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ABSTRACT

HOW DOES ANISOTROPIC FOCAL REGION CHANGE

THE STRUCTURE OF THE MOMENT TENSOR ?

In this study, we show how the invariants of the moment tensors change for

different orientations of sources in a vertical transversely isotropic (TI) focal region.

The invariants of the moment tensors, namely their norms, traces and eigenvalues, have

physical interpretations such as seismic moment, isotropic-component and radiation

pattern, respectively. Hence it is important to know how these values change for a

given elasticity tensor of the focal region. These invariants strongly depend on the

strength of anisotropy which is related with the variation of the eigenvalues of TI

elasticity tensor from its closest-isotropic elasticity tensor.

We plotted the values of the projection for each 10-gridded orientations of slip and

normal vectors around the unit sphere in order to see the distribution properly. Thus,

we plotted the projection of source tensor d onto different eigenspaces. In doing so,

various materials were used for data of elastic parameters and eigenvalues such as shale,

dry-cracks etc. Then the norms of the elasticity tensors of various materials has been

calculated and plotted. The maximum and minimum points in the norm plots and the

ratios of the maximum and minimum eigenvalues of various materials were found to be

similar to each other. The eigenvalues of moment tensor for different anisotropic focal

regions have been shown. Thus, the relation between isotropic component amount and

γ values were illustrated. Lastly, the strength of anisotropy is evaluated and related

with the invariants of the moment tensors.
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ÖZET

ANİZOTROPİK ODAK BOLGESİ MOMENT TENSORÜN

YAPISINI NASIL DEĞİŞTİRİR ?

Bu çalışmada, dikey transvers izotropik (TI) odak bölgesindeki kaynakların farklı

oryantasyonlar için moment tensörlerindeki değişmezlerin nasıl değiştiğini gösteriyoruz.

Moment tensörlerinin değişmezleri, yani normları , izleri ve özdeğerleri, sırasıyla sis-

mik moment, izotropik bileşen ve yayınım paterni gibi fiziksel yorumlara sahiptir. Bu

sebeple, bu değerlerin odak bölgesinin belirli bir elastisite tensörü için nasıl değiştiğini

bilmek çok önemlidir. Bu değişmezler, TI elastisite tensörünün özdeğerlerinin en yakın

izotropik tensöründen değişimi ile ilişkili olan anizotropinin gücüne önemli bir şekilde

bağlıdır.

Dağılımı düzgün görebilmek için küre etrafındaki her 10 gridli kayma yönü ve

normal vektörler için izdüşüm değerlerini çizdik. Böylece, kaynak tensör d’nin farklı

özuzaylara projeksiyonunu çizmiş olduk.Bunun için elastik parametreleri ve özdeğerleri

verilen şeyl,kuru-çatlak gibi çeşitli materyaller kullanıldı.Daha sonra bu farklı malzemelerin

normları hesaplanmış ve grafiğe dökülmüştür.Norm plotlarındaki maksimum ve mini-

mum noktaları ile çeşitli materyallerin maksimum ve minimum özdeğerlerinin oranları

alınarak birbirlerine ne kadar benzedikleri bulundu. Son olarak, anizotropinin gücü

değerlendirilir ve moment tensörlerin değişmeyenleri ile ilişkilendirilir.
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1. INTRODUCTION

In Earth crust and upper mantle, anisotropy might be the extensive feature for

geological structures [2, 20, 23].

Many geological developments may lead to anisotropy such as sedimentary lay-

ering, fractures or cracks. It is a well-known fact that seismic observations are affected

by anisotropy significantly. For instance, when seismic source is located inside an

anisotropic medium, the waves generated are affected and leads to different radia-

tion patterns. So the seismic wave propagations are affected by anisotropy eventually

[29]. Therefore many scientists have studied anisotropy in order to understand how

anisotropy affects the seismic waves and their wave propagation [2, 9, 12, 18, 29].

After that the scientist had curiosity about that the generation of seismic waves

are affected by which anisotropy type in order to estimate the anisotropy type. But

too many problems must have to solved. One of them is Greens function calculation

[3, 4, 5, 7, 9, 11, 19, 26]. And the second one is calculating the seismic moment tensor

in anisotropic focal media and its focal mechanisms. Kawasaki & Tanimato [15] have

illustrated that in anisotropic focal media shear faulting might produce the mechanisms

with non- DC components. Many scientist have been also mentioned and discussed the

anisotropy as a possible cause of non-DC mechanisms [10, 13, 14, 21, 27, 28, 29].
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Understanding the structure of the moment tensor plays a significant role to

define seismic sources effectively. Studies of the full moment tensor inversions shows

that some events have non-DC moment tensor structure. In other words these kind of

events have both isotropic (ISO) and compensated linear vector dipole(CLVD) such as

volcanic activities, nuclear explosions, hydraulic fracturing.

The goal of this thesis is to show how the invariants of the moment tensors change

for different orientations of sources in a vertical transversely isotropic (TI) focal region.

It is important to know how these values change for a given elasticity tensor of the

focal region.

In Chapter 2, equation of motion and its green’s function solution are shown.

The relation between the definition of moment density tensor and point source as-

sumption is stated. Moment and source tensors are expressed in Kelvin notation and

moment tensor decomposition is shown. In Chapter 3, eigenspaces of TI elasticity ten-

sors and isotropic(ISO) elasticity tensors are shown. In Chapter 3, for each 10-gridded

orientations of the slip and normal vectors around the unit sphere, the values of the

projections, namely (Σi.d), are plotted on the steographic projection net for different

materials. Norm of a moment tensor is expressed and plotted for different materi-

als. Distribution of the isotropic percentage of the moment tensor which has different

source orientations is shown. In order to understand the mechanism of seismic source,

the eigenvalues of the moment tensor is used. The eigenvalues of moment tensors of

seismic sources occurring in different anisotropic focal regions are plotted on the basic

lune. Lastly, the deviation angles of the eigenvectors for different source orientations

is plotted.
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2. THEORETICAL BACKGROUND

2.1. Equation of Motion

Equation of motion can be written by using Newton’s second law as

ρ(x)Üi = fi(x, t) + σij,j , i ∈ {1, 2, 3} (2.1)

where density ρ, dots over a symbol imply time derivative, displacement is U , body force

is fi, x is spatial variable and t is time, σij denotes stress tensor. Comma after indices

indicates spatial derivative. Throughout this text, Einstein’s summation convention

will be used, i.e. repeated indices imply summation.

The stress and strain of the material are connected by a linear relationship which

is called Hooke’s law.

σij = Cijklεkl, (2.2)

where Cijkl is a fourth rank tensor which represents elastic parameters of medium. The

strain tensor, denoted by εkl, can be defined in terms of displacements as

εkl =
1

2
(Uk,l + Ul,k). (2.3)

Substituting the definition of strain tensor into Hooke’s law, stress tensor can be ob-

tained as
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σij = Cijkl
1

2
(Uk,l + Ul,k)

=
1

2
(CijklUk,l + CijklUl,k)

=
1

2
(CijklUk,l + CijklUl,k) since Cijkl = Cijlk

= CijklUk,l because of Einstein’s summation convention. (2.4)

Note that Cijkl = Cijlk due to the symmetry of elasticity tensor.

