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ABSTRACT

GLOBAL WELL-POSEDNESS OF NLS EQUATIONS

The thesis is a survey of the I-method. After introducing the method, we discuss
the implementation of this method to cubic, defocusing nonlinear Schrodinger equation
in the spatial dimension n = 2 and quintic, defocusing nonlinear Schrodinger equation
in the spatial dimension n = 1 with detailed calculations. We will find out on which
type of equations one can use the I-method. We then mention our joint work with
Engin Bagakoglu on the cubic defocusing fourth order nonlinear Schrédinger equation
in the spatial dimension n = 4. Lastly, we discuss advantage and disadvantage of
the method and share our idea of a study plan of the same equation in the spatial

dimensions n = 2,3 as future work.



OZET

DOGRUSAL OLMAYAN SCHRODINGER
DENKLEMLERINDE GLOBAL iYI KONULMUSLUK

Bu tez I-metodu iizerine bir aragtirmadir. Metodu tanittiktan sonra, bu metodu
uzay boyutu 2 durumunda kiibic dogrusal olmayan Schrodinge denklemine ve 1 uzay
boyutunda beginci dereceden (quintic) dogrusal olmayan Schrodinger denklemine uygu-
lamasini detayli hesaplamalarla tartigsacagiz. Buradan aslinda hangi tip denklemlerde
I-metodunun kullanilabilecegini tespit edecegiz. Sonrasinda Engin Bagakoglu ile ortak
caligmamiz olan, 4 uzay boyutunda /-metodunun kiibik doérdiincii dereceden dogrusal
olmayan Schrodinger denklemine uygulanmasindan bahsedecegiz. Son olarak bu meto-
dun avantaji ve dezavantajimi tartigip metodu uygulayabilecegimiz gelecek caligma

planimiz1 paylasacagiz.
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1. INTRODUCTION

In this thesis, the main purpose is to present the /-method and its use on nonlinear
dispersive partial differential equations. A dispersive PDE is a type of differential
equation such that its solution has the velocity which depends on its frequency or

wavelength. To be more precise, consider the plane wave solution u to a linear dispersive

PDE in 1D

10w+ Lu =0

where L is a linear partial differential operator in the spatial variable, L = L(0,). It is

of the form

u(t,z) = Agilkz=wt)

where A, k,w are the amplitude, the wavelength or wave number, and the frequency
at the space-time point (¢, z), respectively. In general, the frequency w is assumed to

be a function of k. The dispersion relation is given by
w + L(ik) = 0.
For example, let us take L(9,) = (9,)%. Then the dispersion relation becomes
w = k2.

The planar waves are called dispersive when the second derivative of w(k) with re-
spect to the variable £ is not zero. In the geometric point of view, the characteristic
hyperspace w + L(ik) = 0, where the nontrivial solutions of the equation persist, has
nonzero curvature when dispersion exists. For details, see the X**-space discussion in
Appendix. In physical space, dispersive waves having different wavelengths, hence dif-
ferent frequencies, propagate with different velocities. Therefore, a mixed planar waves

of different wavelengths eventually scatter in space. KdV and Schrédinger equations

are two pivotal examples of dispersive type of partial differential equations.



We will focus on well-posedness of quintic, defocusing NLS in 1D and cubic,

defocusing NLS in 2D when we implement the /-method.

Definition 1.1. An IVP is called well-posed if the data-to-solution map is at least
a continuous function. More precisely, an IVP is well-posed in a Banach space, for
example, H*(R™) if for any initial data taken from ug € H*(R™), there is a unique time
interval I starting from t = 0 such that the unique solution u belongs to C(I; H*(R™))
for (t,z) € I x R™.

The interval of existence, say [0,7] for some T' > 0, determines that the well-
posedness of the equation is either local or global. The local well-posedness theory
of a large class of NLS equations can be found in [1]. We restrict our attention to
the global well-posedness issue. To this end, the typical approach to show the global
well-posedness of an IVP is to use the symmetries or the conservation laws which
the solutions obey together with the local theory results. For example, consider the
nonlinear Schrodinger equations whose solutions obey the energy conservation and
the mass conservation laws. Together with the standard iteration argument, one can
conclude NLS equations are globally well-posed in the energy space, H'(R"). Also,
with a suitable selection of nonlinear term, for example algebraic type of nonlinearity
as in cubic NLS, H! global well-posedness implies the global well-posedness of NLS

equations in H® for s > 1, [2].

The main difficulty below the energy level, s < 1, regarding the global well-
posedness of NLS type of equations is the absence of conservation laws. There is no
conserved quantity for 0 < s < 1. The energy of a rougher initial data, which is
taken from H*(R™) for s < 1, is infinite in general. So, we cannot exploit the energy
conservation directly to establish global well-posedness results below the energy space.
However, if one can generate a quantity which is comparable to the H*® norm of the
solution for all fixed time and this quantity does not grow substantially in time, then
H? norm is controlled by the same bound. This would imply the global well-posedness
of the equation on H*° where sy > s. The I-method is a tool to generate such an

almost conserved quantity. It was introduced in the papers [2,3].



This method can be considered as a refinement and modification of J. Bourgain’s
Fourier truncation approach [4]. In the next chapter, we will start with a brief de-
scription of the method. Then we will use it on defocusing, cubic NLS on 2D and
defocusing, quintic NLS on 1D. Lastly, we briefly discuss the use of the method on
fourth order defocusing cubic NLS. So, the main part of the document consists of the
implementation of the method because most of the derived results and estimates in-
cluding the I-method are heavily related to the equation we are studying on. In the
conclusion, we discuss the positive and negative sides of the method and our idea of

application of the method on a fourth order NLS as future plan.



2. THE I-METHOD AND ITS APPLICATIONS

In this chapter, we first introduce the operator I and see how it can be used on
suitable equations to improve the global well-posedness results. The definition of the
operator is taken from [2]. Given s < 1 and a cut-off parameter N > 1, the Fourier

multiplier operator Iy is defined as

—

Inu(§) = mn(§)u(§) (2.1)
where the multiplier my is smooth, radial, decreasing in |£| and given as

1 €] < N,
mN(f) = (2-2)
[EFTINT €] > 2N

and smoothly interpolates in the region N < |¢| < 2N. For brevity, we shall drop the
subscript N from the notation of the multiplier my and the operator Iy and write m

and [, respectively. The multiplier m satisfies the condition

|V2m| < €] for j > 0, where £ € R™\ {0}
implying that m is a Hormander-Mikhlin multiplier (see [1] Theorem 2.8). Conse-
quently, the operator I is bounded from LP(R"™) to LP(R") for 1 < p < oco. Roughly

speaking, I acts as an identity operator on the functions with low frequency while the

functions of high frequency are 1 — s degree smoothened by the action of the operator

1.
2.1. On the Cubic Defocusing NLS in 2D

In this section, we consider the following IVP

i0wu + Au =|ul’u (t,r) € R x R?
(2.3)
u(0, 7) =uo(r) € H*(R?)

where s < 1.



The first result improving the global well-posedness result for the solutions to the
equation (2.3) below the energy space, s = 1, was established by J. Bourgain in [5]
which states that the rough solutions to the equation (2.3) are global in time when
5 > % In [4], he improved this result to s > % J. Colliander, M. Keel, G. Staffilani,
H. Takaoka, and T. Tao extend the global well-posedness result to even rougher initial
data using the I-method. More precisely, in [2], it is stated that solutions to (2.3) are
globally well-posed for the data in H*(R?) for s > 2. In [6], the same authors improved
their result to s > % by adding a correction term to the almost conserved quantity
introduced in [2]. More recently, in 2016, B. Dodson showed in [7] that solutions to the
equation (2.3) persist globally in time in H*(R?) for s > 0. Thus, he reached the best
possible global result for (2.3) in spatial dimension 2. However, this section concerns
giving insight into the I-method. Therefore, we will mainly follow [2] to understand

the use of this approach.

