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ABSTRACT

NONLINEAR VISCOELASTIC MATERIAL MODELING USING
NESTED LINKAGE MECHANISMS

In this study, basic linear lumped elements such as springs and dashpots are used in
nested linkage mechanisms in order to simulate and predict the mechanical behaviour of
nonlinear viscoelastic materials. The proposed mechanism model containing two nested
linkages can show initial softening followed by hardening response under quasi-static
loading, which is commonly displayed by hyperelastic materials. Hence, material
nonlinearity is simulated by geometric nonlinearity of the linkage mechanism. The
mechanism also displays relaxation, hysteresis, and dynamic stiffness responses of
viscoelastic materials with the help of dashpot elements. By tuning the geometric parameters
of the mechanism, and the stiffness and damping parameters in the system, desired
viscoelastic response can be obtained. Most of the previous experimental studies in the
literature considered just two of different possible test scenarios. Comparisons with the
experimental results in the literature show that the nested linkage mechanism with linear
springs and dashpots can successfully simulate the material response in the tests for different
double combinations of quasi-static loading, ramp-and-hold loading, hysteresis, and
dynamic stiffness tests. When the experimental studies in the literature are investigated, it is
seen that studies investigating three different test scenarios are rare. In this thesis, these four
testing scenarios are considered in the same study for model validation for the first time.
These four tests are conducted on three rubber samples with different stiffness and damping
characteristics. It is shown that the nested linkage mechanism model can accurately mimic
the material behaviour in these four different tests with a single set of values for the design
parameters. In order to evaluate the prediction capability of the nested linkage mechanism
model, optimization is conducted using only two test scenarios and the responses in the other
two test scenarios are validated. To further assess the prediction capability of the model,
parameter values are obtained for a sample and the responses of a sample from the same
material with a different size is estimated for the four test scenarios. Finally, considering the
hardening behaviour of the samples, the number of parameters in the model is reduced from

8 to 5 and it is shown that the reduced model also gives quite satisfactory results.
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OZET

ICICE KONUMLANDIRILMIS CUBUK MEKANIZMALARI iLE
LINEER OLMAYAN VIiSKOELASTIK MALZEME MODELLEMESI

Bu ¢alismada, icice konumlandirilmis baglanti mekanizmalarina eklenmis dogrusal
yay ve sonim elemanlar1 gibi basit pargalar kullanilarak, lineer olmayan viskoelastik
malzemelerin mekanik davraniglar: taklit ve tahmin edilmistir. Hiperelastik malzemelerde
siklikla g6zlemlenen yari-statik yiikleme altinda ilk basta yumusama ve arkasindan gelen
sertlesme egilimi, Onerilen mekanizma model ile taklit edilmistir. Bu sekilde dogrusal
olmayan malzeme davranisi, baglanti mekanizmasi modelinin dogrusal olmayan geometrik
ozelligi ile taklit edilmistir. Ayni zamanda, mekanizma modeli barindirdigl séniim
elemanlar1 sayesinde viskoelastik malzemelerin gevseme, histerezis ve dinamik sertlik
tepkilerini de gostermektedir. Literatiirde bulunan 6nceki ¢alismalar cogunlukla iki ayri test
senaryosuna odaklanmustir. Literatiirdeki deneysel c¢alismalar ile, mekanizma modeli
kiyaslandiginda, yari-statik yiikleme, gevseme, histerezis ve dinamik sertlik testlerinin farkl
ikili kombinasyonlar1 altinda model tahmin sonuglar1 malzeme tepkisini basarili bir sekilde
tahmin edebilmistir. Literatiirdeki deneysel ¢alismalar incelendiginde, {i¢ farkli test
kosulunu ayni anda degerlendiren ¢alisma sayisinin ¢ok az oldugu gozlemlenmektedir.
Model dogrulamasi amaciyla bahsi gegen dort farklr test senaryosu ilk defa, bu tez ile ayn1
anda degerlendirilmistir. Bu dort farkli test senaryosu, farkli sertlik ve soniim 6zelligine
sahip ti¢c farkli kauguk numune {izerine uygulanmigtir. Mekanizma modelinin bu dort test
senaryosu altinda malzeme davranisini, tek bir parametre deger seti ile dogru bir sekilde
taklit edebildigi gosterilmistir. Mekanizma modelinin tahmin yetkinligini test etmek ig¢in,
bahsedilen dort test senaryosundan sadece iki tanesine eniyileme yapilmis ve belirlenen
degiskenler ile geriye kalan diger iki test senaryosu i¢in malzeme tepkisi tahmin edilmistir.
Bunun 6tesinde, modelin tahmin yetkinligini degerlendirmek adina, degisken degerleri tek
bir numune iizerinden eniyileme yontemiyle belirlenmis ve biiytikligu farkli olan ama ayni
malzemeden yapilmis farkli bir numunenin tepkilerini tahmin etmek i¢in kullanilmistir. Son
olarak, model parametreleri malzemenin sertlesme egilimi géz Oniine alinarak 8’den 5°e
dustiriilmiis ve bu sadelestirilmis modelin dahi tiim senaryolarini tatminkar sekilde taklit

ettigi gOsterilmistir.
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1. INTRODUCTION

1.1. General Information

The theory and experimental studies regarding viscoelastic materials are first
investigated in the 19th century. Famous physicists Maxwell, Boltzmann, and Kelvin studied
on suspensions in electric measuring devices for recovery and creep response. These
suspensions were silk, metals, glass, and natural rubber. Later in 20th century, synthetic
polymers and elastomers are vastly used in engineering. As a result of this, viscoelasticity
became one of the most interested subjects. Viscoelasticity and the viscoelastic
characteristics of materials are designed and used for specific purposes, so controlling it and
designing it became an important engineering need for building better products. For more

information on rubbers, polymers and elastomers please see Appendix A.

Quantification of viscoelasticity is a major issue. For example, elastic modulus is a
quantifier of the elastic response of an elastic solid, but it is not straightforward to quantify
the response of a nonlinear viscoelastic solid. For this purpose, different test scenarios and
their results are investigated and used for quantifying the properties accordingly. Creep is
considered one of the main measurement and quantifying method for viscoelastic materials.
During creep, constant stress is applied and the time dependent changes in strain are
evaluated. An alternative step function loading scenario is stress relaxation. In stress
relaxation loading, constant strain is applied whereas the time dependent changes in stress is
observed. Since the mechanical damping is one of the most important characteristics of
viscoelasticity, harmonic loading tests are important for quantifying it. Since the force
response of the viscoelastic damping increases as the velocity of the applied strain increases,
dynamic loading is applied as a cyclic loading and unloading loops following each other in

different frequencies. (McCrum et al., 1988)

The strain-stress curves of these testing scenarios depend on the test type.
Compression, tension, shear, and flexural tests give different responses of the same material.
The flaws in the material and microscopic cracks act largely in tension. In compression, the

cracks tend to close rather than opening. As a result of this, quantifying pure polymer



characteristics is better with compression experiment. Tension experiments are better for
quantifying flaws in the material characteristics. During the flexural tests, combination of
tension and compression occurs, since one part of the sample is under tension whereas other

parts in under compression. (Lawrence, 1974)

1.2. Literature Review

Nonlinear viscoelastic materials are widely used in various industrial areas from
automotive to medical applications. Passive vibration isolators and absorbers, and most of
the damping components are made of elastomers, rubbers, or other nonlinear viscoelastic
materials. In surgical training organs, and in some other medical applications, nonlinear
viscoelastic materials are used. As these materials possess both viscoelastic and hyperelastic
features, their response under different loading conditions is complex. In order to fully
describe the structural response of a material, different loading scenarios need to be
considered. These tests may vary from quasi-static to dynamic loading scenarios. Nonlinear
viscoelastic materials display nonlinear response when subject to large displacement quasi-
static loading. Initially they soften and after some point, they start to harden as strain
increases. Also due to the presence of damping, they exhibit hysteresis response, which is
the difference in the loading and unloading paths as the material is compressed or extended
in cyclic loading. Stress relaxation is also seen in these materials after a relatively fast
loading followed by a long steady state period. Force response peaks in the fast-loading
phase and it gradually relaxes to a specific value after holding in the same strain. Under
dynamic loading, nonlinear viscoelastic materials exhibit increasing stiffness values as the
frequency increases. These four different testing scenarios are generally used to characterize

nonlinear viscoelastic materials.

Hyperelastic materials are widely investigated under quasi-static and hysteresis
loading scenarios, since the nonlinear response of the material characteristics can be clearly
seen in these two loading scenarios. Hyperelastic materials exhibit different stiffness
responses during loading and unloading. Because the stress-strain curves during loading and
unloading are different, thus, the area under the curve is different. The material absorbs
energy in each load cycle, which is called “hysteresis”. Damping of vibrations in viscoelastic

material systems occurs due to hysteresis. Many researchers (Abe et al., 2004; Agoras et al.,



2009; Bergstrom and Boyce, 1998; Buhan et al., 2015; Khajehsaeid et al., 2013; Mansouri
and Darijani, 2014; Rey et al., 2014; Vieira et al., 2014) studied hyperelastic structural
response as well as hysteresis behaviour of nonlinear viscoelastic materials under quasi-
static loading. Constitutive equations and analytical formulations were developed to describe
nonlinear hyperelastic response. In these studies, material nonlinearities were accounted for
by defining nonlinear material properties in constitutive models or using nonlinear elements

in rheological models like nonlinear springs and dashpots.

Stress relaxation response of viscoelastic materials under ramp-and-hold loading was
also extensively studied in the literature (Bergstrom and Boyce, 2000; Bhuiyan et al., 2009;
Drozdov, 1997; Feng and Gan, 2002; Muliana et al., 2016; Pellicer and Morales, 2004;
Saitoh, 2012; Tam et al., 2015; Wang and Han, 2013). In this loading scenario, following a
quickly applied compressive strain, the specimen is kept at constant strain. The magnitude
of the stress drops with a decreasing rate and reaches a steady value in the long run.
Relaxation behaviour varies with material type, sample geometry, loading rate, applied
strain, temperature, humidity, and composition (Wang and Han, 2013). The analytical
rheological models and the numerical models based on linear springs and dashpots can
mimic relaxation response as well as dynamic stiffness response, but not nonlinear
hyperelastic response. Only by using nonlinear springs and dashpots, a few models
(Bergstrom and Boyce, 2000; Bhuiyan et al. 2009; Drozdov, 1997; Tam, 2015) account for
nonlinear viscoelastic material response in both quasi-static and ramp-and-hold test

scenarios.

Nonlinear viscoelastic materials under dynamic loading exhibit increasing stiffness
response with an increase in frequency due to material damping. Dynamic stiffness response
of nonlinear viscoelastic materials was investigated usually via constitutive models or
rheological models using linear elements. (Carleo et al., 2017; Iniguez-Macedo et al., 2019;
Renaud et al., 2011; Wollscheid and Lion, 2013; Zoffoli et al., 2017) In some studies
(Bhuiyan et al., 2009; Lewandowski and Chorazyczewski, 2010; Osterlof et al., 2014; Xu et
al., 2018) complex elements such as frequency dependent springs and dashpots are used to

capture the dynamic response more closely.



For double test scenarios quasi-static and creep recovery are investigated by (Muliana
et al., 2016). Some researchers focused on stress relaxation and hysteresis (Bergstrom and
Boyce, 1998; Drozdov, 1997; Vandenbroucke et al., 2010). (Martinez et al., 2011) created a
statistical approach on filled elastomer modelling with stress relaxation and hysteresis.
(Rendek and Lion, 2010) investigated dynamic-stiffness and hysteresis scenarios. (Zhang et
al., 2020) worked on stress relaxation and dynamic loading. For triple test scenarios quasi-
static, stress relaxation and hysteresis are investigated at the same time by (Zrida et al., 2009;
Liao et al., 2020). Quasi-static, stress relaxation and dynamic stiffness responses of nonlinear
viscoelastic materials investigated at the same time by (Kamaruddin et al., 2017). However,
to the authors’ knowledge, not all four testing scenarios are considered at the same time in a

single study.

