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ON A SHELL FORMULA OF CLOSED CURVES IN 

RIEMANNIAN MANIFOLDS 

ABSTRACT: 

In 1974 Brickell and Hsiung [1,'p.1B4) obtained an 

extension of the theorem of Fenchel [2), Milnor [3) and 

Fary [4) on the total absolute curvature of closed curves 

in Euclidian space. In order to develop the above 

mentioned theorem Brickell and Hsiung worked on closed 

curves in a complete simply connected Riemannian n

manifold with nonpositive sectional curvature. Due to the 

theorem of Hadamdrd-Cartan such a manifold is 

diffeomorphic to Rn. 

Let 0 be a point on a closed C
m 

curve C embedded 

in a Riemannian n - manifold M, and suppose that C lies 

in a normal neighborhood of o. Constr',ct the shell (n,f) 

on C with the vertex O. Let K be the Gaussian curvature 

of the induced metric on (n,f) and use dA for its area 

measure. Denote by a the geodesic curvature of C 

considered as a curve in (n,f), and let s be its arc 

length. Then the main theorem in Brickell and Hsiung [ll 

is 

L 

J a (s) ds = n + I - J f K dA 

o 

This study extends the above mentioned theory 

to piecewise regular curves C embedded in n-dimensional 

Riemannian manifolds, and aims to obtain a similar 

for~'la for them; moreover, it globalizes their results 

for two dimensional manif~lds and develops a global shell 

formula depending on certain triangulations of the 

enclosed area of C in M. Thus, the local theorem will 
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incorporate outer angles of C at vertices CIS i ) - 0i for 

i-1,.,p. The shell curve C has at the vertices same outer 

angles as C, if and only if the indicatrix E has a 
vanlshing vertex angle at Els.) 

1 
and 

in a neighborhood of s for i-1,.,p. 

E is one to one 
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KAPALI UZAY EGR1LER1N1N KABUK FDRMULO OZERtNE 

tlZET: 

Brickell ve Hsiung L1, s. 184J, 1974 Y1l1nda 

Fenchell [21, Milnor [31 ve Fary (4)' nin Euclid 

uzaylar1ndaki kapal1 uzay e§rilerinin toplam mutlak 

e§rili§i uzerine olan teorilerini gelistirdiler. Yukar1da 

ad1 gecen teoriyi gelistirmek icin, Brickell ve Hsiung 

n boyutlu Riemannuzaylar1nda cal1st1lar. Hadamard - Cartan 

teorisine gtire bu tOr uzaylar Rn uzaY1na difeomorfiktir. 

o noktas1, n bOYlltlu Riemann uzaY1 M ye gomOlmOs, 

kapal1 bir C e§risinin Ozerinde olsun ve C, 0 noktas1n1n 

normal komsulu§unda yer als1n. C e§risinin Ozerine 0 baz 

noktall (Q,f) kabu§u olusturulsun. K, (Q,f) Ozerine 

tas1nan Riemanri uzakl1§1 icin, Gauss e§rili§i, dA alan 

tilcOsO olsun. *, C e§risinin (Q,f) kabuk e§risi olarak 

dusunuldu§unde, C nin jeodezik e§rili§i, s yay uzunlllk 

parametresi olsun. 

Brickell ve Hsiung'un ana teoremi 'asa§lda 

gtirOlmektedir 

L 

I *(s) ds = n + 1 - I I K dA 

o 

Bu cal1smada, Brickell ve Hsiung' un teorisi, 

n - boyutlu Riemann'uzaylarlna gomulmus, parca parca 



reguler uzay egrileri icin geni~letilmekte ve bu egriler 

icin benzer bir formul elde etmek amaclanmaktadlr; ayrlca 

iki bny"tlu manifoldlar icin sonuclar globalize edilip, 

C nin cevreledigi alanln ucgen aql ile kaplanmaslna 

baglmll olarak global bir kabuk teorisi 

geli~tirilmektedir. 

Lokal teori, C uzay egri~inin C(Si) = Qi' i=l,.,p, 

kose noktalarlndaki dlS acllarlnl bunyesine almaktadlr. 

Kab"k egrisi C ' nin kHse noktalarlndaki dls aCllarl, uzay 

egrisi C nin dl$ acllarl ile aynldlr, ancak bu sadece ve 

sadece E indlkAtr1£in1n E(s.) noktalarlnda slflr dl$ 
1 

aclslna sahip olmasl ve si noktasl cevresinde 1-1 olmasl 

ile mumkundDr. 
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I. PRELIMINARIES FOR SHELLS 

Let (M, g) 
01 

be a C Riemannian n-manifold with 

the metric g. Let C be a piecewise regular simply closed 

curve embedded in M. We shall denote by Qi' i-1,.,p, the 

vertices of C. Let 0 be a point on the curve C 

different from Qi ' i-1,.,p. Assume that C lies in a 

COnvex normal neighborhood U eM of O. Let s be the arc 

length parameter and L the total length of C in M. 

Arcording to our assumption,there is a partition of the 

interval [O,L.l such that 

o - So < •••••• < sp< sp+l 

for i-1, •• ,p 
- L , 

We define piecewise COl functions r, E in Rand 

the tangent space TO M respectively. The curve C is in 

a normal neighborhood U of the point O. Consequently, 

C (s) = exPO ( r (s) E (s» , s E (0, L) • 

The function r is the radian function and E the 

indicatrix fllnction of the curve C with respect to the 

base point O. As the c:urve C is a topological embedding, 

both functions are well defined and they are piecewise 

differentiable on the interval (O,L). We extend by 

continuity both functions to the closed interval [O,Ll. 

Let 1\ 1\ denote the norm in the tangent space TO M. 

LEMMA 1: 

Both functions rand E can be continuously 

exten~ed at the points 0 and L. The extended functions r 

and E possess right-hand side and left-hand side 

derivatives of all orders at s = 0 and s - L respectively. 
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At these points. they have the values 

rIO) = 0 = rILl 

E(O) ="- E (L) -

PROOF 

dr (0) = 
ds 

dC 
ds 

(0 ) 

1 
dr = - ds 

(L) 

(1) 

€ 

Choose a system of normal coordinates determined 

by an orthonormal frame Xl •••• Xn at O. Let Ei(s ). 

i = 1, .. ,n 

frame. and 

• be the components of E with respect to this 
i c (s) the values of the components of C.i.e •• 

i (s) i for € [O.L] (2 ) c ,. u (C(s» s 
and i c (s) ,. r(s) E'< s) for s € (O.L) 

~ 

i (0 ) c i (L ) 0 i l, .. ,n. c ,. = = 

We can express Ci(s = s Ai. (s) by (2). where Ai 

are C
m 

functions near to O. and they are different from 

zero. 

1 ,. g(E(s).E(s» 

(4 ) r(s) ,. r(s) 

= 

We denote by II II e 

s 

( 

II 

n 
= I: E. E. o .. = 
.. l' J 'J l'J= 

n '4 
I: E~ (s) }) = 

i=l • 
A(s) II . e 

n 
I: E~ 

i=l • 

n . ~ 

(s) 

'4 
I: c' (s» ,. 

i=1 

(3 ) 

and <. > the standant euclid ian e 
norm and metric on RO respectively. 

