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ABSTRACT

AN OPTIMAL CHANGE OF VARIABLES SCHEME FOR
SINGLE SCATTERING PROBLEMS

In this work we are concentrated on the direct obstacle scattering problem for
convex bodies in two dimensions. In order to calculate the scattered field, we first
need to compute the normal derivative of the total field on the object’s surface. This
quantity is the unique solution of a combined field integral equation which we solve
using Galerkin method wherein the approximation spaces depend on the wave num-
ber and the geometry of the scatterer. We are particularly focused on the large wave
numbers in which the solution has highly oscillating behavior. In order to analyze this
solution accurately, we separate the highly oscillating part of it and then study the
derivatives of the acquired function. This derivative study gives us the information
about the smoothness of the solution and an idea about how to approximate it. As
for the geometry of the scatterer, we divide the boundary of the object into subregions
regarding where we expect high oscillations. In each region, in order to achieve im-
proved approximations, we choose different polynomial bases. In various scenarios, we
examine the polynomial bases such as monomial, Lagrange, and Chebyshev. As the
wave number increases, in order to obtain better results one needs to formulate these
approximation spaces with higher polynomial degrees. However, it includes enormous
computational cost and the condition numbers of Galerkin matrices elevate dramati-
cally. The goal of this research is to optimize the choice of approximation spaces so
as to improve accuracy of numerical solutions while keeping the number of degrees of
freedom independent of frequency, and reduce the condition numbers of the related

Galerkin matrices.



OZET

TEKIL SACILMA PROBLEMLERI ICIN OPTIMAL
DEGISKEN DEGISTIRME SEMASI

Bu caligmada digbiikey nesneler iizerindeki dogrudan sagilma problemi iizerinde
yogunlasgtik. Sagilan dalgay1 ¢ozebilmek icin, oncelikle nesnenin tizerinde olusan toplam
dalganin normal tiirevini hesaplamamiz gerekliydi. Bu deger ise Galerkin yaklagtirim
uzaylari ile ¢ozmeye calistigimiz kombine alan integral denklemin tek ¢oziimiidir. Bu-
rada kurmaya calistigimiz yaklastirim uzaylarinin, gelen dalga boyuna ve nesnenin
geometrisine bagl oldugunu biliyoruz. Bizim asil ilgilendigimiz kisim ise yiiksek dalga
boyuna sahip dalgalarin olusturdugu cok salinimli ¢oziime sahip olan denklemlerdir.
Iste bu ¢oziimii daha iyi calisabilmek icin, onun yiiksek salimml kismini ayirip kalan
kisminin tiirevlerini analiz ediyoruz. Bu tiirev analizi bize ¢6ziim fonksiyonunun asimp-
totlar1 hakkinda bilgi veriyor ve ona nasil yaklagacagimizi anlamamizi sagliyor. Nes-
nenin geometrisine baktigimiz zaman ise, ¢oztim fonksiyonundan yiiksek salinim bek-
ledigimiz yerleri isaretleyip nesnenin yiizeyini kii¢iik kisimlara ayiriyoruz. Daha sonra
bu kisimlarda galigan farkli polinom bazlari secerek daha iyi bir yaklagtirnm uzayi
bina etmeye caligiyoruz. Bize niimerik olarak en iyi yakinsakligi verecek polinom
bazlarini bulmak maksadi ile tek terimli polinom bazi, Lagrange, Chebyshev bazlari
ve trigonometrik polinom bazlarimi tek tek inceliyoruz. Fakat dalga boyu arttikea,
elde ettigimiz sonucu korumak i¢in daha yiiksek dereceli polinom uzaylari se¢gmemizin
gerekliligi cok masrafli hesaplamalar1 karsimiza ¢ikiyor. Ayrica bu biyiik dereceli u-
zaylarda Galerkin matrisi hesaplamak bize ¢ok biiyiik kondisyon sayilarina mal oluyor.
Iste bu arastirmadaki hedefimiz, bir yandan yaklagtirma uzaylarimm insasmi optimize
edecek bir algoritma olugturmak, diger yandan ise ¢oziimiin bagimsizlik derecesini
frekanstan serbest yapmak ve Galerkin matrisinden dogabilecek kondisyon sayilarini

miimkiin oldugu kadar kiiciik tutabilmek.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . iii
ABSTRACT . . . . e iv
OZET . . oo v
LIST OF FIGURES . . . . . . e vii
LIST OF SYMBOLS . . . . . . ix
LIST OF ACRONYMS/ABBREVIATIONS . . . .. .. ... ... ... .... xi
1. INTRODUCTION . . . . . s 1
2. SCATTERING PROBLEM, INTEGRAL EQUATIONS, AND GALERKIN MET-
HOD . . . . 7
3. GALERKIN APPROXIMATION SPACES . . . . . ... ... ... ..... 12
3.1. Weighted Algebraic Polynomials . . . . . .. .. ... ... ....... 13
3.2. Weighted Trigonometric Polynomials . . . . . . .. . ... ... .... 16
4. ASYMPTOTIC AND DERIVATIVE ESTIMATES OF ntew . . . . .. ... 19
5. CONVERGENCE ANALYSIS . . . . . . . . . o o .. 30
5.1. Approximation by weighted algebraic polynomials . . . . . . . .. . .. 30
5.2. Estimate on the Transition Regions and the Change of Variables . . . . 36
5.3. Approximation by weighted trigonometric polynomials . . . . . . . .. 41
6. NUMERICAL EXPERIMENTS . . . . . . ... .. .. . ... . 51
6.1. Weighted Algebraic Polynomials and Change of Variables . . . . . . . . 55
6.2. Weighted Trigonometric Polynomials and Change of Variables . . . . . 57
7. CONCLUSION . . . . e 63
APPENDIX A: AUXILIARY RESULTS . . .. .. ... ... .. .. ..... 64

REFERENCES . . . . . . . e 67



Figure 1.1.

Figure 5.1.

Figure 5.2.

Figure 6.1.

Figure 6.2.

Figure 6.3.

Figure 6.4.

Figure 6.5.

Figure 6.6.

Figure 6.7.

Figure 6.8.

Figure 6.9.

LIST OF FIGURES

Interval scheme: Illuminated region (I;; ), shadow boundaries (Isp,),

deep shadow region (Ipg), illuminated transitions (I;r,), shadow

transitions (Isr,).

Plot of X(aarpr by - -+« - - o

Interval schemes: 8 and 7 subregions.

Interval schemes: 5 and 6 subregions.

Algebraic polynomials for 8 subregions. . . . . .. ... ... ...

