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ABSTRACT

ULTRAWIDE STOP BAND IN A 3D ELASTIC
METAMATERIAL WITH INERTIAL AMPLIFICATION
MECHANISMS HAVING CROSS FLEXURE HINGES

Inertial amplification is a new method to obtain phononic band gaps in peri-
odic structures. The aim in this thesis is to obtain an ultrawide stop band in three
dimensions by using inertial amplification mechanisms. In order to be used in three
dimensions, a two stage remote center flexure mechanism design that allows bending
in two orthogonal axes is added to the ends of the inertial amplification mechanism.
Moreover, cross flexure hinges that prevent undesired torsional, in-plane and out-of-
plane bending modes of the inertial amplification mechanism are utilized in order to
maximize the stop band frequency range. An octahedron structure is formed with this
mechanism, which is also used as the building block of a 3D periodic structure. It
is shown that a wide stop band can be achieved with the use of cross flexure hinges
and a two stage remote center flexure mechanism. By making design and dimensional
changes on the mechanisms forming the octahedron, the stop band of the octahedron
is widened. Finally, the stop band is maximized by optimizing the thicknesses of the

flexures in the inertial amplification mechanisms.



OZET

CAPRAZ ESNEK MAFSALA SAHIP ATALET ARTIRIM
MEKANIZMALARIYLA 3 BOYUTLU ELASTIK
METAMALZEMELERDE ULTRA GENIS DURDURMA
BANDI

Atalet artinmi periyodik yapilarda fonon bant araligi olusturan yeni bir
yontemdir. Bu tezin amaci atalet artirim mekanizmalariyla ti¢ boyutta cok genig
bir durdurma band: elde etmektir. Ug¢ boyutlu olarak kullamlabilmesi icin atalet
artirim mekanizmasinin uclarina iki dik eksende biikiilmeye izin veren iki kademeli
bir uzak merkezli esnek mekanizma tasarimi eklenmisgtir. Ayrica, durdurma bandi
frekans araligini en tist diizeye ¢ikarmak igin atalet artirim mekanizmasinin istenmeyen
burulma, diizlem i¢i ve diizlem digi biikiillme modlarini onleyen capraz esnek mafsal-
lar kullanilmigtir. Bu mekanizmayla ti¢ boyutlu periyodik yapilarin yapi tasi olarak
kullanilacak bir oktahedron yapisi olugturulmustur. Capraz esnek mafsallar ve iki
kademeli uzak merkezli esnek mekanizma kullamlarak genig bir durdurma bandinin
elde edilebilecegi gosterilmistir. Oktahedronu olusturan mekanizmalar tizerinde tasarim
ve boyut degisiklikleri yapilarak oktahedronun durdurma bandi genisletilmistir. Son
olarak, atalet artirim mekanizmalarindaki esnek baglantilarin kalinliklar1 eniyilenerek

durdurma bandi en yiiksek seviyeye getirilmistir.
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1. INTRODUCTION

1.1. Vibration Isolation with Periodic Structures

Vibration isolation is a crucial concept for many systems and structures such
as buildings, vehicles, white goods, industrial machines, sensitive measurement equip-
ment, and opto-electronic devices. In this thesis, a mechanism providing broadband
vibration isolation is designed with the inertial amplification method to be used for

different purposes in many fields.

Recent studies in solid-state physics show that periodic structures can be used to
prevent the transmission of vibrations and elastic waves [6-27]. If the elastic waves and
vibrations excite periodic structures within the frequency range called phononic band
gap, they cannot propagate in the structure. These band gaps, i.e. stop bands, can
occur both in infinite and finite periodic structures. In an infinite periodic structure,
the transmission of the waves corresponding to the phononic band gap is completely
prevented [8]. On the other hand, the transmission of waves and vibrations can be
partially blocked in a finite periodic structure. The depth of the band gap in frequency
response functions of finite periodic structures determines the amount of vibration
isolation of the system [19,21]. Structures having phononic band gaps can be periodic
in one, two or three dimensions. While the structure periodic in one dimension can
prevent the transmission of the waves coming only in this direction, the structure

periodic in three dimensions can block waves from all directions [7,11].

1.2. Literature Review

3D periodic structures known as phononic crystals and elastic metamaterials
display phononic band gaps so that they inhibit the propagation of vibrations or waves
in certain frequency ranges irrespective of direction or polarization. The concept of

phononic band gap can be applied to many structures of different sizes. Current studies



show that the structures periodic in one dimension [4,28-36], in two dimensions [1,2,37—
42] and in three dimensions [5,43-53] are developed. In the literature, local resonators
and Bragg scattering methods are generally used to obtain phononic band gaps [54].
In the Bragg scattering method, the phononic band gap with the lowest frequency
that can be produced is determined by the ratio of the wave transmission speed to the
dimension of a unit cell in the periodic structure, which is also known as the lattice
parameter. Therefore, materials with high density and low elastic modulus or large
size structures are needed to create band gaps at low frequencies. On the other hand,
local resonators can provide low frequency band gaps. However, heavy resonators are
needed to obtain wide band gaps in this method. Periodic structures that utilize Bragg
scattering method are oftentimes called as phononic crystals, while the ones that use
the local resonance method are generally called as elastic metamaterials because band

gaps can be generated below the Bragg limit.

In 2007, a new method called “inertial amplification” was developed to obtain
phononic band gaps [54]. In this method, the effective inertia of the wave propagation
medium is increased with some embedded mechanisms. Due to the increased inertia,
the transmission of waves becomes difficult and the structure provides wide band gaps
at low frequencies [54,55]. As inertial amplification allows to form band gaps below
the Bragg limit, periodic structures with embedded inertial amplification mechanisms
are also considered as elastic metamaterials. Inertial amplification method has been
applied to 1D [4,56], 2D [1-3] and 3D [5,57,58] structures. In recent years, many works
have been published that highlight the potential of this method [33,36,39,51,59-72].

In Table 1.1, the bandwidth comparison of elastic metamaterials and phononic
crystals in the literature which are capable of 3D vibration isolation and whose arith-

metic mean normalized bandwidth (BW = o ) exceeds 100% are given. As can

wu+wl)/2
be seen in Table 1.1, the maximum BW obtained as yet is 171.5% with a frequency
ratio of the upper limit of the stop band, (w,), to the lower one, (w;), of 13.06 in
Ref [53]. The aim in this study is to surpass this value and obtain the widest gap in

three dimensions.



Table 1.1. Bandwidth comparison of 3D elastic metamaterials and phononic crystals

in the literature whose arithmetic mean normalized bandwidth, BW, exceeds 100%.