The IVP (2.3) has some useful properties. Namely, a solution u obeys the mass

conservation

Mt = ([ utt.a)Par) " = M)

and the energy conservation
1 1
B(u) = [ 3IVu(t.o) + Jlut.o)|'ds = E(u)
R2 2 4
for all existence time t. We observe from the energy functional that the energy is

always nonnegative. In this case, the IVP (2.3) becomes defocusing. The main result

in [2] is stated as follows

Theorem 2.1. The IVP (2.3) is globally well-posed for the initial data ug € H*(R?)

when s > ‘—;.

By the standard density argument (see [8]), it is enough to take the initial data
ug € C>°(R?) while proving Theorem 2.1.



Also, to establish the result, it is enough to show

[u(®)]

for some M > 0 depending on the H*-norm of the initial data. We have, for solution

#2(82) Sluoll ey (O (2.4)
u and the initial data ug,

s 2
< (N u®)ll s eeny)” + )74 @ (2.5)

sy S E(Tu(t)) + lluoll 22 @y (2.6)

()17

To see (2.5), writing F(Iu(t)) explicitly and using Plancherel’s theorem

1
E(Iu(t)) = 5 - [EPm?(€)]u(t, €)|7dE + — ||]U()||Aig{z(w)
s/ |£\2|ﬂ(t,£)!2d£+/ €17 N2t €)[Pd€ + [Jut) || 74 gy
[EI<N [E1>N

S/ |§|28N2_28|ﬁ(t,£)|2d5+/ €[ N7 [a(t, €)1 + [lu(t) || 7an)
€1<N j€l1>N

s 2
= (N7 llu®l gryey)” + )74 gny-

For (2.6), by Plancherel’s theorem

[u(®)]

2 _ 28|~ 2 28|~ 2
2 ) = A PRCRECOIS A_ o o

< MO e /|€ P ePd [ @ oRds

l§1>N

S Hu(t>”%§(R")+/ Iflzlﬂ(t,€)|2d§+N2‘25/ €% [a(t, §)17dg

[€I<N |€|>N

S E(Tu(t)) + [[uollZ

where the mass conservation is applied in the last inequality. By (2.5), (2.6), we can
control the modified energy with the H®-norm of the solution, and control the H*-norm

of u with the modified energy together with the initial mass. Therefore, showing
E(Iu(t)) < (0" (2.7)

with (2.6), for some cut-off parameter N dependent on ¢, suffices to establish (2.4).



Then we somehow want to control the growth of the modified energy F(Iu(t)), which

is achieved by the following proposition.

Proposition 2.2. Given s > %, N > 1, and initial data uy € C2°, with E(Iug) < 1,

there exists 6 = 6(||uo|| r2r2)) > 0 such that the solution
u € C([0,0], H*(R?))

of (2.3) satisfies

(NI

E(Iu(t)) — E(ITug) < N2+ (2.8)

for all t €10, 4].

So, we can control the growth of the modified energy with a negative power of
the large cut-off parameter N. This is why E([u(t)) is called an almost conserved
quantity. Note that [u is not a solution to (2.3). It is a solution to the following IVP

10 v + ANlu =I(|ul*u),
(2.9)
Tu(0, z) =Tuy(x).
As stated, the main idea in Proposition 2.2 is to control the growth of almost conserved

quantity
1 2 1 4
E(lu(t)) = | SIVIut,2)" + 7|Lu(t,z)|"dz
R2

by means of —%—F power of N where this power depends on the spatial dimension.

Time differentiation gives that

OE(Tu(t)) =R [ AludTu+ Tululud,Tudx

R2

=R [ OJu(lululu — I(utiu))dz.
R2



Integrating this from 0 to ¢ and using the Plancherel formula yields

E(Iu(8)) — E(Iu(0))

) / / £t 6o (1- et B o Tatea Tateo Tt
Lk <1 - n?ﬁéf?n?éi);?zi)) ATu(6) Tu(&)Tu(€) Tu(&y) dt
(e ey ) TR Tt Tu(e o)

=: Termy + Terms.

Thus, the aim is to show Term; + Termy < N—3+. Before starting the proof of

Proposition 2.2, we need the local existence result for the modified equation (2.9).

Lemma 2.3 (Modified Local Existence). Given % < s < 1 and the initial data uy for
the equation (2.3) with E(Iug) < 1, there is a constant 6 = 6(||uol|r2r2y) > 0 such that
the solution Iu to the modified IVP (2.9) has the following property on [0, 4],

Hull ge ST (2.10)

§+N

Proof. The standard iteration argument will be applied, see [8], to show the local

existence of (2.9). For this purpose, we use the following typical X*° estimates.

HGMUH v+ Sl (2.11)
5
t
H/O Y ity S WUy (2.12)
Ul S 8" HUHxL—b’ (2.13)

where 0 < 0 < b < % For the proof of these type of estimates, see [9]. By Duhamel’s

principle, one can give the following representation for the solutions of (2.9) as

t
Tu(t, z) = €™ Tug(z) — z/ D I (JuPu) (¢, x)dt! (2.14)
0



for t € 0, 0]. Using (2.11)—(2.14) we have

¢
”]u||X§7%+ — eztA]uo + Z/0 6Z(t—t )A[(|u|2u)(t/, ~)dt, X;’%+
S Mol + [ (uaw)|| -1y
X§
S Wl + " o)y
The next task is to show
||f(uﬂU)||X;,-%++ S ||fU||i;,%+- (2.15)
Also, note that
1 Tuollmx S (E(Tug))'? + |Juollrz S 1+ |Juollre. (2.16)
Combining (2.15) and (2.16), we have
e P LT 2.17)

By applying the bootstrap or continuity argument, see [10] ch.1, we obtain the desired
result. The ||ug|| 2 dependence of § can be seen in (2.17). We also observe that § must
be sufficiently small in order to employ the bootstrap argument. Therefore, establishing
(2.15) will complete the proof. Using the interpolation lemma in [11], it is enough to

show

lwwull o —yes S Hlull

1
s, 5+
S Xé

for % < s < 1. By the fractional Leibniz rule, it suffices to show

IV w)aull o-yes S llull®
p X

st
5

We consider the following integral to exploit the duality argument

/06 /]R4(<V)Su)ﬂufdxdt

where [ is taken from {f : ||f[| o3~ = 1}. It is basically the Riesz representation

. (2.18)

theorem for X*° spaces. Applying the Holder’s inequality, we have

(2.18) < I{V)*ull s lullze el £l
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Applying L} ,-Strichartz estimate (A.14) to the first two factor, we get

V) ullns, S llul

1
s, 5+
6

and

lullzs, S IIUIIXE,%+ S IIUI|X§,%+'

For the third factor, we start applying Sobolev embedding (A.11) and then L™ L%~-

Strichartz estimate to obtain

lull e < V)Y ull oo S IIUI|X§+,%+ S IIUIIX;,%+.

For the last factor, observe that

11z S I fllcoo

and

1fllzs, S !\fllxg,%+-

Interpolating the upper bounds of f keeping in mind that the universal small constants
from which arise X%2% and Lf‘; norms are not the same but one of them can be

regarded as a function of the other one, we obtain

£ S 10 o

Combining all the inequalities and supremum on the set where || f||X0, 1 =1, we get

§
Qv Wil omges S lull?