If equation (2.2) is applied to equation (2.1), the equation of motion becomes

vector wave equation in the absence of interior body force

ρÜi = CijklUk,lj

= (CijklUkl),j

= Cijkl,jUk,l + CijklUk,lj

= CijklUk,lj, (2.5)

assuming that the medium is homogeneous i.e. Cijkl,j = 0. Equation (2.5) is the vector

wave equation in homogeneous, anisotropic medium.
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2.2. Green’s Function Solution of Vector Wave Equation

Figure 2.1. Representation of domain (V), measurement points ((x,t)), boundary (δV ), and

the source region (V ′).

Assume that we want to solve vector wave equation (2.4) in medium V in order

to have a unique solution U of equation (2.4), boundary conditions of U should be

given.

Green’s function can be defined as the response of the medium to unique impulse.

Unit impulse means a signal whose momentum is equal to unity. More Precisely unit

impulse is defined by Dirac delta function.

Definition of Dirac Delta Function

δ(x− x0)δ(t− t0) = 0 , ∀x 6= x0 and t 6= t0 and

∫∫∫
V

δ(x− x0)δ(t− t0) dx dt = 1 (2.6)
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Suppose that for unit impulse (δ(x−x0)(t−t0)),response function is known which

is G(x, t;x0, t0). In other words Green’s function satisfy the following equation

CijklGk,lj − ρG̈i = δ(t− t0)δ(x− x0). (2.7)

Then the solution for the displacement can be given as

Un(x, t) =

∫∫∫
V

f(x′, t′)Gni(x, t;x
′, t′) dv(x′)

+

∫∫
Σ

hi(x, t)Gn,k(x, t;x
′, t′) dΣ,

(2.8)

where Un(x, t) is n-th component of the displacement at the receiver location and time,

Gni(x, t;x
′, t′) is the n-th component of the displacement at (x,t) due to the source

along i-th direction at (x’,t’),((x,t)) is receiver location and time, ((x’,t’)) is source

location and time.hi(x, t) is traction boundary condition. The solution 2.10 can be

modified for faulting problems as

Un(x, t) =

∫∫
Σ

[Ui(ξ, τ)]n̂j(ξ)Cijkl ∗Gnk,l(x, t; ξ, τ) dΣ(ξ) (2.9)

where Un(x, t) is displacement at the receiver, [Ui(ξ, τ)] is slip which means displace-

ment at the fault, n̂j(ξ) is unit normal vector of the fault, Cijkl(ξ) is elasticity tensor

of the source region, (x,t) is receiver point and time, (ξ, τ) is a fault point and time

and Gnk,l(x, t; ξ, τ)is Green’s function of the medium which means response of the

Dirac-delta at the point ξ and τ .

2.3. Definition of Moment Density Tensor versus Point Source Assumption

Observe that Ui(ξ, τ)n̂j(ξ)Cijkl represents the fault source in equation 2.9.

The solution [Un](x, t) can also be written as,

Un(x, t) =

∫∫
Σ

Mkl(ξ, τ) ∗Gnk,l(x, t; ξ, τ) dΣ (2.10)
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Mkl = [Ui(ξ, τ)]n̂jCijkl (2.11)

where Mkl(ξ, τ) is called the moment density tensor.In order to avoid taking integral

in the expression of Un(x, t) , assuming that;

i)n is constant throughout the surface Σ which is a plane,

ii)Cijkl is a constant on the plane Σ and the focal region is assumed to be isotropic.

In general, seismologists are more prone to use point source by choosing the periods of

data for surface Σ. Point source assumption is the waves which are radiated from the

different elements dΣ are approximately in phase [1]. Therefore, the displacement field

at the receiver point is found by convolving the moment density tensor at the different

points of the fault with the Green’s function. When ξ is fixed, then expression is given

in equation (2.9) can be written as

Mkl =

∫∫
Σ

[Ui(ξ, τ)]n̂j(ξ)Cijkl(ξ) ∗Gnk,l(x, t; ξ̄, τ) dΣ,

= (

∫∫
Σ

[Ui(ξ, τ)]n̂j(ξ)Cijkl(ξ) dΣ) ∗Gnk,l(x, t; ξ̄, τ) (2.12)

where ξ̄ might be taken as the centroid of the earthquake, thus, Green’s function can be

taken out from integral.Thus, the point source moment density tensor can be written

as

Mkl =

∫∫
Σ

[Ui(ξ, τ)]n̂j(ξ)Cijkl(ξ) dΣ. (2.13)

Suppose that Σ is a planar surface, n̂ can be taken out from the integral due to

the fact that n̂ does not change according to different surface elements.Furthermore,

Cijkl can be taken as a constant on the fault plane, so, the moment density tensor

expressed in equation (2.12) becomes

Mkl = n̂jCijkl

∫∫
Σ

[Ui] dΣ, (2.14)
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To consider the slip as a constant, slip at the fault must be divided by the area

of the fault surface which is A =
∫∫

Σ
dΣ. Then the moment tensor of a point source

can be shown as

Mkl = [Ūi]njCijkl, (2.15)

whereMkl is thepoint source moment tensor and n = An̂jis the fault normal vector

whose magnitude is the area of the fault plane. [Ū ] is constant.

Thus, the displacement at the receiver point and time (x,t)can be evaluated as

Un(x, t) = Mkl ∗Gnk,l(x, t; ξ̄, τ). (2.16)

where Mkl is the point source moment tensor explained in equation(2.15).

The difference between the moment density tensor and moment tensor is that the

moment tensor of point source which expressed in equation(2.15) has a fault normal

whose magnitude is equal to the fault area, however the moment density tensor includes

a unit fault normal vector.

2.4. Moment and Source Tensor Expressed in Kelvin Notation

The purpose of this section is in order to show that the point-source moment

tensor can be written as matrix equation. In other words, we want to write down

moment tensor as a vector and elasticity tensor as a matrix. By doing this, linear

algebra operations can be easily applied [6].

In order to do so, equation (2.15) can be written by using the source tensor

instead of u and n. Then the moment tensor expression becomes

Mkl =
1

2
Cijkl([Ui(ξ, τ)]nj + [Uj(ξ, τ)]ni)

= CijklDij, (2.17)
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where in order to simplify the notation, the average and constant slip function have

been denoted by [Ui] instead of [Ūi]. The first equality follows from the symmetry of

the elasticity tensor i.e. Cijkl = Cjikl.For second equality, the second-rank tensor Dijis

defined by the tensor product of [U] and n as

Dij =
1

2
([Ui]nj + [Uj]ni), (2.18)

=
1

2


2[U1]n1 [U1]n1 + [U2]n1 [U1]n3 + [U3]n1

[U1]n1 + [U2]n1 2[U2]n2 [U2]n3 + [U3]n2

[U1]n3 + [U3]n1 [U2]n3 + [U3]n2 2[U3]n3

 (2.19)

where D is known as the source tensor or potency tensor (Vavrycuk,2005). Equation

(2.18) can be written using tensor product as

D =
1

2
([U]⊗ n + n⊗ [U]), (2.20)

where the components of the tensor product is indicated as a⊗ b = aibj.