Linkage mechanisms are used in the literature for investigating modal responses of
structures rather than considering nonlinear viscoelastic materials (Acar and Yilmaz, 2013;
Hegde and Ananthasuresh, 2012; Kim et al., 2014; Yilmaz et al., 2007; Yilmaz and Hulbert,
2010; Yuksel and Yilmaz, 2015). Single test scenarios for nonlinear viscoelastic materials
are attempted to be modelled with lattice structures containing linear springs and dashpots.
Nonlinearity is obtained with the geometric relation between the deformed and undeformed
geometry of the lattice structure (Holecek and Moravec, 2006; Natsupakpong and
Cavusoglu, 2010; Noborio and Oohara, 2009; San-Vicente et al., 2012).

In this study, a mechanism-based model is developed using a small number of
parameters to represent the complex mechanical behaviour of nonlinear viscoelastic
materials. In the proposed model, the mechanism contains only rigid links and linear lumped
elements, i.e., springs and dashpots. Material nonlinearity is simulated by geometric
nonlinearity of the linkage mechanism, while in the previous models this is mostly achieved
by defining nonlinear material properties or using nonlinear spring or dashpot elements. In
the literature, different models were proposed for different loading conditions to simulate
the response of nonlinear viscoelastic materials. For instance, the commonly used Maxwell,
Generalized Maxwell, Kelvin-Voigt, Standard Linear Solid (SLS) and Burgers models are
capable of displaying relaxation response and/or dynamic stiffness response, but they cannot
show nonlinear softening-hardening behaviour in quasi-static loading. In contrast, the

mechanism-based model proposed in this study can mimic the nonlinear force-displacement,



stress relaxation, hysteresis, and dynamic stiffness characteristics of nonlinear viscoelastic
materials with the same parameter values. As far as the authors know, there is no mechanical
model in the literature that can mimic the response of nonlinear viscoelastic materials under

these four loading scenarios.

In this thesis, literature test data of various elastomers are used to validate the
simulation capability of the proposed model. Since double combinations of the
aforementioned four test scenarios were present in different studies, the model parameters
are tuned for two tests at a time. In order to fully evaluate the simulation capability of the
proposed nested linkage mechanism model, the aforementioned four test scenarios are
conducted on three different rubber samples. These three samples are selected with different
damping and stiffness characteristics for extending the material variety. Moreover, the
parameters of the nested linkage mechanism model are optimized using only two test
scenarios and the responses in the other two test scenarios are predicted. To further evaluate
the prediction capability of the model, parameters are obtained for a sample and the
responses of a sample with double cross-sectional area is estimated for the four test
scenarios. Finally, the number of parameters in the linkage mechanism model is reduced
considering the hardening behaviour of the samples and the response of the reduced model

is compared with the full model.

1.3. Aim of the Thesis

The aim of this study is to find a representation for the mechanical response of
nonlinear viscoelastic materials under various loading scenarios via using mechanical
structures and relations between multibody systems. Multibody dynamics-based approach
provides an advantage for easy modification and tuning of the desired system responses by
changing the basic system parameters for predicting and characterizing the complex

nonlinear viscoelastic behaviours of real-life materials under various testing scenarios.

Proposed system can be considered as a combined mechanisms working for one
purpose. Two nested linkage parallelogram mechanisms are attached to each other at the
input and output joints. With this combination, the ability of different extension capabilities

and their combined effects are obtained for the desired outcomes. Linear springs and



dashpots are used for tuning the response of the system. With this approach, nonlinearity is
obtained and modulated as it is desired for modelling nonlinear viscoelastic material

behaviour.

Modelling nonlinear viscoelastic materials is essential for many engineering
applications. Nonlinear viscoelastic materials are used in many sectors such as automotive
industry, aerospace industry, construction industry and medical applications. In many cases,
rubber like materials are chosen from catalogues to satisfy some vibration isolation, damping

or absorption demand.

Predicting nonlinear viscoelastic material response is important for vibration isolation,
damping and absorption applications. These materials are needed to be tuned for the desired
scenarios of the applications. Most common material models are based on springs and
dashpots (lumped element models). These spring dashpot systems are vastly accepted by the
researchers due to their easy applicability, optimization capability and direct analogy of the
viscoelastic and nonlinear material characters. Most of these studies use nonlinear springs
and dashpots since material nonlinearity prediction is not easy when linear elements are

used.

Viscoelasticity of a system or material can be described as the delay in shape
reformation to the original state after exposed to a forced deformation. Ramp and hold
behaviour after deformation can be thought as a characteristic behaviour of the material.
Viscoelasticity has advantageous uses in vibration isolation and damping. In case of
resonance, damping provides a means to limit the maximum deformation in the system and

hence prevent failure.

Hyperelasticity of a system or material can be described as the stress-strain relationship
derives from a strain energy density function. When large strains are considered, hyperelastic
materials show nonlinear strain-stress behaviour. When elastomeric samples are subject to
large deformations, due to their hyperelasticity, they display nonlinear force-displacement
response. In general, when a hyperelastic sample is subject to large deformation its stiffness
increases, i.e., it shows hardening response. This property is used to prevent excessive

movements in mechanical systems. For example, automotive manufacturers always desire



rock solid engine mounts if the power-train starts to move excessively. For this purpose, they
use rubber materials especially in roll-restrictors. Also, when the rubber mount
characteristics are not satisfactory to reach high stiffness at desired deformation level, they
add secondary rubber contact surfaces to increase the effective stiffness of the mount.

It is shown that viscoelasticity and nonlinear force-displacement characteristics of
elastomeric samples have important uses in engineering applications. If one can introduce
an easily tuneable mechanical system that is used for both predicting and characterizing
viscoelastic and nonlinear material responses, then it can have major implications for many

engineering applications.

The main aim in this thesis to come up with a mechanical model that can display
nonlinear viscoelastic material response. The model should be able to mimic the response of
elastomeric samples under various test scenarios such as large strain quasi-static testing,
ramp-and-hold testing, dynamic stiffness testing and hysteresis response in cyclic loading.
The proposed model will not be just a mathematical model, but it will be a physical model,
which can easily be manufactured. Moreover, it will provide tuning capability of the
nonlinear force-displacement characteristics, such as softening and/or hardening response,
and it will also provide tuning for the viscoelastic characteristics. Proposed method will
differ from the studies in the literature for the nonlinear characteristics. Most of the studies
provide non-linear behaviour via using serial and/or parallel combinations of nonlinear
springs and dashpots. Our proposed model will obtain nonlinear response by exploiting the
geometrical nonlinearity of linkage mechanisms. Hence, by using linear springs and
dashpots, the mechanism model will show both hardening and softening behaviour in large
strain quasi-static testing, and also mimic viscoelastic material response in ramp-and-hold,

dynamic stiffness and hysteresis loading scenarios.

1.4. Contributions of This Ph.D. Thesis

Nonlinear viscoelastic materials are vastly investigated in the literature. For this
purpose, generally two but rarely three different test scenarios are used for modelling and
predicting material response. Also, the models in literature are either composed of analytical
formulations, which cannot be built in real life by using mechanical elements or they are

composed of mechanical systems that contain nonlinear springs and dashpots which are



complicated and not easy to physically realize. The proposed model is composed of two
nested linkage mechanisms combined with simple linear springs and dashpots. This model
can be built in real life and tuned to simulate various nonlinear viscoelastic components such
as engine mounts or tuned mass dampers. The proposed model provides accurate response
of nonlinear viscoelastic materials under four different test scenarios, namely, quasi-static,
ramp-and-hold, hysteresis and dynamic loading scenarios. These four test scenarios are
selected since they are commonly used in evaluating both nonlinear and viscoelastic material
responses. However, in the literature, these four tests are not considered at the same time for
model validation. Hence, this thesis is the first study that considers these four important test
scenarios at the same time for model validation. Among these four test scenarios, double
combinations of literature test data are predicted. Moreover, experiments are conducted for
verifying the model under four test scenarios at the same time. In order to evaluate the
prediction capability of the proposed model, only two test scenarios are used for tuning the
model parameters and then, the responses in other two test scenarios are predicted. It is
shown that the proposed model with 8 parameters is very successful in predicting nonlinear
viscoelastic material response. Furthermore, model parameters are reduced from 8 to 5 in
order to compare the prediction capability of the reduced model with the original model. The
model is also used for predicting different sample sizes. Model parameters are tuned
according to one sample and the four test responses of a double cross sectional area sample
is predicted successfully. Two journal papers are written within the framework of this thesis.
One article is published in International Journal of Solids and Structures in 2020 and another

one is submitted to European Journal of Mechanics / A Solids recently.

1.5. Organization of Thesis

The aim of this study is to design a mechanical model by using linear elements that
can predict nonlinear viscoelastic material response under four different loading scenarios,
1.e., quasi-static, ramp-and-hold, hysteresis, and dynamic loading. In Chapter 2, both well-
known spring-dashpot models in the literature are considered and the proposed nested
linkage mechanism model is introduced. Analytical derivations regarding the force-
displacement characteristics are provided and the response of the analytical model of the
system is compared with the numerical model generated using multi-body dynamics

simulation software (MSC ADAMS). Parametric studies are conducted in order to see how



the individual parameters of the proposed mechanism model affect the response in four
different testing scenarios and how they contribute to the simulation of nonlinear viscoelastic
material behaviour. In Chapter 3, test data and model response comparisons are given.
Double combinations of the literature test data are provided. Moreover, the experimental
setup and the samples used in this thesis are explained. Model parameters are tuned by
optimization so that accurate prediction of test results is achieved. In Chapter 4, conclusions

and summary of the main contributions are given.



10

2. MODELING

2.1. Capabilities of Well-Known Spring-Dashpot Based Models

Material models composed of linear or non-linear springs and dashpots are used in
literature for nonlinear viscoelastic material prediction. The most common models are
Maxwell, Kelvin-Voigt and Standard Linear Solid. These models can predict non-linear
viscoelastic material responses under some loading scenarios, but none of them is capable
of predicting all four test scenarios (quasi-static, ramp-and-hold, hysteresis and dynamic) at
the same time. Figure 2.1 shows the common spring-dashpot based models. (a) Maxwell,

(b) Kelvin-Voigt and (c) Standard Linear Solid.

(a) (b) (c)

Figure 2.1. Common spring-dashpot based models. (a) Maxwell, (b) Kelvin-Voigt and (c)
Standard Linear Solid.

Maxwell and Kelvin-Voigt models are considered as the simple viscoelastic models.
Whereas Standard Linear Solid model is considered as a more realistic and complex model
for material prediction. Similar to real viscoelastic materials, Standard Linear Solid model
reacts rapidly and recovers completely after unloading. The constitutive equation for

Maxwell model is given as
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C
0 +—6=cé 2.1)

where o is stress at both ends and ¢ is the total strain of spring and dashpot element. The

constitutive equation for Kelvin-Voigt model is given as
o =ke+cé (2.2)

. 1 .1 . .
where o is stress at both ends, ¢ = 201, €=-03,0=0; 10,0018 the stress on spring

element and o, is the stress on dashpot element. The constitutive equation for Standard

Linear Solid model is given as

c(ks + k)
_

- (2.3)

c
0+Ec'7=kss+

where ¢ is the total strain on both ends.

For understanding the capabilities of these models, all three of them are investigated
under four different loading scenarios and their behaviours are evaluated considering
nonlinear viscoelastic material response. Figure 2.2 shows Maxwell model composed of
serially attached spring k and a dashpot element ¢ with the coefficients summarized in Table
2.1 under (a) quasi-static loading, (b) ramp-and-hold loading (c¢) hysteresis loading and (d)
dynamical loading. Displacements and displacement rates are given in Table 2.2. As seen in
Figure 2.2a, there is no response under quasi-static loading. Therefore, the dashpot element
absorbs all the displacement and generates no force due to quasi-static loading speed. On the
other hand, nonlinear viscoelastic materials exhibit initial softening and later hardening
response under quasi-static-loading scenario. Ramp-and-hold response of Maxwell model in
Figure 2.2b has a relaxation response but the steady-state response value is zero. Therefore,
the dashpot element absorbs all the displacement gradually as the loading stops after 0.25
second. Nonlinear viscoelastic materials exhibit a similar relaxation trend, but the steady
state response should converge to a non-zero value according to the material properties. In
Figure 2.2¢ and Figure 2.2d hysteresis and dynamical responses are similar to nonlinear

viscoelastic material responses.
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Table 2.1. Parameters used in Figure 2.2, Figure 2.3 and Figure 2.4.

ks k C
(N/mm) (N/mm) (Ns/mm)
Maxwell - 10 10
Kelvin-Voigt - 10 10
Standard Linear
10 10 10
Solid

Table 2.2. Displacements and displacement rates applied for quasi-static, ramp-and-hold

and hysteresis tests for Maxwell, Kelvin-Voigt and Standard Linear Solid models.