References w; (Hz) | w, (Hz) | BW | wy/w
Muhammad and Lim, 2021 [53] | 1292.5 | 16875 | 171.5% | 13.06
Martinez et al., 2021 [73] 600000 | 7500000 | 170.4% | 12.5

Muhammad and Lim, 2021 [52] | 1247.2 | 11319 | 160.3% | 9.1
Muhammad and Lim, 2021 [52] | 929.24 | 7847.3 | 157.6% | 8.44
Muhammad, 2021 [50] 2207.7 17890 | 156.1% | 8.10
Muhammad, 2021 [50] 1446.4 11656 | 155.8% | 8.06
D’Alessandro et al., 2019 [47] 455 2337 134.8% | 5.14
D’Alessandro et al., 2016 [48] 3850 18870 | 132.2% | 4.90
Taniker and Yilmaz, 2015 [5] 50 242 131.5% | 4.84
Lu et al., 2017 [49] 75000 | 230000 | 101.6% | 3.07

Finally, the original contributions of this research for the literature can be sum-

marized as follows

e Two stage remote center flexure mechanisms are used at the end connections of
the inertial amplification mechanisms for the first time. This type of connection
allows obtaining a wide band gap in three dimensions.

e Cross flexure hinges are used within the inertial amplification mechanisms for
the first time. This type of flexures prevent undesired torsional, in-plane and
out-of-plane bending modes of the inertial amplification mechanism, which can
reduce the bandwidth of the mechanism.

e Size optimization is conducted to maximize bandwidth of the mechanism and
an octahedron structure is built with the optimized mechanisms that achieves a
stop band in which w, /w; is 13.65. Hence, the stop band is achieved with 172.7%
arithmetic mean normalized bandwidth. Moreover, a 3x2 periodic structure is
formed using these octahedron structures and a stop band is obtained with 167.6%

arithmetic mean normalized bandwidth.



2. LUMPED PARAMETER MODEL OF THE INERTIAL
AMPLIFICATION MECHANISM

The lumped parameter model describing the main principle of the inertial ampli-

fication mechanism is given in Figure 2.1 [1].

(y — x) cot(8)/2

Figure 2.1. Lumped parameter model of the inertial amplification mechanism [1].

In the model shown in Figure 2.1, there are masses m at both ends of the mech-
anism. These masses are connected to each other by a spring with stiffness k. In the
upper part of the mechanism, there is a mass m,, which is connected to each mass m

by rigid links. The angle between the links and the horizontal plane is shown as 6.

The input displacement of this mechanism is y, while the output displacement is
x. In this case, the displacement of the mass m, is calculated in terms of y and z as
Tty

24Y i the horizontal and

y—x)cot(
2 2

9 in the vertical directions. Therefore, motion of the
mass my, is coupled to the mass m and the base motion, and the degree of freedom of

the mechanism is one.

Assuming that y and z displacements are very small relative to the dimensions

of the mechanism, the equation of motion of the mechanism is calculated as [3,55]
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The resonance frequency of the mechanism is calculated as

4

k
Wp = \/m + mq(cot?(0)+1) (22)

and the antiresonance frequency of the mechanism is calculated as

k
W2 T maleol?@) 1) (2.3)
i

When these equations are examined, it can be seen that the numerators of both
resonance and antiresonance frequencies are the same, while the denominator of the
resonance frequency is always greater than the denominator of the antiresonance fre-
quency. Therefore, the resonance frequency of the mechanism is always smaller than
the antiresonance frequency. These types of systems are low pass filter type of vibration

isolation systems [3, 74].

In order to explain the width and depth of a stop band, a two degrees of free-
dom inertial amplification model with two resonance frequencies, w,1 and wy, and
two antiresonance frequencies, w,; and w,s, can be analyzed. The frequency response
function of this model can be found as the ratio of the output displacement to input
displacement, or equivalently the ratio of the output acceleration to input acceleration.

With the excitation frequency, w, it can be calculated as [2]
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H(w) = (2.4)
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In Figure 2.2, the frequency response function can be obtained with w,; = 3,
Wpa = 23, w.1 = 10, w,o = 23 for the red solid curve. As, w,s = w,9, they cancel
each other and the system behaves as if it is single degree of freedom with resonance

frequency w,; and antiresonance frequency w,;. In order to have a system with two



degrees of freedom, w2 and w,s should be unequal. The green dashed curve shows the
frequency response for w,1 = 3, wp2 = 23, wy1 = 10, w,o = 22.9. The width and depth

of the vibration isolation frequency band are shown in Figure 2.2.
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Figure 2.2. Frequency response function plot showing the width and depth of the
stop band for a two degrees of freedom system. Green dashed curve is for wy,; = 3,
Wpo = 23, wy1 = 10, w,e = 22.9. Red solid curve is for wy; = 3, wpe = 23, w,; = 10,

Wyo = 23.

The stop band is defined as the interval in which H(w) is lower than 1 [3]. In

2 1 . . .
% making it more effective. To

Equation 2.2, the mass m, is multiplied by
obtain a high effective inertia, the 6 angle is chosen small. In this way, a small mass
of m, affects the system as a mass much higher than its static value and reduces w,
with the effect of the angle #. Thus, the mechanism provides vibration isolation at
low frequencies and this model shows the effect of the mass m, in the middle of the
mechanism on the reduction of the lower limit of the stop band. While the upper limit
of the stop band can go to infinity for the lumped parameter single degree of freedom

model as shown by the red dashed curve in Figure 2.2, there will be an upper limit for

distributed parameter models that will be used in the next section. Hence, the stop



band will look like the green dashed curve in Figure 2.2, and to maximize bandwidth

the lower limit should be minimized while the upper limit needs to be maximized.



3. 3D ULTRAWIDE INERTIAL AMPLIFICATION
MECHANISM DESIGN

The basic principle of the inertial amplification mechanisms in the literature is
to provide vibration isolation at low frequencies by increasing the effective inertia of
the system without the need to reduce the stiffness. In Figure 3.1, the distributed

parameter model of the inertial amplification mechanism examined in [2] is shown.

| ] |

b | %

Figure 3.1. Inertial amplification mechanism in [2].

The first two mode shapes of the mechanism are shown in Figure 3.2. The first
natural frequency of the mechanism is 279.2 Hz and the second natural frequency is

651.9 Hz obtained from the 1D finite element analysis result [2].

(a) (b)

Figure 3.2. Mode shapes of the mechanism shown in Figure 3.1. (a) First mode shape
of the mechanism at 279.2 Hz. (b) Second mode shape of the mechanism at 651.9
Hz [2].

By periodically assembling these mechanisms in two dimensions, the structure
shown in Figure 3.3 is obtained. Frequency response function graph of this structure

obtained from 2D finite element model is given in Figure 3.4. In this graph, the lower



and upper limits of the stop band are 285 Hz and 617 Hz, and they are close to
the first and second natural frequencies of a single inertial amplification mechanism.
Therefore, when the difference between the natural frequencies of the first two modes
are increased, a wider stop band can be obtained. For the structure in Figure 3.3, the

frequency ratio of the upper limit to the lower one is around 2.16 [2].

large wde small node

Optimized small mechanism Optimized large mechanism
with minimum @y /@y) ratio
plp=

Figure 3.3. 2D periodic structure in [2].
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Figure 3.4. Frequency response function graph of the structure shown in Figure

3.3 [2].

By performing size and shape optimization on this mechanism, and assembling
them in two dimensions as in Figure 3.5, a wider stop band is obtained between 265

Hz and 830 Hz, giving a frequency ratio of 3.13 [3].
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Figure 3.5. 2D periodic structure with the shape optimized inertial amplification

mechanisms in [3].
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In [1], the end connections of the mechanisms are redesigned and the mechanism
is topologically optimized. At the end, the 2D periodic structure shown in Figure 3.6 is
obtained. It provides a stop band between 29 Hz and 590 Hz, resulting in a frequency
ratio of 20.3 [1].

Figure 3.6. 2D periodic structure with remote center flexure mechanisms at the end

connections and topologically optimized mechanisms in [1].

