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ABSTRACT

NEW TECHNIQUES IN DYNAMIC ANALYSIS OF
STRUCTURES: SPECTRAL ELEMENT METHOD,
TRAVELLING WAVE METHOD AND ENERGY FLUX

The Spectral Element Method (SEM), Travelling Wave Method (TWM), and the
Energy Flux are robust techniques to calculate the dynamic response of the structures,
which are all based on the exact solution of the governing differential equations. In the
formulation of these methods, either elementary or higher order element theories can
be adopted. Since they use the exact solution, the inertia terms are implemented prop-
erly. An element without any discontinuity can be modeled as a single element. Thus,
the number of degrees of freedoms (DOF's) decreases considerably, providing significant
reduction in the problem size and the computation time. High-frequency wave modes,
which are the modes more sensitive to small changes in the dynamic characteristics of
the structure, can be captured more accurately with these methods. The matrix equa-
tions for the dynamic response of two and three-dimensional structures can easily be
formed by assembling the element response matrices derived from the SEM, TWM and
Energy Flux approach. All the formulations are given in frequency domain. There-
fore, damping and SSI (Soil-Structure Interaction) effects can be incorporated more
accurately, because many element-level damping properties and foundation impedance
functions are frequency dependent. The propagation path of the disturbance within
the structure, as well as the dissipated and reflected waves and energies can be tracked.
This gives more insight into the dynamic behavior and the energy absorption capacity
of the structure. Since they are very accurate in high frequencies, these methods also
provide more powerful tools for system identification and damage detection. Most of

the small and invisible damages in structures are hidden in high frequencies.



OZET

YAPILARIN DINAMIK ANALIZI ICIN YENI
YONTEMLER: SPEKTRAL ELEMAN METODU,
YURUYEN DALGA METODU VE ENERJI AKISI

Spektral Eleman Metodu (Spectral Element Method (SEM)), Yiiriiyen Dalga
Metodu (Travelling Wave Method (TWM)) ve Enerji Akist (Energy Flux), yapilarin
dinamik davranigi ve dinamik 6zelliklerinin belirlenmesi i¢in kullanilabilecek, diferan-
siyel denklemin kesin ¢oziimiine dayali yontemlerdir. Bu yontemler hem basit hem de
yiksek mertebeli eleman teorileri kullanilarak formiilize edilebilmektedir. S6z konusu
yontemlerde, diferansiyel denklemin kesin ¢oziimii kullanildigindan dolay1, atalet kuvvet-
leri uygun sekilde tanmimlanabilmektedir. Herhangi bir siireksizligin olmadig elemanlar,
yekpare olarak modellenebilir. Bu sayede, tamimlanan serbestlik derecelerinin sayisi
ve analiz siiresi onemli derecede azalmaktadir. Yapinin dinamik karakteristigindeki
degisimlere daha duyarl olan yiiksek frekansli dalga modlari, bu yontemler ile elde
edilebilmektedir. Iki ve ii¢ boyutlu yapilar: olugturan elemanlar, SEM, TWM ve Enerji
Akisi analizlerindeki matris birlestirme prosediriiniin gecerliligi ile kolayca birlestirilebil-
mektedir. Birgok soniimleme 6zelliginin frekansa bagli olmasindan dolay1 yapisal soniim,
bu yontemler kullanilarak daha dogru olarak modellenebilmektedir. Yapi Zemin Etk-
ilegimi (SSI) de yukarida bahsedilen yontemler ile uygulanabilmektedir. Zeminin ri-
jitlik ve sontim ozelliklerini yansitan Temel Empedans Fonksiyonlarinin (Foundation
Impedance Functions (FIF)) frekansa bagh olmasindan dolayi, frekans alaninda oldukca
etkili olan SEM, TWM ve Enerji Akis1 yontemleri, Yapi Zemin Etkilegimi analizlerinde
daha kullanigh olmaktadir. TWM ve Enerji Akisi yontemleri kullanilarak yapiya uygu-
lanan etkinin yapi icerisindeki yayilimi takip edilebilmektedir. Bu sayede, soniimlenen,
yansiyan ve komsu elemana iletilen dalganmn/enerji akisimin orani ve yapmin dinamik

ozelliklerine ait detayl bilgi elde edilebilmektedir.
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1. INTRODUCTION

Traditionally, Finite Element Method (FEM) is utilized to carry out dynamic
analysis of structures. However, in medium to high frequency range, FEM does not
able to capture the dynamic response accurately. FEM is formulated based on the
frequency independent shape functions, which are obtained from the weak form of
the governing differential equations and the inertial loads are concentrated at member
ends. In order to improve the accuracy of the response in FEM, the mesh size used
in the modeling must be smaller than the shortest wavelength. In other words, the
response at frequencies with wavelengths that are smaller than the mesh size (i.e.,
high frequencies) cannot be calculated accurately. Therefore, to account for such high

frequency responses, the number of elements and the number of the degrees of freedoms

(DOFs) in the FEM model should be increased substantially.

Spectral Element Method (SEM) is a robust and alternative method to FEM
for calculating the dynamic response and identifying the dynamic characteristics of
engineering structures. SEM is formulated based on the frequency dependent shape
functions, which are determined from the exact solution of the differential equation
of an element. In literature, it is referred as the exact method, as it uses the exact
solutions to the wave equations and considers inertial forces directly [1]. Since each
component of the structure is seen as a waveguide and can be assembled using a matrix
analogy to FEM, complex structures can be handled. Unlike the conventional FEM,
high-frequency wave modes, which are the modes more sensitive to small changes in the
dynamic characteristics of the structure, can be captured without dividing elements
into small sized segments. Thus, the number of elements and the number of DOF's are

decreased substantially [2].

Travelling Wave Method (TWM) also yields accurate results in medium to high
frequency range, and the propagation path of the disturbance can be tracked. In
contrast to SEM, base excitation can be applied without making any assumptions

since the boundary conditions can be directly imposed into the system of equation in



wave propagation solutions.

Energy flux is a dynamic measure of energy, which is defined as the kinetic energy
due to seismic shaking multiplied by the propagation velocity of seismic waves. It gives
the amount of seismic energy transmitted per unit time through a cross-section of a
medium [3]. In this manner, characteristics of energy flow and dissipation throughout
the structure with respect to frequency can be obtained. Energy flux propagates as
the waves travel through the waveguides. As in the wave propagation formulation, at
the discontinuities, some portion of the incident energy transmitted into the adjacent
members and some part is reflected. The reflection and transmission coefficients for
the energy flux are independent of the direction of the propagation. The sum of the
reflected and transmitted energy flux is equal to the incident energy flux due to the

principle of conservation of energy.

Another advantage of SEM, TWM and Energy Flux is that Soil-Structure In-
teraction (SSI) effects can easily be incorporated in the analysis. SSI represents the
influence of soil flexibility around the foundation on the response of a structure, and can
change the dynamic response substantially [4]. It is a critical factor controlling damage
during earthquakes. SSI must be considered in the analysis of structures founded on
soft soils. Foundation Impedance Functions (FIF), which represent the stiffness and
damping properties of the soil-foundation system, are frequency dependent. Although,
impedance functions can be approximated in time domain in the form of recursive fil-
ters [4], it is much easier to incorporate them in the frequency domain directly in SEM

analysis.

This thesis covers the applications of the SEM and TWM approaches in dynamic
analysis of the plane frame structures with and without considering soil structure in-
teraction. Additionally, Energy Flux approach is introduced as an alternative method-

ology that can be used in the dynamic analysis of engineering structures.

The second chapter presents a brief information about the techniques that are

used to develop the governing differential equations of the motion (GDEM) of the



elements. Afterwards, GDEM for one dimensional elements based on various theories
with different complexities are derived. These equations are used in the following three

chapters.

Third chapter introduces derivation of spectral element matrices of one dimen-
sional elements according to the Fourier based SEM. This chapter also covers a liter-
ature survey on SEM and the procedure for assembling spectral element matrices of
arbitrary oriented members. A numerical example is presented, which compares the

dynamic response of a plane frame structure calculated from SEM and FEM.

The TWM is presented in the fourth chapter. The method and the previous
studies are briefly outlined. A general procedure to derive propagation, reflection
and transmission relations, which allows to adopt various engineering theories for one
dimensional elements is presented. A numerical example is attached to simulate the

variation in the dynamic response of a plane frame structure based on FEM and TWM.

In the fifth chapter, an energy-based approach, Energy Flux, for the dynamic
analysis of structures is introduced. The reflection and transmission coefficients at var-
ious types of structural joints are derived based on elementary theories. The application

of this method on plane frame structures is presented.

Chapter six gives a brief information about the Soil-Structure Interaction (SSI)
analysis and discusses some examples of existing FIFs. The integration of SSI in SEM

and TWM methods is presented.



2. FORMULATION OF GOVERNING DIFFERENTIAL
EQUATIONS OF MOTION

The mathematical expressions that relate the dynamic displacements to the ap-
plied dynamic forces are called as Governing Differential Equations of Motion (GDEM).
Since the equilibrium and compatibility concepts of mechanics of the structures involve
forces and displacements, respectively, they must be satisfied by the GDEM. The most
important and the most challenging part of the dynamic analysis of structures is the
formulation of GDEM [5]. The most common approaches to derive GDEM are direct
equilibration using d’Alembert’s principle, principle of virtual displacements, varia-

tional approach (Hamilton’s principle) and Lagrange’s equations of motion.

The equilibrium condition states that the sum of the internal and external forces,
or moments, are equal to zero at each joint and each node of the structure. The
compatibility condition indicates that the displacements of two nodes are equal if they

are connected at the same joint.

In direct equilibrium approach, the equation of motion represents the Newton’s
second law and the inertial forces represent the d’Alembert’s principle. Newton’s sec-
ond law states that, the force is equal to the product of the mass and acceleration.
According to the d’Alembert’s principle, developed internal force is proportional to the
mass and its acceleration. For simple systems, direct equilibrium approach is the most
convenient method to express the GDEM. However, as the degrees of freedoms (DOF's)
and the number of masses connected to each other increase, this method becomes cum-
bersome. In such cases, equation of motion may be obtained more conveniently using
principle of virtual displacements. In accordance with this method, the work done by
the virtual displacements are equal to zero if a system is in equilibrium. Hamilton’s
principle and Lagrange’s equations of motion are classified as energy-based approaches

since both uses kinetic and potential energy terms to evaluate the GDEM.



2.1. Rod Theories

A rod is a structural element, which can only resist loads in its axial direction.
Since stresses are developed in the axial direction of the member, deformations are

formed along the same direction.

Figure 2.1 shows the material and geometric properties of a rod and the forces
acting on an infinitesimally small rod segment. F is the Young’s modulus of the
material, A is the area of the section, p is the mass density per unit volume, v is the
Poisson’s ratio, L is the length of the member, ¢(z,t) is the externally applied body
force per unit volume, F is the resultant in the longitudinal direction and u(x,t) is the

displacement in the longitudinal direction.

q(x,t)
F F+AF
- e
E,A,p,v,L
Ax Ax

—=u(x,t)

Figure 2.1. Properties of a rod element and forces acting on a segment of a rod.

Four main theories with different complexities exist in the literature for the lon-
gitudinal vibration of rod elements. The simplest one is the Elementary Rod Theory,
which can be found in the book by Doyle [6]. Love Rod Theory is the modified version
of elementary rod theory, developed by Love [7]. Mindlin-Herrmann Rod Theory can
be considered as the improved version of the Love rod theory, which is proposed by
Mindlin and Herrmann [8]. The most complex one is the Three-Mode Rod Theory,
which was developed by Viktorow [9]. Generally Elementary or Love rod theories are
utilized in structural analysis, since Mindlin-Herrmann and Three-mode theories in-
troduce additional DOFs. According to Krawczuk, Grabowska and Palacz [10], Love
theory will be sufficient to obtain accurate dynamic response up to the frequencies that

represent the very high modes.



2.1.1. Elementary Rod Theory

Elementary rod theory assumes that only axial force F'(z,t) is acting through
each section, and considers only the axial deformations and longitudinal wave motions.
According to this theory, stresses and deflections developed in the section are in axial
direction and uniformly distributed along the neutral axis. The contribution of the
transverse motion to the stresses due to Poisson’s effect is neglected. The axial strain

in an infinitesimally small segment with length Az is calculated as:

ou
€aw = 5 (2.1)
The internal forces developed under the effect of the applied external load is:
F + AF — F 4+ qAz = pAAxi (2.2)
Since the material is assumed to be linear, Hooke’s law gives the stress as,
ou
o € pe (2.3)
The resultant axial force is calculated as,
ou
F=/[0,,dA=FA— 2.4
o o (2.4

By means of compatibility, equilibrium and constitutive behavior, the differential
equation of the motion for a rod element based on Elementary rod theory is calculated

as:



2.1.2. Love Rod Theory

Love rod theory assumes that, a rod element deforms along its axial direction
and also contracts due to the Poisson’s effect. As a consequence of the contraction,
each point along the element has a transverse component of velocity. Thus, the kinetic
energy of the element is affected by an additional term related to the particle velocity in
transverse direction. The strain energy of the element is the same as for the elementary
rod theory. The transverse strain and the particle velocity in transverse direction is

derived as,

ey =~V (2.6)
. ou
Ur = —vro- (2.7)

where, e is the transverse strain, ur is the transverse velocity, v is the Poisson’s ratio
and 7 is the distance from the centroid of the cross section. The expressions given
in Equations 2.8 and 2.9 below represent the derivation of the potential and kinetic
energies. In these equations, U stands for the potential energy, 1" is for kinetic energy

and J is the polar moment of area.