Using the equation (4) we will calculate dr/dsls=O 

dr 
ds ,. II A(s) II + e 

s 
n 
I: A. 
i=l' 

(s) dA i 
ds 

1 

2. 



noting that 

de: i 

ds = A . (s) 
1 

dA i 
+ s ds 

it follows that 
de: i 
ds (0) '" Ai (0) i.e., 

i . e. , 

i 
II A (0) II e '" II ~~ (0) II e'" 1 

dr 
ds 

(0) - II AlO) lie .. 1 

Ae:cording to our definition, 

A. (s) 
E. (s) = 1 > 0 , S 

1 II A(s) lie 

A. (0) 
de: i C(IJ E. (s) 1 A. (0) (0 ) '" II A(Q) II: = 

1 1 ds 

or 

de: i E. (0) = (0 ) 
1 ds 

, i =l, .. ,n , 

In a neighborhood of s = L, for the analysis of the r 

and E fune:tions we will use similar tee:hniques as above. 
i m Knowing that e: (L) = 0 for all i = l,.,n ,there are C 

fllne:tions Bi near to L sue:h that 

e: i (s ) = s B. (s) ,s i L. 
1 

B . (L) .. 0 for 
1 

Differentiating e: i near L gives 

i 

i = 1,.,n 

de:(L) .. B (L) + L dB i (L) = L dB i 
ds 

(L) 

ds i ds 

and e:onsidering that s is an are: length parameter of C, 

we obtain 

II == (Ll II ~ 
1 
L 



The above formula and c:i(s) = r(s) Ei (s) yield 

rILl = " c:(L) "e- 0 

Ac:c:ording to the definition of the func:tions B. for 
i 1 

Land s suffic:iently c:lose to L, c: (s) = s B. (s) = 
1 

s i 

r (s) Ei(s). Therefore, r(s) "E(s)"e= s "B(s)"e. For 

suffic:iently small h > 0 , we have for the func:tions 

we have 

B. 
1 

B. (L-h) = B. (Ll h dB. (L-a.h) -h dB. (L-a.h) - -1 = -1 
1 1 ds 1 ds 1 

for i = 1, • ,n and 0 < a. < 1. 
1 

We c:alc:ulate the expression 

1 r(L-h) 1 (L-h) 

" 
B(L-h)" = = h h e 

1 
n 

'~ = (L-h) E B~ (L-h) ) 
h i=l 1 

1 
n dB. '~ 

= (L-h) ( E h 2 --1 (L - a.h » i • e. , h i=l ds 1 

r(L - h ) dB lim = L 

" 
---(L) " 

h~ 
h ds e 

i . e. , dr (Ll -1 = ds 
q.e.d. 

DEFINITION : 

Let Q denote the set points (y,s) in R2 suc:h 

that 0 i Y i r(s), 0 i s i L and define the func:tion 

f: n- M by 

fly,s) = exp O( y E(s» 

4 



I S. 1 i sis. }, i=l,.,p+l 
1- 1 

We call (Q,f) the shell on C with the base point 0 and 

the ith shell pie with the base point o. 

ror E > 0, we define 

= { (y,s) E. Q I y ~ E. }. 

For sufficiently small E. >0 the equation r(s) = 

E has only two solutions Cl, p 179J, that is the line 
1 p+l 

Y = E will meet the boundary of Q and Q only in two 

points. We denote by fi the restriction of f on Qi for 

i =l,.,p+l 

We will induce on Oi a Riemannian metric via fi 

However, there are some difficulties because of the 

singularities of the function fi • In the following 

chapter we w111 see how these difficulties can be 

hand led. 

·Ihe main theorem 1 provides us with sharper 

inequalities about the total absolute curvature of closed 

curves in Euclidean spaces. 

5 



II. LOCAL SHELL THEORY FOR N DIMENSIONAL 

MANIFOLDS 

We will make use of the structure equations for 

a Riemannian n - manifold expressed in polar coordinates. 

Choose an orthonormal frame Xl •••• Xn at O. Extend the 

frame to a moving frame Xl ••••• Xn on the normal 

neighborhood by parallel translation along the geodesic 

rays through O. We will denote the moving frame again by 
1 n Xl •••• Xn • We denote by e •....• e the dual moving coframe. 

is for i.j "l •.• n • and let e~ 

be the components of the Levi-Civita connection with 

respect to these frames. 

For the rest of this study the maps are partially 

defined, unless it im ~~plicitly Eteted cth.~·wl.e. 

Define the mapping 

n+l F : R --... 

It is shown in [S.P 27J that 

F*e i = a i dt + a i 
• 

M by 

• i =l ••• n • 

,i=l, .. ,n, 

where the forms a i • a~ do not involve the form dt. 
J 

These 1 - forms are zero for t = 0 • They satisfy the 

differential equation 

'0 a i i 
n 

a~ at 
= da + 1: a

j 

j=l J 
(S) 

'0 a ~ n 
Ri k al 

at J .. 1: 
1

0 F ) a . 
k.l"l j k 

(6 ) 

i Rjkl are the components of the curvature tensor R with 

respect to the metric connection V 

1 

6 



LEMMA 2: 

We 

coframe a i 
denote by the component5 .of the mov i ng 

with re5pect to normal 

coordinate5. The function5 1~ 5ati5fy the equation5 

PROOF: 

,i.e., 

and 

and 

n 
I: 

j=l 
1i 0 

J 

n 
= I: 

j=l 

n 
(1i = t I: 

j=l 

n k 
= I: a 

k=l 

F ) da j and 

= 
n 

i a 

I: ( 1 i 
J j=l 

Ii 0 F) 
j 

n 
l~o F ) ajdt + I: t ( IJ~ 0 F) da j 

J j=l 

o F 

n n 
= I: a k 

(I: 
k=l j=l 

n k 1 i = I: a ( 0 F ) 

n k 'd 
( I: a r>-k 
k=l Ou 

F ) 

oj 
n 

a j = I: 

o F) 

i 

j,k=l J k j=l 
( 1

k
o F) 

q.e.d. 

We would like to induce a metric fk *g on Ok. 

Therefore, we inve5tigate the 5ingu1aritie5 of fk • The 

mapping fk i5 expre55ed in term5 of the normal 
t n coordinate5 u , •• ,u by 

7 



k , where E. 
1 

are the components of the indicatrix of C restricted 

on [Sk_1,sk J with respect to the frame at O. 

We obtain for the tangent vectors 

n ,..., 
'd fk( (y,s) = 1: E~ (s) ~il k (e) 

* 'Oy 1 'Ou f (y,s) 
i=1 

(3 n dE~ '"" 
fk( d 

OS 
) (y,s) = Y 1: -1 ~i k 

* i=1 ds Ou f (y,s) 

We know that" E (s) " = 1. It follows that the vectors 

fk (L) 
* oY and 

fk (~) = O. 
* 'os 

are linearly dependent iff 

Therefore, fk is an immersion except for 

points on the line y = 0 or s = 0, 

nllmber such that fk (L) I = 0 * '0 s s=o 

where o is any 

i . e. , 

the curve C is tangent at ~he point k f (y,o) to the 

geodesic ray 'T which is emitted from the base point 

o. 
In order to calculate the induced metric fk *g on 

Ok we will make lise of the structure equations expressed 

in polar coordinates. 

Define the function ----
for k=1,.,p+l. 

Now, calculate the 1-forms 

and on R2 Because tk ("0 ) = ~ 
* 'Oy "at 

and " (! i 

tk*(!i and 

do not involve dt, we can describe 

by functions k w. and 
1 

k * n . 
t (1:t0 1

0F 
j=l j 

k 
W., 

J1 
on R2. 

(9 ) 

8 

• 



n 
t

k )( 1 ~ t~ d(ajo t k ) = I: (t 0 0 F 0 

j=l J 

n 
<l~ fk) dE~ k 

" I: Y 0 CiSJ ds = ... ds 
j=l J 1 

i 
t

k E~ 
n 

(a j t k ) i fk 
n 

E~ 1 i fk) a 0 = ~ I: 0 ( 1 .0 ) = I: ( 0 
1 j=l J j=l J J 

) 
k 

== w ds ji 
, i,j =1,.,n ,k =l, .. ,p+l 

Calculate the components of 

the moving frame x 1 ""Xn 

'd . (-c3y-) .. ith respect to 

ei(fm('O 
* 'd5 

II 

m 'd f (---) (y,s) 
* OY 

n 
= I: 

j=l 

n 
= I: y 
l,j e l 

n 
= y I: 

j=l 

( 1 i .0 fm) 
J 

n 
m 

n 

" I: E~ ( s)( X.o 
j=l J J 

du j) 
n dEm 

( I: Y -1 ds 1=1 

" I:.. (y,s) X I m 
j=l j j f (y,s) 

( 10) 
fm) (y,s) 

~l 
"au 0 fm) 

( 11> 
,m=l,.,p+l. 