In this study, a 3D periodic structure will be designed with inertial amplification
mechanisms and the stop band of this structure will be maximized. In order to do
that, inertial amplification mechanisms should have appropriate end connections to be

assembled in three dimensions.
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3.1. Design of End Connections

Connecting inertial amplification mechanisms periodically in one, two, or three
dimensions is a crucial concept to obtain a wide vibration isolation frequency band,
since it has a direct effect on the natural frequencies and mode shapes of the mecha-

nisms.

Figure 3.7 shows the inertial amplification mechanism generating an ultra wide
vibration isolation band in one dimension analyzed in [4] and Figure 3.8 shows the
first three mode shapes of this mechanism and their corresponding natural frequencies.
For this 1D system, vibration isolation can be achieved between the first two modes.
The ratio of the upper limit of the vibration isolation frequency band to the lower
one is 38.9 for an infinitely periodic array in one dimension [4]. In this mechanism
design, the rectangular blocks at the ends do not rotate. Therefore, although a wide
isolation frequency band in one dimension can be obtained with this mechanism, it

cannot provide the same in two or three dimensions.

Figure 3.7. Inertial amplification mechanism in [4].
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Figure 3.8. Mode shapes of the mechanism shown in Figure 3.7. (a) First mode shape

of the mechanism at 6.9 Hz. (b) Second mode shape of the mechanism at 303.6 Hz,
the bending mode of the long flexures in the middle. (¢) Third mode shape of the

mechanism at 373 Hz, vertical translation of the rectangular blocks at the ends [4].

The inertial amplification mechanism analyzed in [5] is shown in Figure 3.9. The
four triangular blocks bring the center of gravity of the structure closer to the flexure
hinges in the middle. Thus, it is aimed to decrease the first natural frequency by
increasing the effective inertia of the system. The first three mode shapes of this

mechanism are given in Figure 3.10.

Figure 3.9. Inertial amplification mechanism in [5]
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Figure 3.10. Mode shapes of the mechanism shown in Figure 3.9. (a) First mode
shape of the mechanism at 49.6 Hz. (b) Second mode shape of the mechanism at

241.6 Hz. (c) Third mode shape of the mechanism at 248.2 Hz [4].

The octahedron structure built with this mechanism is shown in Figure 3.11. The
stop band of this structure is between 64 and 267.2 Hz and the frequency ratio of the
upper limit to the lower one is 4.18 [5]. Notice that this ratio is lower than the ratio
of the second and first natural frequencies of the inertial amplification mechanism in

Figure 3.10, which is 4.87.

Figure 3.11. Octahedron structure built with the mechanism shown in Figure 3.9 [5].
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In order to widen the stop band of the octahedron structure, the end connections
of the inertial amplification mechanism in Figure 3.9 are modified as in Figure 3.12(a)
[5]. Thin end connections can bend in a perpendicular direction compared to the
neighboring flexure hinges. In this design, the thin end connections and flexure hinges
allow the end of the mechanism to rotate in two orthogonal axes. When this mechanism
is combined in three dimensions as shown in Figure 3.12(b), the ratio of the upper limit

of the isolation frequency band to the lower limit is approximately 4.8 [5].

The bandwidth of structure in Figure 3.12(b) can be increased if the flexure hinge
design is changed. In order to widen the stop band, the first natural frequency of the
mechanism can be decreased by reducing the bending stiffness of the flexure hinges.
However, this will also decrease the second natural frequency, resulting in a narrow
stop band. Therefore, these flexures should not be allowed to rotate and a separate

part should perform the rotation function.

(a) (b)

Figure 3.12. Building a 3D periodic structure with inertial amplification mechanisms

having thin end connections. (a) Inertial amplification mechanism with thin end

connections. (b) Octahedron structure formed with these mechanisms [5].
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In Figure 3.13, a new end connection design is used, which involves a flexible four-
bar mechanism model with a remote center of rotation [1]. As can be seen in Figure
3.14, the end connection of this mechanism act like a pin-roller type of connection
in two dimensions. Using inertial amplification mechanisms with this type of an end
connection, a vibration isolation band with a frequency ratio of 20.3 can be obtained
in two dimensions [1]. In this thesis, this end connection idea is developed to be used

in three dimensions.

Figure 3.13. Inertial amplification mechanism in [1].

/1

t SEAM #1 0 mm— —~—Jo

P>

Figure 3.14. Pin-roller type of end connection designed in [1].

The remote center of rotation concept can be explained with a rigid four-bar
mechanism. Figure 3.15 shows a planar four-bar mechanism. Assuming that the rect-
angular part (3) is fixed, it can be seen that the instantaneous center of rotation of the

link (1) is point O.
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Figure 3.15. Four-bar mechanism with remote center of rotation for link (1) at point

O, which is the intersection of the extensions of the rods (2) and (4).

Any structure added to link (1) will rotate around the point O. The flexure hinge
design equivalent of the structure in Figure 3.15 is given in Figure 3.16. Instead of pin
joints, thin sections acting as flexure hinges are used in order to eliminate the rattle,

friction and wear problems. In this design, thick sections act like links.

Figure 3.16. Planar flexure hinge mechanism with remote center of rotation at the

intersection of the yellow dashed lines.

The flexure hinge mechanism in Figure 3.16 can be used in planar applications

in which in-plane bending is possible. However, 3D structures can be subject to both
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in-plane and out-of-plane bending loads. A new flexure hinge mechanism is designed
which allows bending in two orthogonal axes while having the same remote center of

rotation at point O as shown in Figure 3.17.

Figure 3.17. Spatial flexure hinge mechanism design that allows bending in two

orthogonal axes. (a) Isometric view. (b) Side view in the z-y plane. (c¢) Top view in

the z-z plane.

While the first stage of the structure moving in the z-y plane allows rotation
around the z axis, the second stage connected in series moving in the z-z plane allows
rotation around the y axis. There are two links with flexure hinges at both stages.
The center of rotation of all of these links coincide at the center of the back surface of
the rectangular prism to which they are attached. Figure 3.18 shows that the central

lines of all four links intersect at the same point.
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Figure 3.18. Instantaneous center of rotation of the spatial flexure hinge mechanism
at the center of the back surface of the rectangular prism which is the intersection of
the link extensions. (a) Isometric view. (b) Side view in the z-y plane. (c¢) Top view

in the z-z plane.

3.2. Design of the Inertial Amplification Mechanism

The finite element analysis software Abaqus is used to design and analyze the
mechanisms. Firstly, the 2D design in Figure 3.13 is modified as in Figure 3.19 in
order to obtain a band gap in three dimensions. Although the mechanism in Figure
3.13 provides the widest band gap in two dimensions, it only moves in-plane and the
out-of-plane and torsional modes are not taken into account. Since these modes should
also be considered in 3D inertial amplification mechanism design, the bandwidth in
this study should not be expected as wide as in [1]. In Figure 3.20, the alignment of
the parts in the inertial amplification mechanism is shown. The yellow dashed lines

pass through the center of the back surface of the rectangular block at the end of
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the mechanism, the flexure hinge connected to this rectangular block, the center of
the horizontal flexure between the remote center flexure mechanism and the triangular
blocks, and the center of the short flexure in the middle of the mechanism. The
remote center flexure mechanisms are added to the mechanism by keeping the total
length same as in [1], and they are connected to the middle triangular blocks with
horizontal flexures. As in [1], the thinnest parts of the initial design are 0.3 mm. The
center of mass of the triangular blocks are close to the middle of the mechanism where
displacement amplification is large for axial motions. These blocks can be optimized
topologically as in [1]. However, the main aim in this study is to optimize the flexure
hinges in the mechanism. So, different flexure hinge configurations are compared and

the size optimization is done for the best configuration.