Note that equation (2.17) has the same form of Hooke’s law, in other words

the fourth-rank tensor relates two second rank tensor. Hence, it can be written in a

matrix form using Kelvin notation.The biggest advantage of Kelvin notation is that

using theorems and tools of linear algebra such as determining its eigenvalues, eigen-

vectors and decomposing the elasticity tensor. For using Kelvin representation, norm

preserving map should be defined from the space of symmetric second-rank tensors to

six-dimensional vectors such as


M11 M12 M13

M12 M22 M23

M13 M32 M33

→



M11

M22

M33

√
2M23

√
2M13

√
2M12


,


D11 D12 D13

D12 D22 D23

D13 D32 D33

→



D11

D22

D33

√
2D23

√
2D13

√
2D12


(2.21)
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Since this moment tensor is symmetrical, it is sufficient to use only 6 parameters

when writing in vector notation as shown in equation (2.21). Likewise,the elasticity

tensor can be represented by 6x6 matrix as [6].

C =



C1111 C1122 C1133

√
2C1123

√
2C1113

√
2C1112

C1122 C2222 C2233

√
2C2223

√
2C2213

√
2C2212

C1133 C1133 C3333

√
2C3323

√
2C3313

√
2C3312

√
2C1123

√
2C2223

√
2C3323 2C2323 2C2313 2C2312

√
2C1113

√
2C2213

√
2C3313 2C2313 2C1313 2C1312

√
2C1112

√
2C2212

√
2C3312 2C2312 2C1312 2C1212


(2.22)

Note that the inputs in the right-top corner of the matrix appears two times in the

elasticity tensor, for example, C1123 = C1132. Likewise, the items in the down right

corner appears four times such as C2313 = C2331 = C3213 = C3231. On the other hand,

the items in the left-top corner appears only once. Hence, the coefficient
√

2, 2, 1

appears in the matrix representation respectively.

The equation (2.17) can be written by using matrix representation as

m = Cd, or (2.23)



m1

m2

m3

√
2m4

√
2m5

√
2m6


=



C11 C12 C13

√
2C14

√
2C15

√
2C16

C12 C22 C23

√
2C24

√
2C25

√
2C26

C13 C23 C33

√
2C34

√
2C35

√
2C36

√
2C14

√
2C24

√
2C34 2C44 2C45 2C46

√
2C15

√
2C25

√
2C35 2C45 2C55 2C56

√
2C16

√
2C26

√
2C36 2C46 2C56 2C66





d1

d2

d3

√
2d4

√
2d5

√
2d6


(2.24)

Square root of two in this equation only appear in off-diagonals because they are set

to be equal in norms.
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The following replacements indicate the indices of the tensors

(1, 1)→ 1, (2, 2)→ 2,(3, 3)→ 3 ,

(2, 3)→ 4 ,(1, 3)→ 5,(1, 2)→ 6 .

Kelvin notation preserves the norms of the corresponding structures, thus, the

elasticity matrix can be declared as a linear transformation in R6 now by using the

advantages of linear algebra.

2.5. Decomposition of the Moment Tensor

Equivalent body forces at a seismic point source can be identified as the mo-

ment tensor [8]. Moment tensors are used from small discharges to great earthquakes.

Double-couple (DC) type of the moment tensor denotes the equivalent of forces of

shear faulting acting on a planar fault in isotropic media. On the other hand, a lot of

studies have evaluated that seismic sources might show non-double-couple (non-DC)

components of the moment tensors [13, 17].

For instance an explosion might be the good example for non-DC source. But

non-DC can also be generated by collapse of a mine caves in a shear faulting with

non-planar fault [22, 24].

Moment tensor decomposition was proposed by Knopoff & Randall [16] in 1970

in order to detect which type of moment tensor should be used. They have divided the

moment tensor into three fundamental parts which are isotropic (ISO), Compensated

Linear Vector Dipole (CLVD), and Double-Couple (DC). There are many moment

tensor decompositions. But this one is broadly accepted due to this proposal was

proved to be useful for many physical interpretations and many scientist have studied

on this decomposition and further developed it. We need efficient moment tensor

decomposition in order to interpret the source elaborative.

In order to decompose a moment tensor, firstly, moment tensor M is diagonalized

and reconstituded to three types of source such as ISO, DC, CLVD.
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Moment tensor decomposition can be shown as,

M = MISO + MDC + MCLV D, (2.25)

For decomposing the seismic moment tensor, eigenvalues and orthonormal basis of

eigenvectors are used.

M = M1e1 ⊗ e1 + M2e2 ⊗ e2 + M3e3 ⊗ e3 (2.26)

where

M1 ≥M2 ≥M3 (2.27)

e1, e2 and e3 are vectors that they can be expressed as T (tension), N (null) and P

(pressure) axes respectively. The symbol ”⊗” illustrates cross-product of two vectors.

There are two elementary properties of moment tensor and these are separated

in Equation (2.26) : One of them is the orientation of source and the other one is

type and size of the fault. All of those properties are defined by three eigenvectors

and eigenvalues of M respectively. Considering physical reasons, the three reasons

in Equation (2.26) can be reconstructed as Isotropic (ISO), Double-Couple (DC) and

Compensated Linear Vector Dipole (CLVD) parts Figure (2.2) as [16].

M = MISO + MDC + MCLV D

= MISOEISO + MDCEDC + MCLV DECLV D (2.28)

where EISO,EDC ,ECLV D are the elementary tensors of the ISO, DC and CLVD.

MISO,MDC ,MCLV D are the moments of ISO, DC and CLVD.
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Figure 2.2. Reconstruction of ISO, DC and CLVD parts of moment tensor.

The base tensors can be shown as [31];

EISO =


1 0 0

0 1 0

0 0 1

 ,EDC =


1 0 0

0 0 0

0 0 −1

 ,

E+
CLV D =

1

2


2 0 0

0 −1 0

0 0 −1

 ,E−CLV D =
1

2


1 0 0

0 1 0

0 0 −2

 , (2.29)
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ECLV D is consist of E−CLV D and E+
CLV D. E+

CLV D is used if M1 + M3 − 2M2 ≥ 0,

likewise E−CLV D is used ifM1 + M3 − 2M2 < 0. Consequently, CLVD tensor is aligned

the axis with the deviatoric eigenvalue whic has the largest magnitude. The Unit

Spectral Norm is maximum dipole force of the base tensor is unity (Figure 2.2 ).

The values MISO,MCLV D and MDC which are defined in (2.28) can be shown as

follows

MISO =
1

3
(M1 +M2 +M3), (2.30)

MCLV D =
2

3
(M1 +M3 − 2M2), (2.31)

MDC =
1

2
(M1 −M3 − |M1 +M3 − 2M2|), (2.32)

where MCLV D comprises the sign of the elementary CLVD tensor. MCLVD is

calculated as the value of equation (2.31) when the elementary CLVD tensor (ECLV D)

is considered with its sign as in Equation (2.28).

