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ABSTRACT

VARIATIONAL METHODS FOR NONLINEAR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH
NONLOCAL TERMS

In this thesis, existence of standing waves for the Davey—Stewartson (DS) and
generalized Davey—Stewartson (GDS) systems are established using variational meth-
ods. Since both the DS system and the GDS system reduce to a non-linear Schrodinger
(NLS) equation with the only difference in their non-local term, arguments used in this
thesis apply to a larger class of equations which include the DS and GDS systems as
special cases. Existence of standing waves for an NLS equation is investigated in two
ways: by considering an unconstrained minimization problem and a constrained min-
imization problem. These two variational methods apply to the GDS system as well
and here the sufficient conditions on the existence of standing wave solutions for the
GDS system which are imposed by these methods and the minimizers obtained are

investigated in comparison.
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OZET

YEREL OLMAYAN TERIMLER ICEREN DOGRUSAL
OLMAYAN ELIPTIK KISMi TUREVLI DENKLEMLER
ICIN VARYASYONEL METOTLAR

Bu tezde Davey—Stewartson (DS) ve genellegtirilmiy Davey—Stewartson (GDS)
sistemlerinin duragan dalga ¢oziimlerinin varligi varyasyonel metotlar kullanilarak ince-
lenmektedir. DS ve GDS sistemleri bir dogrusal olmayan Schrodinger (NLS) denklem-
ine indirgenebildiginden bu tezde kullanilan argiimanlar DS ve GDS sistemlerini 6zel
durum olarak igeren daha genel denklem simiflar i¢in de gecerlidir. Burada NLS den-
kleminin duragan dalga ¢oziimlerinin varhigini gostermek i¢in kogullu ve kogulsuz mini-
mizasyon problemleri ele alinarak iki farkli varyasyonel metot kullanilmaktadir. Ayrica
GDS sistemi icin de gecerli olan bu iki metodun duragan dalga ¢oztimlerinin varligi icin
getirdigi yeter kogsullar ve iki metodun tirettigi ¢oziimler kargilagtirmali olarak incelen-

mektedir.
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The closed disk in R? with center z and radius p

The space of continuous functions from €2 to R (or C)

The space of continuous functions from €2 to R (or C) com-

pactly supported in €2

The space of continuous functions u such that D*u € C(2)

for all & € N" with |o| < k
The space of infinitely differentiable functions
The space of infinitely differentiable functions compactly sup-
ported in €
oM o™
9 e where a = (aq,...,a,) and || = a1+ -+,
Fourier transform of f
wm2(Q)
W (Q)
The Banach space of classes of measurable functions u : R? —

R (or C) such that (1 + |y|*)uz € L*(R?) for 0 < s < co. For

noninteger s,

[l o2y = 11+ [y]”) -
The Banach space of classes of measurable functions u : 2 —
R (or C) such that [,|u(z)]? < oo if 1 < p < oo, or

ess supq|u| < oo if p = co. LP(Q) is equipped with the norm

af, — | Ualu@pda)™, ifp <o
u =
’ ess supgq|ul, if p = oo.

Lebesgue measure of the set €2

1 1
The conjugate of p given by — + — =1
p D



R(z) Real part of z
Uy Partial derivative of u(¢, x) with respect to ¢
Uy, Partial derivative of u(¢,z) or u(z) with respect to the ith

space variable z;

Wmr(Q) The Banach space of classes of measurable functions u : 2 —
R (or © — C) such that D € LP(Q2) in the sense of dis-
tributions, for every multi-index o with | < m. W™P is

equipped with the norm

1/p
lullwmo = { D [1DullZ
lo|<m
Wy (Q) The closure of C2°(£2) in W™P(2)
W= (Q) The dual of W;""(Q)
|| Used interchangably to denote the absolute value if z € R,

the modulus of a complex number if z € C and the Euclidean

norm if x € R?

|z Integer part of x
Ty — Denotes that x, converges to x weakly
X =Y Denotes that X C Y with continuous injection
XcCccyY Denotes that X C Y and X is compact
1o Characteristic function of the set €2, i.e.,
1, ifze,
lo(z) =
0, ifz¢Q.
Au Laplacian of u, i.e., Z Ugp,z, in R

=1



1. INTRODUCTION

Variational methods play an important role in the analysis of nonlinear partial
differential equations (PDEs). There is no general theory for establishing solutions for
nonlinear PDEs however using variational methods we can recover solutions of some
nonlinear PDE as being critical points of an appropriate “energy” functional J, exactly
when the nonlinear differential operator A is the “derivative” of J in the variational
sense. Symbolically we can write A = J’, hence the problem of finding a u such that
A(u) = 0 becomes to find a u such that J'(u) = 0. The point is that although it
might be difficult to show directly that the PDE has a solution, we may easily find a
critical point to the functional. Since the critical points of the functional correspond
to the solutions of the PDE in that case, the problem of existence of solutions may be
addressed following a variational route. To begin with we can consider minimizers of

the functional J which are critical points as well.

Assuming that J has the explicit form J(u) := / L(Vu(x),u(z), z)dx, where
L :R?xR xR? — R is a smooth function, we can say th]il:c any smooth minimizer of J
is a solution of the Euler-Lagrange PDE and conversely we can try to find a solution to
the Euler-Lagrange equation by searching for minimizers of J (see [1, Section 8.1.2]).
Since our main aim is the guarantee the existence of a solution to a given nonlinear
PDE we define J not only for smooth functions, but also for functions in some Sobolev

space, W14 for 1 < ¢ < oco. After all, the wider the class of functions for which J is

defined, the more candidates we will have for a minimizer.

The process of finding minimizers for a functional J runs as follows: We take
a minimizing sequence {u,}, that is, J(u,) — m := inf J. We would now like to
show that some subsequence of {u,} converges to an actual minimizer. For this to
happen, one possibility is the presence of some kind of compactness. However, even if
we utilize a coercivity condition on .J, it turns out that we can only conclude that the
minimizing sequence lies in a bounded set. On bounded domains we can overcome this

problem by considering the weak topologies. Since we are assuming 1 < ¢ < o0, so



that L7 is reflexive, we can extract a weakly convergent subsequence and then utilizing
strong convergence by compact imbeddings of Sobolev spaces in appropriate LP-spaces.
Yet in this thesis our interest is lies in nonlinear PDEs defined on R? and we definitely
have a problem in unbounded domains since there, Sobolev spaces cannot be imbedded
compactly into an LP-space. Indeed, as R? is the “most” unbounded domain, using its
radial symmetry and translation invariance we can extract some sort of compactness
and this is the idea in Strauss’ Compactness Lemma [2] and Lions’ Concentration

Compactness Principle [3]. These compactness results are given in the second chapter.

As we minimize J over a Sobolev space, failure of smoothness results in the need
of some extra growth conditions on L and its derivatives so that any minimizer of J

solves the Euler-Lagrange equation in the weak sense (see Theorem A.3.1).

In this thesis variational methods are applied to the nonlinear Schrodinger (NLS)

equation on R? given by
ivg + Av + g(v) =0

with a nonlinear term g. For the NLS equation above, we take g(v) = |v|7v for the sake
of simplicity, where 0 < o < co. We construct the so-called standing wave solutions of
the NLS equation which are of the form

wt

v(t,x) = e“"u(x),

where w € R and u € H'(R?), u # 0. In the third chapter we show existence of

standing waves in two ways. First we use Weinstein’s approach [4] and minimize

ol VFIISILA1I3
| 171155 | | o o
approach, we introduce the kinetic and potential energies and minimize the kinetic

the functional J,(f) = over H'(R?). In contrast, in the alternative
energy over a space where the potential energy is zero [5]. The first approach is called
an unconstrained minimization whereas the second approach is called a constrained

minimization.



In dimensionless form the Davey-Stewartson (DS) system given in [6] reads as
the following system for the complex amplitude v(¢,z,y) and the real mean velocity

potential ¢(t, z,y):

Wy + OV + vy, = X|v|70 + bivg,

V¢:m + (byy = —b2<‘1}’2)m,

(1.0.1)

where §, u, v, X, by, by are real constants, 0 being positive. In [7], b; and by are assumed
to be positive. However during the flow of arguments positivity of these constants is
not needed. Here b; and by are of arbitrary sign. According to the signs of p and v
as positive—positive, positive-negative, negative—positive and negative-negative, these
systems may be classified as elliptic—elliptic, elliptic-hyperbolic, hyperbolic—elliptic and
hyperbolic-hyperbolic, respectively.

In the fourth chapter we consider the elliptic—elliptic case in two dimensions and

assume that 0 =y = v =1, so that we have

ivg + Av = x|v|°v + bivd,
—A¢ = by(Jv]*)s,

(1.0.2)

where y € R, 0 > 0. The system (1.0.2) may be reduced to a single equation in v by

applying the Fourier transform. Let E; be the nonlocal linear operator defined by

—

(B ()](€) = ()9 (€),

_ &
&P

v, we begin by expressing ¢ in terms of v by solving the Poisson equation (1.0.2),.

where v1(€) ¢ = (£,&) € R% To write this system as a single equation for

Thus (1.0.2) can be reduced to the following nonlinear Schrodinger equation

v, + Av = x|v|7v + bE; (Jv]?)v, (1.0.3)



where b = —b1by. In [8] the existence of standing waves for the DS system is guaranteed
by considering an unconstrained minimization problem like in [4] for the NLS equation.
However, in the forth chapter we mainly follow [7] and establish existence of standing

waves by considering a constrained minimization problem.