Figure 3.19. Initial design of the mechanism.
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(b)

Figure 3.20. Alignment of the inertial amplification mechanism. (a) Side view of the

mechanism in the z-y plane. (b) Close up view of the end of the mechanism.

In order to identify the mode shapes of the inertial amplification mechanism in
Figure 3.19, different boundary conditions are imposed. First, the left end of the
mechanism is clamped and pin-roller type of boundary condition is imposed to the

other end as shown in Figure 3.21. The first ten mode shapes are given in Figures
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3.22-3.31, and corresponding natural frequencies are given in Table 3.1.

(a) (b)

Figure 3.21. Clamped-pin roller boundary condition for the initial design of the
mechanism. (a) Boundary condition at the left end. The back surface of the
rectangular prism of the left end is clamped, i.e., it cannot translate or rotate in any
directions. (b) Boundary condition at the right end. The front surface of the
rectangular prism of the right end is coupled with the reference point RP-2, and the
translations in y- and z-axes of this point are prevented but all the other degree of

freedoms are free.
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Figure 3.22. First mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 33.73 Hz.



Figure 3.23. Second mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 177.9 Hz.

Figure 3.24. Third mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 283.3 Hz.
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Figure 3.25. Fourth mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 390.7 Hz.

Figure 3.26. Fifth mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 673.0 Hz.
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Figure 3.27. Sixth mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 720.3 Hz.
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X

Figure 3.28. Seventh mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 876.6 Hz.
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Figure 3.29. Eighth mode shape of the mechanism imposed to clamped-pin roller
boundary condition at 901.7 Hz.

Figure 3.30. Ninth mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 1118 Hz.



Figure 3.31. Tenth mode shape of the mechanism imposed to clamped-pin roller

boundary condition at 1121 Hz.

Table 3.1. First ten natural frequencies of the mechanism shown in Figure 3.19

imposed to clamped-pin roller boundary condition.

Natural frequencies Frequency (Hz)
w1 33.73
wa 177.9
w3 283.3
Wy 390.7
Ws 673.0
we 720.3
wr 876.6
ws 901.7
Wy 1118
w10 1121

27
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When clamped-roller boundary condition is imposed to the inertial amplification
mechanism as shown in Figure 3.32, the resulting first ten mode shapes are calculated

and given in Figures 3.33-3.42 and corresponding natural frequencies are given in Table

3.2.

(a) (h)

Figure 3.32. Clamped-roller boundary condition for the initial design of the
mechanism. (a) Boundary condition at the left end. The back surface of the
rectangular prism of the left end is clamped, i.e., it cannot translate or rotate in any
directions. (b) Boundary condition at the right end. Only the translation in z-axis of

the side and top surfaces of the rectangular prism of the right end is allowed.
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Figure 3.33. First mode shape of the mechanism imposed to clamped-roller boundary

condition at 33.73 Hz.

Figure 3.34. Second mode shape of the mechanism imposed to clamped-roller

boundary condition at 300.9 Hz.



Figure 3.35. Third mode shape of the mechanism imposed to clamped-roller

boundary condition at 334.8 Hz.

Figure 3.36. Fourth mode shape of the mechanism imposed to clamped-roller

boundary condition at 404.4 Hz.
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Figure 3.37. Fifth mode shape of the mechanism imposed to clamped-roller boundary

condition at 719.1 Hz.

Figure 3.38. Sixth mode shape of the mechanism imposed to clamped-roller boundary

condition at 721.1 Hz.



Figure 3.39. Seventh mode shape of the mechanism imposed to clamped-roller

boundary condition at 888.3 Hz.

Figure 3.40. Eighth mode shape of the mechanism imposed to clamped-roller

boundary condition at 904.5 Hz.
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Figure 3.41. Ninth mode shape of the mechanism imposed to clamped-roller

boundary condition at 1118 Hz.

Figure 3.42. Tenth mode shape of the mechanism imposed to clamped-roller

boundary condition at 1122 Hz.
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Table 3.2. First ten natural frequencies of the mechanism shown in Figure 3.19

imposed to clamped-roller boundary condition.

Natural frequencies Frequency (Hz)
Wy 33.73
wWa 300.9
w3 334.8
Wy 404.4
ws 719.1
wWe 7211
wr 888.3
ws 904.5
Wo 1118
W10 1122

When clamped-free boundary condition is imposed to the inertial amplification
mechanism as shown in Figure 3.43, the resulting first five mode shapes are given in
Figures 3.44-3.48, and corresponding natural frequencies are given in Table 3.3. The
clamped boundary condition allows to investigate the bending stiffness of the remote
center flexure mechanism in two orthogonal axes. Instead of a clamped end, if a
frictionless ball joint were used, the natural frequencies of the modes seen in Figures
3.45 and 3.46 would be zero. However, the frequencies of these modes are greater than
zero due to the stiffness of the remote center flexure mechanism in two orthogonal axes.
As the natural frequency of the third mode is higher than the second mode, bending

stiffness about the y axis is higher.



(b)

Figure 3.43. Clamped-free boundary condition for the initial design of the mechanism.
(a) Boundary condition at the left end. The back surface of the rectangular prism of

the left end cannot translate or rotate in any direction. (b) The right end is free.
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Figure 3.44. First mode shape of the mechanism imposed to clamped-free boundary

condition at 33.73 Hz.
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Figure 3.45. Second mode shape of the mechanism imposed to clamped-free

boundary condition at 34.93 Hz.

Figure 3.46. Third mode shape of the mechanism imposed to clamped-free boundary

condition at 48.69 Hz.



37

Figure 3.47. Fourth mode shape of the mechanism imposed to clamped-free boundary

condition at 178.0 Hz.

Figure 3.48. Fifth mode shape of the mechanism imposed to clamped-free boundary

condition at 474.6 Hz.
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Table 3.3. First five natural frequencies of the mechanism shown in Figure 3.19

imposed to clamped-free boundary condition.

Natural frequencies Frequency (Hz)
w1 33.73
Wo 34.93
w3 48.69
Wy 178.0
ws ATAG

When Tables 3.1-3.3 are compared, one can see that the first natural frequency
corresponding to the first mode is the same for different boundary conditions. However,

as the boundary conditions change, the higher mode shapes and natural frequencies

differ.

The aim in this thesis is to assemble inertial amplification mechanisms to form
a 3D periodic structure. As an initial study, the mechanism in Figure 3.19 is used.
The rectangular blocks at each end of the mechanism are joined at their centers of
rotations shown in Figure 3.18 to form the nodes in the periodic structure. As there
are two stages of remote center flexure mechanisms, the mechanisms can bend about
two orthogonal axes. The initial design of the octahedron structure is shown in Figure
3.49, which is built as in [5]. The octahedron structure is the repeating unit cell in the

3D periodic structure shown in Figure 3.50.



Figure 3.49. Octahedron structure formed with the mechanisms in Figure 3.19.
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Figure 3.50. 3D periodic structure formed with the octahedron structures in Figure

3.49.