In Equations (2.30,2.31,2.32) which are expressed above the values MISO,MCLV D

and MDC are normalized and denoted with seismic moment M . Moreover,the scale

factors of MISO,MCLV D and MDC are CISO,CCLV D and CDC respectively. In order to

determine;
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
CISO

CCLV D

CDC

 =
1

M


MISO

MCLV D

MDC

 (2.33)

To clear M up ;

M = |MISO|+ |MCLV D|+MDC (2.34)

Following equation is fulfilled by the scales factors CISO,CCLV D and CDc.

1 = |CISO|+ |CCLV D|+ CDC (2.35)

CDC is always positive which is implied by Equations (2.30,2.31,2.32,2.33,2.34)

and in range from 0 to 1. CCLV D and CISO are in range from −1 to 1.

As a result the decomposition of moment tensor M is showed below.

M = M(CISOEISO + CDCEDC + |CCLV D|ECLV D) (2.36)

Where norm of M is M and calculated using Eqn (2.34). The absolute value of

CLVD term is used due to the fact that the sign of the CLVD is included in elementary

tensor ECLV D[30].
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3. RESULTS

3.1. Shear Source In Anisotropic Focal Region

We know that Hooke’s law is used for elastic cases. But once the fault has been

ruptured, which means a permanent deformation, the behaviour of source is no longer

elastic. Hence Hooke’s law becomes inappropriate for faults. In other words, during

rupture the stress is finite on the fault. In this case the generalized Hooke’s law is used

as

M = CD, (3.1)

where M is moment tensor and C is elasticity tensor. M is proportional to D when

the medium is isotropic. In other words M and D have same eigenvectors.

The moment tensor of shear source occurs in transversal isotropic(TI) focal region

and depends on two angles

i) angle between the normal vector of fault and the infinite-fold rotation axis of TI

elasticity tensor,

ii) angle between the slip and the symmetry plane of the TI elasticity tensor.

Depending on those angles the norm of the moment tensor and the eigenvalues

of moment tensor change with respect to the symmetry axes of a TI elasticity tensor.

After observing this fact, we define moment tensor as an image of shear source under

the transformations in terms of TI elasticity tensor.

In order to consider the eigendecomposition of elasticity tensor C, it can be

written in tensor notation as

C = λC1 (Σ̂1 ⊗ Σ̂1) + λC2 (Σ̂2 ⊗ Σ̂2) + λC3 (Σ̂3 ⊗ Σ̂3)

+ λC4 (Σ̂4 ⊗ Σ̂4) + λC5 (Σ̂5 ⊗ Σ̂5) + λC6 (Σ̂6 ⊗ Σ̂6),
(3.2)
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where Σ’s denotes that the six eigenvectors with the corresponding eigenvalues λCi .

A TI elasticity tensor has four eigenspaces due to the fact that two of the eigen-

values duplicate two times. The eigenvectors of a TI elasticity tensor are shown in

Table 3.2 when the layers of a subsurface are horizontal [6].

Table 3.1: The Eigenvalues and Eigenvectors of TI Elasticity Tensor.

Eigenvectors of TI Elasticity Tensor TI Eigenvalues

Σ1 = ( 1√
2+γ2

)(1, 1, γ, 0, 0, 0) λTI1

Σ2 = ( 1√
4+2γ2

)(γ, γ,−2, 0, 0, 0) λTI2

Σ3 = (0, 0, 0, 1, 0, 0) λTI3

Σ4 = (0, 0, 0, 0, 1, 0) λTI4 = λTI3

Σ5 = (0, 0, 0, 0, 0, 1) λTI5

Σ6 = ( 1√
2
)(1,−1, 0, 0, 0, 1) λTI6 = λTI5

Herein γ ∈ R denotes the ratio of the strains along the z- axis with respect to

any axis in the xy-plane for TI media.

In order to compare the eigenspaces of TI elasticity tensor and Isotropic elasticity

tensor, eigenvectors and eigenvalues of Isotropic elasticity tensor are shown as

Table 3.2: The Eigenvalues and Eigenvectors of ISO(Isotropic) Elasticity Tensor.

Eigenvectors of ISO Elasticity Tensor ISO Eigenvalues

Σ1 = ( 1√
3
)(1, 1, 1, 0, 0, 0) λiso1 = 3λ+ 2µ

Σ2 = ( 1√
6
)(1, 1,−2, 0, 0, 0) λiso2 = 2µ

Σ3 = (0, 0, 0, 1, 0, 0) λiso3 = 2µ

Σ4 = (0, 0, 0, 0, 1, 0) λiso4 = 2µ

Σ5 = (0, 0, 0, 0, 0, 1) λiso5 = 2µ

Σ6 = ( 1√
2
)(1,−1, 0, 0, 0, 1) λiso6 = 2µ

where µ and λ are Lamé parameters.
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The difference between the two tables is in ISO tensor, γ is taken as unity due

to the fact that all directions are equivalent.

The word isotropic was used in two different ways. The first use, which were

used former, means the isotropy class of the fourth-rank elasticity tensors. Then the

second one is used for isotropic matrices. These isotropic matrices can be described as

proportional to identity matrix.

In order to comprehend the relation between the eigenvalues of transversely

isotropic (TI) elasticity tensors and their the closest-isotropic elasticity tensors, the

following approximation can be used

λiso1 ≈ λTI1 (3.3)

λiso2 ≈ λTI2 + 2λTI3 + 2λTI5

5
(3.4)

where the expression of the second approach is that shear modulus is proportional

to average TI eigenvalues which matches up with the deviatonic eigenspace. On the

other hand if γ does not equal to 1, Σ2 would not be a deviatoric tensor. Taking the

orthogonal projection of TI tensor on to the elasticity tensor’s isotropic linear subspace

may be an expression of how the closest-isotropic tensor is found.

The form of the moment tensor occurring in TI focal region can be found by

using equation (3.2) as

m = Cd

= λC1 (Σ̂1.d)Σ̂1 + λC2 (Σ̂2.d)Σ̂2 + λC3 (Σ̂3.d)Σ̂3

+λC4 (Σ̂4.d)Σ̂4 + λC5 (Σ̂5.d)Σ̂5 + λC6 (Σ̂6.d)Σ̂6. (3.5)



19

In Table (3.2) degenerated eigenspaces of TI elasticity tensors were shown, there-

fore Equation (3.5) can be written as follows

m = λTI1 (Σ̂1.d)Σ̂1+λTI2 (Σ̂2.d)Σ̂2+λTI3 ((Σ̂3.d)Σ̂3+(Σ̂4.d)Σ̂4)+λTI5 ((Σ̂5.d)Σ̂5+(Σ̂6.d)Σ̂6)

(3.6)

It can be said that every moment tensor of a seismic source which occur in an

anisotropic focal region is a linear combination of the eigenvectors of the elasticity

tensor of that focal region. In other words, the coefficients can be expressed as the

eigenvalues of the elasticity tensor and projection of d onto the eigenspaces. And these

coefficients also determine the space of all moment tensors which are occured in an

anisotropic focal region. Moreover, when the orientation of d change (strike,dip,rake),

the structures of moment change e.g. their norms, eigenvalues, traces.