Finally, the fifth chapter is devoted to the cubic NLS equation with an additional

nonlocal term in two space dimensions:
iv, + Av = x|v|*v + 0K (|[v]*)v, (1.0.4)

where the nonlocal term is given in terms of Fourier transform variables £ = (£, &5) as

~

l?(?)(f) = a(&) f(£). The symbol a(§) is assumed to satisfy:

(A1) «(&) is even and homogenous of degree zero,
(A2) 0 < a(é) < ay for all € € R?,

(A3) a; := lim (s, &) and ay = lim a(s&, &) exist.
§—00 s—0
The generalized Davey—Stewartson (GDS) system

10+ 0V + vy = X[0[70 4+ b(D10 + Boy)0,
D1ax + M1y + N2y = (J0°) (1.0.5)

AD2 gz + M1D2 4y + NP1 2y = (|U‘2)y 5

which is derived by Babaoglu and Erbay [9] to model the propagation of waves in a
bulk medium composed of an elastic medium with couple stresses, is classified in [10]
as elliptic—elliptic—elliptic (EEE), elliptic-hyperbolic-hyperbolic and elliptic—elliptic—
hyperbolic according to the signs of the physical parameters (mq,mo, A): (4, +,+),
(+,—,—) and (+,+,—), respectively. The GDS system can be written in the EEE
case as in (1.0.4) with

At =+ (ma + Amy — n?)E3E5 + mymo&y’

(1.0.6)



given explicitely. The symbol a(&) then satisfies (A1)—(A3) where ap; = max{1,1/m,}
1

(see [10]) and ay = 1, iy = —. Here we do not assume that the symbol «(§) is given
my

by the explicit form in (1.0.6), instead we only assume that it satisfies (A1)—(A3).

Hence the results apply to the GDS system a special case.

In [11] the problem of existence of travelling waves for GDS system is considered
for the cases EEE and HEE. The necessary conditions for existence are Pohozaev type
identities. In [12] Pohozaev type identities play an important role in restricting the
parameters w, x and b in order to establish the existence of standing waves. The
existence of standing waves for a GDS system is established in [12] by extending the
analysis done by Weinstein for the NLS equation [4] and by Papanicolaou et. al. for
the DS system [8]. However here we choose a different route and obtain the existence
of standing waves for a GDS system under less stringent conditions on the parameters.
The arguments in [5, 7] can be modified so that they apply to a larger class of equations
that include the GDS system as a special case. Here, however, due to assumption (A3)

the more general case considered in [12] is not treated.



2. MATHEMATICAL PRELIMINARIES

In fact the compactness results given in this chapter apply to R™ with the same
arguments. However to be in harmony with the following chapters we consider them

in R2.
2.1. Strauss’ Compactness Lemma

To be compact in LP on an unbounded domain, a class of functions has to be
uniformly small at infinity. To achieve this we consider radial functions, i.e., functions
f of a single variable |z|. Before stating the main result of this section we will need the
following technical lemma whose proof follows as in [13, 2]|. In this section we assume

that the given functions are real valued.

Lemma 2.1.1. [13, Radial Lemma A.II| Every radial function v € H'(R?) is almost

everywhere equal to a function U(x), continuous for x # 0 and such that

U (@) < Clal™llullg for |a| > 1.

Proof. Let u € H' be a radial function. Define r(x) = |z|. Since w is radial u(z) =
F(r(x)) for some F. Clearly r is continuous. Now, we need to show that F' is continu-
ous. Since u € H' and since for any z € S' F(p) = u(pz) implies |F'(p)| = |[Vu(pz)|,

we have

1Fliiom = [ ulpa)l + [Vu(pa)Pdp
0
< [T( [ 1P + [9utPas) do = Julne < o
0 pSt
This gives that I is absolutely continuous on (0,00). Now define U(x) = (F o r)(x)

for  # 0 and U(z) = 0 for x = 0. Then U is continuous except x = 0 and almost

everywhere equal to u as claimed.



Note that [|U]| g1 g2y = ||ullgrre) < 0o. Since C* N H' is dense H' it suffices to

show the estimate for functions in C°° N H!. Then the result follows from density.

Let v € C>* N H'. We have

—(r?), = =[(r'?v)?,
= —2(r'/%0), (r/?v)
< ‘Q(TI/QU)T(TUQU)‘
< [(FY20),]2 + [rV/20]?

1
=r(v2 +0v%) + <—v2> + —v?

Now integrating over [r, co] we get

o 1 1
< 2 2 d _ = 2 / i 2d
TV /T p(vy +v*)dp 50"+ i 4,0U )
< 2 1, <1 o,
< ey +vT)dp —Sot+ [ 2putdp,
for r > 1. Thus
5
() < ool
and the estimate is established. O

Let us denote by H}!(R?) the subspace of H'(R?) formed by the radial functions.

Lemma 2.1.2 (Strauss Compactness Lemma). [13, Theorem A.I'| The injection

HY(R?*) — LP(R?) is compact for 2 < p < oo.

Proof. Sobolev’s imbedding theorem (Section C.1) guarantees the continuous imbed-

ding H'(R?) — LP(R?) for 2 < p < oo. Let (u,) C H}(R?) be a sequence such that



|tn ||zt < M for some M. Then from the lemma above we have

| l‘im |un(x)| = 0, uniformly with respect to n. (2.1.1)
Since (u,) is bounded in H' it has a subsequence, say (u,,), converging weakly to
u € H'. Extracting a subsequence of (u,, ), denoted by (u,, ), such that it converges

almost everywhere in R? to u we have that v is radial.

Since ||y, [P — |ulP] < |up, — ul’, |un, [P — |uP almost everywhere. We want to

show that (u,, ) converges strongly to u in LP(R?).

[s[”

5[ + sl
and (2.1.1) holds true for (uy,, ), there exists Ry > 0 such that

Now, let € > 0 and ¢ be such that p < ¢ < oo. Since — 0 as s — 0,

2| = Ry implies |up, (2)[" < € (|tn, (2)]* + |, (z)|?) for all ny € N.

Also we have ||uy, ||, < C1l|tn, ||z by the continuous injection and ||y, ||a < ||tn, || 5

by definition. Therefore, by Fatou’s lemma, u € L?(R?), and

/’ u(z)Pdz < €C,
{lz|>Ro}

where C' = M(1 + C3). We know that for bounded domains the injection H' < L? is

compact, hence there exists Ny € N such that for any n, > N,

[ )l =~ @)l de < e
{lz[<Ro}

Hence we have for ny > Np,

/|mwwwu4mwwmx<%0+e
RQ



Also since we have almost everywhere convergence we conclude that

U, — u strongly in LP(R?) as nj, — oo.

This proves the lemma. O]

2.2. Concentration Compactness Principle

The invariance of R? under the actions of noncompact groups of translations and
dilations might cause loss of compactness, e.g., Rellich-Kondrashov theorem is no more
valid in R?. However using this invariance of R?, we state the following theorem which
indicates that the only possible loss of compactness for minimizing sequences stems
from splitting of the functions at least in two parts which are going infinitely away
from each other [3]. This method enables us to solve problems with some form of

“local compactness”. In this section we take the given functions complex valued.

Theorem 2.2.1 (Concentration Compactness Lemma). [14, Lemma 8.3.8] If u© > 0
and if (u,) is a bounded sequence of H*(R?) such that

[ e = g
R2

then there exists a subsequence, which we still denote by (u,), for which one of the

following properties holds.

(i) (Concentration) There exists a sequence (y,) C R? such that for every e > 0,

there exists R < oo so that / [wn (2)Pdr > 1 — €.
{lz—yn|<R}

(i7) (Vanishing) lim sup lun (z)2dz = 0 for all R > 0.

"0 yeR? J{|a—y|<R}
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(i1i) (Dichotomy) There exists v € (0, 1) so that for every € > 0, there exist Ny > 0
and two sequences (vy,), (w,) C H'(R?), with disjoint supports, such that for

n>N0

[on][mr + lwn ]l < 4sup ([t |l 215 (2.2.1)
ne

it = 00— s < (222)
/ v (2)[Pd — 7’ <6 (2.2.3)

R2
lw,, () [2dz + v — u‘ <€ (2.2.4)

R2
/ IV, (2)] = |Voa(2)]? = |Vw, (2)]*de > —e. (2.2.5)
R2

For this proof we follow along the lines of [14].

Proof. Consider the functions

yER?

Qn(t) = Sup/ |un(x)|2da:
{z—y<t}

Clearly, 0 < Q,(t) < p for all t > 0 and for all n € N. Also since the integrand is

positive, @), (t) is an increasing function of ¢. Define

Fu(t) = /Ot Qu(s)ds.