The governing differential equation of the motion based on the Love rod theory
is derived by means of Hamilton’s principle as follows,
2 % 0%u

Pu 0%



2.1.3. Mindlin-Herrmann Rod Theory

Mindlin-Herrmann rod theory is an improved version of the Love rod theory, in
which, in addition to the axial and transverse strains, the shear deformations due to
the transverse displacements are considered. Unlike the Love rod theory, an extra
DOF related to the lateral contraction is introduced. The shear deformation is inde-
pendent from the axial deformations and non-uniform distribution of the longitudinal

displacement is ignored. Thus, the deformation field can be expressed as,

u(z,y) ~ u(x) (2.11)

o(z,y) = P(x)y (2.12)

In Eq. 2.12, ¢(z) stands for the vertical contraction. The following expression stands

for the 2D stresses assuming the state of plane stress,

ou 0v

Opz = (204 N) (8_:: + V(?_;) (2.13)
0v ou
ou  0v

In equations 2.13 to 2.15, A and p are the Lamé constants, which are defined as,

vE
A= (1+v)(1—2v) (2.16)
E

2(1+v)

U= (2.17)

Potential and kinetic energies of the section is derived as follows,

2
(@) +¢

_ ou o\

1L
—f{(2u+)\)A
20

L
_ 1 -2 12
T—§/<pAu + plip >dx (2.19)
0



The GDEM based on Mindlin-Herrmann rod theory is derived using the equa-
tions 2.18 and 2.19 for potential and kinetic energies, respectively and utilizing the

Hamilton’s principle as,

0 ou oy 0%v
0 o ou 0%

In Eq. 2.21, I is the second moment of inertia, K; and K, are the adjustable parameters
that are chosen to give the best correspondence between the waveguide theory and the
2-D theory [11]. These parameters can be calculated using the equations 2.22 and 2.23

which are given below [12],

12
14+v 2
Ko=K| — 2.2
2 1(0.87+ 1.121/) (2:23)

The rod theories mentioned earlier can be recovered by setting the parameters
appropriately. For instance, elementary rod theory is recovered by setting the term

uwl Ky =0 and p/ Ky = 0 and replacing ¢ in terms of u.

2.1.4. Three-Mode Rod Theory

Three-mode rod theory is the most complex rod theory when compared to the
theories presented earlier. The theory considers the longitudinal displacement, Pois-
son’s ratio effect and the parabolic distribution of the longitudinal displacement along
the cross section. In addition to Mindlin-Herrmann rod theory, a new DOF related to
the parabolic distribution of the axial displacement is introduced. As a result, three

degrees of freedom, one longitudinal and two rotational, exist at each node of the rod
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element. The deformation field is expressed as:

u(z,y) =~ u(z) + ¢(x)h (1 - 12%—2) (2.24)
v(z,y) = Y(x)y (2.25)

In Eq. 2.24, ¢(z) stands for the parabolic distribution of the axial displacement, h
is for the height of the rod element. The corresponding strains and stresses to these
deformations are expressed in the equations from 2.26 to 2.28 and from 2.29 to 2.31,

respectively.

_Ou 09 y?
Eyy =Y (2.27)
gy W
= (-2 + 5) (2.25)
2
o = (20 + \) {% + %h (1 - 12%)] + M\ (2.29)
2
Oy = 20+ A\ ¥+ A {% + %h (1 - 12%)} (2.30)
0
Toy = 1Y (—24% + %) (2.31)

Potential and kinetic energies are calculated as follows,

2
1o Qu4A) A (L) +4n2(22)° 4 ¢2
0| +2X0A%y + pl (52 — 242)
1 r 4
T = 5/ (pAu2+pAgh2¢2+pl¢2)dx (2.33)

0

The governing differential equation of motion for the Three-Mode rod theory is

derived using the definitions given in equations 2.32 and 2.33 for potential and kinetic
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energies, respectively, and utilizing the Hamilton’s principle as:

B ou o1 0%
o [ o ou o6 0P
9 06 0 ov 0%

2.2. Beam Theories

A beam is a structural element that supports bending moments and shear forces
developed due to the applied transverse loads. Figure 2.2 shows the material and
geometric properties of a beam and the forces acting on an infinitesimally small beam
segment. E is the Young’s modulus of the material, I is the second moment of the area,
p is the mass density per unit volume, A is the area of the section, v is the Poisson’s
ratio, L is the length of the member, ¢(z,t) is the externally applied body force per
unit volume and v(z,t) is the deflection of the centerline. The resultant forces and

moments are represented by V' and M, respectively.
N\
\\R
\ N\

Bernoulli-Euler,

I'moshenko q(x,)

Vv by gy

_ v
M
I\r(x,t} C >M+QM
Ea I« ps A‘J Vv, L — |

Ax Ax

Figure 2.2. Properties of a beam element and forces acting on a segment of a beam.

Flexural response of a beam is commonly defined based on the Bernoulli-Euler and
Timoshenko beam theories. The evolution of the Bernoulli-Euler beam theory dates to

18" century. Rayleigh beam theory is an improved version of the Bernoulli-Euler beam
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theory, which accounts for the effects of the rotational inertia. The Timoshenko beam

theory [13] considers the effects of both shear deformations and rotational inertia.

2.2.1. Bernoulli-Euler Beam Theory

Bernoulli-Euler beam theory, which is also referred as the engineer’s beam theory
or classical beam theory, assumes that only bending moment M (z,t) and shear forces
V' (z,t) are acting through each section. The theory accounts only for flexural deforma-
tions and flexural wave motions. Although transverse shear forces are considered, any
shear deformations due to it is neglected. Since shear deformation through the thick-
ness is neglected, vertical displacements, v(x,t), can be assumed to be nearly constant
and the stress state is uniaxial along the thickness. Thus, the assumption of “plane
sections remain plane” is valid. The slope, ¢(z,t), of the section can be obtained by
differentiating the transverse displacement, v(z,t), with respect to spatial coordinates.
According to the small deflection theory, deformation field of the Bernoulli-Euler beam

is expressed as follows,

u(z,y) = —yo(x) (2.37)
o(z,y) ~ v(x) (2.38)

The nonzero strains due to the deformations are calculated as,

v
e = —Y—— 2.39
€ Yo (2.39)
The stress, calculated according to the Hooke’s law, is given in as
0%v
e = —Ey——o 2.40
o Y (2.40)
The equilibrium conditions give that
ov 0%
— =pA— — q, 241
5r =~ PAgE (2.41)
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The resultant moment is calculated as

0*v

The equation of the motion is obtained by substituting Eq. 2.43 into the equi-
librium conditions for shear force and moment, which are given by the equations 2.41

and 2.42 as follows

Ela— + pA

o (2.44)

o 1

2.2.2. Timoshenko Beam Theory

Timoshenko beam theory accounts for the effects of shear deformation and ro-
tational inertia. The assumptions made in the Bernoulli-Euler beam theory are valid,
except the one that assumes plane sections remain plane after deformation. Since the
shear deformation is introduced, plane sections do not remain plane after deformation.
The displacement field is expressed as the displacement field related to Bernoulli-Euler

beam theory. The strains and the stresses are expressed as follows,

Erp = —y% (2.45)
gy =0 (2.46)

Yoy = — 6+ o0 (2.47)
Oy = —Ey% (2.48)

ov
Toy = (—¢ + %> (2.49)
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Total strain energy and kinetic energy can be calculated using following equations,

_ %gL E[(Zﬁ) + GA(¢ - a_;) ] do (2.50)
L
= %/ Iqb2 + Av dx (2.51)

0

The equations of the motion, obtained by using the Hamilton’s principle, is given

as

2y 9 8%
2 2
qb ov 0 gb

In equations 2.52 and 2.53 GAK] is the shear stiffness of the section and K; and K, are
adjustable parameters for shear and rotational inertia. In case of Bernoulli Euler beam,
GAK; = oo and pl Ky = 0, which ensures the assumptions for the shear deformations
and rotational inertia. Besides the Bernoulli-Euler beam theory, Rayleigh beam theory
can also be obtained by setting GAK; = oo. It is recommended to select values of

K, =7%/12 and K, =1 for a rectangular cross-section [12].
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3. SPECTRAL ELEMENT METHOD

Dynamic analysis of structures is generally carried out using Finite Element
Method (FEM). In medium to high frequency range, FEM cannot capture the dy-
namic response accurately. FEM is formulated based on the frequency independent
shape functions, which are obtained from the weak form of the governing differential
equations and the inertial loads are concentrated at member ends. In order to improve
the accuracy of the response in FEM, the mesh size used in modeling must be smaller
than the shortest wavelength. In other words, the response at frequencies with wave-
lengths that are smaller than the mesh size (i.e., high frequencies) cannot be calculated
accurately. Therefore, to account for such high frequency responses, the number of el-
ements and the number of the degrees of freedoms (DOFs) in the FEM model should

be increased substantially.

Spectral Element Method (SEM) is a robust and alternative method to FEM
for calculating the dynamic response and identifying the dynamic characteristics of
engineering structures. SEM is formulated based on the frequency dependent shape
functions, which are determined from the exact solution of the differential equation
of an element. In literature, it is referred as the exact method, as it uses the exact
solutions to the wave equations and considers inertial forces directly [1]. Since each
component of the structure is seen as a waveguide and can be assembled using a matrix
analogy to FEM, complex structures can be handled. Unlike the conventional FEM,
high-frequency wave modes, which are the modes more sensitive to small changes in the
dynamic characteristics of the structure, can be captured without dividing elements
into small sized segments. Thus, the number of elements and the number of DOF's are

decreased substantially [2].

In his pioneering study, Doyle applied SEM to wave propagation in structures [14].
He derived spectral element matrices for rod, beam, plate elements and for bounded
and unbounded media. Gopalakrishnan [15], expanded the field of use of this method

by producing spectral element matrices related to higher order element theories and
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tapered elements. Moreover, he also introduced the super spectral element, which com-
bines the SEM and FEM. Gopalakrishnan, Martin and Doyle [2], presented a matrix
methodology to handle frame structures. Krawczuk, Grabowska and Palacz [10] ap-
plied SEM to four different rod theories and compared them. Rizzi and Doyle [16,17]

applied this method to bounded and unbounded media.

In SEM, the time domain governing differential equation of motion (GDEM),
which is given by Eq. 3.1, is converted into frequency domain via Discrete Fourier

Transformation (DFT).
L(u)+M(i) =q (3.1)

In Eq. 3.1, £ is the differential operator, M is the inertial operator, double dot is the
second derivative with respect to time and ¢ is the externally applied body force. The

solution to the Eq. 3.1 is represented as,
u(z,t) = Zan(x,wn)eiw"t (3.2)

In Eq. 3.2, 4, is the spatially dependent Fourier coefficient and w,, is the circular

frequency. Then, the GDEM in the frequency domain is obtained as,
Ly (x) — wp Miin(2) = g (3.3)

The homogenous solution to the wave equation is given in Eq. 3.4. For brevity, the

subscripts n will be omitted.

p
i(x) =) el RING; (3.4)

i=1

ki(w) is the wavenumber of the i*® mode, which is one of the distinct roots of the
characteristic equation of the wave equation. C; is the constant related to the 7"

mode. The general solution must satisfy both the geometric and natural boundary
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conditions at both ends of a member, which corresponds to x = 0 and x = L for an

element with length L.

The frequency dependent shape functions are obtained from the Eq. 3.4 using
the geometric and natural boundary conditions related to the both end nodes of the
element. By virtue of these dynamic shape functions, the dynamic stiffness matrices
are constructed. Since the dynamic stiffness matrices are frequency dependent, they
must be evaluated at each frequency within the interested frequency interval. Basic

steps of the general procedure for SEM is illustrated in Figure 3.1.

Time domain Frequency
governing —> DFT —— gﬁmzn_n
equations goVerning

equations
|
N
Assemblage and
amic shape Spectral element implementation
> >
functions equations of the boundary
conditions
|
L
Solution of the Time d .
spectral element |—= IFET — mlel ;Im
equations solution

Figure 3.1. General procedure for SEM.

Additional information about the construction of the dynamic stiffness matrices

can be found in the following sections.

3.1. Spectral Element for Rod Elements

Spectral element matrices for rod elements are obtained based on the elementary,

Love, Mindlin-Herrmann and Three-Mode rod theories. The time domain GDEMs

related to these theories are defined in Section 2.1 Rod Theories.
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The need for higher order rod theories results from the inadequacy of elementary
rod theory to capture an accurate dynamic response, if the element is deep and/or the
frequency of interest is large. Doyle [12], derived the exact displacements and tractions
under the effect of 20 kHz narrowband pulse, which is presented in Figure 3.2. In this
figure, each line corresponds to a different time. The longitudinal displacements follow
a parabolic path in contrast to the assumption made in the Elementary rod theory. The
transverse displacements are almost linear. As a result, the higher order rod theories
yield more accurate results since the stresses and strains are computed based on more

realistic assumptions.

Even though, exact displacements and tractions prove that the higher order rod
theories are necessary in the dynamic analysis of deep elements at higher frequencies,
higher order rod theories have their drawbacks due to the generated additional modes,
which are not considered in the standard analysis of structures. As stated by the
Krawczuk, Grabowska and Palacz [10], Love rod theory seems to be the most practical
theory, which can be used in the dynamic analysis up to the highest vibration frequen-
cies, because it does not introduce additional vibration modes and compatible with the

first mode of the both Mindlin-Herrmann and Three- Mode theories.

50 Pusmnrlu.ylm ,

25 1 /

00 k- xx-traction L] xy-traction
x10

-25 ! /

-850 L i /

Figure 3.2. Exact displacements and traction distributions on a cross section [12].
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3.1.1. Elementary Rod Theory

Time domain GDEM is given by Eq. 2.5. The spectral representation of this
equation is:
d*a 9. .
The longitudinal displacement at any arbitrary point of the element using the wave

solution is derived as,
i(x) = Ae~*FrT 4 Beikr(L=2) (3.6)

The first term in Eq. 3.6 stands for the forward-moving wave and the second term for
the backward-moving wave, = represents the location of the arbitrary point, L is the

element length and kg is the wavenumber. The wavenumber is calculated as:

kr = \/(@?pA) ] (EA) (3.7)

The nodal displacements at i and j* end of the structure referred as @; and 1o,
and are derived by substituting the related x values into Eq. 3.6. Thus, frequency
dependent shape functions, which are represented by gr;i(z) and gre(z) are computed

as

. . . u1
i(r) = [ Jr1(z)  gro(x) ] R
U2
' -1 (3.8)
‘ ‘ 1 6—szL al
— e—sz:c 6—sz(L—x)i| ‘
e—szL 1 aQ

The spectral element matrix is obtained by using the relation between the axial
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force and the axial displacement as

—9r1(0)  —Gra(0) i

A (3.9)
Fy F(L) Irm(L)  Gro(L) iy

In Eq. 3.9, the prime stands for the first derivative of the shape functions with respect
to the spatial coordinate. The dynamic stiffness matrix is a square and symmetric
matrix. In case of undamped structures, it is real valued. For damped structures, the

elements of the matrix are complex valued.