55+
5

Proof of Proposition 2.2. By the above observation, we may restrict our attention to

showing that

3
Term; S N7z
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separately, ¢ = 1,2. For Termy, using the Littlewood-Paley decomposition, define
iy, = PoOlu, Gy, = Py Ju, iy, = Py,Tu, iy, = Py, Tu
where Py is the Littlewood-Paley projection operator (A.3) and N; = 2%, k; €

{0,1,2,...} for ¢ = 1,2,3,4. For simplicity in terms of writing, we shall denote

m; = m(¢;) and m;; = m(& +&;). Termy can be controlled via the decomposition

m e N\ (¢ \—
ferm = S e=0 mﬂ;ijnél) Ny (1)U, (§2) U, (€3) U, (€a)dt
Mo34 — o — -
<
a S 6=0 m2m3m4> Un, (§1)un; (2)un, (§3)un; (€4)dt

where (§;) ~ N; for i = 1,2,3,4. The symmetry of the variables &, &3,&, in the
multiplier provides us to restrict our focus to the region Ny > N3 > N,. In this region,
we also have N; < Ny because &34 = 0. Without the loss of generality, we may
assume that the Fourier transform of all Littlewood-Paley pieces of u are non-negative,

see [12]. To see this assumption, for simplicity let us take f,g € L?(R™) and set

f(@) = filz) +ifa(z)

where fi, fo are real-valued. We have

I fillze < |1 fllz2

for ©+ = 1,2. Thus, we may initially assume that the dyadic pieces are real-valued.

Define

fT(x) = max{f(z),0} and f~(2) = max{—f(x),0},
and define the same decomposition for g. Then
f@)g(@)de= | fTg"—fg"—fTg +f g du
Rn Rn”

< / Pt 1 gt 1|+ 1 lde

<N Wezllg ez + 1 e llg™ lee + 1 ez llg ™ ez + 1~ lezllg ™[z
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S 1 llzzllgllza-

Thus, we see that taking the dyadic pieces non-negative does not cause the loss of the
generality. With this assumption, we can take the multiplier out of the integral with a
pointwise bound C'(Ny, N, N3, Ny) depending on the size of frequencies N; in different
frequency interactions. By reverting back the Plancherel formula and Cauchy-Schwarz

inequality, it is sufficient to show the following estimate

C(NlaNQa N37 N4)

5
/ / uﬁf\ﬁ(gl)u/\f\fz(&)uﬁm(&)@(&)dt
0 Zf 1£=0

4
_3 _
SN NS g [ el ope (219)

Jj=2

All L and X*® norms in (2.19) are taken on the domain [0, 5] x R? and we shall keep
this notation for the rest of this chapter. As in the previous term, Terms can be

expressed by

‘ / / f— (1 o ﬂ>Plesﬁ(§l + 52 + 53)

mymsm
0N4>N5>N6 477851156

—

x T, (é4) T, (65) Tung (66)| - (2:20)

where Py,,, is the Littlewood-Paley projection operator onto the dyadic shell Nyp3 ~
(&1 4 &+ &3). So, we have

o —

Mys56 > P, I (utin) (€123)

mymsmme

Yo b= 0N4>N >N

—

X@(&)m(&)@(fﬁ)

Mas6 _
/ /6 _1&=0 m4m5m6)PN123I(uuu)(§123)

—

x Tun, (€4) T, (€5) Tung (6) |-

N4>N5>N6
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It is then sufficient to show for the dyadic pieces of (2.20) that

—

‘ / / MU0 b T (€r2a) T, (60) T, (60) T ()
2 2i=1&i=0

m4m5 me

6
_3 _
NNzl L T e (220)
j=4

We may again assume Nio3 < Ny and Ny 2 N to omit the case where the multiplier in
(2.21) is zero. Ny~ factor on the right side of (2.21) allows us to sum especially in the
dyadic number Njo3. Therefore, it saves us decomposing the terms of I(uwu). At this
point, we may again assume that the dyadic pieces have all non-negative spatial Fourier
transform. Therefore we can put the symbol out with a bound for each frequency

interaction case as

Mys6 < m(N 123)

b= mamsme |~ m(Ng)m(Ns)m(Ne)

(2.22)
and undo the Plancherel formula.

Now, we start showing (2.19). We need to consider two frequency interaction
cases. The case N > N, is excluded since otherwise the multiplier inside becomes

Z€ero.

Case 1: Ny > N > N3 > N, and N; ~ N,. Take the multiplier out with the

bound

1 Ma34 < N3
 mgmamal ~ Ny
maoMm3ny 2

Using Holder’s inequality on uy, un, un,un,, and applying (A.15), we obtain

. N,
Left side of (2.19) < > lun,uns Iz vy, oz,
) , ,
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_ N NP NN
N2 N1/2 N1/2N N3N, |uN1|| 1,3+ H HUN ||X1 3+

Hence, it is enough to show

Since N3, Ny = 1 and Ny 2 N we get the desired result.

Case 2: Ny > N3 = N. We use the following bound for the multiplier

m m
1 — 234 < 1

moMmsamiy ~ m2m3m4'

There are two sub-cases coming from which one of Ny, N3 is comparable to Ns:

Case 2(a): Ny ~ Ny > N3 =2 N. Applying Hélder’s inequality to uy,uy, and

un,UnN,, and using (A.15), we obtain

3
=

1)
Jm(N )||UN1uN4HLf,x||uN2uN3||Lf,x
)

Left side of (2.19) ~

M N41/2 N?}/Q Ny

3

(
m(Na)m(
(
m(Na)m(

X[yl g s I\Xl,%+ lnall g

Therefore, it suffices to show
3 A7—1+
T
The function m(x)x'/? is increasing for s > 1/2. Thus, m(Ng)N§/2 2 m(N)N = N
and m(N)N,"* > 1, that is,

(2.23)

Left side of (2.23) < N'"N; ' < 1.

Case 2(b): Ny ~ N3 2 N and N; < N,. Use Holder’s inequality to uy, uy, and
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unsun,, and apply (A.15) to get

. m(Ny)
Left side of (2.19) Nm(Ng)m(Ng)m(N4) ||UN1UN2HL§@||UN3UN4HL§I
m(Ny) NENIZ N,

5 1/2 Arl/2 ||U’N1||Xfl,%+
m(Na)m(Ns)m(Na) N,? N,/? NaNs Ny

X ||UN2||X1,%+ ||UN3||X1,%+ ”UN4||X1,%+-

Thus, it is enough to establish
3/2 nr— 3_
m(N)NYPN;3 NG <
(m(N2))m(Na) Ny
1/2 1/2 1/2 1/2 1/2
Recall that m(N)N;"" < m(Na)Ny'™, m(Ny)Ny'~ 2 1 and m(No) Ny 2 NYV2. Then

(2.24)

it suffices to show
NN, 2PN <Ny UPNDT <
by Ny = N. Gathering all the estimates and using the Littlewood-Paley inequality

(A.9) give the desired result for T'erm;. Thus, it is left to show that Termy < N—sT.

First, apply Holder’s inequality to obtain

. m(ngg)
Left side of (2.21) <
( ) S m(Ny)m(Ns)m

(NG) “PN123](UEU)HL§’I ||IUN4 ||L§’z

X | un s, Hungl|Lgs, - (2.25)

Also, the following inequalities will be needed to advance the next step

Lemma 2.4. Suppose the functions u,un,,un;,un, are as above and the spatial di-

mension n = 2. Then

_ 1
| Prigs I ()| 22 S Nyl 1 ull g (2.26)
1 .
Hun;llza, S <N—j>1||fuNj||X1,%+ j=4,5, (2.27)
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Hungllrgs, S I ungll 1,3+ (2.28)
Proof of Lemma 2.4. To show (2.26), it is enough to show
V) Py L (i) ||z S [l - (2.29)

The pseudo-differential operator (V)I is of positive order s > ‘—;. So, it obeys the

fractional Leibniz rule. Then it suffices to show the inequality on a typical term
||PN123<<V>IU)EU)HL§I‘

We apply Holder’s inequality keeping in mind the boundedness of P, : L7, — L7,

to obtain
[ Prios (V) Tw)Tul 2 S (V) Tullzs [lullps [lullzs - (2.30)

Using the Strichartz estimate (A.14), we have

KV Tullps, S IV ull o g0 = (1w (2.31)

X0, 5+ L3+

For the second and the third factor, applying Sobolev embedding (A.11) and the

Strichartz estimate (A.14), we get
lallg, S VY2l s S IV ull oy S IV ullgoze = 1Tull gy (2:32)

(2.31) and (2.32) give the desired inequality (2.26). To show (2.27), we use the Bern-

stein inequality (A.6) and the Strichartz estimate

1

1
Tun. ~— Tun. < ——||I | =4, 5.
O e [T Y Mull gy =4,

™ (NG)
To show (2.28), we first utilize the Fourier inversion formula

Ty ()] < / T (€.