Our new basis with algebraic polynomials for 6 and 5 subregions,

upper and lower row respectively. . . . . . . ... ... L.
Algebraic polynomials for 8 subregions. . . . . . . . ... ... ..
Our new basis with algebraic polynomials for 6 subregions.

Trigonometric polynomials on 7 subregions. . . . . . . . .. .. ..

Our new basis with trigonometric polynomials for 6 and 5 subre-

gions, upper and lower row respectively. . . . . . . . ... ...

Algebraic polynomials for 8 subregions. . . . . .. ... ... ...

vii

95

57

o8

60



Figure 6.10.

Figure 6.11.

Figure 6.12.

viil

Our new basis with algebraic polynomials for 6 and 5 subregions,

upper and lower row respectively. . . . ... ... ... ... ... 60

Cosines on 7 subregions. . . . . . . . ... ... L. 61

Our new basis with cosines for 6 and 5 subregions, upper and lower

row respectively. . . . . ..o Lo 62



[I-1]2

o,

inc

S o2 0

1X

LIST OF SYMBOLS

L? norm

Sesquilinear form

n times continuously differentiable functions
n'" serivative operator with respect to s

Galerkin space

Hankel function of the first and second kind of order n
Imaginary unit

Obstacle

wave number

Normal derivative of single layer operator

Square integralle functions

Natural numbers

Big-O notation

Polinomials of degree not more than n

Real numbers

Combined field integral operator

n-dimensional Euclidean space

Real part of a number

Single layer operator

Symbol class of Horemainder of order p and type g, 0
Trigonometric polynomials of degree not more than n

Scattered field

incident wave

Direction of incident wave
Parametrization of 0K

The laplacian

Normal derivative of the total field



slow

=

© B I X

X(a,a’,b’,b)
Xa (1)
oK

<

Slowly oscillating part of n

Unit normal vector

an eight-tuple of parameters

Fundamental solution of the Helmholz equation
Change of variables functions

Bump function defined based on (a,a’, ¥, b)
Bump function defined on I;

Boundary of K

The gradient

Direct sum



DS
1L
T
SB
ST

LIST OF ACRONYMS/ABBREVIATIONS

Deep shadow
[limunated region
[luminated transition
Shadow boundary

Shadow transition

X1



1. INTRODUCTION

In this thesis, our main problem is determination of a scattered field u for a given
incident field e?*** and a smooth compact obstacle K in two dimensions. This problem

can be represented by the well known Helmholtz equation

(A+E)u=0

in exterior domain of K. In order to find the solution u, using the Green’s identities as
well as single and double layer potentials we aim to solve an equivalent linear integral

equation

Rn=f

on the boundary of K, where R is a combined field integral operator and f is a function
related to the incident field, definitions of which will be discussed in the next chapter.

Our main tool for solving this linear integral equation is Galerkin method.

Moreover, independent of the adopted numerical method, because of the asymp-
totical behaviour of the solution, when the wave number % of the incident field e?***
increases, in order to attain the same error, one has to expand the size of the dis-
cretization space by O(k). Hence the computational time for solving the matrix which
arise from the discretization grows by O(k?). It is obvious that when it comes to the

high frequency problems, the required computational complexity becomes dramatically

enormous, and theoretical findings appears to be impractical.

It is important to point the fact that Galerkin method highly depends on the
clever choice of the finite dimensional subspace of L?(0K) otherwise known as Galerkin
approximation space. In this thesis, we aim to find an optimal scheme to construct this
Galerkin approximation space, in order to achieve better numerical solutions. Here we

take into consideration several objectives when we describe a numerical solution as a



better one. (1) Small relative error: We examine a theoretically described scheme’s
numerical results and observe the number of digits of accuracy when computing the
relative L? error of the function 7. (2) Convergence for a fized frequency, (3) Reduced
dependence on the wave number k: In the previous works low frequency scattering
problem has been discussed thoroughly. However their schemes are not suitable for
high frequency incident fields. In order to describe a stable numerical algorithm for
the latter scattering problem, one has to build up a scheme which requires less degrees
of of freedom while the wave number k elevates. (4) Better condition numbers: As
well as interpreting a convergent numerical solution, we intend our scheme to be well-

conditioned and possess maximum accuracy.

Bearing these objectives in our mind, we rewrite our solution as

n= nsloweikcxm (11)

for z belongs to K. Separating the highly oscillating part e*** from the function
71 is more convenient when studying the high frequency problems. As a result of this
reformulation, approximation spaces require less than O(k) degrees of freedom while
wave number increases. Thanks to the rigorous asymptotic behavior of the normal
derivative of the total field, which corresponds to our solution 7, studied in Melrose

slow can be also derived.

and Taylor’s appreciated work [1], the asymptotic expansion of 7

Observing this expansion, we notice that 1*° behaves differently in different re-
gions of K. Although in the most of the previous works, these regions are described to
be the illuminated region, shadow region and shadow boundaries, in order to construct

the optimal basis we divide 0K into five different types of subregions (see Figure 1.1).

The determination of the length of these intervals depends on the choice of the
utilized basis functions related to the Galerkin approximation space. However, in order
to achieve the finest error analysis, we compute the optimized eight-tuple & which will
be defined throughout the thesis and is responsible of the shape of the subregions. After

subtly designing each subregion we define a Galerkin approximation space that consists
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Figure 1.1. Interval scheme: Illuminated region (I;1), shadow boundaries (Isp,), deep

shadow region (Ipg), illuminated transitions (/;r,), shadow transitions (Igr,).

of algebraic or trigonometric polynomials, then by taking the direct sum of these spaces
we define the global Galerkin approximation space. In order to mimic the nature of the
solution 7 of the integral equation, we elegantly construct the approximation spaces for
each subregion. More importantly with a cleverly invented change of variables scheme
we manage to attain a requirement of O(logk) increase in the number of degrees of

freedom, which is a highly notable result considering the early works in this area.

When we investigate the relevant literature among those concentrated on the
problem of the computational inefficiency in the high frequency cases and regarded the
separation (1.1), we see many scholars proposed serious solutions. In this area, perhaps
the work of the Abboud et al. [2], [3] (1994,1995) can be considered as a pioneer. In their
work, using the method of stationary phases, they constructed Galerkin approximation
spaces, dimension of which requires an O(k'/?) increase (instead of O(k)) for larger

wave number £, in order to achieve the same precision.