We obtain from (8) and (11) that the functions "~j , .. ~ 

are zero on the line y = O. The impact of the structure 

equations on the functions 

dE~ 
" -1 ds 

n 
+ I: E~ 

j=t 1 

and are 

m .... 
J 1 

, m = 1, •• , p+ 1 ( 12) 

9 



Since 

1, the 

hand 

,..... m 
Ow .i 
'0 y J 

n n 
I: E~ w~) = I: E m 

1 1 i 
i=l i=l 

n dE~ n 
= I: E~ --1 + I: 

i=l 1 ds i , j= 1 

the indicatrix Em 

derivative of Emis 

since m 
wi j = 

above formula is zero; 

= 
n 

1: R .kl 
k,l=l j1 

n 
m w = I: 
ji i,j=l 

n 
+ I: Em 

j=l j 

E~ 
1 

m 
w .. 

J1 

m 
w .. 

J1 

is normalized ,i.e., IIEm(S)1I = 

perpendicular to Em. On the other 

the last equality of the 

Thus, we obtain the equation 

= 0, ( 13) 

which will be crucial for the globalization of the shell 

method in the two dimensional case. The Riemannian metric 

f k*g 9 on M induces a metric on the k- th shell pie 

for k = 1, •• ,p+1 

n * . 
fk* e i 

= I: fk e 1 1l1 * * n 
fk 9 = fk (I: e i III e i 

= 

= 

= 

Therefore, 

n 
I: (fk*e i 

i=l 

i=l 

* n . 
fk ( I: 11 

j=l j 

n 
I: l~o fk) 

j=l J 

E~ dy 
k + w. 

1 1 

~ fk*e i ) = 

E~ J 
dy 

ds . 

n 
E~ I: 

1 
i=l 

i=l 

n i fk) (ujo fk) = I: 1 .0 d 
j=l J 

n dE~ 
1 ~ f~ds + Y I: CisJ 0 

j=l J 

k k k 
dy + w. ds )®( Eidy + w.ds) 

1 1 

10 



n 
= k 2 

~ Ei dy ~ dy + 
i=\ 

Ek. k .... dy ® ds + 
1 1 

+ k E~ 
"'i 1 

Since (13), ... e obtain 

= dy dy + 

ds ® dy + 
k 2 

(.... Ids ® ds 
1 

n k· 2 
~ ("'i) ds ® ds 

i=1 

That is to say, 

zero, the form 

k k k 
unless the vector ... = "'1' •• ''''n) is 

f k*g . is non singular on the k-th shell 

pie. Thus. it is a Riemannian metric. 

At the vertices Q. = C (s. ) i = 1 ••• p extend i 
• ... e ... 

1 1 

... i th the right-hand side and left-hand side derivatives 

the indicatrix function Ei to the closed interval 

(s. l'S.J. 1- 1 

No ....... e ... ill compute the Gaussian curvature 
i K on the 

i-th shell pie Qi at nonsingular points. 

hk 
n k 2 ~ k 

Let = (~ .... ) = II ... II , k =l, .• p+l. 
i=1 1 e 

If hkis nonzero, then [6. p.110J.[7. p.9J K k satisfies 

Kk 'd 2hk 
-.!k (14) = C3 y2 h 

The area element dAk on the k-th shell pie Qk is 

dAk 
=( det« -k )', : i,j=l ••• n) dy 1\ ds u .. 

1 J 

dA k = hk dy 1\ ds 

(h k 2 
... ith the metric du 1\1 du = dy II!I dy + ) ds Ill) ds. 

Consequently. ...e obtain for . Kk the expresslon dA k 

k 

of 

K kdAk = 
'd2h 

- '0 y2 dy 1\ ds (15) 

The objective is to extend this expression to the points 

II 



where singular. Let denote the sectional 

curvature of the 

the vectors 

and by (12), 

therefore 
Kk(fk ,a) 

M 

LEMMA 3: 

The function 

rk 
M 

(y,s) _{ -w 

plane 

('E-) 
Oy 

section a in M, 

and f~(~s)'i.e., 

spanned by 

n 
g(R( 1: E~X" 

j=l J J 

n 
)1: Ek X 
1=1 I 1 

n 
.. k X) , .. w 

5=1 S IS 

= 

n 
= - 1: E~ 

j,s,l=l J 

rk 
M 

: o k 

hk ) 2 k 
( w 

0 

, (16) 

dE~ ~ Ek k 
-1 +.. J" w"") 
ds j=l J1 

~ Ek 'dw~" = .. -J1 
j=l j 'Oy 

, 

R"" 1 1JS 

'd 'w k 

'0 y2 

( 17) 

k k 'd. k =_ (l/h )2( w, w > 
'0 y' e 

R defined by 

> if hk is nonzero 

otherwise 

is continuous on the k-th shell pie Ok. 

PROOF: 

Obviously, the function is continuous where 

I2 



nonzero, and at these points 

rk (y,s) I 
1 < k ro 'wk 

= w , >el 5 M hk '0 y' 

~ 
1 

II 
k 'O'wk 

lQ'wk 

hk w lie II '0 y' lIe= II '0 y' lie 

n 
But, 1: Rjiml jml=1 

, i.e., the 

functions are continuous therefore, is zero 

where hk is zero. 
q.e.d.· 

LEMMA 4: 

The function 
'Cl hk 

'dY 
for k=l,.,p+l. 

is continuous on the k-th shell 

pie 
k 

It is equal to II ~: li on the line y = 0, and is 
e 

zero at other points where hk = O. 

PROOF: 

Let hk nonzero, then hk is em and its partial derivative 

is 

k < w , ( 1 Ih k ) < k 
w 

Let hk be zero. This is the case iff y = 0 or 

= O. 

We will use the equality 

k 
n 

1~0 fk dEk 
w. = y 1: ( 

ds J 
1 j=l J 

k k 
For y ? 0, we obtain h = Y II " lie with the 

>e • (18) 

k 
~«)d 

ds 

functions 

1:3 



n 
= 1: 

j=l 

i 
1. 0 

J 
k = 1, .. ,p+l. 

Observe that Xi (0) =:ui , i=l,.,n i.e., 

transformation matrix (l~ I i,j=l,.,n) 

the 

for the 

covectors ai, has the value 

The value of on line 

n 
1: 

j=l 
I ~ (0) 

J 

Consequently, the d~rivative of 

is 

= 

o~ at 
J 

y = 0 

dE~ = ds J 

hk is 

the point o. 

is 

dE~ 
-1 
ds 

on line y .. 0 

dEk 

= II ds II e 

Other singularities of hk lie on the lines 5 = a with 

dEk 
"ds j (a) = 0 • 

We obtain from the formula h k• y II ~k lie the continuity 

of for points (0,5) where ~k is nonzero. 

Other singularities of hk are (a,s) such that the 

derivative dEk , ds (a) of the indicatrix Ek is zero. 

Using the inequality 

5 ....L I 
h k 

k < w , 

which is valid everywhere 

is continuous at (a,s). 

on 

( 19) 

k td w k 
II w II ell 'a y II e 

Ok , we obtain that 
'd hk 
'dy 

q.e.d. 

14 



LEMMA 5: 

The function is continuous on 1,'.,p+1 and 

€ > o. 

PROOF: 

We obtain from the lemma 4 nonzero 

!a. (~~\ ro ( ...J... k <Ow k 
=- < w , - ) ) .. 

ray 'dY 'Oy hk '8y e 
(20) 

-3 
II ~~k .. hk ( II ~ II 

k 
w II~-

k 'Ow k 
_ rk < w , 'Oy )2 ) 

M e 

,where rk 
M is defined as in the lemma 3 and 

rk .. rk _ -3 
II ~~k 'd wk 

hk ( II wkll~ II~ - < w 
k , - > I M 'Oy e 

wi th (21) 

Let 

(y,a)= 0 , for 

k 
~ (a) .. 0 
ds 

€1y1r(a). 

for s .. a then, 

From (20) and lemma 3, 

it is obvious that at the points 

function rk is continuous. For 

show the continuity of r~ - rk 

h k . th 1S nonzero e 

By 

singular pOints we will 

. k 
« ~ij)li,j =I, •• ,n) we define the inverse matrix of 

« l~ 0 f k )li,j=l,.,n) with 
.. 