3.1.2. Love Rod Theory

Time domain GDEM is given by Eq. 2.10. The spectral representation of this

equation is:

di d*
EAd_xz - wQI/Qde—];L + wW?pAiu = —§ (3.10)

The longitudinal displacement at any arbitrary point of a rod element is derived as,

i(x) = Ae~*Fr® 4 Be~ikr(L=2) (3.11)

The first term in Eq. 3.11 stands for the incident wave and the second term for
the reflected wave. kg is the wavenumber, which is obtained from the characteristic

equation as

w?pA
kr=4{ ————— A2
i \/EA —w?pJ (3.12)

The dynamic stiffness matrix for a rod element based on the Love rod theory is
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obtained using a procedure analogous to the elementary rod theory and is found as

A A oy | ) =3(0)
F —F (0 e’ (o (L U
Al _ ) (0) _ I (L) Gro(L) 1 (3.13)
Fy F (L) 2 gr1(0)  Gr2(0) Us
_ ~gr (L) —grz (L)

The stiffness matrix is complex, square and symmetric.

3.1.3. Mindlin-Herrmann Rod Theory

Time domain GDEM for Mindlin-Herrmann rod theory is given by the equations
Eq. 2.20 and 2.21. The matrix form of the spectral representation is:

—Tikg* + pAw? —ikgpT: i 0
1RR P Ri2 ' _ (3'14)
ikﬁRTg —Tgk’RQ - T1 + pIK2w2 770 0
where, T}, T, and T3 are calculated as:

Setting determinant equal to zero gives the characteristic equation, which will be
used to obtain wavenumbers. Equation 3.14 given above yields to two-mode pairs.
Wavenumbers kg and kgy in equations Eq. 3.16 and 3.17 stand for the first and sec-
ond mode pairs, respectively. An additional term is introduced in the wave solution of
the Mindlin-Herrmann rod theory due to the second propagating mode, which arises

due to the Poisson’s effect. Thus, the displacements are derived as:

U(xr) = ARy *m® 4 BRye~#re® _ O R e~ *m(l=®) _ DR, e~ ikra(l=2) (3.16)

Qﬂ(l') _ Ae—ilex +B€—ik32x+ce—ik31([/—$) _{_De—ikRz(L_x) (317)
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The first two terms of the equations 3.16 and 3.17 stand for the incident waves and the
last two terms for the reflected waves. R; and Ry represent the amplitude ratios and
calculated as follows,

ikriAA

R, = 3.18
- (2M + )\) AkRZ'Z + pAw2 ( )

The shape functions for the longitudinal displacement and the displacement related to
Poisson’s ratio effect are derived by substituting boundary conditions into Eqs. 3.16
and 3.17. The stiffness matrix is constructed as it is done for the previous rod theories

using the relation between force and displacement, which is given as:

F=(2u+)\ A% + A\AY (3.19)
- O
Q=plKi (3.20)

The explicit form of the stiffness matrix of Mindlin-Herrmann rod can be found

in the paper by Krawczuk et al. [10].

3.1.4. Three-Mode Rod Theory

The time-domain GDEM for the Three-Mode rod theory is given by the equations

2.34 to 2.36. The matrix form of the spectral representation is given as

Ty  —ikg\A 0 i 0
ikgAA Ty 2ikpuAh Y p=40 (3.21)
0  —WipAn T ¢ 0

where,

Ty = — (2u+ \) Akg® + pAw?
Ts = —pulkgr® — (2u+ \) A + plw?
Ts = — (2 + ) Tkg® — 5uA + plw?
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Wavenumbers kg1, kro and kg3 representing the generated three-modes can be found
by solving the characteristic equation. The displacements are derived using the formu-

lations given below,

i(r) = ARje”*m® 4 BRye~Fr2® 4 O Rge~krs

(3.22)
_'_DR4€—ikR1(L—$) _|_ ER5e—ikR2(L—x) + FR6e—ikRg(L—$)
U(x) = ARje x4 BRye krox f CRge thrax (329
_DRle—ile (L—X) _ER2e—ikR2(L—X) _FRge—ikRg(L—X) '
b(z) = Ae~tkmz 4 Be~ikrar 4 Cle=ikraz
o) (3.24)

4 Detkri(L—2) 4 pe—ikra(L—2) 4 [ e—ikrs(L—2)

The first three terms of the equations 3.22, 3.23 and 3.24 stand for the incident waves
and the last three terms for the reflected waves. R;...Rg represent the amplitude ratios

and calculated as follows,

(21 + N) Tkp® 4 5uA — plw?
—%z’uAh

R; = (3.25)

where, 1 =1,2,3

1kriAA
RZ’ - — J 2 2Rj (326)
(2u + ) Akgj” + pAw

where, i@ = 4,5,6 and ¢+ = 1,2,3. Dynamic stiffness matrix of a rod element based
on the Three-Mode theory is derived similar to the Mindlin-Herrmann rod theory, by

using the force and displacement relations given by the following equations.

~ ou

F=Q2u+0)As+ AAY (3.27)
A O B ?
Q =l (% 24h) (3.28)
48 L)

S — 2 (2 j s 2
S 5(u+A) e (3.29)
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The explicit form of the stiffness matrix of Three-Mode rod can be found in the

paper by Krawczuk et al. [10].
3.1.5. Comparison of the Rod Theories

In this section, elementary, Love, Mindlin-Herrmann and Three-Mode rod theo-
ries are compared to each other by means of the dispersion and spectrum relationships
and the terms of the dynamic stiffness matrices. Dispersion represents the relation
between the wave speed and the frequency. A wave is called as non-dispersive, if the
speed of the wave is constant with respect to the frequency. Conversely, if the speed of
the wave is changing as the frequency changes, the wave is called as dispersive wave.
The wave speed is derived as:

w o dw

c=—;c

it == (3.30)

Eq. 3.30 represents the derivation of the phase speed (¢) and the group velocity (c,).
The dynamic analysis is based on superposition of harmonics at different frequencies,
which travel at different phase speeds. Group velocity is the velocity of the superim-

posed wave groups.

In elementary rod theory, only one mode of vibration is generated. The wavenum-
ber is purely real in undamped case and the wave is non-dispersive. The phase and

group velocities are derived by the following equations:
EA d EA
c= = |y = = [ (3.31)
kr pA dkgr pA

Love rod theory considers the Poisson’s ratio effect, but no additional mode of
vibration is generated. The wavenumber can be purely imaginary after a certain fre-

quency limit. Thus, transverse motion will absorb all of the input energy. Eq. 3.32
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gives the phase velocity and the group velocity.
EA — w?pJ d EA 202p.J 17
c=2 = LU= o - 2ur (3.32)
k R pA dkR pA EFA

Shear deformations due to motions in the transverse direction, and the Poisson’s

ratio effects are considered in the Mindlin-Herrmann rod theory. An additional mode
with a cut-off frequency is generated. The cut-off frequency is obtained by setting the
wavenumber in the characteristic equation equal to zero. The second mode does not
propagate until the cut-off frequency, and starts to dominate the behavior beyond this

limit. The cut-off frequency is calculated as

W = @’S—KE)A (3.33)

Group velocities for Mindlin-Herrmann rod is calculated by the formulae given

below [18],

%z——zé%—w—yl (3.34)

In Three-Mode theory two additional modes related to the Poisson’s ratio effect
and non-uniform distribution of the longitudinal displacements are generated. The
cut-off frequencies related to these additional modes are given by Eq. 3.35 and the
group velocity is calculated using Eq. 3.34.

Wel = —F W2 = T — (335)

Figure 3.3 below shows the change in the absolute value of wavenumbers with

frequency for the elementary, Love, Mindlin-Herrmann and Three-Mode rod theories.
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In the low frequency range, the wavenumbers of elementary and Love rod theories are
compatible. Additionally, the first mode of both Mindlin-Herrmann and Three-Mode
rod theories behave in a similar manner. However, beyond an exact frequency range,
behavior of the wavenumbers differentiate from each other. The second mode of the
Mindlin-Herrmann rod theory is fully imaginary up to a certain limit of frequency,
and beyond this limit it starts to propagate. Also, second and third modes of the

Three-Mode theory have cut-off frequencies.
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Figure 3.3. Spectrum relation for Elementary, Love, Mindlin-Herrmann and

Three-mode rod theories.

The dispersion relationships for the four rod theories are presented in Figure
3.4. The vertical axis shows the absolute value of the ratio between group and phase
velocities. When Elementary rod theory is considered, the wave propagates in a non-
dispersive manner; the ratio is constant throughout the whole frequency range. Love
rod theory shows that, as the frequency increases, group velocity becomes smaller than
the phase velocity. Group velocities related to the first mode of the Mindlin-Hermann
and Three-Mode rod theories decrease until a certain frequency limit, then it increases
to an asymptotical value. Additional modes generated by the both Mindlin Herrmann
and Three-Mode rod theories propagate beyond the cut-off frequency. They increase

up to an asymptotical value.

The terms of the stiffness matrices obtained based on the SEM, FEM and theo-
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Figure 3.4. Dispersion relationship for elementary, Love, Mindlin-Herrmann and

Three-mode rod theories.

retical solutions are compared to each other to investigate the difference in the stiffness
terms. The stiffness matrices related to the conventional rod is constructed according

to the formulation given below [6].

(3.36)

The theoretical stiffness matrix is obtained using the general solution to ordinary

differential equation and is given by Eq. 3.37 below:

-1
coskrL

FEA kg cos krL
N TsinkRL ]

K (3.37)

In Eq. 3.37, kg represents the roots of the characteristic equation.

Figure 3.5, shows the absolute value of ki; term, which is the value at the first
row and first column of the stiffness matrix, for the Elementary, Love and Mindlin-

Herrmann rod theories, and the conventional and theoretical solutions.
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Figure 3.5. kq; values according to conventional, theoretical, Elementary, Love and

Mindlin-Herrmann rod theories.

In the low frequency range, the stiffness terms, kq1, for all methods are identical.
However, as the frequency increases, conventional rod differs from the others, while the

other methods remain identical.

3.2. Spectral Element for Beam Elements

Spectral element matrices for beam elements based on the Bernoulli-Euler and
Timoshenko beam theories are derived in this section. Related time domain GDEM

can be found in Section 2.2 Beam Theories.

Bernoulli-Euler beam theory becomes erroneous at high frequencies, as it leads
to unrealistic wave speeds. Moreover, if the element’s depth is high, neglecting the
effects of the rotational inertia and shearing deformations causes erroneous results.
Thus, higher order beam theories should be adopted for such elements, and/or for high
frequencies. Doyle [12] derived the exact displacements and tractions in a beam element
with 100 mm high, subjected to 20 kHz narrowband pulse. The results are presented in
Figure 3.6. In this figure, each line corresponds to a different time. The displacement
in the longitudinal direction is compatible with the assumptions made in the Bernoulli-

Euler beam theory. However, the distribution of the vertical displacements cannot be
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captured based on this theory. As can be seen from the figure, parabolic distribution

of the shear stress should be considered in the analysis.

50 Paosition, y/h
2N\ /
25 —
.00 }
-.25 - w
-50L N

Figure 3.6. Exact displacements and traction distributions on a cross section [12].

Timoshenko beam theory does not produce additional degrees of freedoms, but
considers deformations due to shear. As a result, the slope of the sections becomes
an independent variable, and the wave mode related to that variable can be obtained.
Consequently, the behavior of a beam element under an applied dynamic load can be

obtained more precisely by using higher order beam theories.

3.2.1. Bernoulli-Euler Beam Theory

The time domain GDEM for the Bernoulli-Euler beam theory is given by Eq.
2.44. Frequency domain GDEM is obtained as

El— — W*pAd = g (3.38)
The displacement in the transverse direction at any arbitrary point is derived as given in
equation 3.39 and the slope is derived simply by differentiating the vertical displacement

with respect to spatial coordinate.

o(z) = Ae~*B*  Be=kBT 4 Cemikp(l=2) | De—kp(l-2) (3.39)
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d(x) = —ikgAe 8% — kzBe 8% 4 jkpCehB(L=0) 4 |p Demkp(L—2) (3.40)

The first two terms of the equations 3.39 and 3.40 are the incident waves, and the last
two terms are the reflected waves. In addition, the first and the third terms are the
wave propagation solution while the remaining terms are related to spatially damped

vibrations [12]. kp is the wavenumber and obtained as

(.U2 A 1/4
k= ( E'OI ) (3.41)

The frequency dependent shape functions (gp;(x)) are derived by substituting the
boundary conditions to the equations 3.39, and 3.40, and are given by the following

equation,
) YT o)
gp1() U1
§B2(ﬂf) (51
v() =4 ~ C Y (3.42)
gp3() U2
\ 934(1‘) J \ ¢2 J
where,

( \ T B ) 1T r 4 1 -1
gBl(CU) e*Zka 1 1 eflkBL 677433[/
QBQ(I') e kBT —ikp —kg Z.k‘BeiikBL k‘B(iikBL
ng(-fC) - e—ik‘B(L—J,’) e—ikBL e—kBL 1 1

\ Gpa(z) ) e kn(l—2) —ikpetkBL  _kpe~kBl ikp kp

The dynamic shape functions are formed in pairs, and each component of the pairs
are symmetric to each other. The spectral element matrix for a beam according to the

Bernoulli-Euler beam theory can be constructed using the force-displacement relation-
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ship as given in the following equation,

( ) B

Vl @%(0) !?3/3,2(0) gg?,(()) §g4<0) 771
M (| 8@ —050) (0 ~g50) | ] o (3.43)
Va —g51(L) —0p(L) —g53(L) —dpa(L) ()

| 5 | | OB(L) Gha(L) (L) (D) | | b

My, My, V; and Vy are the spectral bending moments and shear forces at each end nodes
of the element, which are equal to —M(0), M(L), =V (0) and V (L), respectively. The

stiffness matrix is square, symmetric and complex valued.
3.2.2. Timoshenko Beam Theory

The time domain GDEMSs related to Timoshenko beam theory are given in the
equations 2.52 and 2.53. Spectral representation of the GDEM in matrix form is given

as:

GAK kg® — pAw? —ikgGAK,
ikpGAK, Elkp® + GAK, — pI Kyw?