Maxwell Kelvin-Voigt Standard Linear Solid
Disp 10mm 10mm 10mm
Quasi-static
Disp rate 1x10">mm/sec 1x10">’mm/sec 1x10">mm/sec
10mm 10mm 10mm
Disp
Ramp-and-Hold Disy R 40mm/sec for 0.25sec | 40mm/sec for 0.25sec | 40mm/sec for 0.25sec
1sp Rate
Omm/min for 100sec Omm/min for 100sec | Omm/min for 100sec
Disp 10mm 10mm 10mm
Hysteresis )
Disp rate Imm/sec Imm/sec Imm/sec
Disp Imm Imm Imm
Dynamic Stiffness
Frequency 0-100Hz 0-100Hz 0-100Hz
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Figure 2.2. Maxwell model with the spring coefficient of k = 10N/mm and dashpot
coefficient of ¢ = 10Ns/mm under (a) 10mm quasi-static loading, (b) 10mm ramp-and-hold
loading with 0.25sec loading and 100sec holding, (¢) 10mm hysteresis loading and (d)
Imm dynamical loading 0-100Hz.

Figure 2.3 shows Kelvin-Voigt model composed of parallel attached spring k and a
dashpot element ¢ with the coefficients summarized in Table 2.1 for (a) quasi-static loading,
(b) ramp-and-hold loading, (¢) hysteresis loading and (d) dynamical loading. Displacements
and displacement rates are given in Table 2.2. As seen in Figure 2.3a, quasi-static loading
exhibits a linear response since only the linear spring element is confronting the loading due

to quasi-static speed, whereas it is expected to be nonlinear with an initial softening and later
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hardening as it is observed in nonlinear viscoelastic materials. Figure 2.3b shows the Kelvin-
Voigt model response under ramp-and-hold loading. Since the spring and dashpot element
are attached in parallel, the initial fast loading response is resulted with a high force response
on the dashpot element, but after the loading stops, this force value decreases to zero. Only
the spring element static force is remains in steady-state condition. So, there is no relaxation
response observed in this scenario. In Figure 2.3c there is a difference in loading and
unloading cycles, but the parallel attached dashpot element increases the force response
rapidly as the loading starts and decreases as the loading changes direction at maximum
deflection. This results an initial fast hardening and later linear response up to maximum
deflection and unloading cycle has an offset but the trend is similar and parallel to the loading
cycle. Whereas nonlinear viscoelastic materials exhibit curved loading and unloading cycles.
The dynamic loading response in Figure 2.3d exhibit force response in increasing trend since
the parallel attached dashpot element provides an increasing force response as the frequency
(so the velocity) increases. This behavior is similar to the natural response of nonlinear

viscoelastic materials under dynamic loading.
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Figure 2.3. Kelvin-Voigt model with the spring coefficient of k = 10N/mm and dashpot
coefficient of ¢ = 10Ns/mm under (a) 10mm quasi-static loading, (b) 10mm ramp-and-hold
loading with 0.25sec loading and 100sec holding, (¢) 10mm hysteresis loading and (d)
Imm dynamical loading 0-100Hz.

Figure 2.4 shows Standard Linear Solid model composed of parallel attached spring
kg and a serially attached spring k and dashpot element ¢ with the coefficients summarized
in Table 2.1 (a) quasi-static loading, (b) ramp-and-hold loading, (c) hysteresis loading and
(d) dynamical loading. Displacements and displacement rates are given in Table 2.2. As seen
in Figure 2.4a, quasi-static loading exhibits a linear response since only the spring elements

k is confronting the loading due to quasi-static speed, whereas it is expected to be nonlinear
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with an initial softening and later hardening for a nonlinear viscoelastic material. In Figure
2.4b, Figure 2.4c and Figure 2.4d the response characteristics are similar to nonlinear

viscoelastic material responses.

(a) Quasi-static (b) Ramp-and-hold
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Figure 2.4. Standard Linear Solid model with the both spring coefficients of k = 10N/mm
and dashpot coefficient of ¢ = 10Ns/mm under (a) 10mm quasi-static loading, (b) 10mm
ramp-and-hold loading with 0.25sec loading and 100sec holding, (¢) 10mm hysteresis
loading and (d) Imm dynamical loading 0-100Hz.

These well-known material models are good for some loading scenarios, but they

cannot accurately represent all four test scenarios mentioned above. Only Standard Linear
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Solid model can predict 3 of 4 loading scenarios. Since the motivation of this thesis is to
predict the material response under these four test scenarios at the same time, nested
mechanism extenders are combined with two Standard Linear Solid models. With this
approach, all responses of nonlinear viscoelastic materials are mimicked successfully. In

next section, the details of the nested linkage mechanism model are described.

2.2. Mechanism Model

2.2.1. Analytical Model of the Nested Linkage Mechanism

The mechanism model that will be used to mimic the mechanical behaviour of
nonlinear viscoelastic materials includes two nested parallelogram linkages as shown in
Figure 2.5. The inner and outer loops are connected by two pin joints. The opposite joints of
the inner loop are connected by springs having stiffness kj and k, ;. Additionally, parallel
to these springs (kjs and k), serially connected springs and dashpots are used with stiffness
and damping coefficients ky, ¢, and k,, ¢, respectively. kg, k, and c, form a Standard
Linear Solid model arm in horizontal direction, whereas k., k,, and c,, form another one in
vertical direction. These two SLS model arms are displaced at different rates due to the
nonlinear geometry of the mechanism. The movement of the right-most joint is restrained
and load is applied to the left-most joint along the x-direction. The inner mechanism loop
has shorter links (L; < L,). Consequently, B(t) is always greater than a(t) for any value of
the input displacement u(t). Moreover, the mechanism has one degree of freedom. Given
the displacement of the left joint (u(t)) and the initial configuration of the mechanism, its

mechanical response can be completely determined.
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Figure 2.5. The proposed mechanism model that mimics the mechanical behavior of

nonlinear viscoelastic materials.

Dynamic analysis of the proposed model is performed analytically. Horizontal
displacement (u) of the left side of the nested mechanism is the only generalized coordinate
of this single-degree-of-freedom mechanism. The vertical displacements v; and v,, the
horizontal displacements u; and u, and the angles a and § can be obtained in terms of u.
Auxiliary points are added between kj, and ¢y, and k,, and c,, with displacements u,, and v,,
respectively as shown in Figure 2.5. Hence, there are two more degrees of freedom of this

system when the coupling points are considered.

First, the relations between the geometric parameters are derived. The current length
of the mechanism is equal to the distance between the left most joint and the origin. The
horizontal length of the system is £ and its initial value is ;. The angle of the outer links, a,

is related to u and the length of the outer links, L,, as

£ =4;—u=2L,cosa. (2.4)

As the input displacement (u) increases, the length of the mechanism decreases with a rate

given by



At du
dt ~  dt

Solving for a in Equation (2.4), one obtains

_ —1( {))
a = CoSs ZLO.

B should be larger than & and it can be determined by

. Lo .
sinf = L—sma.
i

Substituting « in Equation (2.6) into Equation (2.7) and using the relation

sin(cos™1p) = /1 — @2

B can be expressed as

L £ \?
_ P o
_ Lo 1_( ) _
p = sin L oL,
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(2.5)

(2.6)

2.7)

(2.8)

(2.9)

The positions of the inner link joints, x;, x,, their displacements u,, u,, and their first time

derivatives are calculated as

x; = —L,cos(a) — L;cos(f).

(2.10)

Substituting Equation (2.6) and Equation (2.9) into Equation (2.10) and making use of

Equation (2.8), Equation (2.10) becomes

1
X, = _5<£ + \/{’2 —4L,% + 4Li2>.

2.11)
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Then, u; and 11, can be calculated as

1 2 2 2 1 2 2 2
=y =y = = (L4 02— 4L+ 4L7 )+ o ( Lo+ [0 = 4Lo” + 4L ) (2.12)

_ v 1 2
U =—=—=
2 (2.13)
\/{)2 — 4L,% + 4L;*
Similarly, x,, u, and 1, are derived as
X, = —Lycos(a) + Licos(fB) (2.14)

1 1
Uy = Xy — Xpj = —E<£ - \/{)2 —4L,% + 4Li2> +§<£0 - Jeoz —4L,% + 4Li2) (2.15)

N e
U, =—=+=
(2.16)
\/32 —4L,% + 4L
The positions of the upper and lower joints, y; and y,, are given as
Y2 = —y1 = Losin(a). (2.17)

Substituting Equation (2.6) and making use of Equation (2.8), Equation (2.17) becomes

1
e 4L,% — £2, (2.18)

Moreover, v4, V,, V4 and v, are derived as

1 1
v =-v =3 /4L02 - -5 4L,% — ,4* (2.19)
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Uy = U = m g me—— (2.20)

The Maxwell arms of the inner mechanisms are composed of serially connected spring
and dashpot elements (k;, and c; k,, and c,,). The total extension in the horizontal Maxwell
arm, U;, is given by the difference between the horizontal displacements u; and u,, which

is also equal to the sum of the extensions of the spring and dashpot (ug and u,) as
U = Uy — UL = U + Ug. (2.21)

A negative value of u; indicates contraction of the Maxwell arm. Moreover, time derivative

of u; can be obtained as

Ilt = 112 - 111 = uS + Ild. (222)
The resistive forces of the spring and dashpot, F; and F;, due to their extension or contraction
are equal to each other, since they are connected in series. For the horizontal Maxwell arm,
the forces are as follows

ES‘ = Fd or kh Us = Cp Ild. (223)

Rearranging Equation (2.23) gives
—ug = 1y. (2.24)

Substituting Equation (2.24) in Equation (2.22) gives

o ka
U = Uy + —Us. (2.25)
Ch
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Equation (2.25) can be rewritten as

knedu, k kn kn
Sy et = gean’, (2.26)
dt Cn

Then, it can be solved as

Kn, Kn,
fd useh | = futech dt. (2.27)

Considering the initial condition as u,(0) = 0 and taking the integral using time increments

of At, change in the length of the spring, ug, and its rate, ug, at time t = At is obtained as

u,(IA)c, (i — DA)cy, _';_ZM
- e

u(iAt) = T T

Ky
+ug((i—1)At)e <n (2.28)

kg, k _kn
Us (IAL) = 11, ((i — 1)At)e e’ — C—hus((i —1)At)e en'. (2.29)
h

Equation (2.28) and Equation (2.29) can be explicitly calculated (for i=1, 2, ..., n) by using
a predefined time step (At). Vertical displacement can be obtained using a similar procedure.
Total force on the left side of the mechanism can easily be determined using the

trigonometric relations as
Fo(t) = (kpsue(t) + kpus(6)) tan B(¢) cot a(t) + (kysv (6) + kyvs(t)) cota(t). (2.30)
2.2.2. Numerical Model of the Nested Linkage Mechanism

The model described in Section 2.1 is replicated in ADAMS software. This model is
created using the same linkage lengths, spring and dashpot element coefficients and
investigated under the same loading conditions. Figure 2.6 shows the ADAMS model. There
are 8 links attached to each other for forming a two nested mechanism extender structure.

