there is a map t : G — k*
such that t(1) = 1 and a(g,h) = B(g, h)t(g)t(h)t(gh)~" for all g,h € G. Let x be an
a-character and define ' : G — k such that x'(g) = t(g)x(g) for all g € G. Then
the map that sends x to X' gives a bijective correspondence between o and [3-characters

that maps irreducible ones to irreducible ones.

Proof. Let x be the character of an a-representation p : G — GL(V). Define p' : G —
GL(V') such that p'(g) = t(g)p(g) for all g € G. This map is clearly a S-representation
with character x’. We know that p is irreducible if and only if p’ is irreducible, so that
is true for x and x’ as well. For the injectivity of the map, if x| = x4, then clearly
X1 = X2 because the map t is nonzero for every g € G. For the surjectivity, let o
be a (-character. Then define x : G — k* so that x(g) = t(g) 'd(g) for all g € G.

Obviously, x is an a-character and 6 = y’.

Now the following results illuminate the facts about the values of projective char-

acters.

For a given ordinary character x of G over k, for any g € G, x(g) is equal to a

sum of roots of unity over k. This is no longer true for projective characters.
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Lemma 3.8. Let V be a koG-module and g € G. Let A = a(g, g)a(g?,g)...a(g"t, g),
where n 1s the order of g. Let x be the a-character of G over k afforded by V. Then
the followings hold:

(i) x(g) is a sum of n'" roots of \ over k.
(i1) If k is an algebraically closed field with characteristic not dividing n, then there
is a basis of V', {vy, v, ...un}, such that gv; = \jv;, where i = 1,2,..,m and each

\; is an n'™ root of .

"1 g)g" applying an induction on

Proof. (i) We can see that g" = a(g, g)a(g?, g)...a(g
n. Hence we get §g" = M. Let f: k,G — Endy(V) be the homomorphism afforded by
V. Then we have f(g") = f(g)" = Aly. Since x(g) is the sum of characteristic roots

of f(g), we have x(g) is a sum of n'* roots of \ over k.

(17) Let H =< g >, where g € G. Since k is algebraically closed, by Proposition
2.4, we have k,H is isomorphic to kH. And since characteristic of £ does not divide
the order of H, we have that k,H is semisimple, meaning all simple k,H-modules are
one-dimensional. Thus as a k,H-module, V is a direct sum of one-dimensional sub-
modules, say V' = @7, V;. Then for any nonzero v; € V;, the set {vq, va, ...v;, } is a basis

h

for V that satisfies guv; = \;v; for some A € k. Since g® = M1, each ); is an n'" roos of \.

Definition 3.9. The twisted group algebra k.G is itself a k,G-module which is called
the regular module. The corresponding a-representations are called the reqular o-
representations of G and the a-characters are called the reqular a-characters of G

over k.
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Lemma 3.10. Let k be a field and o € Z*(G,k*) and x be the regular a-character of
G over k. Then
0, ifg#1

x(g) = (3.1)
|G‘> ifg =1

Proof. Choose the elements {Z | x € G} as a k-basis for the regular module k,G.
Then, for each ¢ € G, left multiplication by g permutes the basis elements up to
nonzero scalar factors. Thus, if p is the regular a-representation of G, then each p(x)
has precisely one nonzero entry in each row and column. Moreover, if g # 1, then gz
is not a scalar multiple of z for all z € G, so that p(g) has only zero entries on its
main diagonal. Hence x(g) = trp(g) = 0 for all g # 1. On the other hand, p(1) is the
identity matrix so that x(1) = tr p(1) = dimy k,G = |G| as required.

For any group G # 1, the ordinary regular character of G cannot be irreducible.

However, it is quite possible for the projective characters.

Example 3.11. Let G be a cyclic group of order 2. Then there is o € Z*(G,Q*) so

that the reqular a-character of G over Q is irreducible.

Proof. By taking m = 2 and k£ = Q in the Proposition 2.5, we see that there exist
a € Z2(G,Q*) such that Q,G is isomorphic to Q(v/2). Since Q.G is a field, it is
simple as the regular Q,G-module. Hence, the corresponding regular a-character of G

over Q is irreducible.
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Let’s state an important theorem on linear independence of irreducible projective

characters. However we omit the proof. It is Theorem 1.3.1 in [3].

Theorem 3.12. Let k be a field with characteristic zero. Then the a-characters of
G afforded by all non-isomorphic simple k,G-modules, say X1, X2, ---, Xr, are linearly

independent.

Theorem 3.13. Let k be a field with characteristic zero. Let V and W be k,G-modules,
and let py and pw be their a-representations of G over k. Let xy and xw be their

a-characters. Then the following are equivalent:

(i) pv and pw are linearly equivalent.
(it) Xv = Xw-
(111) V is isomorphic to W.