3.2. Projections of Source Tensors Onto The Eigenspaces of Elasticity

Tensor

In anisotropic focal region, the structure of the moment tensor hinges on the

coefficients of the bases vectors that are the eigenvectors of elasticity tensor. These

values of projections may change for various orientations of the source tensor d, as

these coefficients are proportional to the projection values of the source tensor onto the

eigenspaces of elasticity tensor, namely (Σi.d). It is therefore important to understand

how the values of these projections change with respect to various orientations of the

source tensor d.

In this section, for each 10-gridded orientations of the slip and normal vectors

around the unit sphere, the values of the projections, namely (Σi.d), are plotted on the

steographic projection net. Fortunately, unlike the entries of the moment tensor, the

structure of the moment tensor is not changed with the strike of the fault, in a focal

region with a horizontal layering.
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The rake and dip angles are therefore sufficient in representing the slip vector

and the orientation of the fault. As a point on the net represents a particular fault

orientation and slip vector for a fixed strike direction, this characteristics of the TI

elasticity tensors with vertical normals enables one to plot the invariants of the moment

tensor on a steographic projection net.

Figure 3.1. Representation of TI medium and fault plane.

where cylinder and circle-shaped plane represent TI medium and dipping fault

plane respectively (Figure 3.1). For a TI medium with vertical infinite-fold axis, the

structure of the resulting moment tensors are not changed by strike direction.

For different orientations of the fault and slip vector, consider Figure (3.2) for

projections values of the source tensor onto the eigenspace < Σ3,Σ4 >. ||(Σ3.d)Σ3 +

(Σ4.d)Σ4|| formula is used in calculation of the values of the projections on the two-

dimensional eigenspace, written on each point.
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Figure 3.2. The source tensor d projections’ values onto the eigenspace < Σ3,Σ4 >.

In Figure (3.2), each point on the net corresponds to a downward-dipping slip

vector on a fault striking North (normal faults). In other words, the net is only plotted

with the slip vectors represented by the points on the lower hemisphere. Nevertheless,

the projections values are the same for the the slip vectors represented by the points

on the upper hemisphere (thrust faults).

For a focal region with a horizontal layering (the xy-plane), this symmetry makes

sense as the angle between the slip vector u and xy-plane and the angle between the

slip vector -u and xy-plane are the same. In addition, due to symmetry of TI elasticity

tensors with vertical infinite-fold rotation axis (horizontal layerings), there is another

significant property of these plots.
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Although the space of the source tensors is not completely covered by the source

tensors represented by points on the stereographic network, but the values of the pro-

jections shown on the graph in Figure (3.2) have been completed. More precisely, some

source tensors can only be obtained for faults striking in a different direction from the

North, for example d = (1, 1, 0, 0, 0, 0) can only be obtained when the strike is 45 ◦ .

Nonetheless, the value of the projection of d onto an eigenspace and the projection of

45-rotated d (hence strike becomes North) onto the eigenspace are the same.

Therefore, in terms of showing all the possible values of the invariants of the mo-

ment tensor, such as projections, norms, traces, eigenvalues, the figures are complete.

The source tensor D is first evaluated using equation (2.18) for the corresponding

unit fault normal n and unit slip vector u , to obtain the values of the projections on

the net. Then source vector d is evaluated using equation (2.21) in Kelvin notation.

Note that for unit vectors n and u, ||d|| = 1√
2

is equal to 0.71. As a consequence if

d∈< Σ3,Σ4 > , naturally, the value of these projection of d onto the that eigenspace

would be 0.71 as well.

Note that the eigenspace< Σ3,Σ4 > is the space which includes any slip directions

on xy-plane.In order to make it clear the eigenvector Σ3 = (0, 0, 0, 1, 0, 0) fits to a source

whose fault normal is along the z- axis,slip is along the y-axis. Like the Σ3, if fault

normal is along the z-axis and slip is along the x-axis in any source, this corresponds

to Σ4 = (0, 0, 0, 0, 1, 0).

Note that the projection values are strongly symmetrical; the first quadrants

of the net is repeated in the other three quadrants. As the angles between the slip

vectors (u1, u2, u3), (-u1, u2, u3), (u1, -u2, u3), (-u1, -u2, u3) and xy-plane are all identical,

where the slip vectors shown above lie in the first, second, third and fourth quadrants,

respectively, this is predicted in a focal region with a horizontal layering. Henceforth,

only the first quadrant of the stereographic net is going to be plotted due to symmetric

property of the plots.
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Figure 3.3. The projection of the source tensor d onto the eigenspace < Σ5,Σ6 > . Only the

first quadrant is plotted as the values of the projections in the other three quadrants are

symmetrical.

As demonstrated in Figure(3.3) when u= (0, 1, 0) and n = (1, 0, 0), accordingly

d = (0, 0, 0, 0, 0, 1) ∈ Σ5 gets the maximum value of the projection onto the eigenspace

< Σ5,Σ6 >.

It can be noticed that, the projections of source tensors onto the eigenspaces

< Σ3,Σ4 > and < Σ5,Σ6 > are almost dual to each other by taking into account

Figures (3.2) and (3.3). In other words, along the orientations of source where minimum

values are taken by the projections onto < Σ5,Σ6 >, the projections onto< Σ3,Σ4 >

take maximum values and vice versa. In addition, the white regions (local min) in

Figure (3.2), e.g. dip= 50 and rake= 90, becomes black regions (local max) in Figure

(3.2). When considering in the next section the norms of moment tensors, this duality

relationship between the eigenspaces will be significant.

In Figures (3.5) and (3.4), respectively, the values of the source tensor projections

onto the eigenspaces Σ1 and Σ2 for different dip and rake values were plotted. These

values are important as in the resulting moment tensor they specify almost all of the

non-DC components. However, unlike the projections onto < Σ3,Σ4 > and < Σ5,Σ6 >,

the projections depend the value of γ.
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Therefore, each of Figures (3.5) and (3.4) contains two plots showing the projec-

tions of different γ values on the eigenspaces, namely, different elasticity tensors listed

in Table (3.3) or (3.4).

One of the main characteristics of the Figures (3.2) and (3.3) is that they both

attain their maximum and minimum values in the same orientations of the source tensor

(the black and white regions are similar). The non-DC components of the resulting

moment tensor thus increase along the orientations of the source where both projection

values increase (black regions).

It can also be concluded from Figure (3.4) that the values of the projections onto

Σ2 are not responsive to γ; while it is not the case for the projection onto Σ1.

Figure 3.4. The projection of the source tensor d onto the eigenspace Σ2 of elasticity

tensors of (a) Shale I and (b) Dry Cracks, γ values are 0.77 and 0.55, respectively (Table

3.4). In comparison to the projections onto eigenspaces < Σ3,Σ4 > and < Σ5,Σ6 >, the

projection onto Σ2 depends on γ . Observe from the figures, however, that the value of the

projection of a shear source onto Σ2 is not very responsive to γ.
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Figure 3.5. The projection of the source tensor d onto the eigenspace Σ1 of elasticity

tensors of (a) Shale I and (b) Dry Cracks, whereγ = 0.77 and γ = 0.55, respectively (Table

3.4). In contrast to the other projections, the projections ontoΣ1 , i.e. (Σ1.d), have very

small values as d is a shear source andΣ1 is close to the identity matrix.