Two Standard Linear Solid (SLS) elements are added horizontally and vertically. The
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movement of the right-most joint (b) is restrained and load is applied to the left-most joint
(a) along the x-direction. Since the model is created in 2D, all the links and joints are
constrained to move in x and y directions and can rotate around z axis. The springs and
dashpots in the horizontal SLS element can only move in the x direction whereas the vertical
SLS element can move in x and y directions. As the input displacement u(t) is given in the
x direction, the springs and dashpots can only translate but not rotate. With this approach,
SLS elements can only generate force response on their axial directions. Resulting force is

calculated at point (a) where the input is applied.

Figure 2.6. The proposed mechanism model created in ADAMS software that mimics the

mechanical behavior of nonlinear viscoelastic materials.

2.2.3. Comparison of Analytical and Numerical Models

The calculations shown in the previous chapter were conducted in MATLAB. For
verifying the calculations, mechanism model is duplicated in ADAMS software and same
test scenarios are applied. According to the results, both MATLAB code and ADAMS model
responded exactly the same. For verification, two different values are investigated. Firstly,
the inner nested mechanism’s horizontal and vertical end points where the horizontal and
vertical SLS elements are attached are checked for the displacements u; and u, and
velocities 1, and 1, under four different test scenarios which are quasi-static, ramp-and-
hold, hysteresis and dynamic loading. Secondly, the overall response of the models F; are
compared. Horizontal and vertical displacement and velocity values are critical since the
SLS elements are composed of a serially attached spring and dashpot with a parallel attached

spring element. The serially attached elements are compressing according to the loading
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scenarios’ displacement and velocity. However, these displacements and velocities are not
linearly related to the input. For instance, under dynamic loading scenario, there will be
phase lag in serially attached spring and dashpot compression / extension behavior according
to the spring and dashpot parameter values. Figure 2.7 shows the inner mechanism’s (a)
horizontal displacement, (b) horizontal velocity, (c) vertical displacement and (d) vertical
velocity responses under quasi-static response. For the velocity plots in Figure 2.7b and
Figure 2.7d, both the ADAMS measured velocity value and ADAMS calculated velocity
values can be seen. ADAMS velocity values are calculated using time derivative of

displacement.
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Figure 2.7. Inner mechanism’s horizontal (a) displacement, (b) horizontal velocity, (c)

vertical displacement and (d) vertical velocity responses under quasi-static loading.

Figure 2.8, Figure 2.9, and Figure 2.10 are also show the similar results for ramp-and-

hold loading, hysteresis loading and dynamical loading, respectively. In Figure 2.9b and

Figure 2.9d calculated and real velocity values are a little different. This is due to the

calculation time step size difference between ADAMS and the numerical calculation

formula.
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Figure 2.8. Inner mechanism’s horizontal (a) displacement, (b) horizontal velocity, (c)

vertical displacement and (d) vertical velocity responses under ramp-and-hold loading.
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Figure 2.10. Inner mechanism’s horizontal (a) displacement, (b) horizontal velocity, (c)

vertical displacement and (d) vertical velocity responses under dynamic loading.

The overall force responses F; of the MATLAB and ADAMS models are compared.
For increasing the accuracy, ramp-and-hold and hysteresis loading responses are calculated
in two different loading speeds. For the dynamic loading, two different frequencies are used,
as well. Figure 2.11 shows the comparison of MATLAB and ADAMS model results under
quasi-static loading. Figures 2.11 to 2.17 shows exactly same responses for ramp-and-hold,
hysteresis and dynamic loading scenarios and verifies that the MATLAB model behaves

exactly the same as the ADAMS model.



Force (N)

29

1200 T T T T

1000 [

800

400

200

T

ADAMS
— — —MATLAB

0 1 | 1
0 20 40 60 80

Time (sec)

100

Figure 2.11. Responses of MATLAB and ADAMS model results under quasi-static

loading (0.1 mm/sec).



30

700 T T 1 T T

ADAMS
— — —MATLAB

500 .

400 - ~]

Force (N)

300 .

200 -

100 { -

0 1 1 1 1 1
0 2 4 6 8 10

Time (sec)

Figure 2.12. Responses of MATLAB and ADAMS model results under slow ramp-and-
hold loading (8 mm/sec).
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Figure 2.17. Responses of MATLAB and ADAMS model results under fast dynamic
loading (50Hz).

Figures 2.7 to 2.17 show that both MATLAB and ADAMS models give the same
results for various loading conditions. However, the MATLAB model runs much faster than
the ADAMS model. Thus, parametric studies and optimization are conducted using the

MATLAB model.
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2.3. Parametric Studies

The external loading is applied to the left-most joint as displacement, u(t); the
resistive force of the mechanism F;(t), to this movement is calculated using the analysis
explained in the previous section. The mechanical response of the mechanism as force versus
displacement, time, or frequency is examined for different parameter values, i.e., stiffness
coefficients kg, ks, kj and k,,, damping coefficients c;, and c,,, lengths of inner and outer
links L; and L, and the initial angle of the outer link . A parametric study is conducted in
order to see how the individual parameters affect the mechanical response in four different
testing scenarios and how they contribute to the simulation of nonlinear viscoelastic material
behaviour. The parameter values of the reference configuration of the system are given in
Table 2.3. The mechanical response of the mechanism is examined by varying a single

parameter and keeping the others constant.

Table 2.3. The reference configuration for the proposed model.

khs kh Ch kvs kvs Cy Lo Li o
(N/mm) | (N/mm) | (Ns/mm) | (N/mm) | (N/mm) | (Ns/mm) (mm) (mm) (deg)
10 10 10 10 10 10 100 35 7

Hyperelastic materials exhibit nonlinear mechanical response under quasi-static
loading. In early phases of loading, the material shows softening behaviour with increasing
strain due to reorientation and alignment of polymer chains along the loading direction
(Bergstrom and Boyce, 1998). This softening behaviour reveals itself mostly in polymers
containing reinforcing agent (carbon black) (Bergstrom and Boyce, 2000; Ren et al., 2015).
At intermediate stages of loading, stiffening behaviour dominates due to stretching of free
polymer chains. The proposed mechanism model can exhibit this characteristic behaviour.
Figure 2.18 shows the individual effects of a vertical spring, a horizontal spring as well as
their combined effect. In this figure, kj, k., ¢, and ¢, are not included since the force on
them will be zero due to very slow loading rate. As it can be seen in Figure 2.18a and Figure
2.18d, vertical spring (k,;) imparts softening behaviour under quasi-static loading scenario
whereas horizontal spring (k) imparts hardening behaviour (see Figure 2.18b and Figure

2.18e). A combination of vertical and horizontal springs (see Figure 2.18c and Figure 2.18f)
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provides an initial softening response followed by a hardening response as seen in various

elastomers.
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Figure 2.18. (a) Vertical spring and outer four-bar linkage, (b) horizontal spring, inner and
outer four-bar linkages, (c) Horizontal and vertical springs, inner and outer four-bar
linkages. (d) Effect of vertical spring as softening response, (e) effect of horizontal spring
as hardening response, (f) combined effect of horizontal and vertical springs as initial
softening and later hardening response. Response is obtained for 10 mm compression with

parameter values given in Table 2.3.

During quasi-static loading scenario, the most effective parameters are observed to be
ks, kys, and ay. As shown in Figure 2.19a, the stiffness of the vertical spring k,, controls
the initial softening behavior of the system. In early phases of loading, the slope of the force-
displacement curve, i.e., the stiffness of the mechanism, decreases with increasing
displacement. This behaviour becomes more apparent with higher values of k,;. The
horizontal spring, on the other hand, contributes mainly to stiffening response in later stages
of loading (see Figure 2.19b). The initial angle of the outer links, «,, is an effective
parameter on the stiffening behavior at the later stages of the loading as seen in Figure 2.19c.

As it is seen in Figure 2.19d, L; mainly affects the later parts of the loading. The
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characteristics of the response can be adjusted by changing the values of k,, ks, @ and L;.
The nested links together with the horizontal spring provide nonlinear stiffening response

because of the geometric nonlinearity of the system. The other parameters do not

significantly affect the overall response in quasi-static loading.
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Figure 2.19. The effects of (a) k,, (b) kjs, (¢) @y, and (d) L; on the response of the
mechanism under quasi-static loading. The blue dashed-dotted line represents the response

of the reference configuration.

Viscoelastic materials exhibit stress-relaxation response due to realignment of polymer
chains after an applied deformation. This deformation characteristic varies mainly with the
material composition, excitation velocity, and amplitude. Under ramp-and-hold loading,

relaxation response is generally not uniform with a fast drop at the beginning followed by
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gradual relaxation. In order to simulate this characteristic behaviour, the mechanism models
in Figure 2.20 are considered. Figure 2.21 shows the relaxation response of different
mechanism designs due to 8 mm compression applied in 0.05 seconds followed by one-
second relaxation time. By choosing different values for the spring rate, kj, and the damping
coefficient, ¢y, in the single SLS models (see Table 2.4), fast and slow relaxation rates are
realized while the maximum force and steady state force levels remain nearly the same. The
combination of horizontal and vertical SLS elements provides about the same maximum
force and the steady state force levels, but a different relaxation response. As seen in Figure
2.21, the double SLS provides a similar relaxation rate as single SLS 2 in the early phases
of the relaxation; but changes its characteristics such that the relaxation rate is similar to that
of single SLS 1 in the later stages of relaxation. Therefore, by using double SLS, different
relaxation characteristics of viscoelastic materials can be simulated that cannot be simulated

by a single SLS.

Figure 2.20. (a) Single SLS element in the mechanism, (b) double SLS elements in the

mechanism.
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Figure 2.21. The effect of different SLS configurations on relaxation response after § mm

compression applied in 0.05sec. The parameter values are given in Table 2.4.

Table 2.4. Parameters used in Figure 2.21.

kns kp Ch kys kys Cy L, L; o

(N/mm) | (N/mm) | (Ns/mm) | (N/mm) | (N/mm) | (Ns/mm) | (mm) | (mm) | (deg)
Single SLS 1 10 10 3.4 - - - 100 35 7
Single SLS 2 10 12 0.5 - - - 100 35 7
Double SLS 6 10 0.15 6 7 3 100 35 7

Relaxation curve of viscoelastic materials is generally a complex curve that cannot
be expressed with a single-term (Ciambella et al., 2010; Oman and Nagode, 2014). This is
why analytical studies (Vandenbroucke et al., 2010; Wang and Han, 2013) generally use
exponential formulations with minimum two terms to model relaxation response. The
mechanism model proposed in this study includes two SLS elements positioned horizontally
and vertically, which provide different relaxation rates due to different set of parameters
(kys, kn, cp s kys, ko, C;y), and parameters for geometric nonlinearity of the mechanism (L,,
L;, &,). As seen in Table 2.3, there are nine parameters that can be changed to tune the
response of the mechanism model. However, L, is not changed as the main curve

characteristics are affected by the ratio of L, to L;. In order to see the effects of the remaining
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eight parameters on the relaxation response, 8 mm displacement is applied to the left joint
in 0.05 seconds, then the mechanism is kept at that state for 10 seconds and the resistive
force generated by the mechanism is calculated for different values of these parameters. As
seen in Figure 2.22a and Figure 2.22b, kj and k,,; influence the steady state response of the
system, while the amount of relaxation (the difference between the peak force and the steady-
state force levels) and the relaxation rate remain the same. kj and k, mainly influence the
start point of the relaxation curve (see Figure 2.22¢ and Figure 2.22d), whereas, c;, and c,,
influence the relaxation rate (see Figure 2.22e and 2.22f). L; and ¢, affect the steady state

response without altering the relaxation rate as seen in Figure 2.22g and Figure 2.22h.
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Figure 2.22. The effects of (a) k;, (b) ks, (¢) kp, (d) ky,, (€) ¢y, (f) ¢y, (g) L;, and (h) o
on the relaxation response of the mechanism under ramp-and-hold loading. The blue