Imposing free boundary conditions, the natural frequencies of the octahedron
structure are calculated. The finite element analysis shows that the first six frequencies
are around zero, which correspond to the rigid body modes. Table 3.4 shows the non-

zero natural frequencies of the structure.
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Table 3.4. First 40 non-zero natural frequencies of the octahedron structure shown in

Figure 3.49 imposed to free boundary conditions.

Natural frequencies Frequency (Hz) Natural frequencies Frequency (Hz)
w 34.32 Wa1 263.7
Wa 36.60 Wa2 263.7
w3 37.24 Wa3 268.7
Wy 37.24 Waq 270.8
Ws 42.26 Was 276.0
We 42.26 Wag 278.8
Wy 42.60 War 279.0
wg 46.27 Woag 279.2
Wy 46.27 Wag 300.4
W10 46.50 W30 309.9
w11 50.32 w31 309.9
W12 50.69 W32 314.2
w13 209.7 W33 323.5
W14 209.7 W34 324.1
W15 227.7 Wss 324.2
W16 227.7 W36 335.2
w17 227.8 W37 402.0
Wi 253.6 Wss 402.2
Wig 253.6 Wsg 404.4
Wa 263.2 Wa0 418.7

As can be seen from Table 3.4, the natural frequencies increase with small in-
crements up to 50.69 Hz, which correspond to the 12th mode. The next mode occurs
at 209.7 Hz. Hence, there is a large frequency gap between the 12th and 13th modes.
The main aim in this study is to obtain a very wide frequency gap and to quantify the

width of the frequency gap, ratio of the upper limit to the lower limit will be used.
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wy3/wie rTatio can be calculated as 4.14 for the octahedron structure in Figure 3.49.

In the first 12 non-zero modes of the octahedron structure, the 1D building blocks,
i.e., inertial amplification mechanisms, deform close to their first mode shapes for var-
ious boundary conditions given in Figures 3.22, 3.33 and 3.44. In fact, the frequency
of the first mode shape of the inertial amplification mechanism is the same (33.73 Hz)
for various boundary conditions as can be seen in Figures 3.22, 3.33 and 3.44. The
first non-zero mode shape and the 12th mode shape of the octahedron structure, which
determine the lower limit of the stop band, are shown in Figures 3.51 and 3.52, respec-
tively. In the octahedron structure, when the nodes translate in three dimensions, the
ends of the inertial amplification mechanisms are subject to both axial and transverse
displacements. When the mechanism with clamped-free boundary condition is ana-
lyzed, it is seen that as the free end displaces transversely, the corresponding natural
frequencies of the second and third modes given in Figures 3.45 and 3.46 are higher
than that of the first mode shape in Figure 3.44 in which the free end displaces along
the central axis of the mechanism. Due to these combined effects, the frequency of the
12th mode of the octahedron structure (50.69 Hz) is significantly higher than the first
mode of the building block mechanisms (33.73 Hz) in which only axial displacements of
the ends are observed. In the 13th mode shape given in Figure 3.53, which determine
the upper limit of the stop band, the 1D building blocks, i.e., inertial amplification
mechanisms, deform close to their second mode shapes in the case of clamped-pin
roller boundary condition shown in Figure 3.23. In this mode, the triangular blocks
display torsional vibration about the central axis of the mechanism. Moreover, the
torsional mode shape is at 177.9 Hz when clamped-pin roller boundary condition is im-
posed to the mechanism and it is at 334.8 Hz when clamped-roller boundary condition
is imposed. Torsional stiffness of the mechanism in which both ends are constrained
to rotate is twice of that of the mechanism in which one end is constrained to rotate.
Moreover, the inertia of the torsionally vibrating part is smaller when both ends are
constrained to rotate. As the torsional stiffness is higher and the inertia is smaller in
the case of clamped-roller boundary condition, the resulting natural frequency is signif-

icantly higher. In the octahedron structure, two ends of each mechanism are attached
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to nodes. When these nodes are subject to torsional loads, they allow rotation but
display some torsional resistance. Hence, the torsional natural frequency of the mech-
anisms in the octahedron structure is expected to be higher than the mechanism with
clamped-pin roller boundary condition but lower than the mechanism with clamped-
roller boundary condition. As expected, the natural frequency of the torsional mode
shape of the octahedron is at 209.7 Hz, which is higher than 177.9 Hz, and lower than
334.8 Hz.

If the parameters of the inertial amplification mechanism are changed, another
mode shape can be the upper limit of the stop band. For instance, in the 37th mode
shape of the octahedron structure in Figure 3.54, some of the mechanisms display the
fourth mode shape shown in Figure 3.36. Even small changes in the mechanism can
increase or decrease the natural frequencies of the mode shapes, bring different mode
shapes to the upper limit of the stop band and dramatically affect the ratio of the upper
and lower limits of the stop band. In order to increase the upper to lower frequency
ratio of the stop band, the upper limit is aimed to be increased while the lower limit

is aimed to be decreased.

il
Ay

Figure 3.51. First mode shape of the octahedron in Figure 3.49 at 34.32 Hz.
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Figure 3.52. 12th mode shape of the octahedron in Figure 3.49 at 50.69 Hz.

Figure 3.53. 13th mode shape of the octahedron in Figure 3.49 at 209.7 Hz.
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Figure 3.54. 37th mode shape of the octahedron in Figure 3.49 at 402.0 Hz.

3.3. Design Improvements and Topological Changes Regarding the

Inertial Amplification Mechanism

The main purpose of the design improvement process is to maximize the ratio of
the vibration isolation frequency band of the octahedron structure. Therefore, the lower
limit of the stop band of the octahedron, with the first mode shape motion of a single
mechanism in Figure 3.22, is aimed to be minimized, and the next natural frequency,
with whichever type of mode shape (torsional, in-plane bending, out-of-plane bending,

etc.), is aimed to be maximized.

In Figure 3.55, the short flexures that are attached to the triangular blocks can
be seen in close up view regarding the second mode shape of the inertial amplification
mechanism at 177.9 Hz. It can be seen that the short flexures are twisted due to the

torsional motion of the triangular blocks.
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Figure 3.55. Close up view of the short flexures in the second mode shape shown in

Figure 3.23 at 177.9 Hz.

Rather than dimensional changes, a topological design change is needed for the
short flexures to prevent torsional motion of the triangular blocks. Instead of wide
horizontal flexures, the novel cross flexure design is added to the mechanism. While
this design does not change the first natural frequency significantly (33.73 Hz vs. 32.70
Hz), it provides much higher torsional stiffness, which in turn significantly increases the
second natural frequency of the mechanism (177.9 Hz vs. 257.8 Hz). The cross flexure
design is shown in Figure 3.56. Each inner flexure makes a 45° angle with the vertical
axis. These flexures increase the torsional stiffness. However, cross flexures do not
provide high axial stiffness, which is required to increase the natural frequencies of the
out-of-plane modes. In order to increase the stiffness in the axial direction, horizontal
flexures are used at the two sides. Figure 3.57 shows the second mode shape of the

mechanism subject to clamped-pin roller boundary condition.
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Figure 3.56. Design of cross flexures.
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Figure 3.57. The second mode shape of the mechanism with cross flexure design at

257.8 Hz.

With clamped-pin roller boundary condition, the first natural frequency, w;, and
the second natural frequency, ws, of the mechanism in Figure 3.19 with horizontal

flexure are at 33.73 Hz and 177.9 Hz, respectively. Hence, the ratio of the second natural
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frequency to the first one, wy/wy, is 5.27. Imposing the same boundary conditions, the
first natural frequency, w;, and the second natural frequency, ws, of the mechanism with
cross flexures are at 32.70 Hz and 257.8 Hz, and the ratio of these natural frequencies,

wy/wr, is 7.88. Therefore, this design change improves the bandwidth of the mechanism.