>

0
—~ (3.44)

RSN
o

The roots of the characteristic equation of the matrix above gives the wavenumbers

kp1 and kps, which are related to the first and the second mode of vibration.

Since shear deformations are considered in the Timoshenko beam theory, plane
sections no longer remain plane, and the slope cannot be obtained by differentiating the
vertical displacement with respect to spatial coordinate. Thus, a second independent

variable is introduced.

o(z) = ARye 51 1 BRye~*p2® _ O R e~ #51(L=%) _ DRy~ tkp2(lm2) (3.45)

~

¢(x) — Ae—ikBllr +Be—ik32$ + Ce—ikBl(L—Z) +De—2k32(L—ZE) (346)
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The amplitude ratios, R; and Rs, are derived by using following formula,

ikGAK,
 GAK K — pAw?

R; (3.47)

Dynamic shape functions can be derived in an analogous way to the Mindlin-Herrmann

rod theory. The force-displacement relationship for a Timoshenko beam is given as,

d2¢

V= —BI—— — pI Kow? (3.48)
. do

M = EI— 3.49

. (3.49)

Dynamic stiffness matrix for Timoshenko beam can be constructed using the dynamic
shape functions, (§pei(x)), and the force-displacement relationships defined above. The

form of the stiffness matrix is given below,

9561(0) G5 0)  95e3(0)  GBes(0)
R I B A R ARCI T -
Vi _g%qﬁl(L) _g%qSQ(L) _ggqﬁ?,([/) _§%¢4(L) (o
) ]\:41 _ | Ipa(D) Gpea(L)  Gpes(l)  Gpea(L) | ) 1
Va 9Bs1(0)  9Be2(0)  GBe3(0)  gpea(0) g
)| e 0 0 0 0 3
—gps1(L) —Gpe2(L) —gpes(L) —Gpea(L)
i I 0 0 0 0

3.2.3. Comparison of the Beam Theories

In this section, Bernoulli-Euler and Timoshenko beam theories are compared by
means of spectrum and dispersion relationships. Then, the terms of spectral element
matrices of these two theories are compared to the stiffness matrices obtained theoret-

ically and to those of the classical finite element analysis.
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The phase and the group velocities related to the Bernoulli-Euler beam theory
are derived as given by Eq. 3.51. The group velocity for the Timoshenko beam theory
can be calculated using Eq. 3.34.

M[E]:| 1/4; e 2\/5[ (3.51)

Bl 1/4
C—%— :|

pA

Timoshenko beam theory does not introduce additional modes when compared to
Bernoulli-Euler beam theory. However, since the shear deformations and the rotational
inertia are considered, the behavior of each mode is changed. With the introduction of
the shear deformations, slope becomes an independent variable. One of the significant
differences between these two beam theories is the presence of second propagating mode

with a cut-off frequency [2]. The cut-off frequency, where the wavenumber is equal to

GAK,
We =4/ e (3.52)

zero, can be found to be:
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Figure 3.7. Spectrum relationship for Bernoulli-Euler and Timoshenko beam theories.

Figure 3.7 shows the spectrum relations for the Bernoulli-Euler and Timoshenko

beam theories. As can be seen from the figure, the behavior of the wave modes is
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similar for the low frequency range. Beyond the cut-off frequency, the second mode
of the Timoshenko beam begins to propagate, and the behavior related to these two

beam theories becomes different from each other.

Figure 3.8 shows the dispersion relationship of the Bernoulli-Euler and Timo-
shenko beams. The vertical axis is the ratio between the group velocity and longitu-
dinal wave speed. As can be seen from the figure, in high frequency range Bernoulli-
Euler beam theory produces very high speeds. The second mode of the Timoshenko

beam starts to propagate at the cut-off frequency, and becomes asymptotic to a higher

speed [11].
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Figure 3.8. Dispersion relationship for Bernoulli-Euler and Timoshenko beam

theories.

Figure 3.9 shows the stiffness term k1; according to the conventional, theoretical,
Bernoulli-Euler and Timoshenko beam theories. The stiflness of the conventional beam

is obtained as follows [6],

12 6L —12 6L 156 22I 54 —13L |

W EI| 6L 412 —6L 2% |  pALw? | 22L AL* 13L —3L?
L\ 12 —6L 12 —6L 420 54 13L 156 —22L
6L 20> —6L 4L2 —13L —3L* —22L 4I?

(3.53)
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The theoretical stiffness matrix is obtained using the general solution to the
ordinary differential equation, and is given by Eq. 3.54 [19].

ki k2 ki3 ki

EI | kot kao kog koy

K=— (3.54)
L2V kg ksy ksy K

where,

L=kgL
_ 1
AB B lf(cosicosh[i)
ki1 = ApL? (cos Lsinh L + sin L cosh L) = k33
koy = AgL3kp ™2 (— cos Lsinh L + sin L cosh E) = kyy
klg = ABZ_—J3I€B71 (sinisinh I_/) = k‘gl = —k34 = —k43
klg = —ABE3 (SiIlE + sinh E) = kgl
]{314 = AB.ZSI{?B_l (— COS[_/ + cosh [_/) = k’41 = —k’23 = —k‘gg
k’24 == ABE3]€B_2 (— SinE + sinh E) = k42
£
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Figure 3.9. kq; values according to conventional, theoretical, Bernoulli-Euler and

Timoshenko beam theories.



36

The dynamic stiffness matrix is symmetric, and in general complex valued. All of
the beam models have the same characteristics in the low frequency range. However,
they differ from each other as the frequency increases. If the member is not a small
sized member, they will differ from each other at lower frequencies, too. The stiffness
terms related to conventional beam theory show only one zero-crossing, while the others
show many zero-crossings. The stiffness term of the conventional beam continues to

infinity when the frequency increases.

3.3. Assemblage of Spectral Element Matrices

The arbitrarily oriented elements that form the plane frame are assembled using
a procedure analogous to FEM. The joints, where two or more elements intersect
with each other, are assumed to be rigid and massless. The interactions between
longitudinal and flexural deflections are neglected since the small deflection theory is
adopted in the formulation. Therefore, stiffness matrix of each element is obtained
by the superposition of the spectral element matrices of a rod and a beam element in
the local coordinate system. Spectral element matrices of each element transformed
into global coordinates, and assembled to form the plane frame. The spectral element

matrix of an element in local coordinate system is obtained as follows:

krit 0 0 kgio 0 0
0 0 0 0 0 0
O 00 0 00
( ~ A EA ~ ~ ( )
Fy kroir 0 0 kpae 0 O Uy
Vi 0O 00 0 00 o
M 0O 00 0 00 3
b L : - h (3.55)
F 0O O 0O 0 0 0 Us
Vs 0 kpu kpo 0 kpis kpu Vg
\ M, ) LBl 0 kpor kpoo O kpas kpo \ o )
0O 0 0O 0 0 0
0 kpst ks 0 kpss kps
i | 0 ks kb 0 kpss kpus 1
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The resultant forces and moments are represented by F,V and M. The subscripts 1
and 2 corresponds to the " and j** end of the member, respectively. EA is the axial
stiffness and ET is the flexural stiffness of the member. The stiffness matrix terms of

a rod and a beam are represented by I%Rij and l;:Bij, respectively.

Since the elements of a plane frame are oriented arbitrarily, each spectral ele-
ment matrix is constructed in the local coordinate system of the concerned member.
Before the assemblage process, spectral element matrices of each individual element in
local coordinate system must be transformed into global coordinate system in order to
express the nodal DOFs in global coordinates. The global transformation is done by

using the following transformation matrix

cosf sinf 0 0 0 0

—sinf cosf 0 0 0 0

0 0 1 0 0 O
T = (3.56)

0 0 0 cosf sinf O

0 0 0 —sinf cosf O

0 0 O 0 0 1

Spectral element matrix in global coordinates is then obtained as,

K, = T'KT (3.57)

Spectral element matrix of the structure is constructed by assembling global dy-
namic stiffness matrices of each individual element at each frequency. Spectral element
matrix of the system should be rearranged and renumbered in order to account for
the boundary conditions and prescribed forces. Then, the spectral element matrices
corresponding to each element of the structure are assembled. If the displacements at
a node are known to be equal to zero, then the rows and columns related to these zero
DOFs can be eliminated from the spectral element matrix and the reduced spectral

element matrix can be formed using the non-zero DOFs. In some cases, the displace-
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ments at a node are known and not equal to zero. Thus, the known terms cannot be
eliminated from the stiffness matrix. In spite of eliminating the known terms, they are

grouped as known and unknown displacements / forces as seen below.

F Keuu Kgu {i,
oL | e Teuk (3.58)

A A~ A~

Fu K gku K gkk 1’:lk

In equation 3.58, subscript k refers to known quantities and u refers to unknown quan-
tities. Unknown displacements and forces can be found by solving the system of equa-
tion given above. In case of base excitation, penalty method is adopted to impose the
displacement produced by the excitation to the related DOFs. This method is imple-
mented by adding a spring with a large stiffness to the related DOFs and defining a
load that produces the required displacement at that DOFs [20].

Displacement response at an arbitrary point of a member at any frequency can
be found by the multiplication of the frequency dependent shape functions and the

nodal displacements of the concerned element at the related frequency.

The damping can be introduced in the form of hysteretic damping. It can be
done by replacing the elasticity modulus of the system with a complex-valued one as

follows,
E; = E(1+ 2i() (3.59)
Hysteretic damping is also referred as the rate-independent damping, or structural

damping, and it can easily be applied in the frequency domain analysis. It represents

both the elastic and damping forces at the same time [21].
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3.4. Numerical Example

As an example, the dynamic response of a five-story, two-bay plane frame is
calculated by using both FEM and SEM. The aim is to demonstrate the accuracy of
SEM in the medium to high frequency range. Since, it is known that the accuracy
of FEM analysis increases with the decreasing mesh size, two different FEM models
are used in the analysis. In the first FEM model, structural elements without any
kind of discontinuity are modeled as a single element. In the second FEM model,
each structural member is divided into 100 segments. Moreover, two SEM models are
constructed in order to see the effect of adopting higher order theories on the calculated
dynamic response. In the first SEM model, structural elements are formulated based
on elementary theories. In the second SEM model higher order theories, namely Love
rod and Timoshenko beam theories, are adopted. Mindlin-Herrmann and Three-Mode
rod theories are not employed in the analyses, since they introduce extra DOF's, and
the frequency range considered does not cover the cut-off frequency. A MATLAB-
based code [22] is prepared for the SEM analysis. SAP2000 v.19 [23] is utilized for
FEM analysis. The dynamic response is calculated under the effect of the self-weight
of the structure and the applied base excitation. The structure is excited in the global
x direction through its base. The time and the frequency domain properties of the

applied base excitation is given in Figure 3.10 and Figure 3.11, respectively.

[}
T

Acceleration (mf‘l:)
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A
T

Time (5)

Figure 3.10. Time domain representation of applied base acceleration.



40

g

Amplitude

0 L I 1 1 1 I I I
0 10 20 30 40 50 60 70 80 90 100

Frequency (Hz)
Figure 3.11. Frequency domain representation of applied base acceleration.

Figure 3.12 shows the geometric properties and the assigned DOF numbers. The
story height and the bay width of the plane frame are 3m and 5m, respectively. The
dimensions of the columns are identical at 0.60*0.60 m. The beam dimensions are
selected as 0.30%0.60 m. The material is selected as C25 concrete class whose Young’s
modulus, mass density and Poisson’s ratio of the material are given as, 30 GPa, 2.4

g/em? and 0.2, respectively.

The structural damping with 5% damping ratio (¢) is introduced to the system.
It is applied by replacing the elasticity modulus of the system with a complex value as

given in the Eq. 3.59.

The Fourier Amplitude Spectra (FAS) of the dynamic response at DOF= 52,
which corresponds to the top displacement in the direction of the excitation, is pre-
sented in Figure 3.13. In this figure, FAS of the calculated response within the fre-
quency range of 0-50 Hz is shown by using the first FEM, the second FEM, the first
SEM and the second SEM models. In the low frequency range, the responses calculated
from the four analyses are almost identical. However, as the frequency increases, the

calculated responses start diverging.

For a better understanding, the dynamic response calculated from the four anal-
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yses between the frequency ranges of 0-10 Hz., 10-15 Hz. and 15-20 Hz. are illustrated

in Figure 3.14, Figure 3.15 and Figure 3.16, respectively.
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Figure 3.14. FAS of the response at DOFs 50 between 0-10 Hz.
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Figure 3.15. FAS of the response at DOF= 52 between 10-15 Hz.

In the low frequency range, which is presented in Figure 3.14, the dynamic re-

sponse calculated at DOF= 52 from the four of the analysis are approximately identical.

As can be seen from Figure 3.15, in the vicinity of 12 Hz. the response calculated from

the first FEM analysis starts diverging from the others. As the frequency increases,

the response obtained from the second SEM model is also diverges from the response

obtained from the second FEM and the first SEM. In the vicinity of 16 Hz. the dy-

namic response at DOF= 52 calculated from the first SEM deviate from the second
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Figure 3.16. FAS of the response at DOF= 52 between 15-20 Hz.

FEM. Beyond 18 Hz., the responses calculated from the SEM and FEM models differ
significantly.

The time-domain response can be calculated by taking the inverse Fourier trans-
form of the response calculated in the frequency domain. Figure 3.17 and Figure 3.18
illustrates the comparison of the calculated time domain responses obtained from the
four analyses. The response is band-pass filtered between 0.1-5 Hz. and 15-20 Hz. in
order to reflect the differences in the low and high frequency ranges. The response in
the low frequency range is identical for four of the analysis. However, as the frequency

increases they differ considerably.