dashed-dotted line represents the response of the reference configuration.
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Viscoelastic materials show different stress-strain responses during loading and
unloading phases. The difference in force-displacement curves in loading and unloading
phases gives rise to energy loss in each load cycle, which is called “hysteresis.” In order to
observe the effects of the system parameters on the hysteresis response, the mechanism is
compressively loaded and unloaded to 10 mm in 10 seconds. As seen in Figure 2.23a and
Figure 2.23b, k; affects the stiffening part of the hysteresis curve, whereas k,,; affects the
initial softening part and shifts the hysteresis curve. Similarly, k, mainly affects the
stiffening part of curve, while k, affects mainly the softening part (see Figure 2.23c and
Figure 2.23d). However, as the loading and unloading rates are low, the effect of kj and
k. are more pronounced then k; and k,,. On the other hand, k; and k,, are more effective
than kj¢ and k, in changing the amount of hysteresis. As seen in Figure 2.23e and Figure
2.23f, ¢, mainly affects the end of the loading cycle (stiffening part of the curve), whereas
¢, affects mainly the end of the unloading cycle. Besides, both of these variables are effective
in changing the amount of hysteresis. Decrease in L; leads to a significant increase in the
resistive force in the stiffening part without changing the low-displacement characteristics
(see Figure 2.23g). Notice that, for the smaller value of L; (34 mm) the inner mechanism
tends to close at large displacements which results in a highly nonlinear force-displacement
response. Similar to L;, ¢ also affects the stiffening part of the curve, but its effect is less
pronounced (compare Figure 2.23g and Figure 2.23h). Furthermore, ¢, changes the initial

softening part of the loading curve whereas L; has no effect on this part.
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on the hysteresis behavior of the mechanism. The blue dashed-dotted line represents the

response of the reference configuration.
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In order to observe dynamic stiffness response of materials, samples are repeatedly
compressed and/or extended to the same strain with continually increasing frequencies.
Nonlinear viscoelastic materials show higher stiffness at higher excitation frequencies.
Dashpot elements in the proposed mechanism model impart this property to the system. If
the frequency is increased while keeping the amplitude the same, the velocity increases;
accordingly, the resistance force generated by the dashpots increases and thus the overall
stiffness increases. Consequently, the proposed mechanism shows increasing stiffness
response with increasing frequency. In order to see the effects of the parameters on the
dynamic stiffness behaviour of the mechanism, it is repeatedly compressed by 1 mm, while
increasing the frequency from 0 Hz to 100 Hz and the resistive force applied by the
mechanism is used for calculating the dynamic stiffness values. Figure 2.24 shows the effects
of the system parameters on the dynamic response. For the results in Figure 2.24, kj, is taken
as 100 N/mm, k,, is taken as 3 N/mm and c,, is taken as 0.3 Ns/mm for better comparison.
Other values are from Table 2.3. When k;, and k¢ are increased, the overall response is
shifted upwards without changing the stiffening characteristics (see Figure 2.24a and Figure
2.24b). As seen in the Figure 2.24c and Figure 2.24d, kj;, and k,, change the slope of the
curve without changing the starting point. k,, is more dominant due to the dimensions of the
system and the small amplitude excitation. ¢y, is effective on the slope of the response mainly
in the intermediate and high frequencies without changing the initial point (see Figure 2.24e.
¢, i1s more effective at lower frequencies. As seen in Figure 2.24f, larger values of c¢,,, lead
to increased stiffness of the mechanism at smaller frequencies as opposed to cj,. L; shifts the
dynamic stiffness response of the system at intermediate and high frequencies (see Figure
2.24g). As it is seen in Figure 2.24h, « shifts the response without significantly altering

stiffening characteristics.
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Figure 2.24. The effects of (a) k;, (b) ks, (¢) kp, (d) ky, (€) ¢y, (f) ¢y, (g) L;, and (h) o
on the dynamic stiffness response of the mechanism under dynamic loading. kj, is taken as
100 N/mm, k,, is taken as 3 N/mm and c,, is taken as 0.3 Ns/mm for better comparison.
Other values are from Table 2.3. The blue dashed-dotted line represents the response of the

reference configuration.
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3. COMPARISON OF TEST DATA AND MODEL RESPONSE

3.1. Double Combinations of Literature Test Data

In order to see how well the mechanism simulates nonlinear viscoelastic material
behaviour, the response exhibited by the mechanism model is compared with the material
response observed in experiments. As mentioned before, nonlinear viscoelastic material
response in four test scenarios is simulated, which are quasi-static loading, ramp-and-hold
loading, hysteresis loading, and dynamic loading. Unfortunately, no study in the literature
simultaneously presents test data obtained under all these four different loading conditions
for a nonlinear viscoelastic material. Comparisons are made with the studies that include two

different loading conditions simultaneously.

In order to make comparisons, first, image-processing software (GetData) is used to
generate data points from the curves given in previous studies. Then, the parameter values
of the mechanism model are optimized so that its response fits the test data. For this purpose,
objective functions are defined representing the difference between the measured material
response and the calculated model response. Each data point of the model response is
subtracted from the target data. These individual differences are used for calculating the total
error by summing their squares. The sum of total errors of the two individual test scenarios
are minimized for reducing the difference between the model response and the test results.

The optimization problem formulation is given as
n n
minf =) (Ty=Ri)? + ) (T = Ry)? ()
i=1 i=1

where R;; and R,; are the data points on the first and second response curves obtained from
two different test scenarios and T;; and T,; are the data points of the corresponding target
curves, respectively. Moreover, there are n data points on each curve. To solve the
optimization problem, lower and upper limits of the parameters are defined. Random values

are chosen between these limits to define the initial configuration of the mechanism as
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starting point of the optimization. Two curve fits among four different alternatives (quasi-
static, ramp-and-hold, hysteresis, dynamic stiffness) will be satisfied with the same
parameter values. Nonlinear-least square curve fit solver is used in MATLAB for the
optimization process. Trust-region-reflective algorithm is used to minimize the objective
function. In order to eliminate worse local minima, the optimization process in repeated 750
times starting from randomly chosen initial points. The strain values for the proposed
mechanism in below figures are calculated as the ratio of applied displacement to initial

horizontal length of the mechanism.

Bergstrom and Boyce (Bergstrom and Boyce, 2000) provided quasi-static and
hysteresis loading test results for elastomers (chloroprene and natural rubber with carbon
black). The strain rate was 0.01/s for compressive hysteresis loading. The material response
is simulated by the mechanism model with the optimized parameter values of k;¢ =0.00779
N/mm, k;, = 0.0087 N/mm, c; = 0.0008 Ns/mm, k,; = 0.0048 N/mm, k,, = 13.1 N/mm, c,
=0 Ns/mm, L, = 100 mm, L; = 35.1 mm, and a, = 7.211 degrees for both loading cases. As
seen in Figure 3.1, quasi-static response is closely approximated, while a small deviation

appears in the hysteresis response at the end of the loading phase.
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Figure 3.1. Comparison of the mechanism response and the material response reported by
Bergstrom and Boyce (Bergstrom and Boyce, 2000) for (a) quasi-static loading and (b)

hysteresis loading.
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Ciambella et al. (Ciambella et al., 2010) provided ramp-and-hold and hysteresis
loading test results for a cylindrical carbon-black-filled rubber. The strain rate was 1.09/s for
compressive hysteresis loading and the duration of the compression was 0.7 sec for ramp-
and-hold loading. The material response is simulated by the mechanism model with
parameter values of ks, = 0.01347 N/mm, k;, = 0.025 N/mm, ¢, = 0.1199 Ns/mm, k,, =
0.002688 N/mm, k,, = 0.002268 N/mm, c,, = 0.00054 Ns/mm, L, = 100 mm, L; = 34.73 mm,
and a, = 6.285 degrees. As seen in Figure 3.2, both ramp-and-hold loading and hysteresis

loading scenarios are well simulated with the proposed model.
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Figure 3.2. Comparison of the mechanism response and the material response reported by
Ciambella et.al. (Ciambella et al., 2010) for (a) ramp-and-hold loading and (b) hysteresis
loading.

Oman and Nagode provided quasi-static and ramp-and-hold loading test results for
filled rubber (Oman and Nagode, 2014). The main purpose of that study was to understand
the material responses under different loading scenarios of creep and stress-relaxation tests.
The material response is simulated by the present mechanism model with parameter values
of kjs = 0.00248 N/mm, kj;, = 0.04518 N/mm, ¢, = 0.02036 Ns/mm, k,,; =45.33 N/mm, k,
=5.686 N/mm, ¢, = 58.01 Ns/mm, L, = 100 mm, L; = 99.54 mm, and a, = 84.43 degrees
under tensile quasi-static loading and instantaneous tensile ramp-and-hold loading. As seen
in Figure 3.3, the mechanism mimics the material response obtained in quasi-static and

ramp-and-hold tests quite well.
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Figure 3.3. Comparison of the mechanism response and the material response reported by
Oman and Nagode (Oman and Nagode, 2014) for (a) quasi-static loading and (b) ramp-
and-hold loading.

Tarrago and Leif (Garcia Tarrago et al., 2007) conducted a study on carbon-black filled
rubber bushings to reveal the effects of amplitude and frequency on axial dynamic stiffness.
The frequency of the compressive hysteresis load was 0.1 Hz and the range of frequency for
dynamic loading was 0-100 Hz. The first loop of the hysteresis curves is used for
comparison. The material response is simulated by the mechanism model with parameter
values of kjg = 0.08245 N/mm, kj, = 21.42 N/mm, ¢, =26.2 Ns/mm, k,,; = 13.22 N/mm, k,,
=2.993 N/mm, c¢,, = 0.2359 Ns/mm, L, = 100 mm, L; = 34.93 mm and a, = 7.263 degrees.
As seen in Figure 3.4, the response of the mechanism model and the material response in

hysteresis and dynamic stiffness tests compare very well.
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Figure 3.4. Comparison of the mechanism response and the material response reported by
Tarrago and Leif (Garcia Tarrago et al., 2007) for (a) hysteresis loading and (b) dynamic
loading.

3.2. Material Samples and Experiments

The main aim of this study is to closely mimic the responses of a sample in quasi-
static, ramp-and-hold, hysteresis, and dynamic loading tests by using the same set of
parameters. To minimize the error between the numerical and experimental results, an

optimization study is conducted with the objective function given as
n n n n
minf = (T = Ra) + ) (T = Ry)? + ) (T = Ra)* + ) (T = Re® (32)
i=1 i=1 i=1 i=1

where Ry;, Ry;, R3; and Ry; are the data points of four different test scenarios of the model
and Ty;, T,;, T5; and T,; are the data points of the corresponding target curves, respectively.
The n data points on each curve are used for calculation. Random initial parameters are used
in the optimization process, and lower and upper bounds are defined for each parameter. All
four test scenarios are weighted equally in the optimization process. For the optimization
process, MATLAB nonlinear-least square curve fit solver is used. For minimizing the error

function, Trust-region-reflective algorithm 1is utilized. To avoid local minima, 1000
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optimization runs are conducted with randomly selected initial points. Then, the best

outcome is determined.

3.2.1. Material Samples

For the purpose of obtaining four different test responses (quasi-static, ramp-and-hold,
hysteresis and dynamic loading), three different carbon black vulcanized rubber samples are
used, which can be seen in Figure 3.5. The samples are selected according to their stiffness

and damping values for extending the material variety.

(a) (b) (c)

Figure 3.5. Samples used in four different test scenarios: (a) Long sample (Lo = 60mm, 36
Shore A hardness), (b) Medium sample (Lo = 45mm, 38 Shore A hardness), (c) Short
sample (Lo = 30mm, 40 Shore A hardness).

Notice that all samples are 50mm in diameter, but their heights are different (30mm,
45mm and 60mm). There is a steel connection plate with a nut welded to its center at the
bottom part of the medium and long samples. The same type of steel plate exists for the
bottom part of the short sample. But there is also a top steel plate for the short sample. The
steel plates and the welded nuts can be seen in the x-ray images in Figure 3.6. Notice that

the thicknesses of the steel plates are quite small compared to the overall size of the samples.
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(a) (b)

Figure 3.6. X-ray image of the (a) long sample (Lo = 60mm, 36 Shore A hardness), (b)
medium sample (Lo = 45mm, 38 Shore A hardness) and (c) short sample (Lo = 30mm, 40
Shore A hardness).