Table 3.3: Elastic parameters.

Rocks C11 C33 C44 C12 C13

Dry Cracks 53.51 33.35 14.28 17.79 12.32

Water-Filled Cracks 56.62 56.11 14.28 20.90 20.75

Periodic Thin Layers 32.27 24.84 7.95 11.91 9.51

Sandstone 55.0 46.53 16.26 15.65 20.89

Shale-I 58.81 27.23 13.23 11.73 23.64

Shale-II 34.30 22.70 5.40 13.10 10.70

Gneiss 102.7 71.80 26.90 25.1 25.2

Schist 113.8 88.50 29.9 30.2 23.0

Phyllite 120.2 97.9 32.3 30.3 23.9

Slate 123.3 80.05 21.1 31.3 40.4
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Table 3.4: Eigenvalues of materials.

Rocks λ1 λ2 λ3 = λ4 λ5 = λ6 γ

Dry Cracks 78.09 26.56 28.56 35.72 0.55

Water-Filled Cracks 98.05 35.58 28.56 35.72 0.99

Periodic Thin Layers 51.07 17.95 15.90 20.36 0.72

Sandstone 90.50 26.68 32.52 39.35 0.95

Shale-I 88.72 9.05 26.46 47.08 0.77

Shale-II 54.58 15.52 10.8 21.2 0.62

Gneiss 145.12 54.48 53.8 77.6 0.69

Schist 159.01 73.49 59.8 83.6 0.65

Phyllite 167.03 81.37 64.6 89.9 0.69

Slate 185.65 49.45 42.2 92.0 0.77

3.3. Norm of A Moment Tensor

The norm of moment tensor can be expressed in terms of eigenvectors and eigen-

values of the elasticity tensor of the focal region. This can be done by using eigende-

composition, namely equation (3.5).

Observe that the norm and the eigenvalues of M change as the projection of

d(ψ, φ, ξ) onto the eigenspaces Σi varies for different strike-dip-rake angles. In order

to see that the norm of the equation (3.5) should be taken as



27

||m||2 = ||λC1 (Σ̂1.d)Σ̂1||2 + ||λC2 (Σ̂2.d)Σ̂2||2 + (3.7)

||λC3 (Σ̂3.d)Σ̂3||2 + ||λC4 (Σ̂4.d)Σ̂4||2 +

||λC5 (Σ̂5.d)Σ̂5||2 + ||λC6 (Σ̂6.d)Σ̂6||2

Since all Σ̂i’s are perpendicular to each other,

= (λC1 (Σ̂1.d))2 + (λC2 (Σ̂2.d))2 + (λC3 (Σ̂3.d))2 + (3.8)

(λC3 (Σ̂4.d))2 + (λC5 (Σ̂5.d))2 + (λC5 (Σ̂6.d))2

since ||Σ̂i|| = 1

= (λM1 )2 + (λM2 )2 + (λM3 )2 (3.9)

where the last line demonstrates that the norm square is equal to the to the summation

of the squares of the eigenvalues of M, where λMi states the eigenvalues of the moment

tensor in term of i ∈ {1, 2, 3}.

Due to the fact that the stiffness of the anisotropic focal region is direction-

dependent, the norm of the moment tensor depends on slip orientation and normal

vectors. Consequently, stiffer direction has greater norm for a unit source tensor.

The norm of a moment tensor can be explicated as seismic moment in anisotropic

focal region. In anisotropic focal region seismic moment does mean the norm of a

moment tensor. Definition of seismic moment in isotropic focal region can be expressed

as

M0 = µ||u||||n|| = ||m||√
2

(3.10)

This definition can be interpreted geometrically by the deviatoric eigenspace. In other

words, shear source tensor lies only in one of the eigenspaces of isotropic elasticity

tensor.
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Therefore, the norm of a moment tensor in isotropic focal region can be shown

as

||m|| = ||λC2 .d|| = λC2 ||u||||n||
1√
2

= 2µ||u||||n|| 1√
2

=
√

2µ||u||||n|| (3.11)

where λC2 = 2.µ and demonstrates the eigenvalue of deviatoric eigenspace, µ is shear

modulus and ||d|| = ||u||||n|| 1√
2
.

Contrary to isotropic focal region,in anisotropic focal region the source tensor d

does not have to lie in only one of the eigenspaces of anisotropic elasticity tensor.

We can say that norm of the moment tensor hinges on both the eigenvalues of

anisotropic elasticity tensor and the projection values of the source tensor onto the

eigenspaces, from Eqn (3.7).

The order relations of the eigenvalues of the focal regions elasticity tensors play

an important role for the norm of moment tensors. Due to the different orders of

eigenvalues, the plot of the norm can be shown in two different forms. Two different

forms are shown in Figure (3.6). These forms illustrate either increasing or decreasing

directions and also the extremum orientations. The matter is that, Figure (3.6a) shows

that,if λ2 > λ3 then the orientations where rake > 50◦ and 40◦ < dip < 50◦, would

become local maximum which is shown as black region.On the other hand, contrary

to Figure (3.6a), Figure (3.6b) shows that orientations become local minimum and it

is also shown as white region, since λ3 > λ2. The boundary region can be observed

when dip angel equals to 0◦ and rake > 40◦. It can also be called as local minimum

for Figure (3.6a), and local maximum for Figure (3.6b).

Note that Figure (3.6a) is a combination of Figure (3.3) and Figure (3.4). Likewise

Figure (3.6b) is also combinations of Figure (3.2) and Figure (3.3). The order relation

of elasticity tensor eigenvalues plays crutial role in understanding the moment tensor

structure. In order to consider which terms most dominate the norm, equation (3.15)

can be considered.
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Figure 3.6. Plot of the norm of the moment tensors for different sources with two different

materials which is given in Table (3.4).a) Showing if λ2 > λ3 then the orientations where

rake > 50◦. b) Showing when dip angle is 40◦ < dip < 50◦ the region would become local

maximum which is shown as black region. It can be observed that how order relation of

eigenvalues affect the form of norm plots.

Both eigenvalues and the projections of source tensor onto the corresponding

eigenvalues are used to detect this situation.

According to Table (3.4), λ1 is the greatest eigenvalue of a TI media.λ1 would

be corresponds to , λiso1 which is the first eigenvalue of isotropic media. Obviously λ1

and λiso1 would be taken into account that they are similar except for one condition.

That is γ value can be observed in eigenvectors of TI elasticity tensor. Even if λ1 is the

greatest eigenvalue among the eigenvalues ,its weight on the norm is small. Because

the projection has very small value (Σ̂1.d) when comparing the other projection values

(Figure 3.5).
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Generally λ5 is the second greatest eigenvalue of TI elasticity tensors as a conse-

quence the term (λ5(Σ̂5.d))2+(λ5(Σ̂6.d))2 dominates the norm. Observing the similarity

of the norm plot (Figure 3.6a) and the projection onto the eigenspace < Σ5,Σ6 > may

be helpful to infere this fact. In Figure 3.6a, the black region, where rake > 40◦ and

40◦ < dip < 50◦, is more highlighted due to the term (λ2(Σ̂2.d))2 (Eqn 3.7) can be

considered as an one and only difference and it dominates those orientation (Figure

3.4). Besides that in Figure (3.6b) same region which is illustrated as white becomes

local minimum due to the term (λ3(Σ̂3.d+ Σ̂4.d))2 sharply decreases (Figure 3.2).