Later, between 2004-2007 several academicians presented some attempts with a
few similarities. For example Bruno et al. designed an approach [4] by extending the
ideas of Abboud et al. In this case they used the Nystrom method and introduced

a change of variables scheme where the solution of the integral equation has faster



oscillations like shadow boundaries. They further broadened their analysis in [5], [6]
and [7]. Following similar footsteps on one hand, we see Giladi et al. [8] offered a
numerical method with the usage of boundary element collocation and a set of basis
functions which mimic the asymptotical behavior of the solution (also see [9]). On the
other hand we also examine the work of Huybrechs et al. [10] in which they used very
effective quadrature rules in order to discretize the integrals. These three researches
raised the question of an error analysis independent of the wave number k. Although,
from some point of view their approach requires an O(1) increase in the number of
degrees of freedom, their analysis are not rigorous and whether or not the application

of this approach is successful in the high frequency numerical experiments is unclear.

Although these approaches are introduced for single scattering problems, they
have been extended to multiple scattering scenarios in [5]. See Ecevit et al. [11], [12]

for an analysis of these approaches.

Afterwards, Graham et al. introduced a more rigorous technique [13] in 2007.
With the implications of Galerkin method and regarding the behavior of the solution
in shadow boundaries they deliberately formed their approximation spaces. Hence
they managed to attain an O(k'/?) requirement in the degrees of freedom. On the
contrary to [4], [8] and [10] Graham et al.’s method is discussed rigorously in their
article. However since they did not use an approximation space for the deep shadow
region and assumed the numerical solution to be zero in there, they could not manage

to obtain a converging scheme.

Recently, Ecevit and Ozen [14] manifested a more compact and carefully analyzed
regime. Comparing to [13], they improved the requirement O(k'/?) to O(k¢) where, via
escalating the variable m (or the number of the intervals), € can be chosen arbitrarily
small. Moreover, in their work (in contrary to [13]) since they adopted an approxima-
tion space in the deep shadow region, the matrix related to the Galerkin approximation
space appeared to be more stable which yielded improved condition numbers. Also we
have to remark that, the numerical solution of 17 occurred to be convergent thanks to

the approximation in the deep shadow region and their brilliant choice of subregions



as well as the idea of transition regions facilitated the speed of this convergence. For

recent improvements on the related scattering problems we refer to [15] and [16].

This thesis is an improvement of [14], in which they prescribed 4(m—1) transition
regions and then raised the number m when wave number k increased, in order to
achieve the same correctness. However in this thesis, while keeping the role of the
transition region idea, we adopt a change of variables function that enables us 4 united
transition regions instead of 4(m—1) ones. Especially the estimation in the deep shadow
region is significantly enhanced. Comparing to other attempts it can be seen that our
scheme mimic the behavior of the solution better. For example in the recent work
of Huybrechs et al. [17] examining figures 7, 10, 11, 12 we can see this enhancement.
Thanks to our new scheme, we have less number of subregions to handle, and a better
error analysis. Moreover, one of the most important feature of this change of variables
idea is that other than proportional to an exponential of k, the number of the degree’s
of freedom should be increased by O(logk) as k increases for a desired numerical

precision.

The thesis organized as follows, we begin in Chapter 2 by introducing the com-
bined field integral equation equivalent to our scattering problem, and defining the

Galerkin method as well as approximation space relations.

In Chapter 3, we give the details of the construction of the Galerkin approxi-
mation spaces and how the division of the subregions of 0K decided. In this chapter

slow yelated to

we also state our main theorems about the best approximations of the n
the approximation spaces consisting of both algebraic and trigonometric polynomials.
Chapter 4 however, in order to present a favorable error analysis, contains the study

of the asymptotic and derivatives of n*v.

In Chapter 5 we prove the main theorems stated in Chapter 3, by using both the
asymptotical behavior and the estimates of the derivatives of the 7°°“. In this chapter
we also give the details of the change of variables procedure and describe how it is

adopted to unite the m — 1 transition regions as one.



Finally, Chapter 6 is devoted to the numerical experiments which depicts the
improved results of our optimal scheme of change of variables under the choice of

different approximation spaces and comparing to them those achieved in the previous

work of [14].



2. SCATTERING PROBLEM, INTEGRAL EQUATIONS,
AND GALERKIN METHOD

We consider the problem of scattering by a smooth compact obstacle K of a time

harmonic incident plane wave of unit amplitude, ©'¢ = e****  in R2. Here « is a two

dimensional vector of magnitude 1 which represents the direction of the incident wave,
and as mentioned earlier k£ is the wave number. In this thesis we look for a scattered

field w which is a solution to
(A+E)u=0 inR?*\K (2.1)

otherwise known as the Helmholtz equation. Then we seek our scattered field to satisfy
the Dirichlet condition on the boundary and Summerfeld radiation condition uniformly

for all directions, at infinity which are implemented as follows

u=—u"" ondK (2.2)
lim 71/2 [@ - Zl{:u} =0, r=]lz| (2.3)

r—o0 or

If we represent the scattered field u as a single layer potential then we have

u@w=éKwawmww@x reR\ K,

where

l
() = Hg" (klz — y])

is the fundamental solution of the Helmholtz equation (2.1) and Hél) is the Hankel

function of the first kind and order zero. Furthermore the density function 7 satisfies



the uniquely solvable integral equation

Rn=f ondK (2.4)

Here the integral operator and the right hand side f are given as

auinc .
R=I+K —ikS and [f=2 5 — ik uMC
v

where

(Sn)(x) = 2/ Oz, y)n(y)ds(y), =€ IK,

(e =2 [ FEDast), @ <o,

are the acoustic single-layer operator and its normal derivative, v(z) is the unit normal
vector to 0K directed into the exterior of K. Here the normal derivative on the

boundary is given as

Ou _ lim v(z) - Vu(z — hv(z)), € 0D

oV  hoo+

so our right hand side function in (2.4) becomes
f=ik{a v(z) -1}k

Before giving the Galerkin formulation let us define the sesquilinear form and the

bounded linear functional

(R, )12001) : L*(0K) x L*(0K) — C
(f, V120K : L*(OK) = C



where (g, h)r20x) = [y 9(s)h(s)ds. Then according to [18], the unique solution of
the combined field (2.4) coincides with the solution of its weak formulation where we

are looking for an n € L*(OK) that satisfies

(Rn, 1) r20x) = (> 1) r20K), Vi € L*(0K). (2.5)

We should note that the representation of the boundary of K appeared in these for-

mulations will be clarified in the next chapter.

Now in order to solve (2.4) numerically, applying the Galerkin method to its weak
formulation (2.5), where given a finite dimensional subspace G of L?*(90K), one finds an

approximate solution 7 € G to equation (2.5) requiring that

(R, 1) 1205y = (f, i) 120), Vb € G. (2.6)
From [19] and [20] we can see the unique solvability of (2.6) and approximation prop-
erties of its solution, which are given in the following famous lemma.