3.2.2. Experiments

All four test scenarios (quasi-static, ramp-and-hold, hysteresis and dynamic loading)
are applied to the three material samples mentioned in the previous section. The quasi-static
loading, ramp-and-hold loading, and hysteresis experiments are conducted in the Zwick /
Roell Z010 testing machine (Figure 3.7a) in compression mode (Figure 3.7b) and the data is
collected with the computer attached to the device (Figure 3.7c). The displacements and
displacement rates are presented in Table 3.1. Notice that the long sample is compressed up
to 20mm, the medium sample is compressed up to 9mm and the short sample is compressed
up to 6mm for all the test scenarios, however, the displacement rates for different test
scenarios are obviously different. As the x-ray image (Figure 3.6) shows, the short sample
has less room for compression until the nuts that are welded to the top and bottom plates
may start damaging the rubber part in between. Hence, a smaller displacement (6mm) is

utilized.
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Table 3.1. Displacements and displacement rates applied for quasi-static, ramp-and-hold

and hysteresis tests.

Long Sample Medium Sample Short Sample
(Lo =60mm, 36 Shore A) (Lo =45mm, 38 Shore A) | (Lo=30mm, 40 Shore A)
Disp 20mm 9mm 6mm
Quasi-static
Disp rate 2mm/min 2mm/min 2mm/min
Disp 20mm 9mm 6mm
Ramp-and-
. 1000mm/min for 1.2sec 1000mm/min for 0.54sec 1000mm/min for 0.36sec
Hold Disp rate
Omm/min for 60sec Omm/min for 60sec Omm/min for 60sec
) Disp 20mm 9mm 6mm
Hysteresis )
Disp rate 200mm/min 200mm/min 200mm/min

The testing machine is operated for the three different test scenarios (quasi-static,
ramp-and-hold and hysteresis) one-by-one without changing the set-up or removing the
sample between clamps and exactly the same initial conditions are obtained before each test.
In other words, once the displacement is initialized, the same initial force value is reached.
Hence, no permanent deformation is observed. Moreover, during the compression test with
largest displacement value, the sample is visually checked, and no cracks are seen. Figure
3.8 shows the long sample in initial condition without any compression (zero displacement)

and after 20mm compression during quasi-static loading.



Figure 3.7. Test setup components (a) Zwick / Roell Z010, (b) compression tools and

sample and (c) computer.

55
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(a) (b)

Figure 3.8. Long sample (a) initial condition without any compression and (b) after 20mm

compression during quasi-static loading test.

Dynamic stiffness measurements are conducted with Ling Dynamic Systems
electromagnetic shaker (LDS V450) shown in Figure 3.9. For this purpose, rubber samples
are placed on top of the shaker. Moreover, a proof mass is placed on top of the rubber sample
and an accelerometer is attached to the upper surface of the proof mass to measure the output
vibration. In addition, there is another accelerometer is used on the bottom plate below the
rubber sample to measure the input vibration. These two accelerometers are connected to a
two-channel Polytec data acquisition device. By using the input and output acceleration
values, the transmissibility can be obtained. The long sample is 153.5g, medium sample is
133g and short sample is 139.7g whereas the proof mass is 4000g. Electromagnetic shaker
is used for excitation up to 180Hz for the long sample, up to 300Hz for the medium sample

and up to 360Hz for the short sample.
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Figure 3.9. Dynamic stiffness test set-up with electromagnetic shaker, the proof mass and

the accelerometers.

According to the method mentioned by Koblar (Koblar and Boltezar, 2016), measured
transmissibility data in real and imaginary format can be used to calculate dynamic stiffness,
kgyn. Figure 3.10 shows the real and imaginary parts of the transmissibility for the three

samples.
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Figure 3.10. Real and imaginary parts of transmissibility for the (a) long sample real part,
(b) medium sample real part, (c) short sample real part, (d) long sample imaginary part, (e)

medium sample imaginary part, (f) short sample imaginary part.

Once the transmissibility data is obtained, the dynamic stiffness is calculated as

Im(T)? + (Re(T) — 1)Re(T)
Im(T)? + (Re(T) — 1)?

kayn = mp(ZTL'f)Z (3.3)

where m,, is the proof mass in kg, f is the frequency in Hz and Re(T) and Im(T) are the
real and imaginary parts of the transmissibility, respectively. Due to the calculation
methodology, data at low frequencies can be erroneous. Thus, low frequency data (<30Hz,
<75Hz, and <120Hz for the long, medium and short samples, respectively) are not used. So,
the frequency ranges for the transmissibility plots are 30-180Hz, 75-300Hz and 120-360Hz
for the long, medium and short samples, respectively. Around 90Hz, there is a resonance of
the shaker on its fixture, so the transmissibility plot shows some irregularity. To obtain a

useful transmissibility curve for the optimization process, second order polynomial curve
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fitting is used. The original data and the trend line for the long, medium and short samples

are shown in Figure 3.11a, Figure 3.11b and Figure 3.11c, respectively.

(a) (b) (c)

250 700

(o)
o

o
o

oo
o

2]
(=]

£

o
£
o
(=]

Dynamic Stiffness (N/mm)
g
Dynamic Stiffness (N/mm)
o D
(=] [=]
(=] (=

=Original

=QOriginal |
Trend line -~ Trend line ~Trend line

=Qriginal

Dynamic Stiffness (N/mm)

w
[=
=0
[ ]
o

20 00
30 60 90 120 150 180 75 150 225 300 200 280 360
Frequency (Hz) Frequency (Hz) Frequency (Hz)

Figure 3.11. Dynamic stiffness original test data with trend line used in optimization

process for the (a) long sample, (b) medium sample and (c) short sample.

3.3. Model Calibration Using Four Different Test Results

For the comparison of the test data and the model response, the parameters used for
model tuning are, horizontal SLS element parallel spring kj, serially connected spring ky,
serially connected dashpot ¢y, vertical SLS element parallel spring k,, serially connected
spring k,,, serially connected dashpot c,, inner arm length L;, and initial angle of the outer
mechanism «,. Sample outer arm length L, is equated to the sample length (L, = 60mm
for the long sample, L, = 45mm for the medium sample and L, = 30mm for the short
sample), hence it is not a free parameter. In summary, there are 8 tuning parameters in the

model.

The long, medium and short samples are subjected to quasi-static loading, ramp-and-
hold loading, hysteresis and dynamic stiffness tests. The displacements and displacement
rates in quasi-static, ramp-and-hold and hysteresis tests can be seen in Table 3.1. All test
scenarios are replicated in the nested linkage mechanism model and comparison of test and
model responses are presented in Figures 3.12 to 3.14. It can be seen that the model fit is
quite successful in all cases with some small mismatches. If the optimization process were

conducted by considering only two test cases (e.g., quasi-static loading and hysteresis) as in
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Figures 3.1 to 3.4, a better fit could be obtained for the selected two cases. As the aim in this

study is to have a good fit to all four loading scenarios, some compromise is acceptable.
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Figure 3.12. Long sample (Lo = 60mm, 36 Shore A hardness) experimental and mechanism

model response comparison. (a) quasi-static loading, (b) ramp-and-hold loading, (c)

hysteresis and (d) dynamic stiffness.
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Figure 3.13. Medium sample (Lo = 45mm, 38 Shore A hardness) experimental and

mechanism model response comparison. (a) quasi-static loading, (b) ramp-and-hold

loading, (c) hysteresis and (d) dynamic stiffness.



62

(a) Quasi-static (b) Ramp-and-hold
1500 T ' T T T 2000 — T T T T
Test
— — — Mechanism
1500 Lw
1000 - | I N o e e
£ z
8 g 1000
(e} o
L [V
500
500
Test
— — — Mechanism
0 ' : ; . ' g— : : ; ' : :
0 1 2 3 4 5 6 0 10 20 30 40 50 60
Displacement (mm) Time (sec)
Hysteresis Dynamic stiffness
(©) 2000 Y (d 4000 g
Test
— — — Mechanism - o
4 £ 800r
1500 y/ =
y z
- 7 -y
z Y o 600 = 1
3 1000 £
2 G 400 ¢
5
500 1 c
>
200 +
& Test
= = = Mechanism
-
0 i) L " L L " 0 L L L . L
0 1 2 3 4 5 6 i 150 200 250 300 350
Displacement (mm) Frequency (Hz)

Figure 3.14. Short sample (Lp = 30mm, 40 Shore A hardness) experimental and mechanism
model response comparison. (a) quasi-static loading, (b) ramp-and-hold loading, (c)

hysteresis and (d) dynamic stiffness.

Table 3.2 shows the optimally tuned parameter values for the long, medium and short
samples. Long sample (Lo = 60mm, 36 Shore A hardness) has the lowest stiffness and
damping values whereas the short sample (Lp = 30mm, 40 Shore A hardness) has the highest

stiffness and damping values.



Table 3.2. Optimally tuned parameter values for the long, medium and short samples.

Long Sample | Medium Sample Short Sample
(Lo=60mm (Lo=45mm (Lo=30mm
36 Shore A) 38 Shore A) 40 Shore A)
kns (N/mm) 42.08 75.9 118.6
ki (N/mm) 0.00045 18.5 38.9
¢; (Ns/mm) 27.1 306 414.5
ks (N/mm) 0 1.04 14.71
kv (N/mm) 1.58 30.7 324
¢y (Ns/mm) 0.0959 0.0035 0.0168
L; (mm) 50.9 41.3 25.9
oy (degrees) 10.1 20.4 25.5
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3.4. Comparison of Nested Linkage Mechanism model with the Well-Known
Spring-Dashpot Based Models

The proposed nested linkage mechanism model and the well-known spring-dashpot
based models are compared for investigating their experimental response replication
capability. For this purpose, medium sample test results are used (see Figure 3.13). The well-
known spring-dashpot based models are tuned to the test results in Figure 3.13. The
optimized stiffness and damping values of each model calibrated according to the medium

sample test data is given in Table 3.3.

Table 3.3. Optimally tuned parameter values of the Maxwell, Kelvin-Voigt and Standard

Linear Solid models considering the medium sample test results in Figure 3.13.

) . Standard
Maxwell Kelvin-Voigt Linear Solid
ks
i ] ] 99.43
k
N 355.6 99.94 97.35
(Ns/fn ) 1699.9 7.34x10° 13.43




64

Figure 3.15 shows the medium sample experimental responses together with the
mechanism, Maxwell, Kelvin-Voigt and Standard Linear Solid model responses. It is seen
that the proposed mechanism model matches very well with all four test results. However,

the well-known spring-dashpot models show some discrepancies in various test results.
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Figure 3.15. Medium sample experimental response comparison with the mechanism,
Maxwell, Kelvin-Voigt and Standard Linear Solid model responses. (a) quasi-static

loading, (b) ramp-and-hold loading, (c) hysteresis and (d) dynamic stiffness.
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The quasi-static test result can be seen in Figure 3.15a. Notice that the sample shows
some initial softening and slight hardening response and the proposed nested linkage
mechanism can capture this nonlinear response. Kelvin-Voigt and Standard Linear Solid
models can only show linear response (straight lines in Figure 3.15a). However, the Maxwell
model fails to mimic the quasi-static test response. As a spring is serially attached to a
dashpot in the Maxwell model, the dashpot absorbs all the displacement input and do not

generate any resistive force due to near-zero loading speed.

The ramp-and-hold test result is shown in Figure 3.15b. The proposed mechanism
model captures both the peak value and the relaxation response quite well. The Standard
Linear Solid model shows some relaxation response, but the peak value and the relaxation
rate are not matched well with the test result. Kelvin-Voigt model can match the steady state
value, but it cannot show any relaxation behavior as there is no serially attached spring-
dashpot in the model. The Maxwell model can show relaxation behavior due to the serially
attached spring-dashpot, but the steady state value is zero rather than a non-zero value as in
the test result. The dashpot element absorbs all the displacement input as time passes, so no

reaction force remains in the steady state condition.