It can be easily shown that F), is a sequence of C*, convex, increasing, nonnegative

functions. Also, as

Rt = R = | [ @utords — [ @utoras

/T ' Ou(s)ds

F,, are uniformly Lipschitz continuous. Hence by the Arzela-Ascoli theorem, there

Suplt—r7] forallt, 7 >0,

exists a subsequence of F),, still denoted by F,, such that F,, — F' uniformly on
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compact subsets of R,. It follows that F' is also convex, increasing, nonnegative,
and Lipschitz continuous. Moreoever, Rademacher theorem [1, Theorem 5.8.6] implies
that F' is differentiable almost everywhere. Then F(t) — F'(t) for almost every ¢
as n — oo. Let Q(t) = F'(t). Q'(t) > 0 by almost everywhere convergence, so @ is
increasing. Also Q(t) = F'(t) > 0 since F increasing. Clearly, 0 < Q(¢) < u for almost

every t € R,. Let v = tlim Q(t). We will consider three cases separately:

(a) The case v = p. We claim that in this case (i) occurs. Consider first 0 < A < p.
Since @ is increasing, there exists R > 0 such that Q(R') > . Thus Q,(R') > A
forn > Ny > 0. For every n < Ny, there exists R,, such that @, (R,) > A. Taking
R(A\) = max{R',Ry,...,Rn,}, it follows that @Q,(R(\)) > A, for all n € N.
Therefore, as @, is a supremum, there exists z,(\) such that

/ fup ()2 > A,
{lo—zn (M)|<R(A)}
Let yp = 2, (p/2). Given A > /2, let R = R(p/2) + 2R()\). We claim that
/ |u, (7))?dx > X for all n € N,
{lz—yn|<R}
Indeed, |z, (A) — y,| < R(1/2) + R(\) since otherwise
{z: ]z —2.(N)| S RN} H{z: |2 —yn| < R(u/2)} =0

which then would imply

+ A > pu,

A S

/ |uy |*da 2/ \un\Qd:c—i—/ u, [Pd >
R? {le—yn|<R(n/2)} {le—zn (N)|SR(N)}

which contradicts the assumption. Hence

{z: ]z —2,(N)| < RN} CA{x:|r—y| <R}



(b)
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To see this, let z € {z : |z — z,(\)| < R(\)}, ie., |z —2,(N)] < R(A). Then

|$ - ?Jnl = |$ - xn()‘) + an‘) - yn|
< |:L‘ - xn()‘>| + |IN(/\) - yn|
< R(A) + (R(p/2) + R(N) = R,

hence x € {z : |z — y,| < R}. Therefore we have

/ ]un(m)|2daj > / |un(1:)|2dx >\
{z:|z—yn|<R} {z:|lz—2n (N)|<R(N)}

and so (i) follows.
The case v = 0. Here we want to show that (i) occurs. This is easy to see as

follows: Since () is increasing,

0=v=lim Q) > Q(R) = lim sup / |un (z)Pdz > 0
oo "0 yeR? H|a—y|<R}
The case v € (0,1). We claim that in this case (ii7) occurs. Let € > 0. There
exits Ry such that v —e < Q(R) < y+e¢ for all R > Ry. In particular, there exist
R >0, Ny >0and R > max{2R, 1/¢} such that

Y=< Qn(R) <Qu(R)<v+e foralln > Ny,

hence, there exists (y,) such that

7—e</ [un (z)Pdz < 7 + €.
{lz—yn|<R}

Let p € C5°(R?) be such that p = 1 on {|z| < R}, p = 0 on {|z| > R/2},
0 < p < 1,and |[Vp| < 26 Also, let § € C§°(R?) be such that § = 0 on
{lz] < R/2},0=1on{|z| > R},0<0<1,and |V < 2¢

Define p,(z) = p(x — y,) and 0,(x) = 6(z — y,) and finally let v, = p,u, and

w, = 6,u,. Clearly, the supports of v,, and w,, are disjoint as p and 6 are chosen
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to be so. Also, as @), is increasing,

/|vn de—/ |on () u, (x |dx—/ |p(x — yp)un (2)|*da

- | ()P de < Qu(F/2) < Qu(F),
{lz—yn|<R/2}

hence equation (2.2.3) follows easily. For the equation (2.2.1), note that Vv, =
PV, + 1, Vp,, and so, [Vu,|? < p2|Vu,|? + 2€|u,||Vu,| + 4€|u,|?. Hence we

have,

V() Pdr < / P2 (2)|Vn () Pz + Ce,
R2 R2

similarly,
|Vw, (z)]2dr < / 02 (2)|Vu, (z)|*dx + Ce.
R? R?

Thus equation (2.2.1) can be established. From the two integrals above it also

follows that
/ Vu,|> — Vo, |* — [Vw,[*dz > / (1—p} —62) |[Vu,[*dz —2Ce > —2Ck,
R2 R2

where 1 — p? — 62 > 0, as the supports of p, and 6, are disjoint. Hence we

get (2.2.5). Now it remains to prove (2.2.2) and (2.2.4). To see these, consider

/ U, — Uy — Wy |Pda < / |y, [2d
R2 {R<|z—yn|<R}
= / |, [Pd — / |, [2d
{lz—yn|<R} {lz—yn|< R}
Q- [ jufs
{lz—yn|<R}

<(y+e)—(y—€) =2e

Hence (2.2.2) and (2.2.4) follow, and this completes the proof. O
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Hence we see that given any minimizing sequence (u,), we can consider a new
minimizing sequence (u¥**) for which by appropriate choices of translations (yx) and
dilations (sg) we can compansate the failure of compactness [15]. An alternative ap-

proach to this principle is given also in [15].
2.3. Positive Solutions of Elliptic PDE’s

This technical theorem is used in the following chapters to show positivity of

standing waves.

Theorem 2.3.1. [14, Lemma 8.1.12] Let a : R? — R be continuous, and assume that

a(z) — 0 as |x| — oco. If there exists v € H'(R?) such that
/ (V| — alv|*dx < 0
R2
then there exist A\ > 0 and a positive solution u € H'(R*) N C(R?) of the equation
—Au + Au = au.

In addition, if w € H'(R?) is nonnegative, w # 0, and if there exists v € R such that

—Aw + vw = aw, then there exists ¢ > 0 such that w = cu. In particular, v = .

Sketch of the proof. First show that the following minimization problem has a nonneg-

ative solution:

[ullz =1,

J(u) = min{J(v) : v € H',||v||» = 1},
where J(u) = / |Vul® — alu|®dz.
R2

Taking a minimizing sequence (v,) yields that (u,), where u, = |v,|, is also a

minimizing sequence which is bounded in H'(R?) (Section B.1). Passing to a subse-
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quence one can show that there exists u € H'(R?) such that u, — u and u satisfies

the minimization problem above.

Therefore, there exists a Lagrange multiplier A such that

—Au + \u = au.

By standard arguments, we get

A= —inf{J(v) : ||v]]2 = 1} > 0,

also easily we see that v € H?(R?*) N C(R?) and from the strong maximum principle,

u > 0 on R? [16, Corollary 8.21]. So the first part of the statement follows.

The claim v = A follows easily when one assumes the existence of such a v.
Second claim of the second part, i.e., w = cu for some ¢ > 0 follows by the way of

contradiction. ]
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3. NONLINEAR SCHRODINGER EQUATION

The existence of solutions to equations of the form —Awu = f(u) has been exten-
sively studied [1]. The first results investigate the case f(u) = |u|”u, which is associated
to standing wave solutions of the NLS equation. These results were later generalized
to larger classes of functions f in [2, 13] in dimensions n > 3 and in [5] in dimension
two. The results below apply in dimensions n > 3 with some modifications however to

be consistent with the following chapters we consider the NLS equation in R? only.
3.1. Unconstrained Minimization Problem
Considering solutions of
vy + Av + |v|7v =0
of the form v(t,z) = e™'u(x) we see that u then satisfies
Au — wu + |u|”u = 0. (3.1.1)
Throughout the arguments in this section we take w = 1 which can be achieved after
a normalization: u(z) = w71 (\/wzr). We also assume that the mentioned functions

in this section are real valued.

To show existence of solutions of (3.1.1) it suffices to minimize the functional

ol|VAIZIFIIZ

111553

Ja(f) =

We show that the minimum is attained at some H!'-function u*. By scaling we can
take |Vu*|l2 = 1 and [Ju*||2 = 1. Then computing the Euler-Lagrange equation leads
to (3.1.1) [4].
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Theorem 3.1.1. [4, Theorem B| For 0 < ¢ < oo,

a:= inf J,(f)

feH(R2)

is attained at a function u with the following properties:

(1) w is positive and a function of |x| only.
(i) u € C*(R?).

(iii) w is a solution of (3.1.1) of minimal L? norm (the ground state).

In addition,

Thus we see that the equation (3.1.1) has a positive, radial solution of class
H'(R?). The proof of this theorem runs as in [4] by using one parameter scalings and

Strauss’ Compactness Lemma.

Proof. If we set u®’(x) = bu(ax), then we have

Jo(u“’b) = J,(u),
[u™*]13 = a=2b?||ul3, (3.1.2)

IV ()3 = 0 Vul3.

Since J, > 0, there exists a minimizing sequence f,, € H'(R?) N L°T2(R?), i.e.,

a=inf J,(f) = lim J,(f,) < oc.

n—oo

We can assume f,, > 0, and moreover by Schwarz symmetrization (Section B.1) we can

take f, = fu(lz|).
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[fnll2

1
and b, = ———
IV fall2 IV fall2
fanbn(x). (uy) clearly satisfies the followings:

Choosing a,, = , we obtain a sequence u,(x) =

Note that by (c), (u,) is bounded in H'(R?), hence, has a subsequence, denoted by

(u,) again, converging to u* € H'(R?) weakly, i.e., u, — u* in H'(R?).

Since (u,) is uniformly bounded in H! and wu, are radial, it follows from the

Strauss Compactness Lemma that u, — u* strongly in L°T%(R?) for 0 < o < oco.

By weak convergence, we have ||u*|l2 < 1, ||[Vu*||2 < 1, hence,

() < oo = i
J o @) e~ no

a< J,

This implies that | Vu*||5||u*]|5 = 1 and since |[u*|]s < 1, [|[Vu*|s < 1, we get ||u*]|2 = 1

and ||Vu*|l2 = 1. Therefore

u, — u* strongly in H*(R?),

and this proves ().