C - functions 

~~.: R2 ---~ R 
1 J 

Observe that y ~ € > 0 and 

k w. = -1 
Y 

+ 

dE
k 

--j 
ds 

n 
+ y 1: 

j=l 

. k dE k 
(1 ~o f ) -- j 

J ds 

~~j 
ds 

15 



k w. 
= -1 + 

Y 

Therefore, for y > 0 

formula, 

k w = 

or 

with 

, ... , dEk 
--n ds 

Thus, we obtain 

'd k w. 
--1 = 'ay 

Define 

n k w . 
-1 

Y 
+ 1: ( 
m,j.l=l 

A .. (y,s) 
1 , J 

n 
= 1: 
1,m=1 

n 'd 1 i 
Y 1: (--

j, m= 1 'au 
m 

the matrix 

'01 i 
ro u j 1 

'd 1 i 
-m 

fOul 

o 

o 

and E = ( 1 /y) °
1
. J. i j 

dE~ fk) Ek 0 ds J m 

form of the above 

t 

We can describe the last equation in operator form 

'Ow k t 
( 

ray 
) 

i . e. , there exists 

I"d wk 

II 'dY lie 

Using (20) 

Consequently 

hk is zero. 

= 

i 

( E + A )( 

Ok= Ok «() 

Okll w
k 

lie 

wk ) t 

such 

= Ok 

that 

hk. 

'" k ~y>2) I i 

is continuous at points where 

Together with this statement, lemma 3 implies the 

continuity of rk at zeros of hk • 

q.e.d. 

16 



We will calculate the geodesic curvature of the 

shell curve c: [O,L] ---+ R2 with respect to the 
-k induced metric at the nonsingular points. Let C be the 

!.k 
restriction of C on [sk_I,sk ]. The tangent vector C is 

.!k d k 
C (s) .. ( -L 

ds ) IC~S) , 

where s is again arc length parameter of Ck • 

Therefore, we get 

.. 1 = 

(22) 

dr
k 

)2 + (hk~ (rk(s),s) 
ds 

We define kk(s) = hk( rk.(s) ,s) ,i .e., 

dr k 2 k 2 
ds ) + (k) (s) = 1 (23) 

We will show that the geodesic curvature a
k 

of the curve 

ck is 

The 

1 
r
ll

= 

2 
r let 

This 

metric components of fk*g 

U II = 1 u
12

= o = u21 

1 
r 12= 

1 
r 2i 

2 
r 1i 0 

r~1= 1 'dh k 

hk "dY 

is clear from 

2 _ 1 
1: u lk r .. 

1=1 1.1 

.. 

1 
; r 22= 

the formula 

(1/2) 

,i,j,k" 1,2, 

satisfy 

- (hk) 2 , u
22

= 

k'dhk 2 1 
h - , r 22= k tOy h 

[8, p.84J 

(24) 

'd hk 

ray 

'duo j -a 
'd" 

17 



i where u ij are the metric components, and rjk are the 

components of the metric connection. We obtain for 

'" !ok 
V D CIs = 

d2rk k 
=( - - h ds 2 

Idt. k
» ro 

+f(js "Os 

Now, 
k 2 k dr k 

h (r (s), s) + (ds ) 2 = 1 implies 

dr k 
+ --ds 

Consequently, 

lhe normal vector of Ekat the point E~s) is 

(7, p.20Bl 

k hk 0 dr 1 I'd 
n (s) = - +-

hk 'as I Ck(s) roy ds 

fherefore, k Qhk k fk * 
• k nk) hk 2 

(!!!:.-) .. = y ('V DE , = ( + 2 )- + 
ds 2 'C)y 

1 
) 2 ) 

l::Iecause f~ is an isometry at the pOints hki 01 

it is a a well known fact that [7, p.15J 

18 



the square of the 
k 2 k 2 

il!M = iI! + ren,," of the second fundamental les, 
form of ({lk,fk ) restricted on ek 

, where k 
-1'1 is the geodesic curvature of ek . 

lherefore I 
k 

I ~ I 
k 

I • , il!M iI! 

We will e~tend the geodesic 

to the induced metric dy ~ 

curvature of e k with respect 
k dy + h (y,s) ds e ds to 

a function, defined almost everywhere on [sk_l,sk 1. 

LEMMA 6: 

a) 
iii k (s) = h (r (s),s) is absolutely continuous on 

[so l.s.l. i - t •••• P + 1. 
1- 1 

b) k i is differentiable at the points where it is 

nonzero. It is differentiable at a zero s = a iff 

d!lli 
-- = 0 ds Is=a 

with 
iii 

!illS) = w (r (s) ,s) 

PROOF: 

a) Because !Il
i is a em - differentiable on [so l,s.l, 

1- 1 

there exists B. 
1 

> 0 for i = 1, .. ,p+l such that 

II 
dt

i 

lIe i B. . 
ds 1 

We obtain. using the mean value theorem, 

for i = 1, •. ,p+l . 

Lipschitz bounded, thus it implies that kiis 

absolutely contim,ous. 

b) k i is differentiable at points where it is nonzero. 

19 



This is clear because i i 
h (r (s) ,s) has no singularity 

there. 

1f Wi (cx) = 0 and is nonzero, then we can 

factorize the function Ii (s) = ( s - CX) T(S) such that 
CII 

~ is C - differentiable and T(CX) is nonzero. Therefore, 

ki(s) = 1 s - cx 1 II T lie is nondifferentiable at the 

point s = CX. Un the other hand, if i 
dW I ds Is=a = 0 

then , 

CII 

where a is C • Consequently, 

ki(s) = (s - a)211 a(s) lie has at this point a zero 

derivative. 

Define the angular function i a on [So l' s. 
1- 1 

j by 

i sin a (s) = dr
i 

ds , - n/2 (26) 

i = 1, •• , p+ 1 

The formula (23) implies i 
a is well defined. 

The formula (26) implies 

i i cos cx (s) = k (s) • (27) 

in 

cos T 

We compute the 

ni equipped with 

angle Ti between ~i(s 
. fi*g the induced metr1c 

-2 dr ra ..2., 'Cl ) I (y,s) .!i. du -+ 
'2>s i ds ray 'Os k 1 (s) 

= -.-.. cos = Ci (s) 2a 1 
II II II '05 II k (5) 

Geometrically, the function 
i a is the angle between 

the tangent vector 

i a 

20 



LEMMA 7 

The function i 
a is absolutely continuous 

on [5. 1,5.1. 
1- 1 

It is differentiable at a zero point 5 =a 

iff k i is differentiable at a for i ~l, •.•• p +1. 

PRUUF: 

The function . -1 
Sin is uniformly continuous on the 

compact interval [-1,1]. Consequently, there exists a 

number I]" > 0 such that 

I sin 
-1 -1 

I a - sin b < lf/2 where, a - b 1< I]" and 

-1 i a,b i 1 

The function r is C
m 

on [so l's. 1. There exists a 
1- 1 

number El.such 
1 

be with 

I sl - s 21 < 1]"1 8 .• 
1 

on [So l's. J. Let sl ' 1- 1 

such that 

21 

The following equality is obvious from the definition and the 

setting 

sin 

where 

fherefore, 

cx. = ex 
J 

i = 

I sin a 2 - a l ) I i I ::2 - ::1 I + I ke - k 11 . 
The mean vall,e theorem implies, that 

Therefore, 

I a
2 

- at I = I 5in- l ( sin a 2 ) - 5in-l sin a 1 ) I < lf/2. 



Furtheremore, 

I s I sin s I is on I s I i 
1f 

2 
va lid. 

We obtain, 

( I !!!:2 - !!!:1 I + 
ds ds 

. C" 1S and according to the The function 

J emma 5, k i is absolutely continuous. This means that 

the function a i is absolutely continuous. 