The inertial amplification mechanism with cross flexures is shown in Figure 3.58.
In this mechanism, the thickness of the rectangular blocks connected to the flexure
hinge mechanisms arrowed in Figure 3.58 are increased by keeping the total length of
the mechanism constant. Hence, the bending motion of these blocks are prevented.

The octahedron structure built with these mechanisms is shown in Figure 3.59.

Figure 3.58. Inertial amplification mechanism with cross flexures.
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Figure 3.59. Octahedron structure formed with the mechanisms in Figure 3.58.

Imposing free boundary conditions, the natural frequencies of the octahedron
structure are calculated. The first 40 non-zero natural frequencies of the octahedron

are given in Table 3.5.
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Table 3.5. First 40 non-zero natural frequencies of the octahedron structure shown in

Figure 3.59 imposed to free boundary conditions.

Natural frequencies

Frequency (Hz)

Natural frequencies

Frequency (Hz)

w1 43.33 Wa1 376.4
Wa 44.97 W2 376.6
w3 45.59 Wa3 376.7
Wy 45.61 Way 426.8
Ws 51.12 wWas 427.3
We 51.12 Wag 427.3
Wy 51.46 War 440.1
ws 26.63 Was 441.0
Wy 26.66 Wag 445.4
Wip 56.93 w3 445.4
W11 61.79 w31 445.8
Wi 61.99 W32 446.2
W13 277.6 W33 455.4
W14 277.7 W34 458.7
W15 300.4 W35 459.2
Wi 301.0 W3 459.3
w17 301.1 W37 487.9
w18 353.5 W3g 488.1
Wig 353.9 W39 489.0
Wap 355.2 W0 510.0

It can be seen that the stop band occurs again between the 12th and 13th modes.

The lower limit of the stop band, wys, is 61.99 Hz and the upper limit of the stop band,

w1s, is 277.6 Hz. Comparing this stop band with the one in Table 3.4, it can be seen

that wyy increases from 50.69 Hz to 61.99 Hz and w;3 increases from 209.7 Hz to 277.6

Hz. Since the increase in the upper limit of the stop band, w3, is relatively larger than
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the increase in the lower limit of the stop band, wis, the ratio wy3/wis increases from
4.14 to 4.48. The mode shapes at the lower and upper limit of the stop band of the

octahedron in Figure 3.59 are shown in Figures 3.60 and 3.61, respectively.

Figure 3.60. 12th mode shape of the octahedron in Figure 3.59 at 61.99 Hz.

Figure 3.61. 13th mode shape of the octahedron in Figure 3.59 at 277.6 Hz.
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In Figure 3.62, the horizontal and vertical axes are drawn passing through the
center of the mechanism. In order to increase the natural frequency of the torsional
mode shape of this mechanism, the centers of mass of the triangular blocks should
approach the horizontal axis, and the moment of inertia of the rotating part should be
decreased. To do that, the peak point of the triangular blocks are decreased as in Figure
3.63. Furthermore, the triangular blocks are hollowed out as shown in Figure 3.64 and
supported with a truss structure in order to prevent the bending of the triangular
blocks. Thus, the centers of mass of the triangular blocks are brought closer to both
the vertical and horizontal axes as shown in Figure 3.62. If the center of mass of the
triangular blocks were placed close to the vertical axis and its mass were preserved,
the first natural frequency would decrease. However, the mass of the triangular blocks
are significantly reduced due to the truss structure. Thus, the first natural frequency
will increase. But, the natural frequency of the torsional mode will increase more. As

a result, the ratio of the upper and lower limits of natural frequencies will increase.

Figure 3.62. Inertial amplification mechanism in Figure 3.58 with horizontal and

vertical lines passing through the center of mass of the mechanism.
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Figure 3.63. Inertial amplification mechanism with triangular blocks with reduced

heights.

Figure 3.64. Inertial amplification mechanism with triangular blocks supported by

trusses.

The octahedron structure built with the mechanism in Figure 3.64 is shown in
Figure 3.65. Imposing free boundary conditions, the natural frequencies of the octahe-

dron structure are calculated and the first 40 non-zero natural frequencies are given in

Table 3.6.



Figure 3.65. Octahedron structure formed with the mechanism in Figure 3.64.
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Table 3.6. First 40 non-zero natural frequencies of the octahedron structure shown in

Figure 3.65 imposed to free boundary conditions.

Natural frequencies Frequency (Hz) Natural frequencies Frequency (Hz)
w 75.49 Wa1 715.8
Wa 78.35 Wa2 718.3
w3 79.53 Wa3 718.4
Wy 79.53 Way 723.2
Ws 88.48 Was 723.2
We 88.49 Wag 724.2
Wy 89.14 Wa7 829.3
ws 97.23 Wag 851.6
Wy 97.24 Wag 851.7
W10 97.82 W30 851.7
w11 107.1 w31 896.7
W12 107.4 W32 898.6
w13 623.0 W33 898.8
W14 624.9 W34 994.0
W15 625.0 Wss 995.5
W16 670.0 W36 1039
w17 670.1 w37 1039
w1 671.2 Wss 1039
W19 704.5 Wsg 1040
W20 705.9 Wa0 1040

Again, the stop band occurs between the 12th and 13th modes. When the stop
bands in Tables 3.5 and 3.6 are compared, it can be seen that both w;5 and w;3 increase,
since the total mass of the mechanism is decreased. wiy increases from 61.99 Hz to
107.4 Hz and wy3 increases from 277.6 Hz to 623.0 Hz. However, the ratio wys/wi2
increases from 4.48 to 5.80. The 12th and 13th mode shapes are shown in Figures 3.66
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and 3.67. As can be seen in Figure 3.67, the mode shape of the upper limit changes
this time. In Figure 3.61, the mechanisms make the torsional motion. However, in

Figure 3.67, the mechanisms make the out-of-plane bending motion.

Figure 3.66. 12th mode shape of the octahedron in Figure 3.65 at 107.4 Hz.
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Figure 3.67. 13th mode shape of the octahedron in Figure 3.65 at 623.0 Hz.

In order to increase the natural frequency of the mode shape with out-of-plane
bending motion, the out-of-plane bending stiffness of the middle short flexures can be
increased. To that end, the width of the mechanism is increased in the middle by
adding rectangular blocks to the sides of the mechanism and the middle flexures are
divided into two as in Figures 3.68 and 3.69. The two pieces are placed towards the
two ends of the widened section to increase the out-of-plane bending stiffness. If the
middle short flexures were extended across the widened section of the mechanism, their
in-plane bending stiffness would increase, which in turn would increase the first natural

frequency. As a result, the bandwidth would decrease.
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Figure 3.68. Inertial amplification mechanism with the added rectangular blocks in

the middle.

Figure 3.69. Isometric view of the inertial amplification mechanism in Figure 3.68 in
which the middle flexures are divided into two and placed far away from each other to

increase the out-of-plane bending stiffness.

With the inertial amplification mechanism in Figure 3.68, the octahedron struc-
ture is built and shown in Figure 3.70. The natural frequencies of the octahedron

imposed to free boundary conditions are given in Table 3.7.



Figure 3.70.