Lemma 2.1. (Céa’s lemma) If (R-,)r20k) : X x X — C is a bounded sesquilinear

form on a Hilbert space X such that

(R, 1) 2010 < Cllnl[||e]] Ve X
Re (R, ) r20x) > cl[nl]? Ve X,

holds for some positive constants C,c and (f,-)r2@¢K) : X — C is a bounded linear
functional, then given a finite dimensional subspace G of X, there exists a unique

N € G such that

(RN, 1) 20y = ([ W) r20K), YR EG
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and we have the error estimate
C
— 9l < =inf ||n — [ 2.7
ln —all < c}fég”” 1] (2.7)
where 1 1s the solution of

(Rn, 1) r20m) = (f, ) 120Ky, Y€ X

Here the space G, and the unique solution 7 are called Galerkin approximation
space and Galerkin solution, respectively. Furthermore the constants C' and c are called
continuity and coercivity constants and there are many articles about their properties
and estimations. For our scattering problem, the sesquilinear form given in (2.6) which
is related to the combined field integral operator R appearing in (2.4) satisfies the

conditions of the Céa’s Lemma. As it is shown in [13] for circular obstacles the ratio

Clc=O(k'3) as k — oo.

With the light of Céa’s lemma, if we choose a basis for our Galerkin approximation
space, we can design a linear system the solution of which gives us the numerical
solution 7 of (2.6).

Remark 2.2. Suppose {fi1,- - , flaim(g)} 15 a basis of the Galerkin approximation space

dim(G)
G with dimension dim(G), and 1} satisfies the condition (2.6). If we writen) = > N [u;
i=1

for some scalers \;. Then for every 1 < i < dim(G) we have

dim(G)
Z Ni(RiLy, fii) 2oy = (f, i) 12 (0k)

j=1
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Clearly this set of equations represents the following system

(R, fr) o (Rildim(g), fn) A1 (f, i)

(R, flaimeg)) -+~ (Rildim(g), fdim(g)) Adim(9) (f, fldim(g))
(2.8)

Considering this remark, our Galerkin method aims to find the unknown vector
A9 = (A, - 'Xdim(g)) for a given basis of the Galerkin approximation space G. The
construction and the numerical solution of the matrix appears in (2.8) will be discussed

in Chapter 6.

In the next chapter, using the results of Céa’s Lemma, we will be constructing our
Galerkin approximation spaces. Our aim will be obtaining an error estimate occurring
in inequality (2.7) which should be less dependent on the wave number k& as much as

possible.
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3. GALERKIN APPROXIMATION SPACES

In the process of constructing the Galerkin approximation spaces, our aim is lo-
cally mimicking the behavior of the normal derivative of the total field, i.e. 1. In order
to achieve this goal, we divide the surface of the scatterer into subregions where the
behavior of the asymptotics of 7 changes. Considering the work of [13], we will take
approximation spaces in the O(k'/?) neighborhood of shadow boundaries. Then follow-
ing the foot steps of the previous work of [14], we will also construct an approximation
space in deep shadow region. Moreover we will use their idea of transition regions,
in which the behavior of n changes considerably. Especially the illuminated transition
regions, which is defined in [14] by dividing the region between illuminated and shadow
boundaries to m—1 subregions, provided improved error estimate. Although their work
gives us a stable error analysis, defining a number of, 4m in total, different subregions
makes it harder to construct the approximation spaces. Instead of that we will further
define single transition regions each of which depicts the properties of m — 1 old ones.

The details of this analysis will be discussed in Section 5.2.

In this chapter and so on, we will use L to denote the perimeter of the scatterer.
In Chapter 4 we have introduced our results when s € [0, 27|, however it is clear that
those findings remain also valid when s € [0, L]. Moreover we define the smooth natural

parametrization 7 : [0, L] — 0K in the counterclockwise orientation such that

(s + L) = ~(s) satisfies for all s € [0, L].
e v(0) belongs to deep shadow region, i.e. Ipg.

v(t1),v(t2) represent the two shadow boundary points as described in Chapter 1.

(t1,t3) corresponds to the illuminated region, i.e. Iy.
(

to,t1 + L) corresponds to the deep shadow region, Ipg.

Now, we will describe the construction of Galerkin approximation spaces both

for the algebraic and trigonometric polynomials.
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3.1. Weighted Algebraic Polynomials

Given m € N, 0 < €, < €1 < -+ < € < 1/3, and constants £, &, we divide

the interval [0, L] into 4m subregions as follows:
(i) Iuminated region: Iy, = [t; + & k13T ¢y — &EY/3Fa],

Shadow boundaries (I = 1,2): Igp, = [t; — kY3 em ¢ 4 &L—1/3+em],

)
(ii) Deep shadow region: Ipg = [0,t; — Ek™V3F) U [ty + R34 [
(iii)

)

(iv) Iluminated transitions: For j =1,2,--- m —1,

T, = [+ G390 1y 4 gk /5],

];Tz = [to — EkTH3YG 4y — LRV,
(v) Shadow transitions: For j =1,2,--- m—1,

IéTl = [t — &RV 4 — flk_l/ngEHl],
Ty, = [to + Eh ™/ 1y 4 Gh7/3F],
Noting that P, = span{z” : r = 0,---,d} and above definitions of intervals, for
j=1,---,4min I; (j'" interval), we choose the approximation space to be 1, e**7 Py,
which is of dimension d; + 1. We will denote this 4m tuple of integers with d =

(dy,+-+ ,dym). Now for a 4m tuple d we define our global approximation space as

4m
Pa = @ Ly et Py,
Jj=1

4m
dim(Pg) = 4m + > _d;

Jj=1

so that in each region we can mimic the behavior of  with the complex exponential

function. Then our Galerkin formulation (2.6) is equivalent finding the unique 17 € P4
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such that
B(n,p) = F(i), Vi€ Pq (3.1)

Theorem 3.1. For alln; € 0,1,--- ,d; +1 (j = 1,--- ,4m) and all sufficiently large

k> 1, we have

n = 7llc20r) Sniyen —kZMP

for the Galerkin solution 1) to equation (3.1) where

(14 k(H8)/2 (31/3-e)/2)"
(dj)"a ’

for Irr, and Ipg,

1 kY2 (kem)™
MF (k) = + a )75 ) : for Isg, and Igg,, (3.2)
j J

1 4 k—(+3er41)/2 (k(ev-—€r+1)/2)"j
\ (dj)nj ’

Jor Itr, and Igr,.