For the points s where k i is nonzero , the 

equa t ion 

sin i = dril ds a 

implies 

da i d 2 r 1 
1 = ds ds 2 

k i 

In a neighborhood of a zero of k
i

, the function sin a i 

is nonzero. Therefore, the formula 
i cos ex = k

i . glves 

iff dkil ds exists. 

Consequently, the formula 

extends the domain of 
i .. 

= 

on 

to 

ds 

q.e.d. 

(29) 

[5. 1 ,5. ] , i=l,.,p+l, 
1- 1 

[so ,s.l except for a set 
1-1 1 

of Lebesgue measure zero. Furthermore, if k i = 0, then 

22 



the extended function on [5. 1.5 . J 
1- 1 has a zero at that 

point. Finally. 

hol ds almost eve~ywhe~e on [5 5 J •• i-I' i . 

Now we can formulate the main local theorem. 

THEOREM 1 : 

Let 0 be a point on a closed piecewise regular 

curve C embedded in a n-dimensional Riemannian manifold 

M. Suppose that C lies in a convex normal neighborhood of 

the base point O. Let 5 be the arc length parameter of C 

such that C(O) - 0 - C(L). where L is the length of C. 

Let Q 
m 

c.urve 

area 

- C (5) for 
m i 

m - I ••• p be the vertices 

C. Let K be the Gaussian curvature 
•• of the induced metric f' g measure 

and 

on 

shell pie 
i i-l •••• p+l •• denotes the 

geodesic curvature 
-i of the curVe C such that 

of the 

dA i be the 

the i-th 

ex tended 

f( ci 
(5» -

c i 
(5) on [5. 1.5. J. We 

1- 1 
denote by i ex the angle between 

and 
f() 
'a 5 • Then. 

P+1J 
5. p+1 ~+IJ 1 i Ii I Ki dA i 

1: • ds = 11" + 1: + 

i=1 5. 1 i-I i-I fli 
1-

P 
ex i + l ( i 

+ E ( 5. ) - ex ( s. ) 
1 1 

i-I 

where 1 i is the length of the indicatrix 

function Ei 

PRIJUt'" : 

First wi 11 integrate KidA i on fli for i -we 

23 



2 •••• p. According to the equation (15). we obtain 

i 

J J Ki dA i = lim J J _Id 'h dy ds = 
("'0 '0 y' 

Oi Oi 
( 

s. s. 

= (_lOh
i 

( ri(s).s ds + pm ( tOh
i 

( (. s) ds . 
s 'Qy ... 0 'Oy 
i-I si_l 

i Using the extended geodesic curvature a • due to (29). we 

evaluate the first term • Since a is absolutely 

continuous [9. p.20?] 

s. . 

1
,1 'dh1 

- ray (r(s) .s) 
Si-l 

Lemma 4 implies that 

lim 
(-.0 

s 

J~ 
s 'Qy 
i-I 

«(.s) ds 

ds 

= ds e 

i 
ds + ( a (s. 1) 

1-

= Ii 

.ie. the second term converges to the euclidean length li 

of the indicatrix on the interval [si-1' s1 J i.e •• 

I J = I
ii i ds + - ( a (s .) - a (s. 1»· 

1 1-

o 1 

Let ~l' L - ~p be the well defined values of s such 

that the line y = ( meets the curve Y = r(s) once 

24 



,i.e., 
r(sl ) ~ = = r(L - s ) 

p 

l"herEo!fore, 

51 5 
1 

J J K1 dA 1 
= - Ue J 'Oh 1 

'Oy (r(s),s) ds J 'Oh
1 

+ 'Oy «(,5) 

I'll 

= 51' 1 - .. (5) ds 
50 

and 

J J KP+ 1 dAP+ 1 

np + 1 

= 

t.:on5eqlJent1y , 
p+1 p+1 
I: J I Ki dA 1 = 1: 

i =1 n 1=1 

p+1 p+1 
'" I: 1i - 1: 

1"'1 i=1 

Lemma I shows that 

50 So 

+ 

L - 5 

J to hP+ 1 +1 
~~e <JY (r

P 
(5),5) ds -

5 
P 

1P+ 1 + • 

+15 i. p+1 
11_ ~ J 1 i 

.. (5) ds - 1: ( OC (51) -
s 

i=1 i-1 1=1 

= 

5. 

f
1 . 
.. 1 (5) ds 

5 i-1 

+ ., 

- 11. 

Therefore, the above expression i5 

25 
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p+1 i p+1 
= E I - I: 

i=l i=l 

s. 

J
l . 

",l(S) 

s. 1 1-

ds + 1f + 
P i+1 
E (ex (s. 
i=l 1 

q.e.d. 

The requirements of the above theorem are satisfied, 

e.g., for n-manifolds M such that M is a complete simply 

connected riemannian manifold with nonpositive sectional 

curvature KM • It is well known that such a manifold M is 

a normal neighborhood of each of its points so that the 

she I I (fl, f) is well defined [10, p.74J. Therefore, 

theorem 1 could be applied on simply closed regular 

space curves in n-dimensional Euclidian spaces. 

"[ HE.ORE.M 2 : 

Let M be a complete simply connected Riemannian 

manifold with a nonpositive sectional curvature function 

KM • Then the geodesic curvature "'M of any closed 

piecewise regular C embedded in M satisfies the 

inequality 

p+1 s. p+1 

J i I I Ki I: "'M ds ~ 2 1f E M dA 
i=l i=1 fll 

si=l 
P i+1( i 

+ E ex s. ) - ex (s.», 
1 1 

i=l 

where (fl,f) is any shell on C. 

PROOF I 

It is well known that such a manifold is a normal 

neighborhood of each of its points so that the shell (fl,f) 

and the i- th shell pies are defined. According to Lemma 1 

the indicatrix of the shell joins a pair of antipodal 
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sphere and 1 ~ tr. points on a unit 

Consequently as I a~ I ~ I 
therefore its length 

ail we obtain, using ·Iheorem 1 

p+1 
E 
i-=1 

P 

ds 
p+l 

~ E 
i=l 

P 

p+1 
ds ? E 

i=1 

s. 

f 
1 

i a ds = 
si_1 

p+1 
Ii ·+t i 

H.KidAi '" tr + t + E oc
1 

Si) - oc (s. ) ) - E 
i=1 i=1 1 

p 
·+t i = 2 n + E oc 1 s.) - oc (s.» 

i=l 1 1 

rhe proof is completed by 

l 14, p. 250 J • 

We will compute 

at the vertex C (s. ) 
1 

point of the induced 

= 

+ 

= 

cos or 

= 

ds 9 

dr i 

ds 9 ( 

dr i + 1dr i 

ds ds 

i = 9 

the outer angle or 

and assume that s. 
1 

metric fi*g 

<I: i + 1 (s. 
1 

• i ),e (Si » 

dr
i ~ 

ds 'Oy 

i+1 
+ ...2!:...g ( 

ds 

+ 9 ( 

i 

is 

= 

i=1 a 1 

p+1 

If. Ki dAi. - E 
i=1 

0 1 

q.e.d. 

of the curve 

a nonsingular 

= 

n iH 
E E k( s. ) 
k,l=l 'I. 

i 
) + 

C 
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+ i+t 
wl °kl 

n i+l . 
+ 1: w w' 
k,l=l k 1 

As a result of (10), (11),(13) and Ei+ls ) = Ei(s ), 

this expression is equal to 

and 

dr i 

-I + ds s=si 

We denote by 

n 
E 

k=1 

i 8 
i 

w (si)' Then we obtain 

i+l the angle between w (5. ) 
1 

<::10 ) 

< 1+1 i 
) i+l i 

8
i w , w = II w II II w II cos e e e 

1 cos 'T = ( ::11 ) 

sin i+~ sin i oi ",ir1sl i = '" 5.) '" (5.) + cos COS cos '" (5.) 1 1 1 1 

We have calculated (31) under the assumption that 

k i 
(5·.) and ki+~s.) 