Octahedron structure formed with the mechanism in Figure 3.68.

29
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Table 3.7. First 40 non-zero natural frequencies of the octahedron structure shown in

Figure 3.70 imposed to free boundary conditions.

Natural frequencies Frequency (Hz) Natural frequencies Frequency (Hz)
w1 71.90 wWa1 713.4
Wo 74.79 W99 714.7
w3 75.89 Wa3 721.0
Wy 75.89 Way 724.0
Ws 84.11 Was 724.0
We 84.12 Wag 725.0
Wy 84.72 War 795.1
ws 93.20 Wag 813.5
Wy 93.21 Wag 813.6
W10 93.77 W30 813.6
w11 102.3 w31 850.2
W12 102.7 W32 852.3
w13 630.7 W33 852.4
W14 632.5 W34 938.6
W15 632.6 W35 940.2
W16 678.3 W36 986.8
w17 678.3 w37 986.8
w1 679.5 Wss 989.4
W19 685.6 Wsg 994.0
W0 685.8 Wa0 994.0

Similar to previous octahedron analyses, the stop band occurs between the 12th
and 13th modes. The lower limit of the stop band, w,, decreases from 107.4 Hz to
102.7 Hz due to the addition of the rectangular blocks in the middle, and the upper
limit of the stop band, w3, increases from 623.0 Hz to 630.7 Hz due to the increasing

out-of-plane bending stiffness of the middle flexures. Hence, the ratio wy3/wi2 increases
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from 5.80 to 6.14. The 12th and 13th mode shapes are shown in Figures 3.71 and 3.72,
respectively. It can be seen that the mode shape at the upper limit of the stop band

of the octahedron is still the out-of-plane motion.

Figure 3.71. 12th mode shape of the octahedron in Figure 3.70 at 102.7 Hz.
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Figure 3.72. 13th mode shape of the octahedron in Figure 3.70 at 630.7 Hz.

3.4. Optimization of the Inertial Amplification Mechanism

In the previous section, several design improvements and topological changes were
made to increase the bandwidth of the mechanism. In this section, size optimization

will be conducted on the thin flexures that are used in the mechanism.
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(b)

Figure 3.73. Seven different thin flexures of the inertial amplification mechanism. (a)

Flexures of the first remote center mechanism, (1), flexures of the second remote
center mechanism, (2), horizontal short flexures, (3), cross flexures making a 45°
angle with the vertical axis, (4) and (5). (b) Long flexures in the middle, (6), and

short flexures between the triangular blocks, (7).

In the final design of the inertial amplification mechanism, there are seven dif-
ferent thin flexures shown in Figure 3.73 which affect the natural frequencies, mode

shapes, and hence, the 3D stop band of the octahedron structure. These are the flex-
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ures of the first remote center mechanism, (1), the flexures of the second remote center
mechanism, (2), the horizontal short flexures, (3), each of two different cross flexures,
(4) and (5), the long flexures in the middle, (6), and the short flexures between the
triangular blocks, (7). By changing their thicknesses, the lower limit of the stop band
of the octahedron structure can be decreased and the upper one can be increased.
Certainly, there are lots of other dimensions in the mechanism that can increase the
frequency ratio. However, in this thesis, it is aimed to maximize the frequency ratio

by optimizing the thicknesses of these seven flexures.

In the optimization process, the shell model of the octahedron structure is used
instead of the solid model. The shell model makes it possible to change the thicknesses
of the flexures parametrically and shorten the analysis time. In Table 3.8, the natural
frequencies of the octahedron with shell elements are given. Notice that the frequencies
in Table 3.8 are slightly lower than the ones in Table 3.7. However, the ratio w3/wqs
does not change much (6.14 vs. 6.21). Run time comparison of the solid and shell
models is given in Table 3.9. It can be seen that the run time for the model with shell

elements is order of magnitude less than the one with solid elements.



Table 3.8. First 40 non-zero natural frequencies of the octahedron structure with

shell elements imposed to free boundary conditions.
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Natural frequencies

Frequency (Hz)

Natural frequencies

Frequency (Hz)

w1 70.37 Wa1 672.8
W 74.58 Wa9 673.1
w3 74.92 Wa3 678.2
Wy 75.14 Way 682.1
ws 81.22 Was 683.3
We 81.57 Wag 683.8
Wy 81.59 War 740.2
wg 91.81 Wag 754.0
W 92.26 Wag 755.3
W1 92.29 W30 756.9
W11 96.15 W31 850.2
Wi 96.25 W32 851.6
w13 598.0 W33 852.6
W14 598.1 W34 941.3
W15 598.6 W35 942.8
W16 640.4 W36 943.0
w17 640.7 W37 943.6
Wis 640.8 W3s 947.9
Wig 659.9 W39 948.7
Wag 661.1 W40 949.9
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Table 3.9. Run time comparison of solid and shell models of the octahedron structure.

Solid model Shell model
6 h 29 min 47 sec 15 min 48 sec

The variables of the optimization process are determined as follows: x; is the
thickness of the flexures of both outer and inner remote center flexure mechanisms, (1)
and (2), xo is the thickness of the horizontal flexures, (3), 3 is the thickness of the

cross flexures, (4) and (5), and x4 is the thickness of the short flexures in the middle,

(7).

The thickness of the long flexures in the middle, (6), is not taken as one of the
optimization variables. Instead, it is kept thick enough such that its mode shapes shown
in Figures 3.30 and 3.31 do not appear within the stop band. The thickness of the
long flexure is directly proportional to its natural frequency at these modes. Therefore,
after the optimization process, the thickness of these parts is chosen such that their
mode shapes are located just above the upper limit of the stop band. Hence, as the
thickness of the long flexures are decreased, the lower limit of the stop band is expected

to decrease more effectively than the upper one, resulting in a higher frequency ratio.

At the beginning of the optimization process, the thicknesses of all the flexures
are decreased from 0.3 mm to 0.15 mm. When the thicknesses of the seven flexures
are reduced to half, the lower limit of the stop band of the octahedron, w,, becomes
39.60 Hz, and the upper limit of the stop band of the octahedron, w;3, becomes 469.0

Hz. Hence, the frequency ratio dramatically increases from 6.14 to 11.84.

Using the Latin hypercube sampling method [75,76], 90 different trials between
0.1 and 0.2 are made for these four design variables. The numerical results show that
maximum values of frequency ratio are obtained when x; is between 0.14 and 0.17, and

the other variables are around 0.1, which is their lower limit. In order to obtain the
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global maximum of the search space, the lower limit is relaxed for these three variables
and selected as 0.05. Then, another 30 data points are determined with the Latin
hypercube sampling method for a narrower search space: x; is between 0.14 and 0.17,
xo is between 0.05 and 0.14, z3 is between 0.05 and 0.13, x4 is between 0.05 and 0.12.

30 data points are given in Table 3.10.

Table 3.10. 30 data points with frequency ratios in descending order determined
with the Latin hypercube sampling method for the following search space: x; is
between 0.14 and 0.17, x5 is between 0.05 and 0.14, x5 is between 0.05 and 0.13, x4 is
between 0.05 and 0.12.