For (ii), we refer to [5, Theorem 1].

Now, the minimizing function u* is in H' and satisfies the Euler-Lagrange equa-

tion:

—|  Jy(u*+en) =0 forall n € C(R?).



Since ||u*|lo = 1 and ||Vu*||s = 1 the Euler-Lagrange equation becomes

o+ 2

Au' —u" +« ( > lu*|ou* = 0.

9 -1/
Let u* = |:Oz (U + )] u. Then

2
O'—|—2 —1/c O'+2 —1/c
g A —_
=[50 el ()]
o +2 o+2\] e
+a 5 a 5 lu|7u

o+ 2
2

and dividing both sides by {oz (
(3.1.1).

/2 9 o/2
Also, 1 = ||u*||5 = (/ |u*(x)|2dx> = N EE)) (/ |u(:t)|2da:> gives

Thus (44i) follows.

3.2. Constrained Minimization Problem

Now, we show the existence of a non-zero u € H'(R?) satisfying

—Au~+ wu — |ulu=0

19

—1/c
)} , which is nonzero, we see that u satisfies

(3.2.1)

using a constrained minimization problem as in [5]. First let us fix some notation.

Given 0 < 0 < 0o and w > 0 define

1 - w
T(u) :=|[Vull3,  V(u):=—=|ull713 - S]lull3.
o+ 2 2
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Note that u is a solution of (3.2.1) if and only if w is a critical point of S(u) :=

1
§T(u) — V(u). Also to be consistent with the notation in [14] define

V= {ue€ H'(R?) :u # 0 and u satisfies (3.2.1)},
W:={ueV:Su)<S(p),Vo € V}.

It can be easily shown that if u solves (3.2.1) then V(u) = 0 and hence S(u) =
1
§T(u) This result follows from [14, Lemma 8.1.3].

Now we give the theorem stating the existence of standing waves. Proof of this

theorem can be found in [14], where arguments of [5] are used.

Theorem 3.2.1. [14, Theorem 8.1.6] For 0 < 0 < 0o and w > 0 the following hold:

(1) V and W are non-empty.
(ii) w € W if and only if u € N with ||ul|3 = ¢ solves

S(u) = min{S(6) : 6 € N},
where N :={u € H'(R?) : u# 0,V (u) =0} and c = %mim{S(qb) t¢p € N}

(i1i) There exists a real valued, positive, spherically symmetric and decreasing function

© € W such that W = J{e¥p(- —y) : 0 € R,y € R?}.
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4. DAVEY-STEWARTSON SYSTEM

In this chapter we study the existence and regularity of standing waves for (1.0.3),

i.e., periodic solutions of the form

iwt

v(t,z,y) = e ulz,y),

o(t,z,y) = p(z,y),

where w > 0, u, o € H'(R?) and u, ¢ # 0. Then v is a standing wave solution of (1.0.3)

implies that u must solve the following problem:
—Au+wu = —bE (Jul*)u — x|u| u. (4.0.1)
Clearly, u is a solution of (4.0.1) if and only if w is a critical point of the functional

1 2 b 2 2 X a+2 w 2
S(u) = 5/|vu| dx+1/|u| Ey(|ul )dx+g—+2/|u| dx—|-§/|u‘ i

This can be seen by taking the Gateaux derivative of S at u in any direction and setting

it equal to zero.

Before proceeding further let us introduce some notation to be used from now

on. We define the function sets

X :={uec H'(R?) :u#0, usolves (4.0.1)},

G={ueX:Su)<SW) Ve X},

where G is called the set of ground states, and we introduce the set of admissible

parameters

Rup={(0,x): 0 <0 <ooand x < x5},
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where

~+00 if 0 <2,
Xo =9 —b if 0 =2,
202 (2) (222) if g > 2.

Note that the factor 7 () in the definition of F; prevents the existence of radial
solutions for problem (4.0.1). In fact, H!(R?) is not invariant under E;. However to
indemnify the lack of compactness in the imbedding H' < L?  we apply the concen-

tration compactness principle due to P. L. Lions [3].
4.1. Regularity

First we investigate the regularity of solutions of (4.0.1). To do so let us mention
some properties of E;. In general, let F; be the singular integral operator defined in

Fourier variables by

2
where v;(§) = %, j =1,2. Then E; satisfies the following.

Lemma 4.1.1. [7, Lemma 2.1] For j = 1,2 and 1 < p < oo we have:

(i) E; is a linear operator from LP into LP,
(i) By + Ey =1,
(iii) If ¢ € H® then E;(y) € H®, s € R,
(iv) If p € W™P then E;(p) € W™P and Oy E;(¢) = E;(0x¥), k = 1,2,
(v) E; preserves the following operations:
— (translation) E;(¢(- +y))(z) = E;(¥)(x +y), for ally € R?,
— (dilatation) E;(¢(\))(z) = Ej(¢)(Ax), for A >0,
— (conjugation) E;(v) = E;(1)).
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52

AR < 1, (i) follows from

Proof. Since ~; is homogeneous of order zero and |v;(§)| =

the Calderon-Zygmund theorem [17].
Now,
(B F Eo)(¢)(€) = By (9)(€) + Eo()(€) = () +12(6)) (€) = (&),
hence, F (1) + F»(1) = ¢ implies that By + E = I. This proves (ii).
To prove (iii), recall that
Y(z) € H* ifand only if (1 + [¢)%)"9(¢) € L2

Let ¢» € H. Then (1 + [¢]? )s/2 (&) € L% To show that E;(¢)) € H®, it suffices to

show that (14 [¢| )8/2 /KJ) € L*. Since 7;(¢) < 1 almost everywhere in R?,

s 2 s 2 s 2
|+ 1) B @) = ||+ 16" b, < || (1 1) || < +oc,
so (iii) follows.
The remaining claims follow easily when one considers them in the Schwartz

space S of rapidly decreasing functions. The result then is established by a density

argument. O

Let B; be the quadratic functional on L? defined by

B, () = / ()16 Pie.

It follows from Parseval identity that
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and in particular,

B;(y) < [[¢1l3,

since ||v;]le < 1. Also B; € C™(L*R), with Bj = 2E;. To see this, note that Ej is
linear and by Parseval’s identity / E;(y)u = / E;(u)y and hence we have

‘wawu—Bwo—z/Exwwm

= |B;(u)| < [lul3.

-| [ B+ w@FOd - [ Bt - [0

Lemma 4.1.2. [7, Lemma 2.3] Let u € L*, A > 0 and f(\) := B;(Juy|*), where

uy = N u(Ax),
with Ay = diag(A, 1) or diag(1,\) for j = 1,2, respectively, where diag(a,b) denotes
the 2 X 2 matrix with diagonal a and b and zero elsewhere. Then f is an increasing
function satisfying f(0) =0 and

Jim V) = [ull}

Proof. Tt suffices to consider only j = 1. By a change of variables, £ < A&, we get

Buunf) = [ () [TuxP)| ¢ = [ n(a) (P e
2¢2
where 71 (A\€) = ﬁ Since

1(AE) — 1, as A — oo,
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by the Dominated Convergence Theorem we get

—— |2 9
FO) = || QP = Il = el
d 2 2¢2
Also, o (ANE) = % > 0, hence, f is increasing. O

Now we can state the regularity result.

Theorem 4.1.3 (Regularity). [7, Theorem 2.4] If 0 < 0 < oo and u € H*(R?) is a
weak solution of (4.0.1), then the following hold.

(i) w e W?? for all 2 < p < oo,
(%) Jim L A{IVu(@)] + fu@)] + [Ey([u]*) ()]} =0,
(iii) uECZ,

(iv) There ezist positive constants C' and v such that

e/ u(z)| + |Vu(z)|} < C Vo € R

Proof. Theorem will be proved in several steps.

Step 1: We want to show that v € L2 N L. Since H! — L? for all 2 < p < oo,
we can find r > 2 such that Ey(|ul?), |u["u € L". As u solves (4.0.1), u € W?" and
then u € W1 from the Sobolev imbedding.

Step 2: 1t suffices to show that the right hand side of (4.0.1) is in L? for all p > 2.

2
Let w € L? N L* and p > 2 be fixed. Then, for g = ———
plo+1)
o o+ o+1 —u)(o
el ull, = lullsd ) < Julls ™ uf e < o,

hence, |u|”u € LP. Also, since |u|?> € LP/? for all 2 < p < oo we get

Ey(|Jul)u € LY, forall 1 < q< oco.
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Thus (i) follows from the regularity of elliptic equations.

Step 3: From Step 1, we know that u € WH™ i.e., u is globally Lipschitz contin-

uous. Since u € L?, we have,

lim |u(x)| =0.

|z|—o0

Step 4: Asu € WH™ and u € WP, for all 2 < p < oo we get u € WP, for all

2 < p< oo Now, let 2 < p < oo be fixed. Then
/(|u|2)pda: = / lu|*dx < 0o, since 2 < 2p < o0.
Also V(|ul?) = uVu + uVu implies
[V (), = 1uVa +aVull, < llullol|Vall, + [[Tllol[Veull, < oo
Thus |ul* € WP, For 2 < p < oo, |[ul?> € WP implies that E;(Jul?) € WP, Since
WP is a Banach algebra [18, Theorem 5.23|, E(|u|*)u € W', Similarly, |u|u € L?
for all 2 < p < oo. Thus we get, (—A + w)0d,u € LP and this yields
u e Wg’p, for all 2 < p < 0.