~ 1. 
are nonzero. We will show that we 

can distort the base point 0 € C([O,LJ) slightly and 

maintain that both magnitudes 

different from zero. 

i+1 i k ~ s. ), k (5.) are 
1 1 

Consider the case where 

tangent vector c (5.) at 
1 

ki(s.) is zero. This means the 
1 

the vertex point C (5.) is ~lso 
1 

tangent to the geodesic ray II through C (0) 

and C (5.). In this case, 
1 

ei ther 
a) ~or every 0) 0 there exists 5 such that 

o < 5 < 8 and CIs) is nonelement of II, 
or 

b) There exists 0 ) 0 such that for all 5 

with o < 5 < 8, CIs) € II. 

We will show below that both cases " a) " and" b) " 

cOlJld be avoided by a simple modification of C with the 

base point O. 
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Let p,q ( M, 

{ T:LO,lJ-- M I T(O)=p, T(l)=q, T is piecewise 
differentiable> 

and L(T) denote the length of the curve T. It is well 

known that the map 

m: M x M ----~ R 

( P ,q ----. inf ( L(T) I T ~ 0 > 
p,q 

is a metric and (M,m) is a metric space [8, p.1561. 

We denote by B (p) the open ball around the point 

p t M with the radius ( > O. 

Let R denote the two point compactification of R, 

and M be a complete manifold equipped with the distance 

function m. We will define a function s on the unit sphere 

bllndle of M 

s: T 1 M ---~ R 

s(v) = sup { t ( H I m(w(v),exp tv) = t }. 

w is the canonical map of the sphere bundle. The function 

s is continuous LB, p.169J. Moreover, let us define 

and 
c(p) = { expp(w) I w ~ C P ) 

The set C(P) is the cut locus of M with respect to the 

point'" I:: M. 

First, we introduce a technical lemma. 

LEMMA 8 : 

Let A : la,b1 ---.... M be a path and trace A lie in a 

normal neighborhood of Q ( M. Then, there is ~ > 0 such 

that trace A lies in a normal neighborhood of Y ~ M for 

all y ( B(Q). 
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PROOF: 

Since we deal with a compact set,trace A, we can 

assume that M is a compact manifold. Therefore,the 

distance function m is bounded and omsequently the 

function s is bounded. According to the assumption, there 

is a linear isometry i from Rn onto the tangent space TQM, 

and there is a a > 0 such that 

x .. i I 1:1 

is Riemannian coordinate function U -1 
a on .. x ( 

!:Iince trace A C U, there is a 0'1 with 0 < 0'1 

trace A c: -1 x ( 80'1(0» C u 

We define 

K - x-
1 

( ( r l Rn I U rUe- 0'1 ) 

which is diffeomorphic to 
n-l 

S and Q r K. 

8 (0) ) • 
0' 

< a with 

Iherefore, the set 
-1 { exp Q (P) ( M I P € K} does not 

contain the zero vector 0Q • We denote by w(P) the 

normalized vector 

w(!") - n T 1 M 

Now, we introduce a map 

----po R x M 

w r---~ (s(w), exp (s(w) wI). 

Since the component~ are continuous, t is continuous and 

defined on an open set of the unit sphere bundle. 

We choose for P € K, 0 < (P) < (1/3) I s(w(P» -m(f',r.lll· 

v _ ,,( ~~1( ( s(w(P»- UP), + 111»( B(p) (P» is 

an open neighborhood of Q • Note that the projection map " 



is open. Let Pl E 8 l(p)IP) n K and Z E V, then 

m(P1,Z) i m(Pl,P) + m(P,Q) + m(Q,Z) < 2 E(P) + m (P,Q) 

< e E(P) + s(w(P» 3 E(P) = slw(P» _ E(P). 

Therefore, there is a v ( T1 M n 

P1 = e~pZ ( m(P1,£) v 

Let {B€IP)(P) I P l K} be a collection of open balls. 

~ince K is compact, there are finitely many balls B If') 
(IP.)<\. 

1 

such that 
k 

K C U 
i=1 

We define an open set 

o = 
k 
n 

i=1 
n I ,,-1«s (wIP.»-E (P.),+CD) vB IP» 

1 1 ~ EIP.li 
1 

rhis open set contains Q. Choose an ( > 0 such that 

A~cording to the above calculation for all Z E 8 (IQ), 

the trace A lies on an open normal neighborhood of Z. 

Q.E.D. 

In the case" a)" we can distort the base point Q on the 

trace of C, and find a new base point Q such that the 

geodesic ray ~ which emitted from Q to the vertex 

point C (si) is not tangent to the vector C (si) at this 

vertex point. 

In the case" b) " we will modify the embedding C itself 

locally and correlate the geodesic curvature of the 

modified embedding to the geodesic curvature of the 

3I 
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previous one. According to the lemma 8 we choose an 

~ > ° such that there exists 0' > 0 wi th 

C«(O,O 1 u [L - o,Ll) C B~ (Q) , 

and the condition " b) " implies that the curve C 

restricted on lO, 0] U CL - 0] is a local geodesic. 

Therefore, in Riemannian normal coordinates (a,V), we 

can represent C without restriction of the generality in 

the form a (C ( s )) = ( s , 0 , .. , o ) . 

Choose a C., function g1 such that 

supp g1 C (CO,o ) U (L-o,Ll) and g1 (0) = g1 (L) are 

nonzero.For a small ,a , ~ 0 def i ne 

". <.> = { 
(s, a'g1(s),0, •• ,0) s i ([0, 0) U (L-o,L]) 

and a -1 ( H 

UtJserve that 

a([;(s)) otherwise 

aWl) i B (a) 

a- 1 (H 0(5)) = CIs) 

M , ( > 0 as in lemma 8. 

for ails CO,L]' 

Consider the parameter transformation 

-1 ] d : [O,L] ----~ CO,L 

where L is the length Of the curve 

" Sint.e Ha (5) = a(C(s)) 

" -1 Ha( d (5)) = Ha (5) 

(0 , L- 0 ) and d- 1 , (o,L-o) on 

is a translation, 

Ha (s) = (H
a 

)*(05 ) = (Ha 0 d-1)*(Os 

= for < s < L - 0' 

and 



V' 0 FI(l I s = K 

~ 

= K ( H(£) * (Od-~s) 
• oo'V ~ 

) OH(l 

) (0 
* s 

d- 1 (s) 

where K is the connection map of the Levi - Civita 

L.onnec: t ion from TTM into the tangent bundle TM. 

rhus, we obtain for the geodesic curvature 

on the interval s € ( 0 , L - 0). 

As a result, we calculate the total absolute curvature 
"" of the modified curve H(l 

L 

J ds 

o 

d- 1(0) 
~ 

L 

J 
~ J = a! (s) ds + 

0 d 
-1 

L- 0 .. A + J 
0 

~ 

a! 

d- 1 (L-8) 

+ J ;M(S) 

d- 1 (0) 

(s) ds + 

(L-o) 

a! (s) ds . 

ds 

d- 1 ( 

J 

~ 

L 

+ J ;M(S) 

d- 1 (L-o) 

L - 0) 
~ 

a! (s) ds 

d- 1 (0) 

where A is the sum of the first two integrals. 

Si nce C is a geodesic on (0, 0 J U [L - 0) I... 1 we 
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ds 



finally obtain 

L L 

J 
,.. 
i! (s) ds = A + J i! (s) ds 

o o 

·Ihus, we can correlate the total absolute curvature of C 

to the modified curve up to a translation factor. 

Let be the C
., 

deformation as above. The 

tomponents of the main formula of theorem 1 depends 

on a continuously [7, p.30J. We will demonstrate this 

situation in a simple example at the end of this study. 

that 

According to the above results, we can assume 

j + 1 i for two dimensional cases < w ,w > different 
e 

from zero , i = i,. ,p. As a simp Ie consequence of the 

formula (1~) and E i + 1
(S .) .. 

1 
Ei(s.) , we know that the 

1 
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vectors 
i+1 

wand i ware at the point (ri(s.),s.) colinear. 
1 1 

Considering the linear relation of the vectors 

the indicatrix E idue to 

i w 

i ... 
m 

(y,s) .. 
n 
1; 1 m y . 

j=l J 

i 
(f (y,s» 

dt::
i 

<i;jls 
i = 1,.,p 

.. i i+1 
d w (y,s) 

m 

; m=l,.,n, 

and 

where 
m i i Z := «1.0 f» • Q ---~ Gt(R,n) is defined 
J m,j=l 

as in lemma 2. 