1 (mm) | zo (mm) | z3 (mm) | 24 (mm) | wie (Hz) | wiz (Hz) | wiz/wie

0.1513 0.0857 0.0943 0.0781 34.676 462.01 13.3236

0.1451 0.0676 0.0836 0.0809 33.145 440.34 13.2853

0.1663 0.1203 0.1017 0.0916 39.108 516.12 13.1973

0.1407 0.0989 0.0970 0.0753 32.369 426.81 13.1858
0.1593 0.1246 0.0697 0.0972 37.215 489.56 13.1549
0.1589 0.1043 0.0675 0.0764 36.44 479.30 13.1531
0.1572 0.0710 0.0895 0.0733 35.865 471.27 13.1401
0.1546 0.1332 0.0599 0.0964 35.981 472.48 13.1314
0.1672 0.1173 0.0752 0.0921 39.226 514.02 13.1041
0.1622 0.0733 0.0562 0.0868 37.406 489.43 13.0843
0.1530 0.0779 0.1278 0.1009 36.335 474.8 13.0673
0.1449 0.1305 0.1155 0.0881 34.234 446.04 13.0292
0.1636 0.0976 0.0623 0.1031 38.403 500.32 13.0281
0.1612 0.1360 0.1090 0.1091 38.648 503.33 13.0234
0.1467 0.0893 0.1206 0.0691 33.785 439.59 13.0114
0.1535 0.0584 0.1079 0.1109 36.514 474.06 12.9830
0.1489 0.0947 0.1034 0.1080 35.509 459.26 12.9336
0.1560 0.0808 0.1191 0.1161 37.608 485.21 12.9018
0.1604 0.0870 0.0543 0.1193 38.101 488.26 12.8149
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0.1427 0.1387 0.0813 0.1053 34.124 436.17 12.7819
0.1699 0.1097 0.0869 0.1136 40.685 519.76 12.7752
0.1495 0.1031 0.0517 0.0653 33.595 419.8 12.4959
0.1436 0.0524 0.0731 0.0624 32.03 395.75 12.3556
0.1682 0.0541 0.1114 0.0839 39.209 483.16 12.3227
0.1658 0.0645 0.1269 0.0669 38.393 441.14 11.4901
0.1414 0.1128 0.0648 0.0581 31.728 361.04 11.379s2
0.1559 0.0751 0.0915 0.0616 35.343 393.52 11.1343
0.1503 0.1151 0.0987 0.0557 34.065 342.11 10.0428
0.1476 0.0604 0.0775 0.0501 32.807 294.2 8.9676

0.1647 0.1274 0.1226 0.0544 38.202 332.46 8.7027

Examining Table 3.10, one can see that the variables x; and x4, converge to
specific values while x5 and z3 change over a wider range for the highest frequency
ratios. Using the computational method Smoothed-particle hydrodynamics [77-79], a
surface plot can be obtained for x; = 0.15 and x4 = 0.08 while x5 and x3 are varied.
In Figure 3.74, the surface plot is given that x5 is between 0.05 and 0.14, and z3 is
between 0.05 and 0.13.
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Figure 3.74. Surface plot of data given in Table 3.10 with Smoothed-particle

hydrodynamics method for z; = 0.15 and x4 = 0.08. The red dots show the
maximum point on the surfaces. (a) Isometric view. (b) Side view such that xs is the

horizontal axis. (c) Side view such that x3 is the horizontal axis.

In Figure 3.74, the global maximum of the surface can be seen clearly. However,

there are several other local maxima near the global maximum. Since this surface
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is formed by using the data points in Table 3.10, the global maximum may improve
if a gradient based optimization method is utilized around the peak point. Around
this peak, a new set of x1, x9, 3 and x4 is determined in order to find the maximum
frequency ratio with the steepest descent method. Considering many peaks in narrow
intervals of variables, the step size is chosen as 1%. After two steps of iterations with the
steepest descent method, the variables are found as follows: x; = 0.1542, x5 = 0.08417,
x3 = 0.08958, and x4 = 0.07940. The lower limit of the stop band, w;5, becomes 35.29
Hz and the upper limit, w;3, becomes 471.0 Hz. Consequently, w;3/wi2 is obtained as
13.35. Finally, decreasing the thickness of the long flexures, (6), from 0.15 mm to 0.115
mm causes wio to decrease to 34.41 Hz, and also w3 to decrease to 469.6 Hz, leading
to the ratio wy3/wis of 13.65. The mode shapes at the lower and upper limit of the
stop band are shown in Figures 3.75 and 3.76, respectively.

Figure 3.75. 12th mode shape of the final design of the octahedron at 34.41 Hz.
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Figure 3.76. 13th mode shape of the final design of the octahedron at 469.6 Hz.

Finally, a 3x2 periodic structure is formed by using optimized octahedron struc-
ture shown in Figure 3.77. There are 72 modes up to 39.76 Hz and the next mode
appears at 448.1 Hz. Notice that the stop band in the 3x2 periodic structure has a
upper to lower limit ratio of 11.27, while the building block octahedron has a frequency
ratio of 13.65. Hence, periodic assembly of the octahedrons slightly reduce the stop

band frequency range.
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Figure 3.77. 3x2 periodic structure formed with optimized octahedron structure.



73

4. CONCLUSION

Using the novel inertial amplification method, an ultrawide stop band is obtained
in three dimensions. First, an inertial amplification mechanism is designed suitable for
3D assembly. Since 3D structures can be subject to both in-plane and out-of-plane
bending loads, spatial remote center flexure mechanisms are used at the ends of the
mechanism. They are constituted of two stages allowing rotation around two axes
orthogonal to each other. Using the inertial amplification mechanisms, an octahedron
is formed. Between the 12th and 13th modes of the octahedron, a wide frequency
gap is obtained and its width is quantified by the ratio of the upper limit of the stop
band to the lower one, wiz/wiz. In this thesis, this frequency ratio is aimed to be
maximized. To do that, the mode shapes and natural frequencies of a single inertial
amplification mechanism and the octahedron structure are examined. By imposing
different boundary conditions to a single mechanism, mode shapes are identified. While
the first natural frequency corresponding to the first mode shape is the same, higher
modes differ as the boundary conditions change. Moreover, even small dimensional
changes in the mechanism can affect natural frequencies and change the mode shape
at the upper limit of the stop band of the octahedron. With design improvements and
topological changes, the 12th natural frequency of the octahedron, wys, is aimed to
be minimized, and the 13th natural frequency, wy3, is aimed to be maximized. For
that purpose, the novel cross flexure design is added to the mechanism to increase
the torsional, in-plane bending and out-of-plane bending modes of the mechanism.
Moreover, the triangular blocks in the middle of the mechanism are hollowed out by
supporting them with a truss structure in order to bring their centers of mass closer to
the rotation axis of the torsional mode shape motion. In order to increase the natural
frequency of the out-of-plane bending motion, the width of the mechanism is increased
in the middle with additional blocks and the middle short flexures are divided into
two and placed towards the two ends of the widened section in order to increase the
out-of-plane bending stiffness. The final design of the inertial amplification mechanism

has seven thin flexures which affect the natural frequencies and mode shapes of the
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mechanism. Size optimization is conducted on these flexures and the stop band of
the octahedron is obtained between 34.41 Hz and 469.6 Hz, resulting in a frequency
ratio of 13.65. This frequency ratio is the highest considering all the 3D designs in
the literature. Finally, a 3x2 periodic structure is formed by using the optimized
octahedrons. It is seen that the stop band of this periodic structure is between 39.76
Hz and 448.1 Hz. Hence, its frequency ratio is 11.27, which is slightly less than the
octahedron building block.
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