Since W3? — C? if p > 3, (iii) follows.

This also implies that |[Vu| € W and like in Step 3, we get lim |Vu(z)| = 0.

|z[—o0

Step 5: From Lemma 4.1.1, |u|? € W*? implies F;(|ul?) € WP, and F;(|u]?) €
Wheeas before. We therefore have |1‘im |Ey(Ju*)(z)] = 0. Thus () is established.



27

Step 6: Now it remains to prove (iv). It suffices to consider the case w =1, as u

is a solution of (4.0.1) if and only if ¢ defined by u(x) = w71 (y/wz) is a solution of

—AY + 9 = —wCVBE (J9* ) — X ||,

like in the previous chapter. Let € > 0, 0.(x) := exp ( 21 ) Then 6, is bounded,

1+ €l|z]
1
since exp i <exp|—-) =M. Also
1+ €|z| €

2

VO ()| = 0; (@m + 0; (ﬂf)m = 0; (ﬂf)m < 0: (),

2
) 2 1 2

gives that |V6.| < 6. almost everywhere in R? and since 6, < M, 6, is Lipschitz

continuous.
Multiplying the equation (4.0.1) by #.u € H' and integrating we get,
/%(Vu -V(0a))dx + /9€|u|2dx = _b/ee’U‘QEl(’uF)d:B _ X/Qe’U‘UJerZB-

Note that V (0.u) = uV0, + 0.Vu yields R(Vu - V(0.1)) > 0|Vul|*> — 0| u||Vu|, which

in turn gives us
/6’E|VUde—/951u||Vu|dx—|—/95|u|2dx < |b|/96|u|2E1(|u|2)d1‘—|—|X|/«96|u|0+2dx.

Let § < 1 . From (ii), we know that, for some Ry,

o
(1] + [of)

By (uf*)(@)] <6, |u(x)]” <,

for |z| > R;.
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By Cauchy inequality,

1
/9 |Vul2dz + = /9 lu|?dz < |b]

I e[+ 2 g + |a|6/ 0. uldz,

{lw|<R1} {le[>R1}

e|$|u|2E1(|u|2)d:B+|b|5/ O, |u|*dx

{lz|<Ra1} {lz[ZR1}

and this yields

1 1
5 [edvutars g [oqpar < e sqoi |

1
Oc|ul*dr < Oy +~ /05|u|2dx.
{lz| =R}

Thus, we get

1 1
/9\Vu|dx+ /9|u]dx Ch,

where (' is a positive constant independent of €. Here letting ¢ — 0 yields
1 |z| 2 2
by the Monotone Convergence Theorem.

Now, again (i) implies that for some Ry > 0, we have |u(z)| + |Vu(z)| < 1
provided |z| > Rp. On the other hand, for || < Ry, we have,

e (Ju(@)] + [Vu(@)]) < = [luflwr. (4.1.2)

Let z € R? be such that |z] > R,. Since u and Vu are globally Lipschitz continuous,
there is L > 0 such that, for all y € R2,

Vu(y)| = [Vu(z)| - flar — |
(4.1.3)

lu(y)| = [u(z)| - \/—Iw -yl
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which then implies |u(x)]? + |[Vu(z)]* < 2(Ju(y)|* + |Vu(y)|* + L*|z — y|?). Taking
1
pi=—(u(@)]? + |[Vu(z)|*)/?, gives

2L
u(@)|* + [Vu(@)]* < 4(lu(y)]” + [Vu()]*), Yy € By(z).

Integrating this inequality over B,(z) we obtain

Cop?(Ju(x)* + [Vu(2)[*) < 4/ ([u@) + [Vu(y)[*)dy,

Bp(f)
and plugging p we have,
Cs(Ju(x)|* + |Vu(z)]*)? < 4/3 ( )(]u(y)|2 + | Vu(y)|?)dy (4.1.4)

1
For |z| > Ry we have p < T so it follows that

1
[yl = lel+ 5= >0, Vye By(w),

and from (4.1.4)

Cae(ula) + V)7 < 4 | )P+ Vuly) Py

<if
B

1
)+ Valy)P)dy < €,
using (4.1.1). Thus for |z| > R,

e (Ju(@) | + [Vu(z)?)* < Cu, (4.1.5)

and therefore (iv) follows combining (4.1.2) and (4.1.5). O
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To simplify the notation, we introduce the following functionals on H!:

T(u) = || Vull3,

b X - w
Vi(u) = —131(\U!2) — U—HHUHUE - 5““\\%,

Here we have a proposition with useful identities which can be obtained from the

Theorem 4.1.3 as in [7].

Proposition 4.1.4. [7, Proposition 2.5] If u € H' is a solution of (4.0.1), then

(i) T(u) +wllull3 = =bBi(Ju*) — x||ul|7L3,
3 4x o
(i) 2w|lul|3 = —bBi(Jul?*) — —U+2Hu\lai§-

The following corollary follows easily from the above proposition.

Corollary 4.1.5. [7, Corollary 2.6] If u is a solution of (4.0.1), then

4.2. Existence of Standing Waves

Now we prove the existence of ground states for the problem (1.0.3), that means,

solutions of (4.0.1) that minimizes the Lagrangian S over the set of solutions of (4.0.1).

Theorem 4.2.1 (Existence). [7, Theorem 3.1] Let (0, x) € Rup. Then the following
hold.

(1) X and G contain a real valued positive function,

(i) uw € G if and only if u solves the minimisation problem

u € X,
T(u) =min{T(¢) : ¢ € %o},

(4.2.1)
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where g = {u € H' : u# 0,V (u) = 0}.

Before proving this theorem we need the following lemmas:

Lemma 4.2.2. [14, Lemma 8.3.7] Let 0 < g < oco. Then there exists a constant C' > 0
such that, for all ) € H',

Y

q/2
ol < (sup | (V0P +lfidn) ol
Bi(y)
Proof. We can cover R? by unit squares {S;} such that Sy NS; = 0 for k # j. Then

||¢|31§—Z [ da,
—175%

and,

12 = Z / (VS + o)

Since H'(Sy) < LI%2(Sy), we get

(g+2)/2
[ 2de < C ( [ o+ |¢|2dx)
k

<C (sup
keN J s,

Sk

q/2
VP + |w|2dx) [ 0w+ oy
Sk

Summing up in £ yields,

q/2
lole < c(sup wmwdx) 1l

keN J S

q/2
<c(sup / ywl2+lw\2da:) 1l
Bi(y)

Yy
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For each ;1 € R we define
1
Y, ={ue H :u#0,V(u) =pu}, jlu) = inf{éT(u) Tu € 2“}.

Then we have

Lemma 4.2.3. [7, Lemma 3.4] Let (0,X) € Ryp. Then the following hold:

(i) X, # 0 for all p € R,
(i1) There exists a constant I > 0 such that j(u) = I, for all p € R.

Proof. Let u € H', u # 0 and define for A > 0, uy(z) == u <%) Then by a change

%, we have V(uy) = AV (u). Also note that V(eu) = €2P(e), where

b
P(e) := _624_131(|u|2) — €

of variables, x <

p—— / lu|"2dx — g/|u|2dx Since P(0) = —g||u||§ <0
and P is a continuous function of ¢, there exists € > 0, small enough, such that P(€) < 0,

hence, so is V(€u). As V ((€u),) = AV (€éu) for all A > 0, ¥, # () for all u < 0.
To prove ¥, # (0 for all 4 > 0, it suffices to show
Jug € H' such that V(ug) > 0. (4.2.2)

Suppose, for the moment, that (4.2.2) holds true. Then V' (eug)|c=o < 0 and V' (euq)|c=1 >
0 imply that there exists 75 < 1 such that V(rqug) = 0, so Xy # 0. Also since
V(ug,) = AV (ug) for all A > 0, X, # 0 for all u > 0.

Now it remains to show (4.2.2). Let (0, %) € Rup, and u € H', u # 0.

First, if o < 2, €* is the dominant term in V (eu) with positive coefficient. Simi-

4

larly, if x < 0, the dominant term in V (eu), ¢* or €°*2, has positive coefficient. Thus

taking ug = Tu with 7 large enough gives V' (ug) = V(7u) > 0.
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Second, assume o = 2 and y < —b. For any u € L* consider uy(zy,2s) =

A4y (Axy, 25). Then using Lemma 4.1.2,

. b X b x
Jim (=580 = Sosl) = (=5 = %) Il >0

b
Thus there exists Ay such that _ZB1(|U)‘O|2) - %Hu)\oﬂi > 0, which is exactly the
coefficient of the €' term in V(euy,). Taking u = wu,, shows that (4.2.2) holds with

ug = Tu, for sufficiently large .

(6-2)/2
2 -2
Third, for o > 2 and y < —b7/?2w?~9)/2 (—) <O ) , define

o o

b
Gi(s) == —134 — ULHA(G—2)/4SG+2 _ g)\_l/Qsz.

Easily, for all A > 0, there exists so > 0 such that G,(so) > 0 if and only if x <

2\ (o -2\
—b7/2y(20)/2 (—) ( > . Let € > 0 and u = slp,. From Lemma 4.1.2,
o o

there exists A such that

b b
2 Bi(ua?) > —7 el - e

Therefore,

b - w
Vi) =~ Bullusf?) - 3“ unllZ — Sl
b X)\ o
> =7 llulls —e || 1753 = S A7 ul3

= meas(Br)GA(s) — €.