(§)~Ns
By Cauchy-Schwarz inequality, we obtain

le%Jr

[, T ([ erueras) ([ ea)”

S ung || a2



Taking essential supremum in x, we conclude that
Hung Lo S [[Tune |2

which yields (2.28) when we also apply L°L2-Strichartz estimate.

Combining (2.25) and Lemma 2.4, we have

m(N123)

Right side of (2.25) S m(Na)m(Ns)m(Ne)(Ni23) (Na) (N5)

rets

le%-‘r

6
ST
j=4

Thus, it suffices to show
m(N123)N%_N£+ < 1
m(Ng)m(Ns)m(Ne)(Niaz)(Na)(Ns) ~

There exist two frequency interaction cases arising Nisg ~ N5 or N5 ~ Ny.

17

(2.33)

(2.34)

Case 1: Ny~ N5 and Ny > N5 > Ng and Ny 2 N. In this case, the left side of

(2.34) satisfies

m(ngg)N%_N£+
(m(Ny))?m(Ne)(Niaz) (Na)?

Left side of (2.34) ~

Note that m(y)(z)*/? > 1 for 0 < y < x and m(Nya3)(N1a3) ™! < 1. Thus, it suffices to

show

]\[%_]V;?+ 1 i
ey S NENCES L

This is achieved because Ny 2 N.

Case 2: Njp3 ~ Ny and Ny > N5 > Ng and Ny 2 N. We observe
N3s—N*
m(Ns)m(Ne)(Na)*(Ns)

Left side of (2.34) ~
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Replacing m(Ns)(Ns), m(Ng){Ns)'/? in the denominator with 1 since m(y){z)'/? >

1 for 0 <y < z, it is sufficient to show
N3N <
which can be seen via Ny = N. So, we conclude that Termy < N =3+ which completes

the proof of Proposition 2.2. O

Now, we prove Theorem 2.1 via Proposition 2.2. We apply the proposition to the

scaled solution

un(t, ) = Alu(%, ). (2.35)

Using (2.5) for (2.35), we have

E(IU07)\) 5 ()\_2SN2_28 + /\_2) (]. + ||UO’ HS(IRQ))4 (236)
25 A72-25 4
S Oo)\ 2 N2 2 (1 + HuOHHS(RQ)) . (237)
Choose the scaling parameter A = A(N, [Juol| =(r2)) as
1\ . 1-s 2
A= (2_00) N5 (14 JJuo|| o)) (2.38)

so that E(Jugy) < % and then apply the Proposition 2.2 to the scaled initial data

up, iteratively, until the size of E(Iuy(t)) reaches 1. More precisely, we reapply the

proposition at least C' N e many times to have
E(ITuy(CiN%76)) ~ 1. (2.39)
For any time parameter 7 > 1, we choose N > 1 so that

Cid~ N+ . (2.40)

Combining (2.38), (2.39) and (2.40), we conclude that

_4s 8—8s
E(Iu(Ty)) = N2 E(Tuy(\2Tp)) A~ NS T (2.41)

<
Na,HUOHHS(Rél)

Using (2.6) and (2.41), we get

4—4s +

[e(To) [ s emy S 19"

(2.42)
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The desired polynomial bound (2.4) is obtained whenever s > 2.

2.2. On the Quintic Defocusing NLS in 1D

The following IVP will be considered in this section

10+ 0%u =|u|*u  (t,r) € R x R,
(2.43)
u(0,x) =up(z) € H*(R)

when s < 1. In [10], it is stated that the equation (2.43) is globally well-posed for

up € H*(R) when s > %. The approach in the article does not involve X*° space

estimates when using the /-method.

The first global existence result below the energy level, s < 1, for (2.43) was
established in [3] by using the I-method. Furthermore, [3] posits that (2.43) is globally

2

well-posed in H*(R) when s > 2. In [13], the same authors improved their result

to s > 3. In [14], this was extended to s >

1

3. B. Dodson improved the global

well-posedness result to s > }l in [15], and achieved the best possible global existence
result in [16]. In this section, we will implement the almost conservation law approach

together with the X* estimates to obtain the global well-posedness result for s > %

The IVP (2.43) has some useful properties. Namely, a solution u obeys the mass

conservation

Mu(t)) = ([ futt.)ds) Y = M)

and the energy conservation
1 1
B(u(t) = [ 3IVult.)P + lutt,n)'de = Elu).
R
for all existence time t. We observe from the energy functional that the energy is

always nonnegative. In this case, the IVP (2.43) is called defocusing.

Theorem 2.5. The IVP (2.43) is globally well-posed for the initial data uy € HZ(R)

when s > %
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As in the previous equation (2.3), we may take the initial data uy from C°(R).
We again wish to establish a polynomial growth bound in time for the H -norm of the

solution

Hu(t)HHi(R) S/H'W)HH%(]R) <t>M (2'44)

for some M > 0. Similar to (2.5) and (2.6), we have

s 2
< (N llu@®llggey)” + Tl zg ), (2.45)

lu(®)] ?q;(Rn) S E(Tu(t) + lluoll 2 wn)- (2.46)

One can easily show the above inequalities by applying the similar arguments imple-
mented to prove (2.5) and (2.6). Thus, controlling the modified energy with a polyno-
mial bound in time will suffice. The following proposition is the main result for this

purpose.

Proposition 2.6. Given 3 < s < 1, N > 1, and initial data uy € CZ(R) with

E(Iug) <1, there exists 0 = 0(||uo||r2ry) such that the solution

u(t,z) € C([0,6], H*(R))

of (2.43) satisfies

E(Iu(t)) — E(ITu(0)) S N7'* (2.47)

for all t €0, 4].

Let us prove Theorem 2.5 assuming Proposition 2.6. We apply the proposition

to the scaled solution

(2.48)
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From (2.45), we have

E(Tuyg) < (N*7EX72 4 X731+ ||ugl

Hy(®)°

5 N272S)\72(1 -+ ”’Lbol

)’

For N > 1, we choose the scaling parameter A = A(N, ||uo]| ms(w))
A= 22N (1 4 g || s wy ) (2.49)

so that E(luyp) < % We then apply Proposition 2.6 repeatedly until the size of the
modified energy F(Iu(t)) reaches 1, that is, at least C; N1~ times

E(Tuy(C1N'76)) ~ 1. (2.50)
For any time parameter 7 > 1, we choose N > 1 so that
N1= i
Ty ~ C, 7 §~ N»*17 (2.51)

Combining (2.49)—(2.51), we have

2—2

—4S8 sfer
B(Tu(Ty)) = XE(Ius(VPTh) Sapuolsy X~ N7~ Ty L (252)
Using (2.46) and (2.52), we conclude
|u(To) ey < (To)>=1* (2.53)

which is the desired polynomial bound (2.44).

Now, it is left to prove Proposition 2.6. The following proposition concerns with

the local existence to the modified equation
10 Tu + 02 Tu =1 (|u|*u)
(2.54)
Tu(0, z) =ITuy(x).
Proposition 2.7. For 3 < s < 1 and a given initial data uy with E(Iug) < 1, there
exists § = 0(||uo||r2(r)) > 0 so that the solutions Iu to (2.54) satisfies
<
I7ul 4 S (2.55)

on [0,9].
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The proof of the proposition is similar to the proof of Proposition 2.3. See The-

orem 5.1 and Lemma 5.2 in [3] for the details.