Resultant forces can also be calculated both in the frequency and time domains
using SEM. Figure 3.19, Figure 3.20, Figure 3.21 and Figure 3.22 show the variation
in the base shear with respect to time between 8-17 s., 17-26 s., 26-35 s. and 35-44
s., respectively. The base shear calculated from the four models differ from each other

throughout the time interval.
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Figure 3.17. Band pass filtered between 0.1-5 Hz. time domain response at DOF= 52

between 5-20 sec.
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Figure 3.18. Band pass filtered between 15-20 Hz. time domain response at DOF= 52

between 5-20 sec.
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Figure 3.19. Variation in base shear with respect to time (between 8-17 sec.).
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Figure 3.20. Variation in base shear with respect to time (between 17-26 sec.).
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Figure 3.21. Variation in base shear with respect to time (between 26-35 sec.).
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Figure 3.22. Variation in base shear with respect to time (between 35-44 sec.).
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4. TRAVELLING WAVE METHOD

The propagation properties of waves through the elements (i.e., waveguides) of
a structure can be utilized to study its dynamic behavior. In the medium to high
frequency ranges, this method yields accurate results. In contrast to SEM, the prop-
agation path of the disturbance can also be tracked. Wave propagation solutions are
based on the propagation, reflection, transmission and generation properties at the
discontinuities. A discontinuity, such as a joint, can be treated as a filter. It changes
the amplitudes of the incident waves and can generate additional waves. Thus, the
reflection, transmission, and the wave generation characteristics of joints are the vital
elements of the wave propagation analysis. Assemblage of these properties provides
a concise method to analyze dynamic behavior of structures. The amplitudes of the
reflected and transmitted waves are related to the incident waves by means of the
transmission and reflection coefficients. Any type of incident wave can generate a new
type of different waves at the discontinuities. For instance, a flexural wave can generate

a longitudinal wave, or conversely, a longitudinal wave can generate a flexural wave.

The propagation of waves in structures have been extensively studied more than
half a century. Graff [24] and Cramer, Heckl and Petersson [25] described vibration of
elastic structures in terms of the reflections and transmissions of the incident wave at
discontinuities. Doyle [14] derived solutions for wave propagation in one-dimensional
waveguides. The transmission and reflection coefficients at different types of joints
are studied by many researchers. Mace [26] and Milne [27] presented reflection and
transmission properties at a joint based on the Bernoulli-Euler beam theory. Mei and
Mace [28] considered wave propagation in Timoshenko beams, and transmission and
reflection properties at an L type junction. The effect of structural joints on the wave
propagation is studied by Doyle and Kamle [29,30], based on experiments. Mei [31]

studied wave propagation in space frames.

Nagem and Williams [32] developed a matrix methodology for planar structures.

In their method, system matrices are constructed using the transfer matrices of the
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elements and joint coupling matrices. Howard and Pao [33] introduced reverberation
ray matrix method. The method uses dual coordinate system to form system matrix
in global coordinates and Fourier transforms. Mace, Duhamel, Brennan and Hinke [34]
utilized wave finite element method. A vast amount of literature on this method can
be found in the paper published by Waki, Mace and Brennan [35]. Von Flotow [36],
and Miller and Von Flotow [37] developed a method called as Travelling Wave Method
(TWM). According to Mei and Mace [28], the TWM has proved to be powerful for an-
alyzing vibrations in complex structural networks. Beale and Accorsi [38], generalized

the TWM to apply it in two and three-dimensional frames.

In TWM, the wave guide equations are derived in terms of the left and right
propagating waves. Left and right directions of a member are arbitrary. The waves
traveling in the direction of increasing spatial coordinate with respect to the member’s
corresponding local coordinate system are referred as the right propagating, and the

waves traveling in the opposite direction are referred as the left propagating.

The waveguide equation, which relates the wave mode amplitudes to the gener-

alized displacements and forces, is expressed as follows:

U Y.r Yu u
_ R L R (4.1)
F YfR YfL ur,

where, U and F represent the generalized displacement and force vectors, respectively,
and ug and uy, are the vectors of right and left propagating waves. The generalized
positive displacements have the same direction at both ends of the member. However,
positive forces have opposite directions. Basic steps of the general procedure for TWM

is illustrated in Figure 4.1.

In the following sections, waveguide equations for longitudinal and flexural wave

propagation are obtained based on various element theories.
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Figure 4.1. General procedure for TWM.

4.1. Longitudinal Wave Propagation

In this section, wave propagation equations for the four element theories men-

tioned earlier are obtained to derive reflection, transmission and generation relations.

4.1.1. Elementary Rod Theory

Wave solution to the governing differential equation in terms of spectral repre-

sentation is given by Eq. 3.6. The same equation can be rewritten in terms of left and

right propagating wave modes, as shown below:

u(w) — uRe—’ik‘Rx + uLeik‘Rx

(4.2)

Using force-displacement relationship given by Eq. 2.4, internal forces developed at an

arbitrary point is derived as follows,

F(l’) = EA(—ikRURe_ikRI + ikRuLeikR’”)

(4.3)
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Waveguide equations for the longitudinal wave modes, based on elementary rod

theory, become

U 1 1
e L un (1.4)

4.1.2. Love Rod Theory

Spectral representation of the solution to the governing differential equation of
motion based on Love rod theory is given by Eq. 3.11. In terms of right and left

propagating waves, the equation becomes,
i(z) = uge "R 4 upetrT (4.5)

Using the force displacement relationship, internal force is described as,

F(z) = (—z'k:REA — 1/2w2pJ) upe krT 4 (ikREA — 1/2w2pJ) uyetre (4.6)
Waveguide equations for the longitudinal wave modes, based on elementary rod
theory, become
F(x) —ikgrEA — v2W?pJ ikrEA — v*w?pJ U,
4.1.3. Mindlin-Herrmann Rod Theory

Wave solution to governing differential equations in terms of spectral representa-

tion is given by the equations 3.16 and 3.17. The same equation, in terms of the left
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and right propagating wave modes, is rewritten by the following equations:

@(I) = RluRle_Zle‘r + fﬁQU/RQ€_ZkRQth - RluLlellex — R2uL2€sz2x (48)

1;(1’) = ’U,Rleiilex -+ uRQe*"kR” -+ uLleile’” -+ ’U/LgeikRQx (49)

Using the force-displacement relationship given by equations 3.19 and 3.20, internal

forces developed in the section are calculated as,

F(z) = (—ikpi RiTy + Ty) ugie”*®1% 4+ (—ikgo RoTy + Th) ugoe ™ kr2®
+ (_Z‘leRlTl + TQ) uLleilex + (—ik?RQRQTl + Tg) uLQGikRQx

(4.10)

Q(l’) = T3 (—ikzmume_ikm“; - ’ikJRguR26_ikR2z + ikmumeikmm + ikRguLgeikRﬂc) (411)
where, T, T and T3 are given in Eq. 3.15. T7 and Ty of Eq. 4.13 are calculated as:
T7 = ileRl; Tg = ikﬁRgR (412)

Waveguide equations for the longitudinal wave modes, based on Mindlin-Herrmann

rod theory, become:

(z) Ry Ry — Ry — R Up
d(x) | 1 1 1 1 U
Fo) [ | =i+ T +Ty ~TT +T Tl + T | | un
\ Q(x) ) | —ikrT —1kgoT3 ISV ikpaTs | | ur2 |
(4.13)

4.1.4. Three-Mode Rod Theory

Spectral representation of the solution to the governing differential equation of

motion based on Three-Mode rod theory is given by the equations from 3.22 to 3.24.
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In terms of the right and left propagating waves, the equations become:

(1) = Ryugie "M% + Ryupoe FR2% 4 Roupse™ Fr3% 4+ Rjup eFri®
+R5UR2€’L"€R2I _|_ RﬁuR3eikR3CC

(4.14)

’QZ)(JT) = RluRle*’ka + RguRzeflkRQx + RgURgeflkRSx — RﬂLRlelez
_RZURzeikRQ$ _ RSuR?)eZkRg:E

(4.15)

¢(x) — uRle—ller + uR2€—lkR2(E + uR3€—lkR3(E + uRleZlew _|_ uR2eZkR2£E + uRgelkR‘g,l'

(4.16)

Using the relation between forces and displacements, given by equations 3.27 to 3.29,
waveguide equations can be obtained in an analogous way to the Mindlin-Herrmann

rod theory.

4.2. Flexural Wave Propagation

Flexural behavior of beams can be expressed in terms of propagating and evanes-
cent wave components. Near field waves are generally ignored since their amplitudes
decrease rapidly with respect to distance [26]. However, they could generate transmit-

ted and reflected waves of both propagating and evanescent types.

In this section, waveguide equations for flexural vibrations of a beam element is
presented both for the Bernoulli-Euler and Timoshenko beam theories. In the high
frequency range, adopting Bernoulli-Euler beam theory cause erroneous results. Thus,
adopting Timoshenko beam theory in wave propagation analysis could be more appro-

priate.
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4.2.1. Bernoulli-Euler Beam Theory

Wave solution to governing differential equations in terms of spectral representa-
tion is given by the equations 3.39 and 3.40. They can be rewritten in the form of the

left and right propagating wave modes, as shown by the following equations:

o(z) = VR1€ FBT L poe FBT 4 1B g ehBY (4.17)

¢(z) = —ikpome " — kpupoe "B + ikpup €T + kpupse (4.18)

Using the force displacement relationship, internal forces developed in the section are

calculated as,

V({L’) =FI (—’L'kBgURleiika + kB3UpLQ€7kBm + ikBBULleika — kBBUL2€ka) (419)

M(QT) =F] (—]{,’BQURle_ika + /{Bznge_kW — l{B2UL1€ika + kB2UL2€ka) (420)

Waveguide equations for the flexural wave modes for the Bernoulli-Euler beam

theory are represented by the following equations:

( ) B T ( 3
0(x) 1 1 1 1 VR1
b(x —ik —k ik k v
Qjﬁ( ) _ B Br B r B R2 (4'21)
V(z) —EIikg® EIkg® FElikg® —EIkg® VI
| M(x) | ~Elkg® Elkg® —Elkg® Elkg® | | v |

4.2.2. Timoshenko Beam Theory

Spectral representation of the solution to the governing differential equations for

the Timoshenko beam theory is given by the equations 3.45 and 3.46. In terms of right
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and left propagating waves, the equations become:

17(.1‘) = Rllee_szlm + Rngge_’kBﬂ — Rlelemle - RQULQleEmm (422)

(5(:1:) = vpre  FBT L ypoe kB2 gy eikmT 4y eiRB2e (4.23)

Waveguide equations for the flexural wave modes for the Timoshenko beam theory

are represented by the following equations:

o(z) Ry Ry —Ry —Ry UR1
o() B 1 1 1 1 VR2
V) | | Elks® =Ty Elkm® —Ty Elkp®—Ty Elkg?-T | | v
\ () ) | —Elikm —Elikps Elikp Elikps | | vz |
(4.24)
where,
Ty = pl Kow? (4.25)

4.3. Evaluation of Scattering and Generation Matrices

In order to evaluate dynamic response, the propagation properties of the waves
through the waveguides, and the reflection and transmission properties at a joint should
be defined. Scattering matrices cover the reflection and transmission properties at
the discontinuity. After defining waveguide equation of the wave mode in the local
coordinate system, they should be converted into global coordinate system using the

rotation matrix as it is done in SEM.

The reflection and transmission coefficients at a joint are calculated based on
the equilibrium, compatibility and the prescribed boundary conditions. For n number
of elements that are connected to the same joint, (n — 1) compatibility conditions

can be written for each degrees of freedom (DOFs). Thus, compatibility conditions
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give (n — 1) * m equations for m number of DOFs prescribed at each member end.
Equilibrium conditions give m equations. Figure 4.2 illustrates the resultants at the
member ends. In the figure, L and R represent the left and right ends of the beam,
which are selected arbitrarily, 6 is the angle between the local coordinates system of

the member and the global coordinate systems, and subscripts 1, 2 and 3 stand for the

Lf
3

M,

VZ L%

Figure 4.2. Sample joint.

element indices.

M

Fy

1
Fy

Transmission and reflection coefficients at a joint, which form the junction scat-
tering matrix, are calculated based on the amplitudes of the incoming and outgoing
waves. Left propagating waves become incoming waves for a member that is connected
to the joint at its left end. The outgoing waves are the waves travelling in the opposite
direction. Considering the positive sign convention, resultant forces at the left end are
assumed to be negative. The waveguide equations in global coordinates, based on the

incoming (u;) and outgoing (u,) waves can be rewritten as:

U d; d, u; TY, TY, u
_ _ L R t (4.26)
F fi fo Uo —TYfL - TYfR URr

For the members connected to the joint at its right end, the wave guide equations

in global coordinates, based on the incoming and outgoing waves are:

18 di do Ui TYu TYu u
_ _ R L R (4.27)
F f, f, u, TYxw TYq ur,
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In equations 4.26 and 4.27, T is the rotation matrix, which converts the displacements
and forces from local to global coordinates. U and F are the displacement and force

vectors, respectively.

Scattering matrix is obtained by substituting displacements and forces generated
by the incoming and outgoing wave modes into the equilibrium and compatibility
equations, and boundary conditions. System of equations for the joint given in Figure

4.2 is obtained as follows,

afy, +0ds, aof,, af,, —afy, —f6d;, —afy, —af;

iz
dO]_ _d02 0 {uo} = _d di2 0 {Ui} + {/85 + Q}
do, 0 —d, —d

iy

0 d;

i1 iz

(4.28)
where, 6 and Q are the prescribed displacement and force vectors at the joint, re-
spectively. Equilibrium and boundary conditions are substituted into the system of
equations via « and  matrices, which are square matrices with size equal to number
of DOFs. The values are assigned to a and 8 matrices in accordance with the support
and displacement boundary conditions. The detailed information on these matrices

can be found in Beale and Accorsi [38]. Then, the scattering matrix, S, is obtained as:

-1

afy, +0ds, aof,, af,, —afy, —pd;, —afi, —afi,
S = do, ~d,, 0 —d;, d, O© (4.29)
do, 0 —do, —d;, 0 di,

The amplitudes of the waves generated by the applied external excitation is cal-

culated using the generation matrix, G, which is given as:

afy, +0de, aof,, af,,
G = do, —d,, © (4.30)
do, 0 —do,
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4.4. Assemblage of Waveguides

In order to obtain dynamic response of the whole structure to a given excitation,
scattering and generation matrices obtained at each joint are assembled to form the
structural system. Then, the scattering and generation matrices of a structure that

comprises N number of elements are derived as:

Sy

S
S = ° (4.31)

Sn

G1

Go
G = _ (4.32)

Gn

The amplitudes of the generated waves at adjacent joints are calculated through
system transmission matrices, which are diagonal matrices. The exponential part of the
waveguide equations, which correspond to the waves travel in the direction of increasing
spatial coordinate with respect to member’s corresponding local coordinate system, is
substituted into the diagonal of the system transmission matrix (ST). To assign the
amplitude of the wave at a joint caused by the wave generated at an adjacent joint,
a permutation matrix (P) is defined. For instance, the outgoing wave u,1, at joint 1
in Figure 4.3 becomes incoming wave u;2, at joint 2. The amplitude of the incoming
waves can be related to the outgoing waves by means of the system transmission and

permutation matrices.