Hence there exists so > 0 such that G\(sg) > 0. Thus choosing R large enough we get
V(uy) >0, so (4.2.2) follows and (7) is established.



34

To prove (ii), let
: : 1
I:=j(0) = inf {ET(U) Tu € 20} :

We want to show that I > 0. Let u € 3y be arbitrary. Since V(u) = 0 and B;(u) <

|u||3, we have

10]
4

x|

“lull2 < XL
g 2 = o+ 2

lull + lull7 2. (4.2.3)

Moreover, from Gagliardo-Nirenberg-Sobolev’s inequality (Section B.2):

[ull3 < Cif|Vall3]|ul3
! a (4.2.4)

lull73 < Col Vullgflulls.

Hence putting (4.2.3) and (4.2.4) together we get
w o/2
Taking infimum over >, we receive that I > 0 as claimed.

Note that for uy(z) =u (%) we have V(uy) = AV (u), hence,

UJGEM@U)\EE)\M.

As T'(uy) = T'(u) for all A > 0, j(p) must be constant on (—o0,0) and on (0, +00). Let
tn \, 0 and € > 0. There exists u € Xy such that

1
I<§T(u)<1+e,

since [ is the infimum.
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Taking 7,, > 1 such that V(7,u) = p,, we have:

1 1
Jlun) < §T(Tnu) = 57’2T(u), and

1

1
Adding up we get j(u,) — I < 5(7’3 — 1)T'(u) + €, and so

lim sup (j(pn) — 1) < 0. (4.2.5)

n—oo

On the other hand, let v, € ¥, be such that

1 .

éT(un) < j(pn) +e.
Taking 7,, < 1 such that 7,u, € ¥y yields

1
I < =T(ryuy,) = §TZT(Un) < j(pn) + €,

N |

hence,
lirrlgicgf(j(pn) —1)>0. (4.2.6)
From (4.2.5) and (4.2.6) we obtain 7}1_{2103(/1”) =1, i.e., j(0) = I and therefore
Jj(u) =1 for all u € 0,+00).
Same arguments with p, 0 give

Jj(p) =1 forall ue (—o0,0].

Therefore (1) follows. O
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Here we state a lemma showing an equivalent formulation of the minimization

problem in (4.2.1).

Lemma 4.2.4. [7, Lemma 3.6] Let (0,x) € Ruyp. Then the problem (4.2.1) is equiva-

lent to

V(u) =0, u##0,
T(u) =min{T'(¢)) : V(u) > 0}.

Proof. Let
I :=inf{T(u): V(u) >0}, I=inf{T(u):V(u)=0}.

Clearly, I < I. If u € H', u # 0 is such that V(u) > 0, we can find 0 < 7 < 1, as in

the previous arguments, for which V(7u) = 0 and the assertion follows, since
I <T(tu) = 7T (u) < T(u),

and taking infimum yields I < 1. O]
We are now ready to prove Theorem 4.2.1.

Proof of Theorem 4.2.1. Using the arguments given in [7] we prove the theorem in

several steps. Let j(u) be as before and consider the minimization problem (4.2.1).

Step 1 [Existence of a solution of (4.2.1)]: Let (¢,) be a minimizing sequence
and let us define u,(r) := ¥,(v/A,x), where A,, = ||¢,||3. Since T'(u,) = T(¢,), and
V(u,) = ALHV(wn) = 0, (uy,) is also a minimizing sequence. Also |Ju,||5 = AinHwan =1
implies that (u,) is bounded in H!, so there exists v € H' and a subsequence of (u,),

still denoted by (u,,), such that

U, —u weakly in H'.
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Now, we will apply the concentration compactness principle with
pr = Vual* + un|*.
Observe that as n — oo

/pn:T(un)—l—l—>2.f+1>O.

Assume “vanishing” occurs, then lim sup / pndr = 0. Using Lemma 4.2.2 we see
n—00 yER2 By (y)

that ||u,|/ore — 0. Similarly, since By (Ju,|?) < [Ju,||3, we get Bi(Ju,|?) — 0. But then,

since w > 0, V(u,) = 0 entails ||u,||s — 0, which contradicts the fact that [ju,||3 = 1.

Thus “vanishing” does not occur.

Assume “dichotomy” occurs. Then for all € > 0, there exist Ny € N and two

sequences (u,(ql)), (ug)) C H' with disjoint supports such that for n > N,

IVunll = VU3 = V2|3 > ~Ce,

for some C' > 0 independent of €. Since uSP, ul? = 0, for n large enough,

1 1 1
It ST(u) > T) + T(?) - S
> VD) + (V) — Se =20 - e

C
Hence, I < ¢ (1 + 5), where I and C' are independent of €. Sending € to zero yields
I < 0, which is in contradiction with the fact that I > 0 and shows that “dichotomy”

does not occur.
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Therefore, “concentration” occurs, that means, there exists a sequence (y,,) C R?

1
such that for every € > 0 there is R, > — such that
€

/ pn(z)dr < €. (4.2.7)
RQ\BRe(yn)
Let up(+) := up(- — y,). Then u,, — u weakly in H'
As H' < LP for all 2 < p < oo, (4.2.7) implies
/ [un P < €2, for all 2 < p < 0. (4.2.8)
R\ Br,(0)

Defining

_ b X e
V()= [ 0P {= B0 - 21 - 5 b

and using (4.2.8), we obtain that
Ve sy, (Un)] < 6(¢), (4.2.9)
with §(e) — 0 as € — 0. Since the injection H'(Bg,) — LP(Bg,) is compact, we have
Vg, (Un) — Vg, (1) asn — oo. (4.2.10)
Moreover, 0 = V (uy,) = Vi, (Un) + V2B, (un) and (4.2.9) entail
Vg, (tn)| < 0(€). (4.2.11)
Letting n — oo in (4.2.11) gives by (4.2.10),

Vi, (@)] < d(e).
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As e\, 0, we get that u € ¥.

Since T is weakly lower semi-continuous, T'(u) < liminf, ., 7' (u,) = I. There-

fore u is the desired minimum.

Step 2 [X is nonempty]: Let u be a solution of (4.2.1). Then there exists a
Lagrange multiplier A (see Theorem A.4.2) such that

—Au = \N—=bE (Jul*)u — alul"u — wu).

Let ¢ € H' satisfy (V'(u),¢) > 0, where (-,-) denotes the H '-H"' duality pairing.
Since T,V € CY(H',R), we have

V(u+tp) =V (u) +/O (V'(u+ s¢), p)ds,

(4.2.12)
T(u+te) = T(u) + tA(V'(u), ¢) + 1| V|5.
It A < 0, from (4.2.12) we have for ¢t < ——=— (—A(V'(u), 6)).
IVoll;
V(u+tp) >0 and T(u+td) <T(p), (4.2.13)

which contradict Lemma 4.2.4. Hence \ > 0. Let

ur(@) = u (%) .

We claim that uy solves (4.0.1). This follows from (4.2.13) and by a simple change of

T
——. Therefore uy € X, and so X # 0.
7 A #

variables, x <

Step 3 [(ii) holds]: Let u be a solution of (4.2.1) and let v € X. Then ¢
solves (4.0.1) and V' (v)) = 0 by Proposition 4.1.4. Hence ¢ € 3. Since u is a solution
of (4.2.1), V(¢) = 0 and T(u) < T(¢). This gives that S(u) < S(¢). Since ¢ was

chosen arbitrarily, u € G.
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Conversely, assume u € G, then S(u) < S(¢) for all p € X. We know that the
problem (4.2.1) has a solution, say @ € ¥, i.e., T'(4) = minyex, 7'(1)). However, @ need
not be in X', but as @ solves (4.2.1), @) € X as in Step 2. Also note that T'(@) = T'(,).

Since X C ¥y, we have

Taking ¢ = u, yields

hence, T'(u) = T'(uy) = zimzn T(1), i.e., u solves (4.2.1), so (ii) is established.
€20
Step 4 [(i) holds]: From Step 1 and Step 3, G # (). Let u € G. Define A(z) :=
—bE (Ju(z)]?) — x|e(x)]°. Then A(z) — 0, as |z| — oo by Theorem 4.1.3(ii). Also
J(u) = —wllul|3 < 0. Therefore, from the Theorem 2.3.1, there exists a function v > 0

and a constant ¢ > 0 such that u = ci) > 0, and so the claim follows. O
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5. GENERALIZED DAVEY-STEWARTSON SYSTEM

The existence of standing waves for a generalized Davey—Stewartson (GDS) sys-
tem is shown by Eden and Erbay in [12] using an unconstrainted minimization prob-
lem. Here, we consider the same problem but relax the conditions on the parameters
to x + a1b < 0 or x + asb < 0 with ay and s defined in (A3). Our approach, in the
spirit of Berestycki, Gallouét and Kavian [5] and Cipolatti [7], is to use a constrained
minimization problem and utilize Lions’ concentration compactness theorem [3]. When
both methods are applicable we show that they give the same minimizer and obtain
a sharp bound for a Gagliardo—Nirenberg type inequality. As in [12], this leads to a
global existence result for small-mass solutions. Moreover, following an argument in
Eden, Erbay and Muslu [19] we show that when p > 2, the LP-norms of solutions to
the Cauchy problem for a GDS system converge to zero as t — oco. These results are

to appear in an article by Eden and Topaloglu [20].
5.1. Review of previous results

For vy € H'(R?) the existence and uniqueness of solutions to the Cauchy problem

for the GDS system is discussed in [10]. Moreover it is shown that the Hamiltonian

[of?