Proof of Proposition 2.6. As in the proof of Proposition 2.2, we estimate the increment

of the modified energy as

ey A N (e G

mMaMn3mnm4Mmsineg

X E(@)ﬁ(fs)@(g’ﬁ)
_ 5)‘%/05 /26_ . (1 B 23456 >—f@|4\u)(§1)ﬁ(§2)

moImsmiymsiie

X ﬁ(fﬁ%)a(&)ﬁ(&s)ﬁ(éﬁ)

- M23456 )ﬁ(&)ﬁ(&)ﬁ({g)

>0 &=0 23Ny Mse

X fﬁ(&)ﬁ(fs)ﬁ@ﬁ)

—

M23456 )W(&)ﬁ(&)

6 &=0 MoIM3Mm4msMe

=:Termy + Terms.

X ﬁ(fﬁ%)a(&)ﬁ(&s)ﬁ(éﬁ)

It is then sufficient to show that Term; + Termy, < N='*. We start with Term,.

Using Littlewood-Paley decomposition, define
U, = Py, 02Tu, Tn, = Py, Tu, j = 2,3,4,5,6.

where N; = 2% are dyadic numbers, k; € {0,1,2,...} and |&| ~ Ny, i = 1,2,3,4,5,6.

Then we have

23456 > —_—
/ / o &= m2m3m4m5m6 Un, <§1)UN2 (52)1”\73 (53)

.....

X T (6a) g (65)ng (66)| - (2:56)
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Therefore, it is enough to show for an arbitrary dyadic piece of the right side of (2.56)

Right side of (2.56) < N NI~ [juy, || ,12+H||UN || (2.57)

7j=2
in the different frequency interaction cases. We may again assume that the spatial
Fourier transform of the dyadic pieces are non-negative. By symmetry in the variables
£,63,&4, &5, &, we restrict our attention to No > N3 > Ny > Ny > Ng. Then we
also have N7 < N,. By reverting back the Plancherel formula after the multiplier is

taken out of the integral with a pointwise bound, we need to take care of the following

frequency interaction cases:

Case 1: Ny ~ Ny = N > Nj3. In this case, we take the multiplier out using the

following bound

1— mM23456 < %

N .
oM 3141 sMeg N2

Then using the Hélder’s inequality and L{ -Strichartz estimate (A.14), it is enough to

show

N3 N

— <N UND 2.58
Ny NaN3NyNsNg ™ (2.58)

This is obvious since N, N, > 1 and their exponents are negative. Case 2: N ~

N3 2 N > Ny and Ny < N,. In this case, the bound for multiplier is the following

M23456 Ma3456 my _ _ _
1—- ~ |1 - < SN YNINE
maMngmmamsing mains mains

Then using the Hélder’s inequality and the Strichartz estimate (A.14), we have

6
Right side of (2.56) < N ™" Ny N3~ [luw, llspallums |l spa llunslzazse [ s llzs,

Jj=4

5 N_1+N1_1N22_ N2N3N4N5 || Nl || 71 §+ H || N ||
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Thus, it suffices to show

— <
NyNsNg ~

This is true since Ny, N5, Ng 2> 1.

Case 3: Ny ~ Ny > N3 = N > Ny. In this case, we will implement the approach
in [12] used to prove Proposition 4.11. We can not establish (2.57). Fortunately, it will

suffice to show for the whole sum

Right side of (2.56) < N~ ”H@zluH 2+H[UHS

6

since we will be able to handle Ny ~ Ny sum by Schur s test. Take the multiplier out

of the integral with the bound

M23456 1 _
1 . - < Nl N 1+
mMaMm3mmgmsine m3

and using the Holder’s inequality and the Strichartz inequality, we bound the right side
of (2.56) by

6

o> NN fuw, szl szl zazee [T lluws lzs,

N1~Nz N3>:-->Ng j*4
Ny
1— n7—
> > NN W” un, || 712+H||UN | b
N1~Nz N3>-->Ng Jj=2

Using the last expression above, we have

N (ST sl g el ) S0 NG (NN Hr\umwxl,%+
&

N1~Na N3>--->Ng
(2.59)

We apply the Schur’s test for the first sum by following Exercise 9 of ch.1 in [17]. Set

K (N1, Na) = ||UN1||X71,%+X{N1,N2:N1~N2}

1



25

where Ni, Ny are dyadic numbers. We have by (A.9)

Z ||U'N1||X71,%+K(N17 NQ) 5 Z ||U'N1||2 -3+
N o Xs

Ny

for any fixed Nsy. Also,
<
§N2 ||UN1||X6—1,%+K(N17 No) < HUN1HX6—1,$+

for any fixed N;. Thus, the operator

T:=> K(N;,Ny)
Ny

acting on the square-summable sequences on the dyadic numbers is bounded and has

the property

1/2
171 (3 w2y )
Ny Xs

Therefore, if we set v(Ny) = HUN2“X1,%+ for Ny dyadic, we observe
8

S sl gellowall g =D T@)(Na)
N1NN2 g J N2
<Y IT(@)(Ns)]
N2

S(Sirwone)”
) e

Un —1,4 ) ( UNQ L )
~J Nl 1 1 2+ 5 1 ;Jr

ST vl .

For the second sum, Cauchy-Schwarz inequality and the Littlewood-Paley inequality

(A.9) are used to get

(2.59) S N0z Tull o g || Tulf?
X X

1
1,5+
6

which is what we wish to achieve. Hence, Term; < N~'F.
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It remains to show Termy < N7, As in the proof of Proposition 2.2, using the

Littlewood-Paley decomposition, we can bound Terms as

Terms < Z Z

Ni2345 Ne2>-->N1g

5 —
mMe78910 TN
L. (- ) P (Tl 0)) (r2)
0 22121 52‘:0

memr7imgngiio

(2.60)

x Tu(€s) Tu(€r) Tu(€s) Tu(&) Tu(&ro)

where Py,,.,. is the Littlewood-Paley projection operator onto the dyadic shell Nya345 ~
(€12345) and by symmetry, the latter sum can be taken over Ng > N7 > Ng > Ng > Nyg.

We also have Nigo345 < Ng. So, it suffices to show for any dyadic piece

10
Right side of (2.60) < z\f—1+Ng—||1ru||§(lé+ 11 7 | 2y (2.61)
5 =6 5

Assuming the spatial Fourier transform of dyadic pieces are non-negative, taking the

multiplier out of the integral with the bound

mM12345

)
mem7imgingmio

undoing Plancherel formula and applying the Holder’s inequality, we get

mi2345

Right side of (2.60) <
memreimgimging

o ||PN12345](|U|4U) Hsz HIuNes ||L?’z HIUN7||L?7$

X | ungll e, M ung || ge [[Tunl g - (2.62)

We need following estimates given in the lemma below

Lemma 2.8. Let u,ung, - ..,un,, be defined as above. Then we have

1

||PJ\/12345[<|U|4u)||L,3z S m|““||il,%+ (2.63)
8
H[uNjHLgm 5 <N‘>HIUN]'HX1,%+? J=26,7,8, (264)
] 5
1
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Proof of Lemma 2.8. The proof of this lemma is similar to the analogous result estab-
lished for the proof of Proposition 2.2. Thus, we shall prove only the first estimate in
order to give at least a partial proof. For the positively ordered pseudo-differential op-
erator (V)I, we apply fractional Leibniz rule. On a typical term, we have by Holder’s

inequality.
1Y) Tw)autul gz, < (V) Tull g poelul 7o s -

We apply the Strichartz estimate for the first factor to get

KV Tullpsree S ||<V>IUI|X§,%+ = \IIU\IX;,%+-

For the other factors, we first apply the Sobolev embedding (A.11) and the Strichartz

estimate to obtain

Juliory SVl 3 S Y Aull oy S Tl s

~
3
Ly S 9

which completes the proof of the first estimate. O

By Lemma 2.8

mi2345 1
memr7zimginginio <N12345><N6><N7><N8><N9>1/2<N10>1/2

10
5
X ||1u||X61,;+j1_[6 LSRR

Right side of (2.62) <

Thus, it suffices to show

Nl—N0+
o e (2.66)
memrimginginio <N12345><N6><N7><N8><N9> / <N10> /

There are two frequency interaction cases:

Case 1: Njg3ys ~ Ng and Ng > N7y > Ng > Ny > Nig and Ng 2 N. In this case
Left side of (2.66) < N'~ N2t

since m(z)z'/? is increasing. The above bound can be controlled by 1.
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Case 2: N12345 S N6 and N6 ~ N7 Z Ng Z Ng Z NlO and NG Z N. In this case
MigaasN' ™ Ng*

Left side of (2.66) ~ )
( ) m%m8m9m10N62N12345N8N9N10

Using the fact that m(y)ml/2 is increasing for 0 < y < x and m12345N1_21345 < 1, we can

replace m;N; with 1 for j = 8,9, 10, and mgNs with N

N'=NJ*
NegN

In both cases, summing all the dyadic pieces as in Case 3 for T'erm; and the Littlewood-

Left side of (2.66) < = NN <1

Paley inequality (A.9) complete the proof. ]

2.3. On a Fourth Order Schrodinger Equation

In this section, we shall briefly introduce a joint work with my colleague Engin
Bagakoglu which concerns the global well-posedness of the cubic defocusing fourth

order NLS in spatial dimension n = 4
i0wu — N =|ul?u, (t,r) € R x R,
(2.67)
u(0, x) =up(x) € H*(RY).

Fourth order type of NLS equations are first introduced in [18,19] .The local well-
posedness results of (2.67) can be found in [20]. In [21,22], the authors established
the global well-posedness and scattering results in the energy space H?(R") when
1 < n < 8 There are several works improving the global well-posedness results
below the energy space, see [23-25]. The authors used the I-method to obtain global
results for rougher initial data. Lastly, in [26], when the spatial dimension n = 4,
it is established that the IVP (2.67) is globally well-posed in H(R*) for s > 5. The
approach in [26] was inspired by [2] which is similar to our attempt. We have discovered

this article while we were making literature review. In any case, it is worthwhile to

briefly share our work in this document.

A solution u to the IVP (2.67) enjoys two useful conservation laws, namely, the

mass and the energy. The mass of u is given by

M) = [ Jutt,o)fda
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and the energy of u is given as

1
B(u(t) = [ 1Bu(t. o) + Slutt.)'d
R4 2
As we can see from the energy functional, the energy space is H*(R?*). In this context,

the operator I is then defined as

—

Tu(§) = m(&u(§)
where
1 e,

m(§) =
€ TENT ] > 2N

and smoothly interpolates on the region N < [¢| < 2N. With this definition and the
different nature of the equation (2.67), some modifications are needed to implement
the I-method. For example, we need to establish the analogous of (2.5) and (2.6) type

of inequalities. First, we have established these type of estimates:

2
E(Tu(t)) < NQ*SHU(??)HH;(RTLQ + ()| 23 @), (2.68)

lu)l g @ny S Eut)) + lluollzz@n)- (2.69)
After, we use the I-method on the equation (2.67). Our main result is as follows:
Claim. The IVP (2.67) is globally well-posed for ug € H*(R*) when s > 2.

The strategy here is again to generate an almost conserved quantity which is
comparable to the H® norm of the solution, and to control the H® norm of the solution
with a polynomial bound in time. The growth of the almost conserved quantity E(Iu)

can be controlled with a nicer bound:
E(Iu(t)) — E(Tu(0)) < N7*F (2.70)

for all t € [0, d] where § > 0 comes from the local analysis of the modified equation.

(2.70) can be viewed as the analogue of Proposition 2.2.



We use (2.70) for the scaled solution
up(t,z) = A"2u(—, <).

Initially, we have

E(IUJO)\) 5()\—251\74—23 + /\_4) (1 + ||U0| HS(R4))4

_9s _92g 4
,SCO)\ 2 N4 2 (1+ H’U,()HHs(R4)> .

By taking A large enough, more precisely, taking
1 4—2s

A= (2—00)2N = (1+ fJuol

4
Ho(rY))
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(2.71)
(2.72)

we have E(lugy) < % Then we apply (2.70) to ug at least N>~ many times to get

the size of E(Iuy(t)) reached 1. Then we determine the value of the cut-off parameter

N in terms of any large time parameter Tj as

N3=
\4

TON Ol(;NNT%g_.

By combining the above estimates, we get

8—4s

E(Iu(Ty)) = NE(Tua(\'To)) Ssuollyee, A~ N = ~ T

which helps us to achieve the desired polynomial bound

8—4s 4

(o) | ey S Ty

whenever s > %.

8—4s

+
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3. CONCLUSION

In this chapter, we start discussing the advantage and disadvantage of the I-
method. First, in [6], it is mentioned that even though one can show L? global well-
posedness and H'! global well-posedness, the global result between these spaces cannot
be obtained via this information. The /-method however generates an almost conserved
quantity and hence can be implemented to establish global results in H*(R™), 0 < s < 1.
On the other hand, the disadvantage of the method is that one can not obtain the
optimal result in terms of global well-posedness for equations of type (2.3) and (2.43).
We can observe this from looking at the growth of energy increment (2.8) and the IVP
(2.3) as an illustration. Roughly, for small time intervals, the quantity E(Iu) grows
at most N=3+. The exponent of polynomial bound for the H® norm of a solution u
is determined by the exponent of the cut-off parameter N via the scaling argument.
The smaller the exponent of N as the bound for the growth of F(Iu) the better global
result we may obtain. In fact, if the exponent of N goes to —oo, then the quantity

E(Iu) would be a conserved quantity which is impossible to reach, see [6].

For a future plan, we are planning to obtain global results for (2.67) in the spatial
dimensions n = 2,3. The challenge in these dimensions is that we can not implement
bilinear Strichartz estimate (A.15) for comparable frequencies. Therefore, our intention

is to combine the I-method with Morawetz type estimates, see [22,23].
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APPENDIX A: FUNCTION SPACES, NOTATIONS,
HARMONIC AND FOURIER ANALYSIS TOOLS

The nonlinear Schrédinger type equations, i.e., dispersive evolution equations
can be analyzed via comparison and interaction between the low and high-frequency
components of the solutions. There are valuable tools to make this type of analysis
rigorous in terms of a mathematical point of view. We need to introduce notations,
function spaces, and results as preliminaries for the tools: the Fourier transform and
Littlewood-Paley theory. We shall briefly review these topics in the appendix. We will
mostly follow [10]. The space of p-Lebesgue integrable functions is defined as

LPR") = {f1f : R" = C, [[f]lcr@n) < o0}

where 0 < p < oo and

1/p
[l oy = (/Llu«x>wdx) |

For p = 0o, we have

| fll poemny = essﬂsgup |f(z)|=mf{a e R:m({x: |f(z)] > a}) =0}
TER™
where m is the Lebesgue measure on R™. One can replace the range of the LP-functions
with a Banach space X, and these spaces consist of the functions f : R — X with the

property

1/p
s = [ 1f@las) <o

In addition, we can define mixed, mostly spacetime, Lebesgue spaces LYLZ(R x R™)

consisting of the functions f : R x R” — C together with the mixed norm

1/p p/q
| fll o La@xmny = (/RHf(t,-)Hig(Rn)dt) = (/R( . |f(t,a:)|qd93) dt)

1/p



36

Similarly, if I C R is a time interval, £ > 0 and X is a Banach space, the space
Ck(I; X) is the space of k-times continuously differentiable functions f : I — X with

the norm

k
gy = D N0 Fllg.
j=0
We shall also use Sobolev spaces H*, H*, WP W*? which carry the information for
the derivatives of LP functions, and weighted Sobolev spaces X®° which carry the
dispersive characteristic associated to the equation. Before introducing that function
spaces, we need the following preliminary notions. A function f : R” — C is called

rapidly decreasing if

K2} f (@)l 22 ) < 00

for all N > 0. f is called Schwartz class if it is also smooth and all of its derivatives
0% f are rapidly decreasing for all multi-index o = (ay, ..., ), a; € {0,1,2,...} for
¢ =1,...,n and the operator 0% is given as
Oy = 05! ...0xm.