Although this theorem with some suitable choice of €¢; and §’s as manifested
in [14] gives us stable error analysis, we will give an alternative version of this theorem.
With this purpose in mind, we set m = 2. Now for the illuminated region, deep
shadow region and shadow boundaries we choose the same polynomial spaces as we do
above, but for the transition regions we choose polynomials composed with a change
of variables function ¢! the definition of which will be given in Section 5.2. The
important feature of this function ¢! is that it maps each transition region to itself.
Then we define Py o ¢! = span{(¢=1)": = 0,--- ,d}. Now for the transition regions

instead of the previous one we choose the approximation space as 1;, etk Py, o ot

1y ek Py, if it is not a transition region

Py =

1y etkay Py, o ¢~1, if it is a transition region
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Similarly, we define our (8—}—2?21 d; dimensional) global Galerkin approximation space

as
~ im
Pa=EP P,
j=1
So, our Galerkin formulation is replaced by

(Ri), i) r20;) = (f> (1) 1205y, Vi € Py (3.3)

Theorem 3.2. If we set e = 1/3 and e, = 0, then for alln; € 0,1,--- ,d; +1 (j =
1,---,8) and all sufficiently large k > 1, we have

. C e -
HTI - 77HL2(8K) §n1,‘-~,n8 szM]P(k)

( 1+ k7t

) for Ity and Ipg,

j
- 14 k12
MJIP(]{J) = —(d)"J , fO’)” ]SBl CLTLd ISB27 (34)
j
(log k)'/2(log k)™ . .

\ @) ,  for ]ITz and ]STl'

Here it is clear that the upper bound function MJP (k) becomes O(1) in each
region except the transition ones, in other words the error becomes independent of the
variable k. Also in the transition regions, choosing the number of degrees of freedom
d proportional to log k gives us highly stable error analysis while the wave number &
increases. We will discuss the proof of Theorem 3.1 and 3.2 in Section 5.1. However,

we have a more simplified result.
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Using the fact that n = O(k) (see [1]), if we assign the same polynomial degree
for each region’s Galerkin approximation spaces, then we have the following relative

estimates:

Corollary 3.3. For alln € {0,--- ,d+ 1} and all sufficiently large k > 1, we have

|In = lle2er)  C (log k)r+1/2

nllz2ory ™" ¢ dr

3.2. Weighted Trigonometric Polynomials

For givenm € NU{O}, 0<é€gy <€gmo1 T €gpoo < - < €5 < €4 <63 < €9 <
€1 < 1/3, and constants &1, &, &3, &4, we divide the interval [0, L] into 4m subregions as

follows:

(i) Iluminated region: I = [t; + & k132 ¢y — &E™/3Fe],
(ii) Deep shadow region: Ipg = [0,t; — &k~ /3 2| U [ty + &k~ 132 L],

(iii) Shadow boundaries

]SBl = [tl — §4k_1/3+62m71’ t; + glk_1/3+€2M71}

]SBQ = [t2 — £2k—1/3+62m717 t2 + 53]{;_1/34_627‘”71}
(iv) IMuminated transitions: For j =1,2,--- ,m — 1,

I;Tl = [+ Gk 4y f1k_1/3+52j—1]

IgT - [tQ - £2k_1/3+€2j_1 to — §2k_1/3+€2j+2]
2 7
(v) Shadow transitions: For j =1,2,--- ,m — 1,

]éTl = [t1 — §4k’_1/3+62j_1, ty — f4k_1/3+ezj+2]

I§T2 = [t + Lok /BT ¢ 4 §3k71/3+52j—1]
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Next, for j =1,---,4m recalling /; and d; from the previous section let us define the
space of trigonometric polynomials of degree at most d on the interval I = [a,b] as
follows

— d d
Ty(I) = Tyla, b] :Span{exp (27rz‘r Z_Z) =2 _}‘

As we did in the algebraic case, we denote d = (dy, - - - , dyy,) as this 4m tuple of integers

and choose our global approximation space in the following way:.

4m
% = @ﬂjj eika~'y de(lj)
7=1

am
dim(J4) = 4m + Y _d;

Jj=1

Then Galerkin formulation becomes finding the function 1 € 3 such that

(R, ) 120) = ([fs W) r2(0:), 1 € T (3.5)

The fundamental result of this section is given in the next theorem.

Theorem 3.4. For alln; € N (j = 1,--- ,4m) and all sufficiently large k > 1, we

have
C 4m
17 = ll220r) Sy i K N MT(k)
j=1

for the Galerkin solution 1 to (3.5) where

2 <k(1/3—61)/2

) , for I, and Ipg,
d;

feam—1\ "
M]T(k‘) = < d ) s fOT ISBl and ‘[5327 (36)
J

fe2i—1—€25+2\ "
s T
— ) > Jor Iy, and g,
\

J
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We will discuss the proof of Theorem 3.4 in Section 5.3. However, we have a more

simplified result.

In order to obtain an optimal error, its more suitable to choose €; such that

1
§ — €2 = €m—1 — €251 — €242 (3-7)
for j =1,---,m — 1. However further requiring that

€25 — €251 = €2542 — €241 = E(€2j+1 - €2j)

for j=1,--- ,m — 1 and for some x > 0 makes the construction of the spaces easier.

With this purpose in our mind, for each j = 1,--- ,4m we choose

IR R R e
T3 B[kt Dm+ (k4 2)]

Then the values on (3.7) becomes equal to let us call that . In this case

1
3m35E 7
setting the same degree of freedom for each region’s Galerkin approximation spaces,

we will have the following relative error estimate

Corollary 3.5. If€;’s are chosen as above, then for alln € N and all sufficiently large

k> 1, we have

7 = 0| z20m) e ( k* )n
7] z2ax) c d+1
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4. ASYMPTOTIC AND DERIVATIVE ESTIMATES OF

slow

m

In this chapter, in order to present a converging numerical solution, we aim
to study the asymptotic behavior of n**¥. We also have to examine the nature of
its derivatives in different subregions of the boundary of K, which will be useful in
following chapters. Throughout the chapter and only in this chapter when we talk
about I;;, we mean I together with Iy, and I;p,. Similarly we consider Ipg with
Isp, and Igp,. Also only in this chapter variable L will be different from the one defined

in Chapter 3. Now we give some relavant definitions first.

Definition 4.1. (Symbol classes of Hérmander [12, Definition 2.1] ) Let M be an
open subset of RP, and let T be an open conic subset of M xR (i.e. (z,§) € I" implies
(x,t€) € T when t > 0). The symbol class of order p € R and type 0,5 € [0,1] of
Hormander, denoted as Sgé(f‘), 1s defined to be the collection of all complez-valued
functions a € C=(T") such that, for any compact set W C T" and all multi-indices f3,~,

the estimate
IDEDZa(x, )| Spaw (14 (€))L (2 6) e We (4.1)

holds, where W€ = {(z,t&) : (x,&) € W,t > 1}.