() = [ (1€PaP + S0+ ba(e)

2) dg (5.1.1)

for the GDS system is conserved in the EEE case. It can easily be checked that the
same quantity H (v) is conserved for solutions of (1.0.4) under (A1) and (A2), [21].

Looking for a solitary wave in (1.0.4) of standing wave type, that is, v is of the

form e™'u(x) with u € H'(R?), one is led to the equation

—Au + wu = —x|u|*u — bK (|u*)u. (5.1.2)
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One of the key properties of the map K is that K : LP?(R?) — L?(R?) is bounded
for all 1 < p < oo and we have ||K(f)| < au|/f||3. This and further properties of

K are given in [12, Lemma 2.1]. Also we know that if u is a solution of (5.1.2), then

o.]
u € m W™P for all 2 < p < oo and there exist positive constants C, v such that
m=1

lu(z)| + |Vu(z)| < Ce ™ for all 2 € R? and |l|im K(Jul*)(z) = 0, [12, Lemma 2.2].
As in the previous chapters we can take w = 1 without loss of generality by defining 1)

as u(z) = Vb (Vo).

In [12, Theorem 2.1], the following necessary conditions are obtained for the

existence of solutions of (5.1.2):
/ (|IVR|> = wR*)dx = 0, / (2w + xR? + bK (R?))R*dx = 0. (5.1.3)
R2 R2

From (5.1.3) the two inequalities w > 0 and x||R||] +b(K (R?), R?) < 0 follow as neces-
sary conditions on the existence of solutions. To guarantee the latter it is assumed that

X < min{—bayy, 0}. In [12] under the assumption x < min{—bays, 0}, the functional

2| I3V I3
J —
(f) XIFIG+ (K f12), | f]?)

is shown to have a minimum on H'(R?), say R, which satisfies (5.1.2) after a proper
normalization. Hence the following Gagliardo—Nirenberg type inequality is obtained as

a corollary to [12, Theorem 2.1]:

=[G = b (1), 1) < CopeLFIBIV I3, (5.1.4)

2
IR]I5

where Copy =

Here we adapt the approach of Berestycki and Lions [13] and Berestycki, Gallouét

and Kavian [5] for the NLS equation and consider a constrained minimization problem.
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5.2. Existence of Standing Waves

We note that u # 0 solves (5.1.2) if and only if w is a critical point of the

Lagrangian

1 b X w
Lulw) = 51 Vull + 3 B(ul?) + Xlulld + 2l

where B(f) := / a(©)F(©)2de = / K(f) (@) f@)da.

Various parts of this Lagrangian are invariant under different scalings, [12]: if

b

Ugp(z) = s"u(s’x), for some s > 0, (5.2.1)

then we have

luaslls = 5™ [lull3, IVuasllz = s* [ Vul3, (5.2
luaslls = ™ [lulli, B(|uqp|*) = " B(|ul*).

There is also a partial scaling that reveals the closer kinship between B(|u|?) and |Ju]|].

Letting
us(x) = us(xy, x0) = 31/4u(sa:1, Ta), (5.2.3)

2
d¢. By (A3) and the Dominated Conver-

we get B(lu.f') = [ a(séi, &) [ [P 6. &)

gence Theorem it follows that lim B(|us|?) = oy ||ul|] and lim B(Jug]?) = asl|ull;.
5—00 s—0
Using the standard terminology, as in [14, 7], we set
b X w
T(w) = [Vulf V() = ~2B(ul) — Xfulf ~ & ul?

1
so that L,(u) = §T(u) — V(u) is to be minimized over H'(R?). Now define Xy :=
{fue H'(R?) : u#0,V(u) =0} and I :=inf {T(u) : u € 5o} as in [7]. Then it can
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be easily shown that if Xy # () and w > 0 then [ > 0.

Theorem 5.2.1. For x+a1b < 0 or x+ab < 0, and w > 0 the minimization problem

u € EQ,
T(u) =min{T(¢) : ¢ € Lo} =21,

(5.2.4)

has a positive solution. This solution satisfies 0 < L, (u) < L,(¢) among all ¢ €
H'(R?) solving (5.1.2). Moreover, if u is properly scaled then it is a solution of (5.1.2).

Proof. First we will note that Y is not empty. To establish this we will use one
parameter scalings given by (5.2.1) and (5.2.3). If x +a1b < 0, for u € H*(R?) defining
ug as in (5.2.3), s — oo implies (—bB(|us|?) — x||us|[3) — —(x + a1b)||ul| > 0. Thus
there exists sq large enough such that —bB(|Jus,|*) — x|lus,||7 > 0. Since V(sus,) is
a quintic polynomial in s with positive leading coefficient, there exists an s; so that
V (s1us,) = 0. Similarly if y + b < 0 we let s — 01 to have (—bB(|u,|?) — x||us||}) —
—(x+azb)||ul|f > 0, hence we choose sq close to 0 such that —bB(|us,|*) — x||us, ||7 > 0.

Rest of the argument proceeds as above.

Now, let (u,) C ¥y be a minimizing sequence such that ||u,|2 = 1. Since T'(uy)
is bounded so is |[u,]| 71, hence there exists u € H'(R?) and a subsequence such that
u, — u weakly in H'. In order to utilize the concentration compactness principle of

Lions [3] we consider
pu(@) = V()" + [ua(2) ],

where / pn(2)dx = T(u,) + ||tn||3 — 21 + 1. There are three possibilities: vanishing,
R2
dichotomy or concentration. Since concentration is the only possibility, there exists

1
(yn) C R? such that for every e > 0, there exists R, > - and

/ pn(z)de < €.
R2\BRr, (yn)
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Replacing u, (x) by u,(z) = up(r—y,), u, — @ weakly in H'(R?) and by the imbedding

H'(R?*) — LP(R?) for 2 < p < oo, it follows that / o 2dx < /% for 2 <
R2\ B, (0)
p < oo. Over Bg (0) the imbedding is compact and we can pass to the limit in V.

Combining these two, from V(u,) = 0 it follows that V(u) = 0, i.e., u € ¥ with
T(p) < liminf, o T(p,) = 2. Hence u is the desired minimum. Positivity of this
minimum is granted by [14, Lemma 8.1.12]. If u solves the minimization problem
and 1) is any solution of (5.1.2) then by the Pohozaev like identities in [12] (see also
Proposition 5.2.4), we get V(¢)) = 0, and hence L, (u) < L, ().

Let u be a solution of (5.2.4). Then there is a Lagrange multiplier s > 0 such

that —Au = s(—bK (Ju|?)u — x|u|?>u — wu) (see Theorem A.4.2). From that we have a

solution of (5.1.2) under the scaling Up_1 =u ). O

NG
Remark 5.2.2. The minimum of T' does not change if we replace ¥ by {u € H'(R?) :
u # 0,V (u) > 0}. This is easy to see using one parameter scalings defined in (5.2.1),
i.e., the fact that if V' (u) > 0 then there exists 0 < s < 1 such that V(su) = 0.

Remark 5.2.3. Here we want to highlight that minimizers obtained from both methods
2|l fIBIV £1I3

XI5+ 0B(| f]?)
over H'. Furthermore R satisfies Pohozaev type identities, i.e., T(R) = w||R||3 and

1 1
V(R) = 0. Noting that for any v with V(u) =0, J(u) = ;T(u) and hence ;T(R) <

coincide. By [12, Theorem 2.2], there exists R, which minimizes J =

J() for all ¢» € H'. Restricting this inequality to 3y we see that R minimizes T over
Y. Conversely, let u € Xy be a minimizer of T' and let ¢ € H. If V() = 0, clearly
J(u) < J(¥). Otherwise consider V(st)). Since y < min{—ba,y, 0}, there exists sq such
that V(sg1)) = 0. Note that J(¢) = J(s¢1)), hence we get that J(u) < J(sov) = J(¢)

and so u is a minimizer of J over H!.

Now we want to outline how to establish Pohozaev type identities given in [12]

in an alternative way.

Proposition 5.2.4. If u € H' is a solution of (5.1.2) then

T(u) + wlully = =bB(|ul*) — x|lul, 2wllully = =bB(|ul*) — x[ull-
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Proof. Note that if u is a solution of (5.1.2) then it is a critical point of L,. To show
the first identity, differentiate L, along the one parameter family defined by s —— u; .

1 b
Since L, (u10) = 52§T(u) + S4ZB(lu|2) + 34%Hu||3 + sngqu, the result follows from
de(UL())

7 = 0. For the second identity, differentiate L, along s —— uy_;. Using
s

s=1
1 dL,(uo -
the scalings given in (5.2.2), L, (up—1) = §T(u) — A*V(u). Hence % =0
S s=1
yields the second identity. Il

5.3. A Gagliardo—Nirenberg Type Inequality and its Consequences

In this section we give an alternative derivation of the Gagliardo-Nirenberg type
inequality using the constrained minimization problem described in the previous sec-
tion. When x + a1b < 0 or x + asb < 0, in the unconstrained minimization problem
the denominator of the functional J can be zero for u € H'(R?), hence this method
does not seem to be applicable. On the other hand, in the constrained minimization
problem the potential V(u) can be arranged to change sign along a continuous one
parameter family of functions passing through w. This fact plays an important role in

the derivation of the main result of this section.