One can observe that f is Schwartz if and only if 99 f(z) Syan (z)™ for all multi-
index a and all N. The space of Schwartz class functions is denoted by S(R"). The
topological dual space of S(R™) consists of continuous linear functionals on the Schwartz
space. Elements of the dual space are said to be tempered distributions. Hence, the
dual space is called the space of tempered distributions and denoted by S’(R™). Now,

we define the Fourier transform. It is convenient to define it on the Schwartz class

S(R™). The Fourier transform of a Schwartz function f at the point & € R™ is given as
f&)= | fl@e de.
R’ﬂ

It is a well-known fact that the Fourier transform f +— f is a linear automorphism on

S(R™) in its topology. The inverse transform is given as

J@) = | Je)ede.
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The Fourier transform can be extended as a linear isometric isomorphism on L?(R™)

together with the well-known Plancherel identity

[ r@)Par = [ 1f(©)Pa

as well as the closely related Parseval identity

| J@)gl@)de= | f©)5€)de.

The Fourier transform has many fruitful symmetries. Some of which are the followings:

(i) The Fourier transform of f(z — 20), Ty € R", at € equals e~ f(¢).
(ii) The Fourier transform of e f(x) at £ equals f (& —&o).

)

)
(iii) The Fourier transform of f(x) at £ equals f(—¢).
(iv) Let A € R\ {0}. Then the Fourier transform of f(z/)) at & equals |A|“f(A€).
)

(v) The convolution operation * is defined as
(frg)a)= [ flz=y)gly)dy = [ [y)glx—y)dy.
R" R®
The Fourier transform of (f  ¢)(z) at £ equals f(£)§(€).
(vi) The Fourier transform of f(z)g(z) at & equals (f * §)(€).
(vii) Let P : R™ — C be a polynomial. Then we can identify P(V) as

P(V)= > a.0

lal<M

where the sum is taken over multi-index o with |o| = oy + -+ + «, < M and
a, € C for all a. Then the Fourier transform of

PV)f(2) = 3 aadlf(x)

lo| <M

at £ is equal to

> aa(i€)*f(€) = P(i&) f(6).

lor|l <M

The last property is critical when studying on a partial differential equation. More
precisely, a linear partial differential operator with constant coefficients is of the form

P(V)= > a0

la|<M
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for multi-index « and M > 0. Then by property (vii), we have

P(V)f(&) = Y aali€)*f(£) = P(i&) ().

lal<M

One can observe that differential operators enhance amplitude of functions with high
frequencies while decreasing amplitude of functions of low frequencies. Also, if the

operator P(V) is skew-adjoint, i.e. iP(V) is a self-adjoint operator, then we have
P(V) =1ih(V/i)
for some real valued polynomial h : R" — R. In this case,

P(V)F(6) = ih(V/i) (&) =i Y € f(6) = ih(€) f(£).

|| <M

With this in mind, and the fact that the Fourier transform can be extended to tempered
distributions, we can define Fourier multipliers. Let m : R® — C be a locally integrable

function of at most polynomial growth, that is,

sup im(z)| < (z)

for some N > 0. Then we can define the associated multiplier m(V/i) : S(R") —

S'(R™) via the Fourier transform as the formula

m(V /i) £(€) = m(&)f(£)

or equivalently in the physical space by

m(V/i)f(e) = [ m©F s
We then have

o m(V/i)* =m(V/i);
e my1(V/i) +ma(V/i) = (my +ms)(V/i);
e my1(V/i)mo(V /1) = (myims)(V/i).

In particular, all Fourier multipliers commute with each other. The function m(§) is
called the symbol of the multiplier operator m(V /i). For example, we can define frac-
tional differentiation and integration operators |V|*, (V)* associated with the symbols

|€|* and (£)®, respectively, for s € R.



39

Now we are ready to introduce Sobolev spaces. The Sobolev spaces W*?(R") and
the homogeneous Sobolev spaces Wep (R"), s € R and 1 < p < oo, are defined as the

closure of the Schwartz class functions under the topology induced by the norms

[ fllwse@ny = [[{V)® fll Lo @n)

and

1A Wlirer ey = IV Fll o)

respectively. When p = 2 we write H® and H* for W*2? and W#?2, respectively. By

Plancherel’s identity, we have

I lizcary = 166D FlLczcen
There is an important class of Fourier multiplier operators known as the Littlewood-
Paley multipliers. Suppose ¢ is a real-valued, smooth, radially symmetric, compactly
supported bump function such that its support is adapted to the ball {{ € R™ : [¢| < 2}
and ¢ = 1 on {£ € R" : |[£] < 1} and smoothly decays to zero in the region {£ € R™ :
1 < |£| € 2}. Define a dyadic number N = 2/ for j € Z. For each dyadic number N,
the Littlewood-Paley multipliers are defined as

Py 1(6) = @(&/N)f(€) (A1)
Pon (€)= (1 — o(&/N))f(€) (A.2)
Pyf(€) = (p(€/N) — p(26/N)) f(€). (A.3)

Thus, the operators P<y, Ps n, Py are smoothed versions of the characteristic functions
that project functions to the regions |{| < N, |{] > N and [{| ~ N respectively. One
can observe that

Ponf= Y Puf; Panf= )Y Pufi f=) Puf

M<N M>N M

for all Schwartz class function f. The sums above are taken over the dyadic numbers.
Such a decomposition is called the dyadic decomposition. Littlewood-Paley projections

are immensely helpful in the quantitatively detailed analysis of PDE.
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They separate the rough, i.e., high-frequency, oscillating, low regularity com-
ponents of a solution from the smooth, that is, low-frequency, slowly varying, high
regularity components, see [10]. We see that Littlewood-Paley projections behave as
an approximation to the identity in the physical domain and a smooth partition of
unity in the Fourier domain. By definition, Littlewood-Paley operators are convolu-

tion operators in the physical space:

Pent(@) = [ 3w fa+y/N)dy
Since ¢ is a Schwartz function, we can consider P<y as an averaging operator that
spreads a sort of period of f by a spatial scale controlled by 1/N and localizes the
frequency of f in a ball of radius controlled by N, which is consistent with the uncer-
tainty principle. From the convolution definition, one can verify that Littlewood-Paley
operators are continuous, hence bounded, on every Lebesgue space LP(R"), 1 < p < oo
and also on Sobolev spaces W?(R™), W*?(R") for s € R and 1 < p < oo. Moreover,

we have the following useful estimates known as Bernstein inequalities. Let s > 0 and

I<p<qg< o

| Po>n fllor@®ny Sposp NN VIEPsn fl o @mey
| P<n |V fllLr@ny Spsm NPl Pen fllzr@n
PNV = fllon) ~psn NN P fllooen)

|PenS o) Spam N* ™4 Peref laan)

d_d
I P fllzany Spam NP2~ 2| Py fll o).