Therefore, eigenvalues of elasticity tensors have an important role in terms of

the variation of the norm of moment tensor for different slip orientations and normal

vectors if λmin and λmax are the minimum and maximum eigenvalues of TI elasticity

tensor, but λ1 the variation of norm can be considered as with ratio λmin

λmax
.

For example, the eigenvalues of slate are given in Table 3.4. It has the ratio

λmin

λmax
= 42.2

92
= 0.4587. Then when we look at the ratio of maximum and minimum

values of the norm for different orientations (Figure 3.7) it will be 29.84
65.05

= 0.4587.
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Figure 3.7. Plot of the norm of the moment tensors of source with the eigenvalues of Slate.

(3.4).

As we have mentioned above,the order relation of eigenvalues affect the form of

norm plots. Therefore in Figure (3.7) order relation of eigenvalues of slate is stated

as λ3 < λ2 < λ5 (Table 3.4). λ1 is neglected due to its weight on the norm is very

small. As a result, the eigenvalues of elasticity tensor of the focal region dominate the

variation of the norm of the moment tensor.

3.4. Isotropic Components of Moment Tensors

The percentage of the isotropic-component of a moment tensor hinges on the

slip and normal vectors. Unlike isotropic focal region, in anisotropic region, the shear

source may lead to isotropic component.

Note that the word ”isotropic” has used in two different ways before. The first

”isotropic” means the isotropy class of the four-rank elasticity tensors. Then the second

one will be used for expressing the isotropic-component of moment tensor.

In Equation (3.5) , two terms specifies the amount of isotropic component of a

moment tensor which includes the eigenspaces Σ1 and Σ2. Since the other eigenspaces

have no trace, the rest of the terms does not contribute to isotropic component.
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In Table (3.2), the eigenspaces Σ1 and Σ2 have γ parameter where γ determines

the amount of isotropic-component of moment tensor. In order to clarify that, if γ

equals to 1 due to Σ1.d = 0 and eigenspaces Σ2 becomes traceless then the shear source

doesn’t lead to isotropic-component. Determining the amount of isotropic component

can be done by understanding the deviation of gamma. If we want to rephrase this

determining the amount of isotropic component can be done by understanding the

deviation of γ. The isotropic component of moment tensor can be derived from equation

(3.5) as

miso = λC1 (Σ1.d)(
2 + γ

3
,
2 + γ

3
,
2 + γ

3
, 0, 0, 0)

1√
2 + γ2

+λC2 (Σ2.d)(
2γ − 2

3
,
2γ − 2

3
,
2γ − 2

3
, 0, 0, 0)

1√
2γ2 + 4

(3.12)

where the vectors are isotopic components of Σ1 and Σ2.

Vavrycuk has used the formula which is mentioned below, in order to estimate

the isotropic percentage of given moment tensor Eqn (3.13) [29].

ISO =
1

3

Trace(M)

|M|MAX||
.100 (3.13)

Equation (3.13) can be revised as belowed formula. In Equation (3.12) ratio of

the eigenvalues of isotopic component and the moment tensor are used to evaluate of

isotopic percentage for given moment tensor.

ISO% =
λiso

λmax
.100

=
1

3

Tr(m)

λmax

(3.14)
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where λiso is eigenvalue of the isotropic component of miso which is shown in Eqn

(3.12). Another term Tr(m) is trace of m. In addition to this, due to the fact that

norm of the isotopic component and the moment tensor are related by the formula,

they both can be used for calculating the isotropic percentage.

||m||2 = ||miso||2 + ||mdev||2 (3.15)

where the term mdev is deviatoric component of the moment tensor. The above for-

mula is valid due to the fact that the both isotropic spaces and deviatoric spaces are

orthogonal subvector spaces of second rank tensors. After that the percentage can be

gained as follows

ISO% =
||miso||2

||m||2
.100 (3.16)

=
||TR(m

3
(1, 1, 1, 0, 0, 0)||2

||m||2
.100 (3.17)

= (
Tr(m√
3||m||F

)2.100 (3.18)

The CLVD and DC component share remaining percentage.

Following figures are derived from the formulas (3.14) and (3.16). For different

orientations of the source, the variation of the isotropic percentage is showed in Figure

(3.9).

Figure (3.8a) shows the distribution of the isotropic percentage of the moment

tensor which has different source orientations. This distribution is evaluated using the

formula (3.16). But the Figure (3.8b) is evaluated by using the formula (3.14).Both

two figures are prepared for (γ = 0.55)
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Figure 3.8. Distribution of the isotropic percentages of the moment tensor.a)the

distribution of the isotropic percentage of the moment tensor which has different source

orientations using the formula (3.16).b)the distribution of the isotropic percentage of the

moment tensor using the formula (3.14).

One of the significant differences between the formulas is that Equation(3.14) is

used in order to find isotopic percentage. After determining the isotopic percentage, for

formula (3.14) the remaining percentages for deviatoric parts also must be calculated.

The formulas about remaining parts has shown as follows [29]

CLV D% = 2ε(100%− |ISO|) (3.19)

DC% = 100%− |ISO| − |CLV D| (3.20)

The deviatoric parts which are CLVD and DC components can be obtained using the

formulas (3.19,3.20)as follows

CLV D% = 2ε(100%− ISO%) (3.21)
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DC% = (100%− ISO%− CLV D%) (3.22)

where ε implies the ratio of minimum eigenvalue and maximum eigenvalue of the devi-

atoric part. Considering the above equations, the isotropic percentage is subtracted in

order to ensure that the sum of the components is 100%. That is to say, these formu-

las do not take advantage of the orthogonality of isotropic and deviatoric subspaces.

Nevertheless, CLVD space and DC tensors are not vector spaces, and this is also the

reason why it is not unique in moment tensor decomposition.

Figures (3.8 and 3.9) imply the variety of the isotropic percentages for different

source orientations.

It is observed that the isotropic percentages decrease as the γ values approach to

the unity due to the traces of moment tensors get closer to zero.

Figure 3.9. The distribution of the isotropic percentages for different sources.a) Prepared

for sandstone(γ = 0.95) focal region with the elasticity tensor which indicated in

Table(3.4).b) Prepared for slate (γ = 0.77)

Figure (3.9) shows the distribution of the isotropic percentage of the moment

tensor which has different source orientations. This distribution is evaluated using the

formula Figure (3.16). Figure(3.9a) is prepared for sandstone(γ = 0.95) focal region

with the elasticity tensor which indicated in Table(3.4). On the other hand Figure

(3.9b) is prepared for slate (γ = 0.77).
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3.5. Eigenvalues of Moment Tensor

The eigenvalues of the moment tensor determines the mechanism of seismic

source. In anisotropic focal regions, unlike isotropy, the eigenvalues of moment ten-

sor varies for every orientation of the slip and normal vectors. Consequently,these

orientations affects the radiation pattern of the seismic source significantly.