The hysteresis test result is depicted in Figure 3.15c. The proposed mechanism model
closely matches the test result. The Standard Linear Solid model matches the initial part of
the curve but fails to match the final part (peak value). The Maxwell model matches the final
part of the curve but fails to match the initial part. The Kelvin-Voigt model cannot display a

curved hysteresis response due to parallel attachment of the spring and dashpot in the model.

Dynamic stiffness test result can be seen in Figure 3.15d. Again, the best match can be
obtained with the proposed nested linkage mechanism model. The Kelvin-Voigt and
Standard Linear Solid models can show increasing dynamic stiffness behavior as frequency
increases, however, the Maxwell model shows almost constant stiffness in the frequency

range of interest.

When all the curves in Figure 3.15 are compared, the best matches are obtained with
the proposed nested linkage mechanism model. When the responses of the well-known

spring-dashpot based models are compared among themselves, the Standard Linear Solid
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(SLS) model gives the best responses. As the nested linkage mechanism model contains two
SLS elements, it can have dual relaxation rate. Hence, relaxation behavior is fitted more
closely. Although linear springs and dashpots are used in the nested linkage mechanism
model, as a result of the geometric nonlinearity of the mechanism, the linear elements
displace nonlinearly and the material nonlinearity is simulated in the quasi-static, ramp-and-

hold, hysteresis, and dynamic stiffness cases.

3.5. Material Response Prediction by Using the Model Calibrated with Two Test
Results

Figures 3.12 to 3.14 show that the nested linkage mechanism can accurately capture
the response in the four different tests once optimal parameter tuning (model calibration) is
achieved using the data in all four tests. One of the aims in this study is to select two tests
for model calibration and predict the response in the other two tests. If this can be achieved,
the model can be tuned with less test responses but still can predict the other test responses
to save time and effort. As there are four different tests, there are six different double

combinations (C(4,2) = 4!/(2! x 2!) = 6) for the calibration tests.

A DOE study is conducted, and it is seen that dynamic stiffness test result is the hardest
to predict by using the other test results whereas quasi-static test result is easiest to predict
as there is no damping effect due to very slow loading rate. Hence, dynamic stiffness test
scenario is selected as one of the calibration tests. The second calibration test can be ramp-
and-hold or hysteresis test scenario. Consequently, for long, medium and short samples, both
ramp-and-hold & dynamic stiffness and hysteresis & dynamic stiffness test scenarios are

investigated in detail. Table 3.4 shows the optimally tuned parameter values in these cases.
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Table 3.4. Optimally tuned parameter values obtained by only using ramp-and-hold &

dynamic stiffness or hysteresis & dynamic stiffness test results of the long, medium and

short samples.

Long Sample

Medium Sample

Short Sample

(Lo = 60mm, 36 Shore A)

(Lo=45mm, 38 Shore A)

(Lo=30mm, 40 Shore A)

Ramp-and-hold Hysteresis Ramp-and-hold Hysteresis Ramp-and-hold Hysteresis
& & & & & &
Dynamic Dynamic Dynamic Dynamic Dynamic Dynamic
stiffness Stiffness stiffness Stiffness stiffness Stiffness
ks (N/mm) 39.95 39.8 123.1 112.9 101.3 74.94
kn (N/mm) 2.48 3.64 0.16 0.197 9.68 9.68
¢y (Ns/mm) 1.031 1.68 455 987.9 21.6 98.8
kys (N/mm) 0.00243 0 2.02x107 0.284 342 37.7
ky (N/mm) 3.03 2.12 3.63 4.02 312 324
¢y (Ns/mm) 1.097 0.796 4.8x10* 2.58x10* 0.0259 0.0261
L; (mm) 52.1 52.1 44.8 443 24.7 23.7
a (degrees) 16.3 15.3 19.2 18.8 27.8 27.7

In Figure 3.16, Figure 3.17 and Figure 3.18, the nested linkage mechanism model is

calibrated using ramp-and-hold and dynamic stiffness test results of the long, medium and

short samples, respectively. It can be seen that ramp-and-hold and dynamic stiffness test

scenarios for each sample have very good fits since the model is tuned for these two test

scenarios. The other two test responses, i.e., quasi-static and hysteresis loading are predicted

by using the tuned parameter values. Although there is some mismatch in the predictions,

general trends are captured well.
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Figure 3.16. Long sample experimental and mechanism model response comparison. (a)

quasi-static loading, (b) ramp-and-hold loading, (¢) hysteresis and (d) dynamic stiffness.

Model is tuned using ramp-and-hold and dynamic stiffness responses only.



(a)

(c)

1250 ¢

1000 |

Quasi-static
Test
— — — Mechanism 74
4
/
7/
7/
7/
V4
/
/
7
Ve
¥4
/’
7
Vs
Vs
Z
Z
0 3 6 9

Displacement (mm)

Hysteresis
Test
— — — Mechanism 7
0 3 6 9

Displacement (mm)

(b)
1250

1000

750

Force (N)

500

250

@ 300

225

150

Dynamic Stiffness (N/mm)
-~
(6]

69

Ramp-and-hold

g ,

Test
= = = Mechanism

0 10 20 30 40 50 60
Time (sec)

Dynamic stiffness

Test
— — — Mechanism

75 150 225 300
Frequency (Hz)

Figure 3.17. Medium sample experimental and mechanism model response comparison. (a)

quasi-static loading, (b) ramp-and-hold loading, (¢) hysteresis and (d) dynamic stiffness.

Model is tuned using ramp-and-hold and dynamic stiffness responses only.
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Figure 3.18. Short sample experimental and mechanism model response comparison. (a)
quasi-static loading, (b) ramp-and-hold loading, (c¢) hysteresis and (d) dynamic stiffness.

Model is tuned using ramp-and-hold and dynamic stiffness responses only.

In Figure 3.19, Figure 3.20 and Figure 3.21, the nested linkage mechanism model is
calibrated using hysteresis and dynamic stiffness test results of the long, medium and short
samples, respectively. As expected, hysteresis and dynamic stiffness test scenarios have very
good fits since the model is tuned for these two test scenarios. The other two test responses,
1.e., quasi-static and ramp-and-hold loading, are tried to be predicted by using the tuned
parameter values. Although there are some small mismatches, the trends of quasi-static
responses are predicted well for all the samples. Moreover, response regarding the ramp-

and-hold scenario is predicted quite accurately for the medium and short samples. On the
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other hand, response prediction for the long sample has significant downshift. Ramp-and-

hold scenario is very sensitive to the damping coefficients in the model. In the hysteresis

graph (Figure 3.19¢) the loading and unloading curves are very close to each other. Hence,

the long sample has low damping. Capturing the response in the presence of low damping is

hard. Consequently, ramp-and-hold loading scenario prediction is not very successful for the

long sample.
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Figure 3.19. Long sample experimental and mechanism model response comparison. (a)

quasi-static loading, (b) ramp-and-hold loading, (c¢) hysteresis and (d) dynamic stiffness.

Model is tuned using hysteresis and dynamic stiffness responses only.
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Figure 3.20. Medium sample experimental and mechanism model response comparison. (a)

quasi-static loading, (b) ramp-and-hold loading, (c¢) hysteresis and (d) dynamic stiffness.

Model is tuned using hysteresis and dynamic stiffness responses only.



73

(a) Quasi-static (b) Ramp-and-hold
1500 - ‘ - - — 2000 — - ‘ - -
Test /
— — — Mechanism p 4
/
/ 1500 1 i\
L o/ ] i
- 1000 w . S
z / ]
=t 2 =
g / 5 1000 1
o /‘/ o
L , LL
500 | 7
s 500 |
/
4 Test
7 — — — Mechanism
0 : : : : : gl
0 1 2 3 4 5 6 0 10 20 30 40 &0 60
Displacement (mm) Time (sec)
Hysteresis Dynamic stiffness
(€) 2000 i (d) 1000 a : :
Test
— — — Mechanism o
£ 800
1500 £
=
g § 600 | = 1
S 1000 1 £
@ B 400}
g
500 r c
& 200
Test
— — —Mechanism
0 ' : : ' : : 0 : : : : ‘
0 1 2 3 4 5 6 7 150 200 250 300 350
Displacement (mm) Frequency (Hz)

Figure 3.21. Short sample experimental and mechanism model response comparison. (a)
quasi-static loading, (b) ramp-and-hold loading, (c¢) hysteresis and (d) dynamic stiffness.

Model is tuned using hysteresis and dynamic stiffness responses only.

When Figures 3.17 to 3.21 are compared, one can see that the best fits are in Figure
3.21. Ramp-and-hold scenario is very sensitive to the damping coefficients in the model. In
the hysteresis graph of the long sample Figure 3.19¢ the loading and unloading curves are
very close to each other. Hence, the long sample has low damping. Capturing the response
in the presence of low damping is hard. However, the hysteresis graph of the short sample
Figure 3.21c shows that there is higher amount of damping. Consequently, ramp-and-hold
loading scenario prediction is better for the short sample (please compare Figure 3.19b and

Figure 3.21b).
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3.6. Material Response Prediction for Different Size Samples

In order to further assess the prediction capability of the nested linkage mechanism
model, parameters are obtained for a sample and the responses of a sample from the same
material with a different size is estimated for the four test scenarios. The medium sample is
selected as the primary sample since its shore hardness value and height is right between all
three samples. Another medium sample is used for this study, which is obtained from the
same manufactured batch of the original medium sample and experimentally validated as
having the same material responses in all four tests. Figure 3.22 show the test set-up using
two identical samples in parallel. Photo is taken after 9mm compression for ramp-and-hold

loading scenario applied.

Figure 3.22. Double medium sample experimental test setup. Samples are under 9mm

compression state.

Model calibration was achieved for the medium sample, as shown in Figure 3.13. To
obtain the response of a sample from the same material and height but with double cross-
sectional area, the two medium samples are positioned side-by-side in parallel configuration
so that they act as a material with double cross-sectional area. Then, the four test scenarios

are applied for this material with double cross-sectional area.
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The test results of the double cross-sectional area sample can be predicted by using the
parameters of a single medium sample. Among the 8 parameters regarding the medium
sample in Table 3.2, L; and «, values are not changed since height of the material is not
changed, however, all the other parameters are doubled as the cross-sectional area is
doubled. Figure 3.23 shows the experimental response of the double cross-sectional area
sample, the mechanism model fit using the test results of the double cross-sectional area
sample, and the prediction using the parameters regarding a single medium sample. It can

be seen that the prediction is quite successful in all four tests.
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Figure 3.23. Double medium sample experimental response, its mechanism model fit and

predicted model response comparison. (a) quasi-static loading, (b) ramp-and-hold loading,

(c) hysteresis and (d) dynamic stiffness.
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3.7. Calibration of a Reduced Model with Five Parameters Using Four Different
Test Results

One of the aims in this study is to evaluate the response of the nested linkage
mechanism with reduced number of parameters. Up to now, 8 parameters (L;, @,, 3
parameters for the horizontal SLS element, i.e., kg, ky,, ¢, and 3 parameters for the vertical
SLS element, i.e., ks, k,,, ¢;,) are used in the optimization process. As seen in Figure 3.12,
Figure 3.13 and Figure 3.14, fits to all four tests are quite satisfactory. Notice that in Figure
3.12a, Figure 3.13a and Figure 3.14a the samples show slight hardening response. Therefore,
both softening and hardening character is not needed for these three samples. It is shown in
Section 2.3. that the vertical SLS element directly affects the initial softening behavior of
the quasi-static-loading response. Other than quasi-static loading scenario, the other three
test scenarios are also affected by the vertical SLS element, but for the aim of reducing the
number of parameters, vertical SLS element is deleted as seen in Figure 3.24. Consequently,
the number of parameters in the model is reduced from 8 to 5. Then, all four test results are
fitted by only using the parameters related to the horizontal SLS element (ky, kj, c) and

the linkage mechanism (L;, a;).