We should note that this definition is quite general and throughout this thesis
we only consider the case when p = ¢ = 1 therefore I' C R?, and the multi-indices 3,y

becomes ordinary indices.

Definition 4.2. (Asymptotic expansion in the sense of Hérmander [12, Definition
2.2]) Let a; € S,’5(T') where v; — —oo as j — oo. We say that a € S%(T') admits the

asymptotic expansion

o
a ~ E aj
Jj=0
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if
a—> a; € SyyT)
i<j
for every 7 =0,1,2,--- where pi; = r%a}xl/j and [ = po.

With the light of these definitions, in order to prove Theorem 3.1, 3.2 and 3.4
we need to estimate the derivates of n*°?. For this reason we will have a look at the

slow

asymptotic expansion of n*°* which is carefully studied in [1] and [13]. From there, we

know that the function n*°* has the following expansion:

Theorem 4.1. For a compact smooth object K which is parametrized as in the begin-

ning of Chapter 3 we have the following asymptotical expansions for n*°v

o In a small subset of In C (Isp, U Isp,) (see [13, Theorem 5.1])

P 3 Ry () O (R 2 (s)). (4.2)

1,m>0

valid for s € In. Here by, and ¥ are a complex valued C* functions defined
on In. Moreover Z(s) = w(s)h(s), where h(s) is a smooth positive function and
w(s) = (s —t1)(ta — s) on [0, 27].

e In the illuminate region I;, (see [1, equation 1.15])

(s, k) ~ >k dy(s)

Jj=0

for complex valued C™ functions d;(s).

e Furthermore, the asymptotical behavior of ¥ is given as [1, Lemma 9.9]:
U(T) = aoT+arm 4 axr P+ +ayt TN 4+ O(F I (4.3)

as T — 0o and this expansion remains valid for all derivatives of ¥ by formally
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differentiating each term on the right hand side, including the error term.

Although this theorem is useful from many aspects, the following one aims to

compactify the first two items of it.

Theorem 4.2. [13] The function by, can be extended to 2m-periodic C* functions
such that for all L, M € NU {0}, the decomposition

LM

nl (s k) = | Y KA () WO (RYV2Z(s) | + Roar(s k) (4.4)

l,m=0

holds for all s € [0, 27|, with remainder term satisfying, for alln € NU {0}
|DYRe | Seovm (14 )3,

where

o= —min{g(L +1), (M +1)}. (4.5)

For simplicity lets define, a;,,(s,k) = k¥3-2/3=mp, ()W (KV/3Z(s)). Before

giving the proof of Theorem 4.2 we will prove some useful propositions.
Proposition 4.3. For some sufficiently large T € R and VU as given in Theorem 4.2

we have:

(i) [¥(r)] < Co(1+ 7))
(i) |¥'(T)] < Ch
(iii) |WO(r)] < C/(1 + |r])2, forl>2

Proof. Assume that || > |79| for some |r5] > 1. Then, according to the asymptotics
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of function W(7) given in Theorem 4.1 we have

N 0o
V() S laollr + D lanllr[™™ < [+ ) Il < Co(r| +1)
n=1 n=1

Again, according to Theorem 4.1 after differentiating the right hand side of the expan-

sion (4.3) we have

N N
V()] £ laol + D e[ =3nl[r| " S 1+ 371 =3nlln| " < €
n=1 n=1
Moreover again by (4.3):
N
‘\I;(l)’ < Z(l —3n)(=3n)(—=1—=3n)--- ((=l+2— 3”))|%HT|173"71
n=1

S (1= 3n)(=3n) (=1 = 3n) -+ (=1 + 2 = 3n))|m| "

o0
< 177D Z 70| %"
n=0

< G+ 71727

This finishes the proof. O

Proposition 4.4. For some arbitrary pi, po € R and m,l € NU {0} with 1 > 1, we

have:

(1) a € Sy)3, 5 and pn < p2 = a € Syjy |y

(i) aom € Sy /3

2/3-21/3—m
(111) apm, € 52;371/3/ .

where 55,5 denotes the Hormander Class as we defined in Definition 4.1
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Proof.

(i) This follows from the definition of Hérmander Classes.
(ii) All we need to show is |DED%agm| Samm (14 k)17mF/372a/3 - for all multi-
indices o, n. Now using the Leibnitz rule and the boundedness of function by,

we will take derivatives D, and D, in that order.

| Dy D agm| = | DR~ Do m (s) 0 (K Z(s)))|
Sa,n,m Z |D?k2/3_mkl/3qj(l)(kl/?)Z(S))’
1=0
Saman B S 3 | (7))
i—0 =0

= /3o [I\I/(kl/3Z(s))| + RV (R Z ()| + KR (R Z (3”']

+ k2/37m Z Z k,72j/3+i/3’lp(i+j)<k1/3Z(8))| :

i=1 j=1

In the last identity we separated the (1 = 0,7 =0),(i=1,j =0) and (i =0,j =
1) cases from the sum. After applying Proposition 4.3 to those sums, we will

simplify them using the boundedness of |Z(s)|

~Y

D D2aom| Samm K14 K| Z(8)] + K 4 k2

+ k2/3—mzzk—2j/3+i/3(1 +k1/3|Z(S)|)—2—i—j

i=1 j=1

Samm KT KA i i /31213

i=1 j=1

n ) 1— <k72/3)a
— klfm k2/37m ]{51/3]{772/3—
R )

—2a/3

Sa,n,m klfm + k2/3fm (nkn/i’)) k72/3 (1 + k)2/3/
1= (k™)

< (1 + k)l—m+n/3—2a/3

~Q,n,m
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(iii) Same as the previous case we need to show
|D,§‘D?al m| <a e (1 + k)—m+2/3—2l/3+n/3—2a/3

for all multi-indices o, n. By the same arguments and examining the cases (i =

1,j=0),(i =0,j = 1) separated from the sum gives us:

|Dl? Zaz,m| 5 k2/3_2l/3_m Z Z k,—2j/3+i/3|\I,(l+i+j)(k1/SZ(S))|
i=0 j=0
< k2/3—2l/3—m(1 + k)n/3—2a/3
(1 +k)—m+2/3—2l/3+n/3—2a/3

S,a,n,m,l

This prints the desired result. [

N
Proposition 4.5. If we define ry(s, k) == n*%(s, k) — > k'7d;(s), then we have:
i=0

rn(s, k) € Siév,

nszow(s, k) € Sio on Iry.