The last equation expressed in operator form is 

'Z ( ( .. 0, 

where d i is a proportionality coefficient 

Since the vertex points 

above definition of Z = 

Q are not on the line y=O, the 
m 

Z(y,s) is ... ell defined. 

We will formulate in this context the behavior 

of the indicatrix function £ at the vertex point Qm' 



LEMMA 9: 

With the above notation tor two dimensional cases. 

if and only if the indicatrix E is 1 -1 near 

to sk • k = 1, •• ,p. 

PROOF 

Since the above claim is a purely local matter. we assume. 

for the sake of simplicity, that s " 0 and furthermore. 

·there are COl' functions a and b such that 

a(Q) = b (0 ) and 

{ ia(s ) - ~ i s i 0 
E I L-(. (] e 

" 
i b(s) 

e 0 i s i ( 

The right hand side and left hand side derivatives of the 

functions a.b yield 

(e i a(o\, .. i a' (0) ",i a(O)= (l/d k ) i b' (0) 

,,( eib(O) I'. 

i b (0) 
e 

Therefore. dka'(O) = b'(O). and the laylor expansions 
~ ~ 

of both functions for o i s i 8 • 8 is suitable, 

Therefore 

a(-s) = a(O) - a'(O) s + 0(s2) 

b( s) = bIOI + b'(O) s + 0(S2) 

s9n b(s)-b(O» "sgn b'(O) 

sgn a(-s)-a(O» " -sgn a'(O) = - sgn b'(O) 

Since dk ) 0 

sgn (b(s) -bIOI) 

Oefine a new function 

A(s) = { a(s) 
b(s) 

for 
for 

.. - sgn (a(-s) - a(O» • 

- 8 i s 
,0 i s 

~ ~1 > 0 such that the We claim there is a small ~, 8 ~ g -

35 



f'Jn~tion A on the interval l- ·1, .1] . . "" 1S 1njec:tive. 

Let us assume that the func:tion A is not 1 -1 on [- 81,81] 

for eac:h 81. Then, there are zero sequenc:es 
~ 

« s h hlN,«sn)hEN 

suc:h that 

~ 

- 8 i s < 0 < s i 8 and 
n n 

~ 

a (s ) = b (s ). 
n n 

We have ~ ~ 

- sgn (a (-s 
n - a(O» = sgn (b(s ) - bIOI) 

n 

Hinc:e the 

not equal 

~ - s n 

= sgn (a(s ) - a(O». 
n 

~ 

func:tion a on [-8 ,OJ is 
a(O) there is a s suc:h n 

< s < s or s < s n n n 

1-1 

that 

< n 

a (s 
n 

= a (0), 

and a(s ) 
n 

either 

~ 

- s and n 

which is obvious since a is continuous. «sn»n tN is a 

zero sequence whic:h clearly contradicts to the fact that 

a is 1 -1 near to zero. 

Conversely, let us assume that the indic~tri" function E 

is 1 -1 in a neighborhood of s = O. We claim 

or 

Let us assume that 

then, define d\ : = 

d k = a'(O)/b'(O) > 0 

sgn(a'(O» - sgn (b'(O». 

sgn(a' (0» = - sgn (b' (0» 

min (max (a(s» 
s(l-8,OJ 

,max (b ( s) ) ) 
sHO,8J 

such that both functions a,b on [-8,0] and [0,8] are 

respectively monotonic:. 

For each 0 < d" < dl, the line y = d" intersects both 
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functions a,b in a vicinity of zero only once. Choose a 

zero sequence « d" ) ) nnE. N 

such that o < d" < d1 • 
n 

,.hlls·we obtain two zero sequenCe'£, 

with a(_;!!; ) = 
-li 

d" 
n 

< s* n 

= b (s** n 

< 0 < s** < " n 

rherefore, the indicatrix ~ is not 1-1 in a neighborhood 

of O. 

q.e.d. 

DEFINITIUN : 
The indicatrix E intersects Q.,i =l,.,p, transversally 

1 

if and only if E is 1-1 in a neighborhood of si 

37 



II. GLOBALIZATION OF THE SHELL THEORY 

rOH lWO DIMENSIONAL MANIFOLDS 

To formulate a global version of the theorem 1, we 

will introduce some notations from combinatorical 

topology. Let M be a Riemannian mani~old with boundary 

'0 M and J a simplicial complex, and t: J --.... 'OM 

be a C
r 

triangulation of the boundary. 

An extension of t is a Cr triangulation G: L ---. M 

of M such that G- 1
0 t is a linear isomorphism of J 

with a subcomplex of L. It is well known that [11,p.10l], 

when M is a manifold having a boundary, any CT 

triangulation of the boundary may be extended to a CT 

triangulation of M. 

Let S be a two dimensional manifold, i.e.,a 

surface. A region ReS is said to be regular if R is 

compact and its boundary ~R is the finite union of 

simple closed piecewise regular curves which do not 

intersect. Let S be an oriented surface, and ( x 
a I a 

E A } be a family of parametrizations compatible with 

the orientation of S. Let Res be a regular region 

of S. Then,there is a triangulation ~ of R such that 

every triangle T. l 
.J 

is contained in some coordinate 

neighborhood of the family {xa I a l A }. Furthermore, 

if the boundary of every triangle '0 T. of 
J 

is 

positively oriented, adjacent triangles determine 

opposite orientations in the common edge L12, Chp.l), 
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(13, p. 127] • 

Let Qk' k =l, •• ,p be the vertices of the 

houndary '0 R. We denote by Tk the outer angles of 

'OR. Let II: = ( T I j =j , •• ,F ) be an extension of j 

a triangulation II: of the boundary "0 R. Moreover, 

let each triangle T. 
J 

lie in a coordinate neighborhood 

lIf the family { x I (II 
(II 

E. A } such that each lOT. 
J 

be positively oriented. 

To clarify the relationship between the outer 

angles T
i

, n , of the space curve C at the 

vertices Q. 
1 

and the shell angles i 
(II , 

i+l 
(II , 

i i+1 
- n/2 ~ (II , (II ~ n/2, we investigate the orientation 

of the function 

at a vertex point Q. 
1 

Let M be an oriented two 

dimensional manifold. Let C be parametrized such that the 

normal vector 

and x = the 
2 

of C shows inside of C. We choose Xl = 
normal vector of C at the point C(O). 

Using the normal coordinates, with the help of the 

formulas (8), we can identify the tangent map 

fk k *1 (r (s.),s.) 
1 1 

with the matrix 

<::12 ) 

(s) 

I = (r ~s.), s . ) 
1 1 

i = 1 ••••• P and k = 1, ••• ,p+l. 
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sqn (det f~1 (rk(s.) ,s.» = 
1 1 

We define fk is at Q. 
1 

sgn" (de t ( E. k ( s. ) , 
1 

dE
k 

-- (s"») ds 1 

orientation preserving iff 

sgn ( det f k k * I(r (s.),s.) 
1 1 

> 0, k = i,i+1. 

Let us assume that E intersects the embedding 

40 

C at the point Qi nontransversally [p.37J in the sense 

of previous definition. This means 

sgn 

For the transversal case, with fi,fi+1 

both orientation preserving we obtain by (31) 

'T. + 
1 

( ~i+1 i 
~ -0< )=0 

If both functions are orientation reversing then 

'T. 
1 

THEOREM } : 

,... 

- i+1 
0< 

i 
0< = 0 

(33) 

Let R CS be a regular region of an oriented 

surface and let C1 
, ••• , C 

q 
be simple closed -piecewise regular curves which form the boundary ~ R 

such that Qk' k=1, •• ,p be the "vertices of C I ,1=1,.,q. 