Figure 3.24. Nested linkage mechanism without vertical SLS element.
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Figure 3.25, Figure 3.26 and Figure 3.27 show the response of the reduced model with
5 tuning parameters in comparison with the test results of the long, medium and short
samples, respectively. Although there are some errors, all four test results are quite
accurately replicated considering all the samples. Even though Figure 3.12, Figure 3.13 and
Figure 3.14 give more accurate fits with 8 tuning parameters, Figure 3.25, Figure 3.26 and

Figure 3.27 give acceptable fits with only 5 tuning parameters.
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Figure 3.25. Long sample experimental and reduced mechanism model (w/o vertical SLS
element) response comparison. (a) quasi-static loading, (b) ramp-and-hold loading, (¢)

hysteresis and (d) dynamic stiffness.
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Figure 3.26. Medium sample experimental and reduced mechanism model (w/o vertical

SLS element) response comparison. (a) quasi-static loading, (b) ramp-and-hold loading, (c)

hysteresis and (d) dynamic stiffness.
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Figure 3.27. Short sample experimental and reduced mechanism model (w/o vertical SLS
element) response comparison. (a) quasi-static loading, (b) ramp-and-hold loading, (c)

hysteresis and (d) dynamic stiffness.

Table 3.5 shows the optimally tuned parameter values of the reduced model for the
long, medium and short samples. As there is no vertical SLS element in the reduced model,
the stiffness and damping characteristics of the samples are tried to be captured by only the
horizontal SLS elements. Consequently, the parameter values in Table 3.5 are quite different

from the ones in Table 3.2, which are provided for the full model with 8 parameters.



Table 3.5. Optimally tuned parameter values of the reduced model (w/o vertical SLS

element) for the long, medium and short samples.

Long Sample Medium Sample Short Sample

(Lo =60mm (Lo=45mm (Lo=30mm

36 Shore A) 38 Shore A) 40 Shore A)
kns (N/mm) 42.9 71.8 166.9
kn (N/mm) 88.9 62.2 256.1
¢n (Ns/mm) 0.016 0.086 0.267
Li (mm) 49.9 37.6 25.5
oo (degrees) 8 19.3 23.6
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4. CONCLUSIONS

A mechanism model is proposed to simulate the response of nonlinear viscoelastic
materials under quasi-static, ramp-and-hold, hysteresis, and dynamic loading conditions.
The geometric nonlinearity of the mechanism arising from the two nested four-bar linkages
is used to mimic material nonlinearity. Various parametric studies are conducted to show the
versatility of the proposed mechanism model in capturing the response under the
aforementioned four different loading conditions. Comparisons with the experimental results
obtained in previous studies show that the proposed mechanism model successfully

represents nonlinear responses of nonlinear viscoelastic materials.

An experimental investigation is conducted on three different rubber samples under
these four different test scenarios. The model successfully mimicked all four test scenarios
for the three samples with different stiffness and damping characteristics. It is shown that
once the experimental data are provided for a sample for these four different tests, the model
can be optimized to capture the material behaviour in these different tests with the same set
of parameters. This is an important outcome, even though the model is only composed of
linear springs, linear dashpots and linkages, and yet it can provide accurate nonlinear
viscoelastic material response for these four different tests. In order to evaluate the prediction
capability of the nested linkage mechanism model, parameters of the model are calibrated
by using only two test scenarios and the responses in the other two test scenarios are
validated. It is seen that dynamic stiffness and hysteresis loading tests or dynamics stiffness
and ramp-and-hold loading tests can be used in model calibration. It is shown that response
prediction is more successful for materials with higher damping. Moreover, material
prediction capability of the nested mechanism model is assessed by obtaining the model
parameters for the medium sample and predicting the response of a sample from the same
material and height but with double cross-sectional area. The successful prediction shows
that once the values of the model parameters are obtained for a sample, its response can be
predicted if its size changes. Finally, considering the hardening behaviour of the samples,
the number of parameters in the nested linkage mechanism model is reduced from 8 to 5 and

it is shown that the reduced model also gives quite satisfactory results.
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The mechanism model introduced in this study contains basic structural elements, i.e.,
links, linear springs, and dashpots. Hence, it can be physically realized. It can be used in
various applications as a mechanical system behaving like a rubber. While exhibiting the
mechanical response of rubber, the system would not have the undesired properties of rubber
like thermal degradation or aging. Considering that individual parts are easily replaceable,

the mechanism can be tuned to obtain the desired response.
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APPENDIX A: RUBBERS, POLYMERS AND ELASTOMERS

A.1l. General Information

When nonlinear viscoelastic materials are considered, rubber is the most prominent
one. Hevea Brasiliensis (rubber tree) is the source where rubber material is harvested. Crude
rubber is harvested as a milky extract from rubber tree. This extract is also known as natural
latex. After harvesting, the product is dried and coagulated for obtaining solid crude rubber.
Natural rubber is mainly replaced by synthetic products in modern world via processing low-
molecular weight monomers to create polymers. Polymers are long-chain molecules. Either
natural or synthetic, crude rubbers are not good for direct usage as an end product. The
material properties need to be improved by additives and heat treatment. In the modern
world, crude rubber and elastomers are separated. Elastomers are basically vulcanized
rubbers. Vulcanization is the heat treatment process for tying cross-linked chain molecules
to each other and blocks the excessive movement of these links. Elastomers have the ability
to completely regain their shape after deforming under stress. This is the essence of elastic
materials. The word elastomer is generated by combining two different words, elastic and
polymer. Polymers are either found in nature as biopolymers or man made after
polymerization of monomers. There are two types of polymerization process, addition

polymerization and condensation polymerization.

Addition polymerization is basically addition of different monomer molecules
together. As an example, one of the double bonds of carbon atoms in unsaturated
hydrocarbon ethylene molecule open and unite other nearby ethylene molecules to form a

long chain of saturated polymer.

Condensation polymerization is a chemical reaction between molecules, and during
the process, some small molecules are removed. As an example, combining diamines and

dicarboxylic acids and removing water, high-molecular-weight polymer, nylon, is produced.

Considering the solid deformation properties, polymers are separated to four different

types. Plastomers which are thermoplastics, elastomers which are vulcanized rubber,
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thermoplastic elastomers and thermosets which are duromers are those four different
polymer types. Entangled molecules of plastomers stay together by the intermolecular
forces. They deform and stay as deformed till the applied force is released. This occurs due
to the loose structure (Figure A.la) of the macromolecules which can slip on each other

when force is applied.

Elastomers are considered as elastic materials which have the ability to completely
recover to its original shape after removing the applied force. This characteristic is a result
of cross-links between the polymer chains in its macromolecules. (Figure A.1b) Cross-links
between the polymer chains do not allow the chain molecules to move freely or slip on
another easily. As a result of this, accumulated contrary stress provides the necessary force

to complete recovery of the material shape.
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(a) (b)

Figure A.1. Chain molecules of Different Polymers. (a) plastomers, (b) elastomers, (c)

thermoplastic elastomers, and (d) thermosets (duromers).

During vulcanization process, chain molecules and broadly spread cross-links are
combined. Soft crude material gains significant elastic recovery characteristic during the
creation of the cross-links. For reprocessing the rubber, these created cross-links are needed
to be broken. This process is called as devulcanization and the product is, reclaimed rubber.

Thermoplastic elastomers (Figure A.1c) exhibit elastic characteristics between room
temperature and around 70°C. There are secondary intermolecular hydrogen bonds in

thermoplastics which form additional cross-links. These additional cross-links vanish when



94

heated and appear when cooled. The elastic characteristics are gained again after re-

appearing occurs.

Thermosets or duromers are created by a chemical process when they are heated.
During this chemical process, space network molecules are created. This is similar to
vulcanization process, but thermosets have tighter cross-links compared to elastomers
(Figure A.1d). Thermosets are not possible to re-product since the cross-links cannot be

broken by any chemical or thermal process.

Crude rubbers are the main components for creating elastomeric products. Crude
rubbers are noncross-linked polymers. Creating more useful elastomeric products needs

additional processes such as, compounding, forming, vulcanizing, and finishing.

Compounding is the first step for softening and mixing the crude rubber with special
ingredients. Amount of those ingredients are measured and added by parts per weight. The
amounts are quantified by considering the crude rubber amount in the mixture as 100 parts

per weight. An example formula can be given as;

e 100 parts per weight, Crude rubber
e 50 parts per weight, Filler

e 5 parts per weight, Softener

e 5 parts per weight, Zinc Oxide

e 2 parts per weight, Sulphur

e | part per weight, Antioxidant

e | part per weight, Stearic Acid

e | part per weight, Accelerator
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The specific functions of some ingredients are;

e Vulcanizing and curing agents, activators, and accelerators

e Plasticizers or softeners such as processing aids, extenders, and special
plasticizers

e Fillers such as carbon blacks and nonblack fillers,

e Antidegradant age resistors such as protective waxes, antiozonants and
antioxidants

e Special parts such as flame retardants, odorants, antistatic, blowing and

coloring

Once compounding process is completed, vulcanization is considered. This process
gives the elastic characteristics to the mixture. Vulcanization creates cross-links between the

macromolecules with the aid of vulcanizing and curing agents.

Vulcanizing agents are used for improving the cross-link creation between polymer
chains when heat is applied. For this purpose, double bonds are needed in the agent molecule,
which are going to open during the process and combine nearby individual molecules
together to form a chain molecule. Sulphur is one of the mostly preferred vulcanizing agents.
The vulcanizing process with sulphur lasts long hours without using the accelerator agents.
Accelerator agents decrease the process time from hours to minutes and even to seconds.
Magnesia, litharge, and lime are the mostly used agents for vulcanization process
accelerators. Stearic acid and zinc oxide is used as activators for increasing the effect of

accelerators.

Plasticizers are used for modifying vulcanization process, easing the manufacturing
operations, or making the product cost effective. Also, there are some costly plasticizers

(ethers and esters) are used for improving the low temperature characteristics of elastomers.

Carbon blacks are created by the inadequate petroleum or natural gas combustion. The
nonblack agents are silicates, calcium carbonates, clays, and fumes silicas. These fillers are
used for improving the mechanical properties of the material for the final product. Abrasion

resistance, tear resistance and tensile strength is increased via using fillers.
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Age resistors are used for eliminating time dependent degradation and extending the
operation life. Age resistors protect the elastomers from humidity, heat, sunlight, ozone, and
oxygen. Antioxidants are used for protection from heat and oxidation and retards surface
crack initiation when elastomers exposed to ozone. Anti-crack agents are used for crack
protection under cyclic loading. There are also anti-radiation and anti-hydrolysis agents, as

well.

Coloring pigments are divided into organic and inorganic groups. Generally inorganic
pigments usually do not present bright colors, but they are resistive to heat and light. On the
other hand, organic pigments are very effective and usually they result bright colors even
small amounts are used. Organic coloring pigments are not sensitive to heat, light, and

solvents.

Blowing agents are used for creating porous and sponge type product. Flame retardants
such as, chlorinated hydrocarbons, antimony compounds and phosphates are used for
reducing flammability. Odorants are used for changing and creating scents of the products.
The most common odor is Vanillin among the other odorants. Antistatic agents such as,
amides and esters are used for repelling dirt and dust for eliminating static electric discharge

during usage of the product. (Khairi, 1993)

If a constant force is applied on elastomers, the strain will increase in time and will be
constant after some point. This happens due to the molecular rearrangement of the material.
In elastomers, if the applied force is removed after short time rather than keeping a prolonged
time, the molecules tend to turn back to their original positions. According to the type of the
elastomer, either the overall strain vanishes, and full recovery occurs, or it cannot fully
recover and some residual strain stays. This behaviour of elastomers is known as viscoelastic
creep. The term viscoelastic comes from the fact that, such materials recover since they are
elastic (fully or partially), and they creep as well since they are viscous. Temperature, time,
and stress are the main variables that change the characteristics of viscoelasticity of polymers
and elastomers. Polymers are differed from elastic solids that, molecular chains move in
Brownian motion. All together snake-like motion of the molecule chains comes from the
theory of the rubber elasticity. Under applied stress, molecular chains flow and the

deformation of the cross-links form contrary stress. As the applied stress is removed, full
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recovery occurs. If the applied stress remains, the contrary stress increases as well and after
some time (steady-state) it equals to the applied stress and the creep response completes.

(Lawrence, 1974)
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