(ST) and (P) matrices based on elementary rod and Bernoulli-Euler beam the-
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Figure 4.3. Travelling waves through an element.
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o o o O =
o o o = o o

For a structure that comprises N number of elements, the incoming and outgoing waves

are related to each other as:

ST,P,

ST,P,

STnPN

(4.34)




29

Amplitude of the outgoing waves is calculated as:

{U}=[I-S*ST«P] '[G] {65 + Q} (4.35)

where, (I) is the identity matrix.

The displacements and forces acting at the joint and/or at an arbitrary location
through the member length is calculated by substituting the incoming and outgoing

wave amplitudes into the wave solution of the governing differential equation.

4.5. Numerical Example

As an example, the dynamic response of a five-story, two-bay plane frame, which
is given in Section 3.4, is calculated by using both FEM and TWM. It is aimed to
demonstrate the accuracy of TWM in the medium to high frequency range. Since, it
is known that the accuracy of FEM analysis increases with the decreasing mesh size,
two different FEM models are used in the analysis. In the first FEM model, structural
elements without any kind of discontinuity are modeled as a single element. In the
second FEM model, each structural member is divided into 100 segments. Moreover,
two TWM models are constructed in order to see the effect of adopting higher order
theories on the calculated dynamic response. In the first TWM model, structural
elements are formulated based on elementary theories. In the second TWM model,
higher order theories, namely Love rod and Timoshenko beam theories, are adopted.
Mindlin-Herrmann and Three-Mode rod theories are not employed in the analyses,
because they introduce extra DOFs and the frequency range of interest does not cover
the cut-off frequency. A MATLAB-based code [22] is prepared for the TWM analysis.
SAP2000 v.19 [23] is utilized for the FEM analysis. The dynamic response is calculated

under the effect of the self-weight of the structure and the applied base excitation.

The same base excitation, which is defined in the Section 3.4 is applied in the

longitudinal direction.
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The Fourier Amplitude Spectra (FAS) of the dynamic response at DOF= 52,
which corresponds to the top displacement in the direction of excitation, is presented
in Figure 4.4. The figure shows FAS of the response calculated by using the first and the
second FEM models, and the first and the second TWM models in the frequency range
of 0-50 Hz. In the low frequency range, the responses calculated from the four analyses
are almost identical. However, as the frequency increases, the calculated responses

start diverging.

Displacement Correspond to DOFs— 52
T T T T
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Figure 4.4. FAS of the response at DOF= 52 between 0-50 Hz.

For a better understanding, the dynamic response calculated from the four anal-
yses between the frequency ranges of 0-10 Hz., 10-15 Hz. and 15-20 Hz. are illustrated
in Figure 4.5, Figure 4.6 and Figure 4.7, respectively. In the low frequency range, which
is presented in Figure 4.4, the dynamic response calculated at DOF= 52 from the four
analyses are approximately identical. As can be seen from Figure 4.6, in the vicinity
of 12 Hz. the response calculated from the first FEM analysis starts diverging from
the others. As the frequency increases the response obtained from the second TWM
model is also diverges from the response obtained from the second FEM and the first
TWM. In the vicinity of 16 Hz. the dynamic response at DOF= 52 calculated from
the first TWM deviate from the second FEM. Beyond 18 Hz., the responses calculated
from the TWM and FEM models differ significantly.

The time-domain response can be calculated by taking the inverse Fourier trans-
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Figure 4.6. FAS of the response at DOF= 52 between 10-15 Hz.
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Figure 4.7. FAS of the response at DOF= 52 between 15-20 Hz.

form of the response calculated in the frequency domain. Figure 4.8 and Figure 4.9
illustrate the comparison of the calculated time domain response obtained from the
four analyses. In Figure 4.8 and Figure 4.9, the response is band-pass filtered between
0.1-5 Hz. and 15-20 Hz, respectively. It is aimed to reflect the differences in the low
and high frequency ranges. The response in the low frequency range is identical for

four of the analysis. However, as the frequency increases they differ considerably.
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Figure 4.8. Band pass filtered between 0.1-5 Hz. time domain response at DOF= 52

between 5-20 sec.

Resultant forces can also be calculated both in the frequency and time domains
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Figure 4.9. Band pass filtered between 15-20 Hz. time domain response at DOF= 52

between 5-20 sec.

using TWM. Figure 4.10, Figure 4.11 and Figure 4.12 show the variation in the base
shear with respect to time between 8-17 s., 17-26 s. and 26-35 s., respectively. The

base shear calculated from the four models differ from each other throughout the time

interval.
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Figure 4.10. Variation in base shear with respect to time (between 8-17 sec.).
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Figure 4.11. Variation in base shear with respect to time (between 17-26 sec.).

150 T T T T T T T

100 — B

g 350 i |
-E 0 [ I \I \ \
w il
2 ! fI
ot (il I' ]
A 50 ' i |
—FEM (1** Model} )
100 - —FEM (2 Model) |
——TWM (1" Model)
TWM (2% Model)
150 1 1 1 1 1 1 1 I
26 27 28 29 30 31 32 33 34 33

Time (s)

Figure 4.12. Variation in base shear with respect to time (between 26-35 sec.).
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5. ENERGY FLUX

Seismic design and assessment of the structures are most commonly carried out
using Finite Element Method (FEM). However, FEM becomes insufficient in the mid
to high frequency range. Thus, energy-based methods can be utilized as an alternative
methodology to perform dynamic analysis of structures. Housner [39] was the first
who introduced energy-based approach in seismic analysis of structures. The energy
input to a structure is a stable parameter since it mainly depends on the mass and the
natural period of the structure, and scarcely effected by the strength and the type of

restoring force characteristics [40].

Statistical Energy Analysis (SEA) have emerged as a robust methodology to
carry out dynamic analysis of structures, especially in the high frequency range. In
SEA, a complex structure is modeled as a statistical set of subsystems or mode groups
[41]. Tt only provides information about the average dynamic response of the system.
The spatial distribution of the dynamic response is lost. According to Carcaterra
and Sestieri [42], statistical energy analysis produces poor output against significant
qualitative and quantitative input data. Moreover, it is only valid for broadband
excitations. As an alternative methodology, Wave Intensity Analysis (WIA) is proposed
by Langley (1992). Energy Finite Element Analysis (EFEA) was introduced by Nefske
and Sung (1987). According to their methodology, mechanical energy flow through an
element can be assumed as a heat conduction problem. Wohlever and Bernhard [43]
and Carcaterra and Sestieri [42] have proved that, the heat conduction analogy is not
valid for the general case of energy flow in structures. Lase, Ichchou and Jezequel [44],
proposed two methods, namely general energy and simplified energy methods, to obtain
the behavior of energy in beams and bars. General energy method corresponds to the
total energy density and the active energy flow. Simplified energy method complies
with the Lagrangian energy density and reactive energy flow. Ichchou, Le Bot and
Jezequel [45] proposed energy models for one-dimensional multi propagative systems.
Mace and Shorter [46] suggested a new methodology, which splits the model into global

and local subsystems. Both are treated by classical finite element methods. Park and
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Hong [47] derived vibrational energy flow in Timoshenko beams in terms of space and
time averaged energy of far field waves. According to Carcaterra and Sestieri [42], the
kinetic energy seems to be more convenient, because this is the quantity that is more

relevant in dynamic problems and more related to acoustic radiation.

Energy flux is a dynamic measure of energy for base excitations, which is defined
as the kinetic energy due to seismic shaking multiplied by the propagation velocity
of seismic waves. It gives the amount of seismic energy transmitted per unit time
through a cross-section of a medium [3]. In this manner, characteristics of energy flow
and dissipation throughout the structure with respect to frequency can be obtained.
Thus, this method provides a new tool to evaluate dynamic response of structures.
Energy flux propagates as the waves travel through the waveguides. As in the wave
propagation formulation, at the discontinuities, some portion of the incident energy
transmitted into the adjacent members and some part is reflected. The reflection and
transmission coefficients for the energy flux are independent of the direction of the
propagation. The sum of the reflected and transmitted energy flux is equal to the

incident energy flux due to the principle of conservation of energy.

5.1. Transmission and Reflection Coefficients

Transmission and reflection coefficients for energy flux are equal to the ratio of
transmitted and reflected energy flux, respectively, to the incident energy flux. These
coefficients are derived based on the transmission and the reflection coefficients of the
waves, and characteristic impedances of waveguides. Thus, the scattering matrix at
a joint is derived as the first step in the calculation of transmission and reflection
coefficients of the energy flux. The scattering matrix is constructed based on the

methodology presented by Beale and Accorsi [38]. The scattering matrix for n number
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of elements that are connected to same joint are derived as:

rip ter oty
g tig T2 - tpa (5.1)
t1n t2n e Tnn

Where, t and r represent the transmission and reflection matrices, respectively. The
subscript shows the direction of the wave. The size of the reflection and transmission
matrices depends on the number of wave modes that travel through the member. For
a better understanding, the scattering matrix at the joint where the wave experience
material and/or cross-section change, is obtained based on elementary rod theory. The

properties of the rods and the wave modes are presented in Figure 5.1.

EL AL pL VI E2, A2, p2, v2

o

T T

Figure 5.1. Energy flux between collinear rods.

In Figure 5.1, E, A, p and v stand for the Young’s modulus, area of the section,
mass density of unit volume and Poisson’s ratio, respectively. Subscripts 1 and 2 are
the element numbers and 1, ¢t and r are the incident, transmitted and reflected waves.

Scattering matrix is obtained as:

E1A1kp1—FE2Askpo 2FE2AckRa

S _ iy t21 _ FE1A1kr1+E2A2kRo FE1A1kp1+E2Askps (5 2)
t r 2E1A1kRy —(E1A1kr1—FE2AzkR2)
12 22 E1A1kri+E2A2kR2 E1A1kRi+E2AskRpo

In Eq. 5.2, r11 and rao stands for the reflected wave coefficients for the first and second
elements, respectively. tio is the coefficient of the wave transmitted from the first to
the second element. Conversely, ta1 is the coefficient of the wave transmitted from
the second to the first element. kg; and kgy correspond to the wavenumber related

to the first and second elements respectively. Group velocity of the waves based on
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Elementary rod theory is given in Eq. 3.31.

The reflection and transmission coefficients for energy flux is derived as:

rer11 tEF21

SEF:
tEF12 TEF22 53
2 2 .
E1A1kr1—FE2A2kRo plAlchl 2FE5AskRro ( )

o E1A1kr1+E2A2kRo p2Ascgre \ E1A1kR1+E2A2kRa
- 2 2

p2Aacyra 2F1 Arkp1 —(E1A1kr1—E2AzkR2)

p1Aicgr1 \ E1A1kri+E2A2kRs E1A1kr1+E2A2kRa

In Eq. 5.3, rgr11 and rgraz stands for the reflected energy flux coefficients for the first
and second elements, respectively. tgri2 is the coefficient of the energy flux transmitted
from the first to the second element. Conversely, tgro1 is the coefficient of the energy
flux transmitted from the second to the first element. c4r; and cyr2 correspond to the

group velocities related to the first and second elements, respectively.

The reflection and transmission coefficients based on the Bernoulli-Euler beam
theory for both wave propagation and energy flux are calculated for the beams are

shown in Figure 5.2.

1 i

EL, GLALIL pL VI E2, G2,A2,1, p2, V2

Iy Iy
Iy

Iy

Figure 5.2. Energy flux between collinear beams.

In Figure 5.2, E, G, A, I, p and v stand for the Young’s modulus, shear modu-
lus, area of the section, second moment of inertia, mass density per unit volume and
Poisson’s ratio, respectively. Subscripts 1 and 2 are the element numbers and 1, tp,
tn, rr and ry are the incident, transmitted far field, transmitted near field, reflected

far field and reflected near field waves.
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Flexural behavior of a beam can be expressed in terms of propagating and evanes-
cent waves. Evanescent waves are generally ignored, since the amplitudes decrease
rapidly. However, they can generate significant transmitted and reflected waves of

both propagating and evanescent types [26]. The scattering matrix is obtained as

follows:
Tl Tl o1y, ta1yy
ri; tag T1lar  T1las 1915 2100
S = = - - (5.4)
ti2 TIa22 t12,, t12,, 79221, 72215
t1221 t1222 72291  T2299

In Eq. 5.4, the size of the transmission and reflection matrices are two, since two
wave modes, namely far-field and near-field wave modes, characterize the behavior of
the beam. The off-diagonal terms in reflection and transmission matrices represent
the ratio of the transformed waves from evanescent to propagating and propagating to
evanescent. The explicit form of the reflection and transmission matrices are presented

in Egs. 5.5 to 5.8.