The following Figure (3.10) illustrates the eigenvalues of moment tensors for dif-

ferent anisotropic focal regions on a fundamental lune [25]. With regard to Figure

(3.10) isotropic component amount increases as γ values decrease.

Figure 3.10. Basic lune is showing the eigenvalues of moment tensors of seismic sources

occurring in different anisotropic focal regions.
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In order to plot the eigenvalues on a unit sphere, the eigenvalues are performed

by unit vector (λ1, λ2, λ3) with λ1 ≥ λ2 ≥ λ3. The deviatoric moment tensors imply

the equatorial curve and pure explosion i.e. isotropic moment tensor performed on

north-pole. The equatorial curves are cut by the vertical curves from left to right

which are pure CLVD(2,-1,-1), pure DC (1,0,-1), pure CVLD(1,1,-2). In Table (3.4),

elasticity tensor of Water-filled Cracks is given as (0.99) and the black dots which is

very near to the equatorial curve that means deviatoric moment tensors. And implies

the eigenvalues of moment tensor eventuated in that focal region. From down to up

,the other moment tensors are performed for some focal regions with different elasticity

tensors which are given in Table (3.4) such as Sandstone(0.95),Slate(0.77),Gneiss(0.69)

and Dry-Cracks(0.55). Consequently, as much as the γ values decrease, the amount of

isotropic percentage of moment tensors would be increased oppositely.

3.6. Deviation of Eigenvectors

The testatum formulas are used to determine the orientations of source from the

eigenvectors of the moment tensor in isotropic focal regions generally.

[û] =
1√
2

(ê1 + ê2) (3.23)

[n̂] =
1√
2

(ê1 − ê2) (3.24)

where û corresponds to unit slip vector and similary n̂ is the unit normal vectors.

Both û and n̂ are the unit eigenvectors. Those eigenvectors correspond to moment

tensors non-zero eigenvectors. In this case, it is supposed that source region is shear.

In other words for this case we can presume û.n̂ = 0
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In an anisotropic focal region eqn (3.23) and eqn (3.24) are not valid. We expect

that, eigenvectors of moment tensor should be aligned along the û and n̂ ’s bisectors.

But in anisotropic focal region this is not the case . For this reason, we want to

know that how much anisotropic elasticity tensor rotates the eigenvectors of the source

tensor. Then, deriving the source orientations from the eigenvectors of moment tensor

process, the amount of error can be found this way.

The strength at anisotropy can be related with the deviations of the eigenvectors

of the moment tensor. The strength of anisotropy is shown in (Table 3.5). In other

words, the strength of anisotropy means the distance of elasticity tensors to isotropic

symmetry class.

Table 3.5: The strength of anisotropy.

Rocks λiso1 λiso2 λTI1
λTI
2 +2λTI

3 +2λTI
5

5

Deviation of

eigenvalues

from CISO

Dry Cracks 75.0767 31.6267 78.0857 31.0249 13.1523

Water-Filled Cracks 98.05 32.828 98.0515 32.8277 4.268

Periodic Thin Layers 50.4133 18.2253 51.0747 18.0931 4.8284

Sandstone 90.4633 34.0933 90.4997 34.0861 7.6786

Shale-I 87.6233 31.4453 88.7176 31.2265 24.7698

Shale-II 53.4333 16.1333 54.5821 15.9036 6.8717

Gneiss 142.733 63.9333 145.122 63.456 18.4763

Schist 156.167 72.6267 159.006 72.0588 17.2857

Phyllite 164.833 78.5333 167.027 78.0947 16.2781

Slate 183.767 63.9467 185.646 63.5709 28.0533

In Table (3.5), the first two columns indicates that the given TI tensors eigenval-

ues of the closest isotropic elasticity tensor. Herein, Ciso is the closest isotropic tensor.

When taking the orthogonal projection of the CTI onto the elasticity tensors isotropic

linear subspace, Ciso is found. In Table (3.5), last column means the distance.
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This distance can be found as norm of difference of CTI and Ciso. The third and

fourth columns indicate the eigenvalues of Ciso. It may also be approximated using

Eqns (2.34) and (2.35).

Figures (3.11,3.12,3.13 and 3.14) illustrate the deviation angles of the eigenvectors

for different source orientations. In those figures, it is obvious that deviation angles

decrease as the elasticity tensors get closer to isotropy.

Figure 3.11. Deviations of eigenvectors are shown and elasticity tensor of Slate is used. The

eigenvectors which is shown above account for a) positive b) negative c) near to zero

eigenvalues, respectively.
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In Figure (3.11) elasticity tensor of the Slate is used which is given in Table (3.5).

The distance to isotropy of Slate is 28.05. The eigenvectors which is shown above

account for a) positive b) negative c) near to zero eigenvalues, respectively. With these

plots, how much does the elasticity tensor rotate the source tensors eigenvector can

be found by performed mij = Cijkl.dkl. To remind, in isotropic focal regions source

tensors eigenvectors and moment tensors eigenvectors are parallel.

Figure 3.12. Deviations of eigenvectors are shown and elasticity tensor of Gneiss is used.

Distance is given as 18.476 in Table (3.5). The eigenvectors which is shown above account

for a) positive b) negative c) near to zero eigenvalues, respectively.
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Figure 3.13. Deviations of eigenvectors are shown and elasticity tensor of Sandstone is used.

Distance of Sandstone is 7.68 (Table 3.5). The eigenvectors which is shown above account

for a) positive b) negative c) near to zero eigenvalues, respectively.
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Figure 3.14. Deviations of eigenvectors are shown and elasticity tensor of Water-filled

cracked is used. Distance of water-filled cracks is 4.268 (Table 3.5). The eigenvectors which

is shown above account for a) positive b) negative c) near to zero eigenvalues, respectively.
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4. CONCLUSIONS

Conclusion can be summarized as follows;

i. The structure of the moment tensor of shear sources occuring in vertical TI

focal region depends on two angles;the angle between the normal vector of fault and

the infinite-fold rotation axis of TI elasticity tensor, and the angle between the slip and

the symmetry plane of the TI elasticity tensor.

ii. The structure of the moment tensor does not changed with the strike of the

fault, in a focal region with a horizontal layering.

iii. The stiffness of the anisotropic focal region is direction-dependent hence the

norm of the moment tensor depends on slip orientation and normal vectors. Conse-

quently, stiffer direction has greater norm for a unit source tensor.

iv. Norm of the moment tensor hinges on both the eigenvalues of anisotropic

elasticity tensor or projection values of the source tensor onto the eigenspaces.

v. Both eigenspaces and the projections of source tensor onto the corresponding

eigenvalues are used to detect which terms dominate the norm most.

vi. The order relation of eiagenvalues determines the extremum orientations of

the norm.

vii. The ratio of maximum and minimum norm is equal to the variation of the

maximum and minimum eigenvalues excluding λ1.

viii. The value of ”γ” determines the amount of isotropic-component of moment

tensor. A shear source in TI focal region does not lead to isotropic-component whenever

γ=1.
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ix. Isotropic component increases as γ values decrease.
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