Let 11:1 = ( T
j 

I j =1, •• ,F) be a triangulation of the 

region R such that every triangle T
j 

is contained in a 

normal neighborhood of B
j

, which is a nonvertex boundary 

point of ,.. 
J 

and let the boundaries be positively oriented. 

for every triangle j = 1, •• ,F 

with the base points B
j

• We shall denote by Q~ the 
J 

a-th shell pie of Q. with the vertices Q~ . 
J J 

a and dA. 
a be the Let K. be the Gaussian curvature 

J J 



a a area measure of the shell pie (0 .f.) .a = 1 ••• 4. We 

denote 

of 

J 

the length of the indicatrix 

where every E. intersects 
J 

function 
Qa 

j 

transversally. Let .f~+~ f~ 
J J 

be orientation preserving 

for each vertex point. then 

q Ll 

1: f 
1=1 

0 

'" 

F 

-1(5) ds + 1: 

j=l 

-= e IT X(R) 

4 

E 

a=l 

F 
+ E 1 

j=l j 

P 

If K~ dA~ + IT F + E 
J J 

'a k=l 
Q. 

J 

X(R) denotes the Euler-Characteristic of the enclosed 
,.. 

Tk 

region R. and -I is the extended geodesic curvature 

of C
1 

and Tk.k = 1, •• p, are the external angles of 

the curves C 1. 

PROOF : 

We will apply the local shell theory to every triangle 

T. and add up the results. Let 
J 

wi th 

I. E IEl 
.1 

be a triangle 

in a 

B. € 
J 

normal 

I .• a nonvertex base 
J 

point. Since 

neighborhood of B .• we can apply 
J 

T. 1 ies 
J 

local shell 

theory 

of '01. 

on the boundary of T .. We choose a realization 
J 

and again denote it by 'd T .• i.e •• '0'. : (O.L.J 
J J J J 

---:;. "Ta • t(1T .. =~Td( s) where s is the arc length 

parameter. rhus. 

a 
4 s. 4 4 
E f a (s) ds + E J J K~ dA~ .. 1T + 1: l~ -. J J J J 
a=l a-I a=l Q~ a=1 S 

,J J 

-( 1 + e + 3 ) IX. IX. IX. 
J J J 
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, d =1,.,3 uenote the t I ex erna angles of T. 
J 

We shall now introduce the interior angles of T. , given 
J by 

Thus, 
F 3 d 
1: 1: CI 

j=l d=l j 

Let E e 

E. 
1 

V e 

V. 
1 

E 

Sinc.e the 

induction 

(hus, 

CI~ = n - (l~ 
J J 

, d = 1,.,;;) 

P :3 F :3 
= 1: 1: n 1: 1: (1 ~ = :3n F -

j=l d=l j=l d=l J 

F '3 
(1d - 1: 1: 

j=l d=l J 

= the number of external edges of 1E1 

= the number of internal edges of 11:1 

= the number of external vertices of 1£1 

= the number of internal vertices of IH 

= E + Eo. ; V = V + V. e 1 e 1 

curves C
k 

are closed E = V We obtain by e e 

'3 F = 2 E. + E 
1 e 

F :3 d F 3 
d 1: 1: CI. = 2 n E. + n E - t 1: (1 

j=l u=l J 1 e j=l d=l j 

We observe that we can collect the numbers of external 

vertic.es IEl in two groups, vertices of some curve C
k 

and 

vertices introduced by the triangulation, i.e., 

where 

and 

V 
e = V + ec Vet' 

V is the number of vertices of the curves C 
e..: 

V the number of external vertices of IEl, which are 
et 

42 



43 

not vertices of some curves C k • Notice that the sum of 

angles around each internal vertex is 2lf. thus we get 

F 3 d 
1: 1: <x. = 2lf E:-..+ If E - 2 If V. - If V -

J 1 e 1 et 
.j=1 d=l 

P - I: ( If T k) . 
k=1 

Since E = V • we conclude that 
e e 

F 3 k 
1: 1: <x. = elf E. + 2lf E - 2lf V. -lfV - If V - If V 

J 1 e 1 e et ec 

j=l k=1 
P P 

+ 1: Tk = 2 If E - 2 If V + 1: Tk 
k=t k=1 

Thi~ implies. with the theorem 1. 

a 
4 

s. F J 

J a J J K~ dA~ 
1 2 3 

E ill. (s) ds + 1: + ( OC.+ OC.+ OC. 

J J J J J J 

a=1 a-1 a=1 Q~ s j J 

4 
= If + 1: l~ • 

a=1 J 

0 1 < < 4 
" L. wi th 0 = s. < s. .. s. 

J J J J 

a 
F 4 s. I- 4 F 4 

J 

f f f K~ dA~ 1: 1: 
a = a ds I: 1: <x. 

I: 1: iIl.(S) + J 
J J J 

j e 1 a=1 a-1 j=t a=1 a j=1 a=1 

S 
Q. 

j J 



IV. 

... ) 

plane 

Then, 

211 

J iI! 

0 

DEMONSTRATION 

Consider the standard embedding of Sl into R2 

C : lO,2l1) ---+- R2 

s 1---+ is 
e 

We choose a triangulation as below 

" "-
"-

" 

\ / 

/ 
/ 

Let a be an angle such that ma = 2l1. 

ds + m II = ell + ( 11 + , , , ,+1 m ) • 

Because of the convexity of the almost triangle shaped 

shells we obtain 

ell 

f iI! ds = 2 II , 

o 
as expected. 

b) In the second example we take as manifold the S2 

sphere and as C, a great circle' through north- and south-

pole. In contrast to the first example the embedding C 

has no point such that C lies in a normal neighborhood of 

it. We choose a triangulation of the left hemisphere of 

52 by two intersecting great semi circles as below • 
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s 

The triangles of this triangulation are made of minimal 

geodesics. In order to apply the theorem 2 on this 

triangulation, choose a nonvertex base point B on a 

geodesic. Since B is on a geodesic, we make, according 

chapter two, a small deformation inwards of the triangle. 

We can reach every vertex point of the triangle from the 
II II 

46 

top of this deformation. Since the bump is inwards, the 

intersection of the geodesics, which are emitted from the 

top of the deformation, to the vertices, are transversal. 

Therefore, we can apply the theorem 2 on the shells with 

the base point B which is the top of the hill. If we 

let the deformation parameter converge to zero, 

the outer angles of the triangle are not affected by this 

Jimitin~ process, and 

converge to J J K dA , 1 , 

Sl 

Ijl , J;ll iii jl ds 

L 

J iii ds 

o 

o 

[7, p.aOl 



4 
~ 

i=1 

5 i 

J 
s. t 1-

i 
II! ds 

N 

- ---._----------

--..L __ 

i 
I 

I 
I 
I 
I 
I , 

'- I .. .. f> 
----~-----

+ IT/2 + 3· (IT/2) = IT + IT 

or for the global formula 

L 

t II! ds 

o 

i • e. , 

L 

t II! ds 

o 

4 
+ E 

i=1 

= - 2IT 

= 2 IT + ( 11 + •• + 14 ). 

- 4IT + 2IT + 4IT = 0 as expected. 
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EPILOG 

This study shows that, applying essentially 

Gauss - Bonnet theorem, we can find a global shell 

formula for simply closed curves embedded in two 

dimensional manifolds. The global formula of theorem 2 

relates purely differential geometrical magnitudes of 

curve C with a pure topological invariant which is the 

Euler characteristic of the area enclosed by C. 

As usual,in the applications of the Gauss-Bonnet 

theorem, we can play topology and geometry one against 

the other to gain more information about curve C. 

As we have shown, the formula in theorem 2 depends on 

certain triangulations. For an arbitrary triangulation, 

the relationship between the shell angle and curve 

angle is more complicated than it is in Formula 33. 

Although it is easy to find a general formula, it is 

impractical and difficult in use. However in view of 

the above mentioned duality, one could probably use 

this formula to prove the existence of convex 

triangulations of the area enclosed by C. 

If the manifold M is n-dimensional and the 

curve C lies in a two dimensional submanifold 5, we 

can again use the globalization theorem. Taking the 

second fundamental form of 5 into consideration, we 

obtain more information about the total absolute 

curvature of C in M, especially when 5 is a totally 

geodesic manifold. 
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