Theorem 5.3.1. If x + a1b < 0 or x + asb < 0 then for any f € H'(R?) we have
w
= (Il + 2BAF) < SISV AL,

1
where I = QT(U) and u is a solution of (5.1.2).

Proof. Let f € H'(R?) be arbitrary. First, if V(f) = 0 then we know that I < %HVfH%
Hence we establish the result. Second, assume V(f) > 0. Since w > 0 we have
—x|IflI3 = bB(|f]?) > 0, and using scaling properties of V' we can show the existence
of an s such that V(sf) = 0. Since J is invariant under these type of scalings the

assertion follows from the first case. Finally, if V(f) < 0 the claim is trivially true

when —x||f|l1 — 0B(|f|*) < 0. If V(f) < 0 but —x||fl|3 — bB(|f*) > 0, considering
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V(sf) as a quintic polynomial as before we can find sq > 1 so that V(sof) = 0 hence

the first case applies. n

Remark 5.3.2. The connection between I and Copy, where Copy is given in (5.1.4), is

1 1
established as follows: For R obtained in [12, Theorem 2.2], we have —T'(R) < —T'(u)
w w

1 1 21
for all u € ¥y. Hence —T(R) < —inf{T'(u) : u € ¥p} = —. Since R € ¥, via
w w w

the Pohozaev type identities, inf T'(u) < T(R). Noting that T'(R) = w| R||? we have
w w 1
= —||R||? = =T(R) = 1.
o = IRl = 5T(R)

Using this estimate we can find an upper bound on the initial condition and hence

state the following global existence result proof of which is as in [12].

b
Corollary 5.3.3. For the Cauchy problem for the GDS system, if x+b < 0 or x+— <
my

0, and |lvoll2 < |Jull2, where vy € H'(R?) is the initial amplitude and u is a solution

of (5.1.2), then the corresponding solution of the GDS system is global.

The asymptotic behaviour of solutions is described in the corollary below.

Corollary 5.3.4. Let v be a solution to the Cauchy problem for a GDS system and
assume that v remains in ¥ = {v € H'(R?) : (22 +y*)2v € L2(R®)}. If x +b <0 or
b
X+ — <0, and ||vol|2 < ||ull2, where u is a solution of (5.1.2), then
my

(@l < C@+[e)*,

fort >0, p> 2 where C depends only on vy and p.

Proof. In fact, ||vglla < ||u||o implies that |[Vo(t)||3 < MH(vy) for every t > 0, with
1

o~
M = (1 — |”‘U0‘||’22) . Proceeding as in [19, Section 4] the claim can be proved. ]
uila

In order to adapt the argument in [19] to the present situation one needs the
validity of the pseudoconformal invariance under (A1) and (A2). This is addressed

in Eden and Kuz [21] as well as the existence and uniqueness of the Cauchy problem

for (5.1.2) under (A1) and (A2).
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6. CONCLUSION

The hypothesis (A3) given in the previous chapter is satisfied by the symbol of

DS system with a; = as = 1 and by the symbol of the GDS system with a; = 1 and

1

as = —. (A3) was not assumed in [12], hence in a certain sense the result in [12]
my

on existence is more general. However, (A3) plays the key role in the scaling u < u,

defined in (5.2.3) and in the relation between B(|u|?) and ||ull}.

Note that the constraint V' (u) = 0 in the minimization problem gives that J(u) =

lT(u) however for V(u) # 0 we have J(u) = 2lellzT () . Nevertheless using the
w ’ 4V (u) + 2wl|ul3

partial scaling u < u, (5.2.1) and the scalings v < u,, with a = 1, b = 0 (5.2.3) one

can make V' (u) equal to zero when x + ayb < 0 or x + a2b < 0 under the assumption
(A3) on a(&). Here, although J is invariant under the scalings (5.2.3) it is no longer

invariant under the scaling (5.2.1).

The stregth of this thesis lies in the fact that comparing the condition x <
b

min{—bays, 0} with x +b < 0 or x + — < 0 for the GDS system, we see that, when
ma

1
b > 0, the first condition reduces to x + bay; < 0. Since aypy > 1 and ap; = — this
my

b
is a stronger assumption than x +b < 0 or x + — < 0. When on the other hand
my

b
b < 0, from the first condition we have y < 0, whereas y < —b or y < ——— allows
my
positive values for y as well. When m; = 1, hence aj; = 1, there is still improvement

in x + b < 0 case.
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APPENDIX A: THE CALCULUS OF VARIATIONS

A.1. Euler—Lagrange Equation

Let L :R? x R x R? = R be a smooth function and consider

J(u) = /R? L(Vu(z),u(z), z)dx.

Computing the Gateaux derivative of J at u in any direction v € C§°(R?) gives the
Fuler—Lagrange equation associated with the energy functional JJ, which is the following
second-order PDE:

n

- Z (Lp:(Vu,u, ), + L(Vu,u,z) =0,

i=1

where p = (p1,...,pn) = Vu(z) and z = u(z).
A.2. Existence of Minimizer in Bounded Domains

Theorem A.2.1. [1, Theorem 8.2.2] Assume that for some fized 1 < q < oo, there
exists constants a > 0, 3 > 0 such that L(p,z,x) > al|p|? — 8 for all p € R?, 2z € R,
x € Q. Assume also that L is convex in the variable p. Suppose the space over which
J is minimized is nonempty. Then there exists at least one function u such that u

minimaizes J.
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A.3. Weak Solutions of Euler-Lagrange Equation
Theorem A.3.1. [1, Theorem 8.2.4] Assume L verifies the growth conditions:

|L(p, z,2)] < C(|p|* + |2|T + 1),
|D,L(p, z,2)] < C (p|* " + 2] + 1),
<C

|D.L(p, z,z)| (Ipl*=" + |2]7 + 1),

for some constant C'. Suppose u is a minimizer of J. Then u is a weak solution of the

Fuler-Lagrange equation associated with J.

A.4. Constraint Minimization

1
For Q2 open and bounded consider the problem of minimizing J(u) = 5 / |Vul*dz
Q

over all functions in H} () but subject to the integral constraint I(u) = / G(u)dx = 0,
Q
where G : R — R is given a smooth function. Write ¢ for G’ and assume |g(z)| <

C(]z] +1). Then the following theorem holds true.

Theorem A.4.1. [1, Theorem 8.4.1] Assume the admissible set A := {w € H(Q) :
I(w) = 0} is nonempty. Then there exists u € A satisfying

I(u) = glei;l](w).

We can relax the bounded condition of the space by utilizing other compact-
ness tools like Strauss Compactness Lemma or Concentration Compactness Lemma.

Independent of the boundedness of the domain we have the following theorem.



Theorem A.4.2 (Lagrange multiplier). [1, Theorem 8.4.2] Let u € A satisfy

I(u) = min I (w).

weA

Then there exists a real number \ such that

/ Vu - Vudr = )\/ g(u)vdz
Q Q

for allv € H}(Q).

o1
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APPENDIX B: SOME BACKGROUND IN ANALYSIS

B.1. Schwarz Symmetrization

We introduce here the basic properties of Schwarz symmetrization without giving
the proofs and refer them to [13, 2]. First, recall the definition of the spherical sym-
metrization of a function. Let f € L'(R?), then f*, the Schwarz symmetrized function

of f, is a radial, nonincreasing, measurable function such that for any a > 0,
meas{ f* > a} = meas{|f| > a}.

It is obvious that / F(f)dx = / F(f*)dx for every continuous function F' such that
R2 R2
F(f) is integrable. A fundamental property of the mapping f +— f* is the following:

Proposition B.1.1 (Riesz inequality). Let f,g be in L*(R?), then f(x)g(x)dx <
R2

[ (2)g* (z)dz.
RQ
From this inequality we have || f* — g*|l2 < ||f — gl|2 for all f,g € L?(R?).

Another important consequence of the Riesz inequality is the following result.

Proposition B.1.2. Let u € H'(R?). Then u* € H'(R?) and we have

Vo () Pdz < / V()2
R2 R2

B.2. Gagliardo-Nirenberg-Sobolev Inequality

Theorem B.2.1. [14, Theorem 2.3.7] Let 1 < p,q,7 < 0o and let j,m be two integers,
0<j<m. If
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for some a € [j/m,1] (a < 1 ifr >1 and m — j — o 0), then there exists C' =
r

C(n,m, j,a,q,r) such that
doADull, <O Y Dl | (lully
|ee|=3 |o|=m.

for every u € CX(R™).

1
Indeed,takingn:2,p:4,q:2,r:2,j:(),m:1anda:§Weget
||| < C1||Vul|3]|ul/3 for some C;. Similarly forn =2, p=0+4+2,¢=2,7r=2,j =0,

m=1and a =

. there exists a constant Cy such that |ul|715 < Cal [ Vul|3|ul)3-
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APPENDIX C: A FACT OF SOBOLEV SPACES

C.1. Sobolev Imbedding Theorem

Theorem C.1.1. [22, Theorem 2.4.5] Let m > 1 be an integer and 1 < p < co. Then

1_m
p n’

1

(i) if = — 2 >0, WrP(R") — LYR™), with =
P n
1

(ii) if - — = =0, WmP(R") — LI(R"), for p < g < oo,
P n
1

(iii) if ~ — 2 <0, W™P(R") — L=(R").
p n

n

In particular W™P(R™) — C*(R™) for m > 2, where k = {m - —J .
p p

From the theorem we have, for n = 2, m = 1 and p = 2, H'(R?) — L%(R?) for

all 2 < ¢ < 0.
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