Proof. Since d;(s) are smooth functions their derivates are bounded in [0, 27]. Thus
k'=Id;(s) € Si’, for all non-negative j. By Proposition 4.4 we have k'~7d;(s) € S,
for all j > N + 1 and k'd;(s) € Sy, for all j > 0. This implies ry € S; and
nlev(s, k) € 51170. []

Now using these propositions we are ready to give the proof of Theorem 4.2.

Proof. (of Theorem 4.2) First of all, we will show that Ry (s, k) € Sy, /3. Then
using Theorem 4.1 we will extend the smooth functions b;,,’s, which are defined only
on Isp, to the regions I;;, and Ipg, and we will complete the extension of b;,,’s to the

whole interval [0, 27] as in the way described in the theorem.
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By [13, Remark 5.2] we can choose L’ > L.and M’ > M such that Ry yp (s, k) €
GH

2/3,1/3 and:

RLM— Z Zalmsk +Z Z CleS]{Z +RL/M/(S ]{J) (46)

|=L+1m=0 =0 m=M+1

In order to prove that Ry p(s, k) € 32/3 1/3» using Proposition 4.4 we will show that
the summands of the double sums in above equality belongs to S /3.1/3"

In the first sum, since —[ < —(L+1), —m < 0, then by its definition p > —2(L+
1) — 1 So A € S, L/3-AL+D)/ 55/3 13" For the second sum, when [ = 0, since

3 /3,1/3
—m < —(M+1) < p, we know that ag,, € 5% For [ > 1since 1/3—21/3—m < pu,

/3,1/3°

we have also a;,, € 52/3 13"

Thus, since Hormander Class is closed under summation and remainder is in

52/3 1/3 we have Ry, (s, k) € 52/3 13 forall s € Iy,

Now, since d;(s) and Z(s) € C*, for j € NU {0} and s € [0,2n], we can find

Bl,m € ' such that for every s € I;:

(1 —-3n-— p)] ()b (5) 2173 U(s),  j > 2, (4.7)

where a;’s are from equation (4.3).

If we set by, s as in equation (4.7), then on I;;, we will clearly have

slaw S k? Z blm kl/BZ( ))

I,m>0
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Now, let’s define the following;:

by = 1oy, b + e bim

Irp Isp

By the same arguments we have at the beginning of the proof, it can be seen that
Rp(s, k) € 55/3 13 for s € Isp U Irs. So we have defined C* functions bj; on
[0,27] \ Ips such that the conditions of the theorem hold for bj: and the remainder

functions Ry, .

Finally with the similar work we can complete the extension of b;,,’s on Ipg and

therefore on the whole interval [0, 27]. O
Theorem 4.6. [13] We have
n+2
DE | Su k4 ) (K7 4 fw(s)) ™"

m=4

for alln € NU{0}, s € [0,27] and all sufficiently large k.

Proof. For a given n € N, we can choose L, M € N such that

min{2/3(L +1),(M + 1)} >n/3 (4.8)

slow

Now using the asymptotics of n given in (4.2) and the results of Theorem 4.2, we

define:

L
Bia(s, k) Z E " bim(s),  Apa(s,k) =k k2B ()W (K Z(s))
=0

so that we can write:

T]Sl"“’(s, k)= Apm(s, k) + Rpa(s, k)
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By Theorem 4.2 and inequality (4.8) we know that there exist a constant C,, such that
|D? R (s, k)| < C, holds for all k,s. In order to complete the proof, we need to
bound | DT Ay a(s, k).

By the linearity of the operator D} and the triangle inequality:

L
DI AL (s, k)| = |KPD2Y kB (s) 0O (K13 Z(s))
=0

L
<Y kTP DY B (s) WO (K2 Z(s)))| (4.9)

=0

By Leibniz integral rule and boundedness of both function Z(s) and its derivatives, we

have:
D7 By ()W (E2Z(5))] S Y D2 (B () [P0 (K13 Z(5)))|
i=0

Knowing that derivatives of By (s) are bounded above, we can bound the right hand

side of inequality (4.9) by the following way:

L n
’DQAL,M<S7 k)' Sn k2/3 Z k_2l/3 Z ‘kz/?)qj(l-i-l) (kl/BZ(S))’

=0 =0

n L
— k2/3 Z Z ‘k(i72l)/3ql(l+i)(k’l/BZ<S))|

=0 [=0

L
_ k2/3 Z ’k—Ql/?)\Ij(l)(kl/fiz(S))‘
=0

L
+ k2/3 Z ‘k(l—Ql)/S\I](l—H)(kl/SZ(S))|

=0

n

L
123 Z Z ‘k(i*2l>/3\p(l+i)(k1/3Z(s))| (4.10)

=2 [=0

Now our aim is estimating the three sums in (4.10) separately.

(i) From Theorem 4.1 we know we can find constants A, B independent of s such
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that A < h(s) < B, for all s € [0,27]. Together with the fact that & > kg for

some fixed ko > 1 gives us:
(1+ K22Z()]) = (L4 K R(s) o)) 2 (1 + K w(s))

By Proposition 4.3 for [ > 2 we have: |UW(7)| < Cp2(1 + |7])727". Combining

these two estimates we can write:

n L n L
k2/3 Z Z |k(if2l)/3\1j(l+i)(k1/3Z(8>)‘ fm k;2/3 Z Z k(ile)/scl(l + k1/3|Z(5)])*2*l*i

i=2 1=0 =2 =0

n L
Sm k2/3 Z Z k(z‘—2l)/3(1 + k1/3|w<8)|>—2—l—z’

1=2 1=0

kQ/SZkz/S 1+k:1/3|w —2— zzk, 21/3

=2

< k2/3zk1/3 1 +/<31/3|w —2— zzk—Ql/?)

=2

S KSR B () (411)

=2

(ii) By (5.11) and (5.12) we know |¥’'(7)| < C; , WO (7)| < Cy(1+|7])~27, for I > 2.