2B+ —2iBa+ifixa+261xF (*1*”(1“)55))(1
ry; = 281+x1+2B1x1+B3x1+2B1X7 2B1+x1+2B1x1+8B3x1+2B81X3 (5 5)
_ (_1+i+(1_i)5%)X1 281 +ix1 —2iB1x1+iB5x1 2813
281+x1+2B1x1+B3x1+2B1X7 281+x1+2B81x1+8B3x1+2B81x5
[ 2(1461) (14x1) __ 2i(=148)(itx) ]
1o = 2681+x1+2B1x1+BEx1+281x3 26814+x1+2B1x1+Bx1+2B1x3 (5 6)
2(=14+B1)(A+ix1) 2(1+81) (14x1)
| 2B1+x1+2B1x1+B2x1 2613 281+x1+2B1x1+B3x1+281X3
[ 2(1+82) (14x2) o 2i(=14B)(i+x2)
to = 2B2+x2+2B2x2+63 x2+202Xx3 2B2+x2+2B2x2+83 x2+262X3 (5 7)
2(=14p2)(14ix2) 2(1482)(14+x2)
| 2B24+x2+2B2x2+B2x2+2B2x3 2B2+x2+2B2x2+B5x2+2B2x5
. —2B2+ix2—2iB2x2+iB82x2+2B82X2 . (‘1_i+(1+i)5§)X2 i
Tog — 2B2+x2+2B2x2+B3x2+2B2X3 2B2+x2+2B2x2+B3 x2+2B2X3 (5.8)
. (_1+i+(1_i)B§>X2 2B2+ix2—2iBax2+iB2x2—2B2x3
2B2+x2+2B82x2+B2x2+2B2X3 2B24x2+2B82x2+B82 x2+2B2X3

The terms 1, B2, x1 and x» are calculated as:

o E2]2l€322_ o E1]1k312_ kp2 kp1

pr=——""35il=—->3ix1 X N (5.9)
E\Likp” EsDkps”

kBl kBQ

kg1 and kpo are the wavenumbers of the propagating wave mode of the first and the
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second beams, respectively. Wave numbers corresponding to second mode of the beams

are equal to tkp; and ikgs. For the undamped case, wavenumber related to the second

mode becomes purely imaginary. The group velocity considering only the first mode

(cgrp) of the beam is derived as given in Eq. 3.51. The group velocity for the second

mode (cypn) is equal to icypp. For the undamped case, it becomes purely imaginary,

which means the second mode wave does not propagate.

The reflection and transmission coefficients for energy flux is derived as:

TEF11:1 TEF1112
Ir'EFil tEle TEF1151 TEF1199
Sgr= | T l
tEF12 I'EF22 tEF1211 tEF1212
lEF12,; tEF12,5
where,
2
TEF11,;, TEF11, 711,
rEF11 = -
CgNB1
TEF119, TEF114 corpy | 121
B T i p2A20gFBz
¢ _ tEF1211 tEF1212 o p1A1CgFB1 | |
EF12 — -
y ¢ PQAQCgNB2| |2
i EF124; EF129, ] | p1Ai1cgFB1 1251
i T [ p1A1cgFB1 2
¢ B tEFr21 11 tEr21 12 _ p2A2CsFB2 |t2111 |
EF21 — -
. ¢ p1A1cgNBL |t |2
| VEF21y VEF215 | | poAscerpa V2121
2
TEF22,;, TEF22,, |7“2211 ‘
rEF22 = -
CgN B2
TEF22, TEF22,, corp2 | 2221

tEF21,,
tEF21,,
T'EF22,

T'EF224;

CgFB1
CgNB1

| 2

p2A2CgFB2
p1A1CgNB1

p2AsceNB2

p1A1cgNB1

1A1CgFB1
p2A2CgNB2

p1A1CeNB1

p2A2ceNB2

CgF B2
CgN B2

2 2
| 7924, |

|T1122

tEF21,,
LEF215,

TEF22:9

TEF225y

2
T1112|
’2

|12, |
2
| 1222'

[t21,,]”
2

| 2122'
2

2212|

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

In case of undamped collinear beams, the real part of the off-diagonal terms of

the reflection and transmission matrices are equal to zero.

When the elements are

non-collinear, size of the reflection and transmission matrices become three, which cor-

respond to longitudinal and flexural wave modes. Thus, the reflection and transmission
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matrices for energy flux are obtained as:

TEF’L']'H rEFiij TEF’ijlg tEFijll tEFijl2 tEFile
rEFij = rEFijgl TEF'ijQQ TEFing tEFij = tEFijgl tEFijQQ tEFij23 (515)
TEFijs1  TEFijss TEFijss LEFijs1 UEFijs UEFijss

where, subscripts ¢ and j corresponds to the direction of the waves, the diagonal terms
stands for the reflected or transmitted waves without mode conversion. Subscripts 11,
22 and 33 stand for the longitudinal to longitudinal, far-field flexural to far-field flexural
and near-field flexural to near-field flexural waves. The off-diagonal terms indicate the

energy flux transmitted and reflected with mode conversion.

In case of undamped structures formed by non-collinear elements, the real part
of the off-diagonal terms corresponding to evanescent waves is equal to zero. Thus, the
energy flux carried by the evanescent waves becomes equal to zero. However, if some
amount of damping is introduced to the structure, the real part of the off-diagonal terms
corresponding to evanescent waves becomes different than zero and negative valued.
The diagonal terms are purely real for damped or undamped structures formed by the

collinear or non-collinear elements.

The energy flux reflection and transmission coefficients for an 'L’ type joint shown
in Figure 5.3 are plotted in Figure 5.4 through Figure 5.9. In Figure 5.3, 1, t, t,, t,
r, r, and ry stand for the incident, longitudinal transmitted wave, transmitted far
field flexural wave, transmitted flexural near field wave, reflected longitudinal wave,
reflected far field flexural wave and reflected nearfield flexural wave. It is assumed that
the properties of the sections are identical. The effects of the 90-degree angle at the

joint on energy flux reflection and transmission coefficients are investigated.

Figure 5.4 through Figure 5.9 show the absolute value of the real part of the
energy flux reflection and transmission coefficients, and their sum (to show that the
sum is equal to one). The reflection and transmission coefficients corresponding to the

undamped structure are given in Figure 5.4 through 5.6. When damping is introduced
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Figure 5.3. Reflected and transmitted waves at an L joint.

to the system by replacing the Young’s modulus by a complex value, the off-diagonal
terms related to the evanescent waves become different than zero. Figure 5.7 to Figure
5.9 correspond to the damped structure. Sum of the absolute values of the real parts

are equal to unity due to the conservation of energy.

Figure 5.4 represents the transmitted and reflected energy flux related to the in-
cident longitudinal wave. The incident energy flux in the longitudinal direction mostly
reflected as longitudinal energy flux and its contribution decreases as the frequency
increases. The energy flux transmitted into the second element as the far-field energy
flux is the other major mechanism, which becomes dominant as the frequency increases.
Moreover, some part of the energy flux is reflected as far-field flexural energy flux. Neg-
ligibly small amount of energy flux is transmitted to the second element as longitudinal

energy flux. The sum of the reflected and transmitted energy fluxes are equal to unity.

In accordance with Figure 5.5, the far-field flexural energy flux incident from the
first element is mostly reflected as far-field energy flux, transmitted into the adjacent
member as far-field and longitudinal energy fluxes. The portion of the reflected and
transmitted energy fluxes depend on the frequency. Small amount of energy flux is
reflected as longitudinal wave. Their sum is equal to unity and the evanescent waves

do not carry any amount of energy flux.
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Figure 5.4. Absolute value of the real part of the reflection and transmission

coefficients of longitudinal energy flux at an L joint (undamped case).
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Figure 5.5. Absolute value of the real part of the reflection and transmission

coefficients of far-field energy flux at an L joint (undamped case).
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Figure 5.6 shows that the energy flux related to the evanescent waves reflected

and transmitted without mode conversion.
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Figure 5.6. Absolute value of the real part of the reflection and transmission

coefficients of near-field energy flux at an L joint (undamped case).

When damping is introduced to the system, the transportation mechanism of the
energy flux mainly remains the same. Evanescent waves carry negligibly small amount
of energy flux. In case of identical elements either with damping or not, tgr12 and

tere21, and rgr1; and rgpos are symmetric matrices, which are equal.

Figure 5.10, represents the transmitted and reflected waves at a T joint corre-
sponding to an incident wave from the first element. The members are assumed to be

identical.

Figures 5.11 to 5.16 show the absolute values of the real parts of the energy
flux coefficients of transmitted and reflected waves at a T joint. Figure 5.11 to 5.13
illustrate the reflection and transmission coefficients for the undamped case whereas
Figure 5.14 to 5.16 stand for the damped case. When damping is introduced to the

system, negligibly small amount of energy flux is carried by the evanescent waves.

Figure 5.11 shows that, the major part of the energy flux, incident from the first

element as longitudinal wave, is transmitted into the third element as longitudinal
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Figure 5.7. Absolute value of the real part of the reflection and transmission

coefficients of longitudinal energy flux at an L joint (damped case).
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Figure 5.8. Absolute value of the real part of the reflection and transmission

coefficients of far-field energy flux at an L joint (damped case).
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Figure 5.10. Transmitted and reflected waves at a T joint corresponding to the

incident wave from the first element.
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Figure 5.13. Absolute value of the real part of the reflection and transmission

coefficients of near-field energy flux at a T joint (undamped case).

wave. Some amount is transmitted into the second element as far-field flexural energy
flux. Negligibly small amount is transmitted into the third element as far-field flexural

energy flux, reflected as far-field flexural and longitudinal energy flux.

Figure 5.12 illustrates the transfer mechanism of the far-field energy flux, incident
from the first element. Major part of the energy flux is reflected and transmitted as
flexural energy flux. The amount of the energy flux, transmitted as longitudinal energy

flux increases with the frequency.

The evanescent waves are transmitted and reflected as evanescent waves, as can

be seen from Figure 5.13.

Figure 5.14, Figure 5.15 and Figure 5.16 show that, when damping is introduced,
negligibly small amount of the incident energy flux is transmitted and reflected by

evanescent waves.

The energy flux reflection and transmission coefficients at a cross-joint is pre-
sented as the last example. It is assumed that the members are identical, and the wave

is initiated from the first element.
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coefficients of far-field energy flux at a T joint (damped case).
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Figure 5.16. Absolute value of the real part of the reflection and transmission

coefficients of near-field energy flux at a T joint (damped case).
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incident wave from the first element.
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The reflection and transmission coefficients at a cross-joint for the undamped case
are presented in Figure 5.18 through Figure 5.20. Figure 5.21 to Figure 5.23, shows

the energy flux reflection and transmission coefficients for the damped case.
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Figure 5.18. Absolute value of the real part of the reflection and transmission

coefficients of longitudinal energy flux at a cross joint (undamped case).

According to Figure 5.18; the incident longitudinal energy flux from the first
element is transmitted into the third element as longitudinal energy flux, and into the
second and fourth elements as far-field flexural energy flux. Some amount of energy

flux is reflected as longitudinal energy flux.
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Figure 5.19. Absolute value of the real part of the reflection and transmission

coefficients of far-field energy flux a cross joint (undamped case).

Figure 5.19 reveals that, the incident far field flexural energy flux is reflected as
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far-field flexural energy flux. Some amount is transmitted into the adjacent members
as longitudinal and far-field flexural energy fluxes. In case of undamped structures,
the evanescent waves are transmitted and reflected without mode conversion at a cross
joint.
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Figure 5.20. Absolute value of the real part of the reflection and transmission

coefficients of near-field energy flux at a cross joint (undamped case).
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Figure 5.21. Absolute value of the real part of the reflection and transmission

coefficients of longitudinal energy flux at a cross joint (damped case).

When damping is introduced, evanescent waves become travelling waves, which
carry energy flux throughout the structure. The amount of the energy flux carried by
the evanescent waves is negligibly smaller than the energy flux carried by the longitu-

dinal and far-field flexural waves.
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Figure 5.22. Absolute value of the real part of the reflection and transmission

coefficients of far-field energy flux at a cross joint (damped case).
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Figure 5.23. Absolute value of the real part of the reflection and transmission

coefficients of near-field energy flux at a cross joint (damped case).
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5.2. Input Energy Flux

The energy flux that enters the system is calculated using the generation ma-
trix presented by Beale and Accorsi [38]. The amplitudes of the displacement wave
modes that cause system to vibrate are the product of the generation matrix and the
forces/displacements that excite the system. Then, the amplitudes of velocity wave
modes are calculated by multiplying the displacement wave modes by iw. Since the
energy flux is the product of the kinetic energy and the velocity of seismic waves, the

input energy flux is calculated as;

. pAch|1l|2

pAcgyplin|?

In Eq. 5.16, superscript dot corresponds to the first derivative of the displacement with

respect to time.

5.3. Assemblage Procedure

In order to obtain dynamic response of a structure in terms of energy flux, the
reflection and transmission matrices calculated at each joint must be assembled to form
the structure. Then, the scattering matrix of a structure that comprises N number of

elements are derived as:

SEF1

S
Ser=R e (5.17)

SEFN

The amplitudes of the generated energy flux at adjacent joints are calculated

through system transmission matrices, which are diagonal matrices. The square of the
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exponential part of the waveguide equations, which corresponds to the waves traveling
in the direction of increasing spatial coordinate with respect to member’s corresponding
local coordinate system, is substituted into diagonal of the system transmission matrix
(STgr). To assign the amplitude of the energy flux at a joint caused by the energy flux
generated at an adjacent joint, a permutation matrix (Pgg) is defined. For instance,
the outgoing energy flux ugp,1, at joint 1 in Figure 5.24 becomes incoming energy flux
uprio, at joint 2. The amplitude of the incoming energy flux can be related to the

outgoing energy flux by means of the system transmission and permutation matrices.

——> Ugpol1 Ugfri2] ——>
— > VEFo11 VEFi2I —»
—> VEFol12 VEFi22 H»z
<— UEFili UEFp2| <—
<— VEFill VEF021 <—
<— VEFi12 VEF022 <—

Figure 5.24. Energy flux through an element.