—~ o~ o~ o~~~
= > > F P
co N O Ot =
o — T

Bernstein inequalities tell us that when the frequency is localized, we can change low
integrability to high integrability with a cost of some powers of N. If we closely look
at the inequalities, the cost in terms of powers of N might be, in fact, a gain when the
frequency N is low. There is another very powerful and extremely useful estimate:

1 oeny ~pm 1O 1PN F 2V oy (A.9)

N
The estimate (A.9) is known as the Littlewood-Paley inequality. It essentially tells us

that the dyadic components Py f of f are mutually almost orthogonal.
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Turning back to the Sobolev spaces, we have helpful embeddings. We can con-

tinuously embed homogeneous Sobolev spaces into LP spaces:
WeP(R") — LI(R")

whenever the condition

=
Slw

1
q
holds for 1 < p < ¢ < 0o, and s > 0. In this case, we have for u € W?(R"),

[l oy Spaan [[llvirsngny-
This result also implies the inhomogeneous Sobolev embedding;:
WeP(R") < LY(R")

2. In this case, we have

Whenever1<p<q<oo,s>0,and§2%

[l any Spasn ullwss@ny.-

(A.10)

(A.11)

It is also beneficial to mention nonlinear operations, for example, multiplication oper-

ation (f,g) — fg because they arise frequently in nonlinear PDEs. There is a very

handy principle known as the fractional Leibniz rule. We state this principle as in [10].

Let f, g be functions on R”, and let D® be some sort of differential of pseudo-differential

operator of positive order @ > 0 (roughly speaking, it acts like a differentiation opera-

tor).

e (High-low interactions) If f has significantly higher frequency than g(e.g. if f =

PyF and g = P.ysG for some F,G), or is rougher than g(e.g. f = Vu and

g = u for some u) then fg will have comparable frequency to f, and we expect

D*(fg) ~ (D“f)g. In a similar spirit, we expect Py(fg) ~ (Pxf)g.

e (Low-High interactions) If ¢ has significantly higher frequency or is rougher

than f, then we expect fg to have comparable frequency to g. We also expect

D*(fg) ~ f(D%g), and Pn(fg) ~ f(Png).

e (Full Leibniz rule) If there are no frequency assumptions on f and g, we expect

D(fg) ~ (D*f)g + f(D"g).
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Its nature is explained in [10] as "The fractional Leibniz rule states that if we differ-
entiate the product of functions, it is not needed to apply the whole product rule for
differentiation. It is sufficient to take the derivative of the function with the highest
frequency. The same is true for taking the Littlewood-Paley projection of products on
the level of the function with the highest frequency. Moreover, a more general principle
states that when distributing the derivatives, the dominant terms are, in general, the
terms in which all the derivatives fall on a single factor. If the factors have unequal
degrees of smoothness, the dominant term will be the one in which all the derivatives

fall on the roughest (or the highest frequency) factor.”

In the remaining part of the appendix, the weighted Sobolev spaces will be in-

troduced. Consider a linear dispersive equation with constant coefficients
Ou— Lu =0

where L = ih(V /i) for some real-valued polynomial on R". To understand some
characteristics of this equation, we implement the space-time Fourier transform given

as

u(r, &) = /R/n u(t, z)e” e dedr.

If we take the space-time Fourier transform of the both sides of the equation, we see

that
(—iT + 1h(§))u(r, &) = 0. (A.12)
Then there are two cases to consider:

(i) w = 0. In this case, if one applies the inverse Fourier transform, the conclusion

will be u = 0. So, this case is out of our interest.
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(ii) 7 = h(§). In this case, the implication is that the space-time Fourier transform

of the solution is supported in the hyperspace
{(1,§) e RxR" : 7= h(&)}.

Now, if one localizes the solution u in time by multiplying v with a smooth cut-off
function n having support {t = O(1)}, the space-time Fourier transform nu will be
concentrated in the region {(7,€) : 7 = h(§) + O(1)}. In other words, the localized
version of the solution remains close to the aforementioned hyperspace. If we also add

a nonlinear perturbation term in the above equation
Owu — Lu = N(u),

the distortion effect of the perturbation will not be harmful when we localize the
solution in time first. So, for suitable nonlinear terms N(u), the localized solution nu
to the perturbed equation will still be close to the characteristic space. The reason for
this is a dispersive smoothing effect for the operator 9; — L away from the hyperspace
7 = h(&) which can be considered analogous to the more well-known elliptic regularity.
The weighted Sobolev spaces X*°, also known as Fourier restricted spaces, Bourgain
spaces, or dispersive Sobolev spaces, carry the information of L2-functions additionally
in terms of their spatial and dispersive regularity. The following definition of X*?

spaces is taken from [10].

Definition A.1. Let h : R® — R be a continuous function, and s,b € R. The
Xfﬁh@) (R x R™), abbreviated X**(R x R™) or simply X*°, is defined to be the closure
of the Schwartz functions S; (R x R™) under the norm

X5b, o (RxR) — [(§)* (T — h(§)>bﬂ(7'a §)||L3’§(Ran). (A.13)

=h(£)

|

The Xfih(f) spaces are well-adapted to the solutions, u(t) = e'*u(0), of the linear

dispersive equation 0y = Lu, where L = ih(D) = ih(V /i) by the following lemma:
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Lemma A.2 (Free solutions lie in X*%). Let f € H:(R™) for some s € R and let
L = ih(V /i) for some polynomial h : R" — R. Then for any Schwartz time cut-off
n € S(R), we have

L
Hn(t)et fHXjﬁh(Q(RX]R") Sn,b Hf”H;(R")

For further properties of X** spaces, we recommend [10] to the reader. We shall
only state the results that we use in this document. Now, when b > 1/2, we observe

that X*° functions are very close to the free solutions to a dispersive equation d,u = Lu.

Lemma A.3. Let L =iP(V/i) for some polynomial P : R* - R, s€ R, b>1/2 and
let Y be a space-time Banach space of functions on R x R™ with the property that

le e flly < 111

H(R™)

for all f € H3(R™) and 19 € R. Then we have the embedding

lelly So lallxes, gy

Applying this to Y = CYH?, we obtain

Corollary A.4. Let b > 1/2, s € R, and h : R® — R be continuous. Then for any

u € Xfﬁh( (R x R™), we have

3]

lullepas @exmny = e mperry So llullxes, o @ony:
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Moreover, for a Schrodinger admissible pair (p, q), i.e., (p,q) € [2,00] x [2, 00,

and (p,q) # (2,00) when the spatial dimension is 2 and 1% =n(3 — %), we have the

inequality

[ull x00 - (A.14)

1wl Lo mxrey Spab
T=l¢|?

X spaces are suitable to analyzing nonlinear dispersive equations when one localises

n time.

Lemma A.5. Let n € §;(R) be a Schwartz function in time. Then we have

||77(t>u| inh(g)(RXRn) Sn,b ||u| inh(g)(RxR”)

for any s,b € R, any h : R* — R, and any u € S;,(R x R™). Furthermore, if
—1/2 <V <b<1/2, then for any 0 <T < 1, we have

/

<
ey (RXR™) 5

ln(t/T)ul

p T HUHXj”’

s,b
X =h(€)

T=

(RxR™)*

Proposition A.6 (X*° energy estimate). Let h : R® — R be a polynomial, let L =
ih(V/i), and let u € C73,.S.(RXR") be a smooth solution to the equation dyu = Lu+F.
Then for any s € R, b > 1/2, and any compactly supported smooth cut-off n(t), we

have

[n(t)ul X3P, o (RXR) Sy [[w(0) || s ey + HF|’Xjﬁ;(1§)(Ran)-

Lastly, we have an estimate for nonlinear terms:

Lemma A.7 (Bilinear Strichartz estimate). Let uy, us € XO’%JF(R x R™), be supported
on spatial frequencies |§| ~ Ny, No, respectively. If Ny < Ny when n =1 or Ny < N

when n > 2, we have

(n—1)/2
lurusll 2 <N o sl o (A.15)
L7 ,(RXR™) ~5 N2 Hlx 0.5+ Rxrn) 1721 X053+ (RxRR)” :
2