Proof. We have (i) is equivalent to (iii) and (i) implies (i7) by Lemma 3.6. We only
need to show that (ii) implies (#i7). So assume that yy = xw. Let Vi, Vo, ..., V. be
the full set of non-isomorphic simple k,G-modules and let xi, x2, ..., X, be their cor-
responding a-characters of G over k. Let n; > 0 (resp. m; > 0) be the multiplicity
of V; as a composition factor of V (resp. W). Then by Lemma 3.3, xy = Y., niX;
and xw = >_;_;m;x;. Consider xy — xw = >_._,(n; — m;)x; = 0. Since the given
a-characters are linearly independent, we have n; = m; for all ¢ = 1, ...,r. Since char k
= 0, it does not divide |G| and k,G is semi simple. Hence we have that V' is isomorphic

to W.

Theorem 3.14. Let p; and ps be two a-representations of G and x1 and xo be their
a-characters. Assume that characteristic of k is zero. Then py and py are projectively

equivalent if and only if there exists a homomorphism pu : G — k* such that x2(g) =

1(g)x1(g) for all g € G.

Proof. Assume that p; and p, are projectively equivalent. Then there exists a homo-
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1(g)Ap1(g) A~

morphism p : G — k* and an invertible matrix A such that ps(g) =
for all ¢ € G. By taking traces of both sides, we see that x2(g) = u(g)x1(g) for all

g € G. Now assume that xa(g) = p(g)x1(g) for all g € G. Define p(g) = u~"'(9)p2(9),
which is also an a-representation of G which has character y;. If py is irreducible,
then so is p. Hence by Theorem 3.13, p and p, are linearly equivalent. So we have

= (g)p2(g) = p(g) = Api(g)A~L. Therefore, p; and p, are projectively equivalent.

Definition 3.15. Let p be a prime number or 0. An element g € G is called a p'-

element if p =0 or if p > 0 and does not divide the order of g.

Now we can look at the following results about the number of irreducible projec-

tive characters.

Theorem 3.16. Let F' be a field of characteristic p > 0 so that it is a splitting field of
F.G for some a € Z*(G,F*). Then the number of irreducible a-characters of G over

F is equal to the number of a-reqular conjugacy classes of p'-elements of G.

Proof. Let E be an algebraic closure of F. Viewing a as an element of Z?(G, E*),
by Theorem 1.12, we have that F ®@p F,G = E,G. Since F' is a splitting field of
F,G, the number of non-isomorphic simple F,G-modules is equal to the number of
non-isomorphic simple F,G-modules, which is also equal to the number of irreducible
a-characters of G. By Theorem 2.9, the number of non-isomorphic simple F,G-modules
is equal to the number of a-regular conjugacy classes of p’-elements of G. However, the
a-regularity of an element of G does not depend on whether « is viewed as an element

of Z*(G, F*) or Z*(G, E*). Therefore, theorem follows.
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The following theorems are about the degree of an projective character.

Definition 3.17. Let x be an irreducible a-character of G over k. Assume that k is
a splitting field of koG or that chark = 0. Then the degree of x is defined to be the
k-dimension of a simple k,G-module which affords x, denoted by degx.

Theorem 3.18. Let k be an algebraically closed field and let x be an irreducible -
character of G over k. Let A be an abelian normal subgroup of G such that restriction

of a to A x A is a coboundary. Then degyx divides (G : A).

Proof. Let W be simple k,G-module and let d be the dimension of a simple submodule
of W4. Since restriction of « is a coboundary, we have that k,A is isomorphic to kA by

Proposition 2.4. Since A is abelian and k is algebraically closed, we have that d = 1.

Then by Theorem 2.7, degx divides (G : A).

Theorem 3.19. Let k be an algebraically closed field and let G be abelian. Then
all the irreducible a-characters of G over k have the same degree. In fact, if x is

an irreducible a-character, then any other such character is of the form x\ for some

A € Hom(G, F*), where (xA)(9) = x(9)A(9)-

Proof. By Theorem 2.8, all irreducible a-representations of G are projectively equiva-

lent. The result follows from Theorem 3.13.

Lemma 3.20. Let k be a splitting field of koG and let ny,...,n, be the degrees of
irreducible a-characters of G over k. Then Y. (n;)* = |G| — dimy,J (ko G). If charF
does not divide |G|, then Y ;_ (n;)* = |G|.

Proof. The first equation is given by Artin-Wedderburn. If chark does not divide the
order of G, then J(k,G) = 0 and the result follows.
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Theorem 3.21. Let G be an abelian group and let k be an algebraically closed field
with chark does not dividing the order of G. Let Gy be the subgroup of G consisting

of all the a-regqular elements of G. Then (G : Go) is a square and for any irreducible

a-character x of G over k, degx = /(G : Gp)

Proof. Let x1, ... ,x, be all the irreducible a-characters of G over k. Then, by Theorem
3.16, r = |Go| and by Theorem 3.19, we have degx; = ... = degx, = n. Therefore, by

Lemma 3.20, we have |Gy|n? = |G| and the result follows.
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