STgr and Pgr matrices based on elementary rod and Bernoulli-Euler beam

theories are defined as:

4 ) 4 AN

UEFi1, UEFol,

VEFi1, VEFol,

VEFil, VEFolq
4 — [STgr] [PEr] (5.18)

UEFi2, UEFo02,

VEFi2, VEFo02,
L VEFi2, J L VEFo029 J

where,
efQik:Rx
e—2ik3z
6—2k3x
672’LkRII7
€—2ikB:E
e—Qk’BJ:




o O = O o O
o = O O o O
- o O o o O

o o o o o

o o o o = O

o o o = o O
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For a structure that comprises N number of elements, the incoming and outgoing

energy fluxes are related to each other as:

.
UEFil

UEFi2

)

UEFiN
\ /

STEFIPEFI

STEFZPEFZ

STernPEFN

Amplitude of the outgoing energy flux is calculated as:

{Ugro} = { I-Ser*STrr+Pgr] 71EFin}

where, [ is the identity matrix. Then, the net energy flux is calculated as:

{UEFnet} =R {{UEFO} - {UEFI}}

(5.20)

(5.21)
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6. SOIL STRUCTURE INTERACTION

The dynamic response of a structure is influenced by the interactions between the
superstructure, the foundation, and the soil medium surrounding the foundation. The
motion of the foundation deviates from the free field motion due to the deformations
occur while the incident waves travelling through the soil medium into the structure.
Besides the response of the soil, generation of the base shear and moments cause dis-
placements and rotations at the foundation-soil interface, as well as additional waves
in the soil, as the waves travel through the superstructure. In literature, this process is
referred as ‘Soil-Structure Interaction (SSI)” and comprises two successive mechanisms.
Modification of the free field motion is referred to ‘Kinematic Interaction’. Superstruc-
ture induced vibrations are influenced by the flexibility of the soil-foundation system
and referred to as ‘Inertial Interaction’. ‘Foundation Impedance Functions (FIF)’ de-
fine the stiffness and damping properties of the soil-foundation system. FIF depend
on the frequency and mode of the vibration, the properties of the foundation system
(geometry, embedment, etc.) and the properties of the soil (shear wave velocity, Pois-
son’s ratio, etc.). For structures susceptible to SSI (e.g. heavy structures founded
on soft soil), it is important that seismic forces and displacements are calculated by

considering the effects of SST [4]”.

In this chapter, we demonstrate the applicability of the existing foundation
impedance functions in SEM, TWM and Energy Flux analysis. Detailed informa-
tion on the past studies can be found in the papers by Kausel [48], Gazetas [49] and
Stewart, Fenves and Seed [50]. Various numerical example on SSI can be found in
the papers by Gazetas [51] and Mylonakis, Nikolaou and Gazetas [52]. These two
papers also provide foundation impedance functions for various types of foundations
with different soil properties. The foundation impedance functions for different type

of foundations can be found in the handbook by Sieffert and Cevaer [53].

FIM for a surface foundation subjected to vertically propagating S waves are
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given as [52],

Urrm = Upru (6.1)

¢riv =0 (6.2)

where, Urpar, Upry and ¢ppys are respectively the translational component of the free
field motion, the translational component of the FIM and the rocking component of

the FIM. FIFs are expressed by using one of the two forms given below:

Kj = KS’j [Kj (ao) + iaoc’j (ao)] (63)

K; = Kj1 (ao) +iKj2 (ao) (6.4)

where, K or Kj; are the frequency dependent dynamic stiffness and C; or K, are the
radiation damping coefficient of j"* wave mode, ay is the dimensionless frequency and

K; is the static stiffness. Dimensionless frequency ay is defined by,

wB
Vs

ag = (65)
where, w is the circular frequency, B is the half-width of the foundation, and Vj is the

shear wave velocity. Shear wave velocity of the soil is calculated as,

V, = (6.6)

G
P
where, G is the shear modulus of the soil and p is the mass density of per unit volume

of the soil.

Figures below represent the impedance functions for a rectangular footing resting
on a homogenous half-space with Poisson’s ratio of 0.33 [53]. In the figures, K, is the
normalized stiffness in the vertical direction, Kj is the normalized stiffness in the
horizontal direction, K, is the normalized stiffness about the horizontal direction and

Kjr is the normalized coupling stiffness. Impedance functions for foundations with
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different foundation types and soil properties can be found in [51-53].
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Figure 6.2. Normalized damping terms.

6.1. Coupling the Soil and the Structure

In soil-structure interaction analysis, the foundation represented by springs and
dashpots. The foundation impedance functions reflect the properties of the spring and
dashpot system in accordance with the soil and foundation properties and the mode
of the vibration. The soil structure system is idealized as demonstrated in the Figure

6.3.
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Figure 6.3. Representation of soil-structure system.

Foundation impedance function in matrix form is written as follows,

F Kh 0 K}”« u
vV o= 0 K, 0 v (6.7)
M Kh'r 0 Kr QS

In Eq. 6.7, uw and v represent the displacements in the global x and y directions,
respectively, and ' and V' are the forces related to them. ¢ is the rotation about z axis
and M is the moment. K, is the impedance function in the longitudinal direction, K,
is in the vertical direction, K, is the rocking impedance and K7 is the coupling term.

In case of shallow foundations, the coupling term can be neglected.

In spectral element method, foundation impedance functions can be directly su-

perimposed to the spectral element matrix of the superstructure.

In travelling wave method, soil structure interaction is defined by imposing the
foundation impedance function into the equilibrium and boundary conditions. The
load that produces the required displacement at that degree of freedom is added as an
applied load and the internal force produced due to the imposed displacement is added
to the force equilibrium. This is done by replacing the related terms of § matrix given

in Eq. 4.28 by the foundation impedance.
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In the calculation of energy flux, soil structure interaction is incorporated in the

analysis as it is done for the TWM.

6.2. Numerical Examples

In this section the same plane frame presented in the Section 3.4 is analyzed under
the effect of the same base excitation considering the soil structure interaction using
SEM and TWM. In the SEM model, the soil is modeled as springs having the stiffness
equal to the foundation impedance functions. The stiffness of the soil is superimposed
to the stiffness of the superstructure. In the TWM model, the § matrix given by Eq.

4.28 is replaced with the foundation impedance function.

Two SEM and two TWM models are used in order to see the effects of adopting
higher order theories on the dynamic response. In the first SEM and TWM models,
elementary theories are adopted. In the second SEM and TWM models, higher order
theories, namely, Love rod and Timoshenko beam theories, are used in the formulation

of structural elements.

The foundation impedance functions are calculated for a square base with 1.0%1.0
m. dimensions. Normalized stiffness and damping terms are presented in the Figure
6.1 and Figure 6.2, respectively. Foundation impedance functions are derived using
these charts, dimensions of the base and properties of the soil. In order to demonstrate
the effect of the soil class on the calculated response, soils with the average shear wave
velocities of 250 m/s. and 1000 m/s., which correspond to stiff soil and rock, are

selected.

Frequency domain response calculated at the DOF= 52 of Figure 3.12, which
corresponds to the top displacement in the global x direction. The response calculated
from the first and the second SEM models with and without considering SSI are pre-
sented in Figure 6.4 and Figure 6.5, respectively. If the stiff soil case is considered, with
the introduction of SSI the calculated displacement is both amplified and de-amplified

at certain frequencies. On the other hand, when the soil class is assumed to be rock,
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the calculated displacement becomes closer to the rigid base case. Besides the effects
on the calculated displacement response, the modal properties of the structure are also

changed by the SSI.

Displacement Correspond to DOFs= 32
T T T T T

14 T T T T

——SEM (1°" Model) with SSI (stiff soil)
——SEM (1°" Model) with SSI (rock)
—SEM (1°" Model) without SSI

Amplitude

1 L 1 1 1

8 10 12 14 16 18 20
Frequency (Hz)

Figure 6.4. Frequency domain response at DOF= 52 calculated from the first SEM

model with and without considering SSI.

Displacement Correspond to DOFs— 52
T T T T

14 T T

——SEM (2™ Model) with SSI (stiff soil)
——SEM (2™ Model) with SSI (rock)
——SEM (2™ Model) without SSI

Amplitude

e, L 1 L | 1 1

8 10 12 14 16 18 20
Frequency (Hz)

Figure 6.5. Frequency domain response at DOF= 52 calculated from the second SEM

model with and without considering SSI.

Figure 6.6 and Figure 6.7 illustrate the response at DOF= 52 in the time domain.
When the soil class is assumed to be stiff soil, SSI causes to increase the displacement

considerably.
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Displacement Correspond to DOFs— 52

0.06 T T T T T T T
——SEM (1% Model) with SSI (stiff soil)

004 - ——SEM (1°" Model) with SSI (rock) B
—SEM (1% Model) without SSI
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Figure 6.6. Time domain response at DOF= 52 calculated from the first SEM model

with and without considering SSI.

Displacement Correspond to DOFs= 52

0.06 T T T T T T T
——SEM (2™ Model) with SSI (stiff soil)
004 - ——SEM (2™ Model) with SSI (rock) B
——SEM (2™ Model) without SSI
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Figure 6.7. Time domain response at DOF= 52 calculated from the second SEM

model with and without considering SSI.
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Figure 6.8 and Figure 6.9 show the calculated base shear from the first and the
second SEM models with and without considering the SSI. Introduction of SSI causes

to decrease in the base shear whether the soil class is decided as stiff soil or rock.

600 T T T T T T T
——SEM (1% Moddl) without SSI
400 - ——SEM (1% Model) with SSI (stiff soil)|
——SEM (1% Modd) with SSI (rock)
% 200 - .
% Nk, e ekl il
2 0 vl ! !
" | [ oW
@
=
/M 200 - |
400 - -
_600 1 L ! 1 L ! L
5 10 15 20 25 30 35 40 45

Time (s)

Figure 6.8. Base shear in the time domain calculated from the first SEM model with

and without considering SSI.

m T T T T T T T
——SEM (2™ Model) without SSI
400 - ——SEM (2™ Model) with SSI (stiff soil)|
I ——SEM (2™ Model) with SSI (rock)
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Figure 6.9. Base shear in the time domain calculated from the second SEM model

with and without considering SSI.

The response calculated from the first and the second TWM models with and
without considering SSI are presented in Figure 6.10 and Figure 6.11, respectively.

If the stiff soil is selected, introduction of SSI causes both amplification and de-
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amplification of the response at certain frequencies. Besides the effects on the cal-

culated displacement response, the modal properties of the structure are also changed

by the SSI.

Displacement Correspond to DOFs= 32
T T T T T

14 T T T T

TWM (1" Model) with SSI (stiff soil)
TWM (1" Model) with SSI (rock)
TWM (1°" Model) without SSI

Amplitude

1 L 1 1 1

8 10 12 14 16 18 20
Frequency (Hz)

Figure 6.10. Frequency domain response at DOF= 52 calculated from the first TWM

model with and without considering SSI.

Displacement Correspond to DOFs— 52
T T T T

14 T T

——TWM 2™ Model) with SSI (stiff soil)
——TWM 2™ Model) with SSI (rock)
——TWM 2™ Model) without SSI

Amplitude

e, L 1 L | 1 1

8 10 12 14 16 18 20
Frequency (Hz)

Figure 6.11. Frequency domain response at DOF= 52 calculated from the second

TWM model with and without considering SSI.

Figure 6.12 and Figure 6.13 illustrate response at DOF= 52 in the time domain.
When the SSI is considered, in case of stiff soil, the displacement is amplified consid-

erably.
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0.06

o
]

Displacement (mn)
&
5] e

004

006

model with and without considering SSI.

Displacement Correspond to DOFs= 52

——TWM (2™ Model) with SSI (stiff soil)
——TWM (2™ Model) with SSI (rock)
——TWM 2™ Model) withous SSI

Lol o i W IF A 1 T T
W'* AR .|1||||||1[I|||u AV e

5 10

15 20 25 30 35 40
Time (5)

45

96

Figure 6.13. Time domain response at DOF= 52 calculated from the second TWM

model with and without considering SSI.
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The response calculated based on SEM and TWM analysis for both with and
without considering SSI are approximately identical. Thus, the figures related to the

base shear is not presented.
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7. CONCLUSIONS

This thesis presents the methodology and the applications of the Spectral Ele-
ment, Travelling Wave, and Energy Flux methods in the dynamic analysis of engineer-
ing structures. These methods are highly efficient in analyzing the dynamic response
and identifying the dynamic characteristics of engineering structures in the frequency
domain. Conventional Finite Element Method is not able to capture the dynamic re-
sponse accurately in the medium to high frequency range, unless the mesh size used
in modeling is smaller than the shortest wavelength. Thus, these new techniques are
more reliable for the dynamic analysis and damage detection in structures at high

frequencies.

The procedure to assemble arbitrarily oriented members, and the formulation
of the spectral element matrices based on elementary and higher order theories are
presented for planar frames. This assembly procedure can be extended to space frames.
However, the space frame case is not covered in this thesis for simplicity. The dynamic
response results obtained from the SEM analyses are compared with the FEM analyses’
results. The FEM analysis predicts erroneous results in the medium to high frequency
range, according to the given examples. The mesh size used in the FEM analysis is
reduced in order to improve the accuracy. However, the improved FEM results are not
as accurate as the SEM results. On the other hand, SEM cannot be applied directly to
nonlinear systems since it is based on the superposition of the wave modes of different
frequencies. Various techniques to implement SEM in non-linear analysis of structures
can be found in the literature. Even if the method is presented only for one dimensional
elements in this document, it can be extended to two dimensional elements. However,
if the governing differential equation of the wave solution of an element does not exist,

SEM cannot be used in the analysis of structures with such elements.

The TWM analysis, based on the elementary and higher order element theories,
is presented in this document. The construction of the reflection, transmission and

generation matrices are outlined. The assemblage procedure to handle two-dimensional
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plane frame structures are also presented. This method can be extended to the analysis
of three-dimensional plane frame elements, as well as to the analysis of two-dimensional
waveguides, such as plates. Nonlinear dynamic analysis of structures can be done by
using this method. However, since it is based on the superposition of the modes, it

cannot be applied directly.

Reflection and transmission coefficients for the energy flux are obtained based only
on the elementary theories. The procedure to assemble the elements for a structure is
outlined. They can be derived for the higher order theories and assembled to construct
a structural system. The derivation of the scattering and generation matrices, and
assemblage process are analogous to TWM. Since the incoming and outgoing kinetic
energies are stable parameters, energy flux becomes a convenient and reliable method
in the dynamic analysis of structures. Moreover, it can be used both in linear and non-
linear analysis. By means of the energy flux, the energy demand and energy absorption

through a structure can be tracked with respect to frequency or time.

Another advantage of these methods is that Soil-Structure Interaction (SSI) ef-
fects can easily be incorporated in the analysis. SSI represents the influence of soil flexi-
bility around the foundation on the response of a structure, and can change the dynamic
response substantially. It is a critical factor controlling damage during earthquakes.
SSI must be considered in the analysis of structures founded on soft soils. Foundation
Impedance Functions (FIF), which represent the stiffness and damping properties of
the soil-foundation system, are frequency dependent. Although, impedance functions
can be approximated in time domain in the form of recursive filters [4], it is much easier
to incorporate them in the frequency domain directly in SEM, TWM and Energy Flux

analyses.
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