So we can write:

L
]‘C2/3 Z ‘k(l—Ql)/?)\Ij(H-l)<k1/3z(8))|
=0

]{52/3]{71/3 |\If(1) k,l/SZ ‘ + k,2/3 Zk (1-21)/3 }\I’ (I+1) k,l/Sz( ))‘

=1

L
So b+ K T RTBCL (14 B w(s)])

=1

L oo
<, k+ L2/3 Z L(1=20)/3 <, k+ 2/3 Z kél_2l)/3

Snk+ B Sk (4.12)

(iii) Again by (5.11) and (5.12) we know |¥(7)| < Co(1+|7]), |¥'(7)| < C1, [¥O(7)] <
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Ci(1+|7])727t , for I > 2. So we can write:

L
k‘2/3 Z |k_2l/3\11(l)(k‘1/3Z(8)){

=0

L
— K23 [W(RMPZ ()| + KR W (K22 (s))| + RS k2B Ok 2 (s))|

=2

L
Sn KP4+ B w(s)]) + KPR 4 B3y RO+ B w(s) )
=2

(since w is bounded in [0, 27])

<L KB4+ RY3) 4 1 4 k2 Z k2
1=2
' (4.13)

~n

Now combining inequalities (4.10) - (4.13) we can write:

k3 KPR R n > 2
j=2

We have already stated that |[DYRy p(s, k)| < C,. Using triangle inequality and the
fact that n'°*(s, k) = A (s, k) + Rp(s, k) we complete the proof. O
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In this chapter, we will provide the proof of Theorem 3.1. First we will discuss

the related best approximation theorem in [14, Theorem 3]. Then we will give the

parts where we pose the improved contributions.

5.1. Approximation by weighted algebraic polynomials

Theorem 5.1 (Best approximation of 7%°* by algebraic polynomials [14]). Given

deN, foralln €{0,---,d+ 1}, all sufficiently large k > ko > 1, and 0 < ¢,6 < 1/3

we have:

(i) [Hlluminated region] If Iy = [t; + & kY37 ) — &Y+ then

1 +k—(1+3e)/2k(1/3—e)n/2
- p||L2(IIL) Sn k dn

slow

inf
nf |
(ii) [Deep shadow region] If Ips = [ty + & k™Y3F, L+t — &k™/37], then

1+ k—(1+3e)/2k(1/3—e)n/2
dn

slow

I}gpfd 0™ = pllL2(1ps) Sn k

(ii) [Shadow boundaries| If Isp, = [t; — Ek™V3F0 t) + Ek~Y34) or if Isp, = [ty —

§k71/3+e’ ts _|_§k71/3+5]’ then

14+ kfl/Zk(e+5)n/2
L

slow

piélgd [n - pHL2(ISBl) Snk

() [Mluminated transitions| If Iry, = [ty + kY370t + Ek7YV3F) or if g =

[tQ _ fk_1/3+6, ty — gk_1/3+6], then

14+ k—(1+35)/2k(6—6)n/2

slow pHLQ(Ile) Sn ar

inf
nf |[m
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(v) [Shadow transitions] If Isy, = [t — kY34 ¢, — Ek7V3H0) or if Igr, = [ta +
fk_1/3+6, to +fk_1/3+6], then

14+ k—(1+35)/2k(e—6)n/2
_p||L2(ISTl) Sn k dn

slow

inf
Jnf 1

Proof. 1f we recall the well known semi-norm for a given interval (a, b)

1/2
| f |nyap) = / |ID"f(s)]*(s — a)™(b— s)"ds| . (5.1)
Then we have [21]:
inf - <n n,(a a™" 2
nf [1f = pll Sn e (5.2)
for all n € {0,1,--- ,d + 1} where P, is the space of univariate polynomials of degree

at most d.

Using this inequality and Theorem 4.6 we have:

b
71 (5, K) 2 oy S / D (s, k)P (s — a)" (b — s)"ds
2n+4

Sn/a [k:2+z 4 |w(s)|] m}(s—a)”(b—s)”ds

2n+4 s—a)(b—s)"
<. K+ Z / s (5.3)

k=12 + !w s)|I™

Now we will give the estimates of the right hand side of (5.3) and together with (5.2)

we will complete the proof.

First, without loss of generality, assume that (to —¢1)/2 > 1, k > ky > 1 and
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0 <& &, & < min{ty, tQQtl }, and define:

to + 11 to — ty
= — l{;_l/3
C1 9 \/( 9 ) +
ty + ty— 11\
d = k‘_l/?’
1 7 + ( 5 > +
ty -t ty —t;\2
2 2
ty 4+t ty —t1\°
d = _ k—1/3
2 5 + ( 5 )

Also note that the L-periodic function k=3 + |w(s)| factors as:

kY3 4 w(s)| = 8=l —e), s €l b, (5.4)

—(8 — Cg)(dg — S), S € [O,L]\[tl,tg],

In order to estimate the integrals on the right hand side of inequality (5.3) we will
use the above separation trick, then using the exact calculation given in Lemma A.3
we will present an estimate on those integrals, therefore an estimate to the semi-norm

slow|n (

In ap)- Since the steps of the calculations for the cases (i) and (iv) are symmetric

to (ii) and (v) respectively, we will only give the proof for the cases (i), (iii), and (iv).

In all cases we will take into consideration that,

ty — 11\’
th—t1 < di—c <2 (221) +1
2
to — 1t
0<2\/(22 1) —1 < dy—cyg <ty—1t

Keeping those in mind, for the case (i) illuminated region, using the exact calculation
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of the integral given in Lemma A.3 we have the following estimate

b (s—a)"(b—s)" B b (s —a)"(b—s)" .
/a 1 1 ()™ = / G —c)m(dr —s)m”

Sn Z { Z ‘(61 —a)’(eg — b)[(b— Cl)2n—(p+q+r)+1 — (a— Cl)zn—(p+q+r)+1]

r=1 0<p,g<n

p+q#2n+1—r

+ (a — dy)P(b—dy)?(dy — a)2n—(p+q+r)+1 —(dy — b)2n—(p+Q+T)+1]

Considering the inequalities,

51]{3_1/3]{6 <a—0c < (1 + 61)]{5_1/3]{?6

2
to — 1 to — 11 to — 11
<b—c < 1
5 c1 5 +\/( 5 )-i-
2
lo —t to —t to —ty
<d —a< 1
5 1—a 5 —I—\/( 5 )—I—

ERTVPES < dy —b < (14 &)k™V3k

our integral has the following estimate
b _ A\(H o\

/ (s—a)"(b—s) ds

o (K713 +w(s))m

S DD DI (e L e e R i L U R |

r=10<p,q<n
p+ag#2n+1—r

S S Y [ g eIy 1By (k*1/3+6)2”*(p+r)+1}
r=10<p,g<n
p+g#2n+1-—r

S S Y [ g eIl (1B (k*1/3+6)2”f(p+r>+1}

r=10<p,g<n
p+ag#2n+1—r

Sn 1+(k—1/3+5)2n—(n+m)+1+1+(k—1/3+e)2n—(n+m)+1 Sn (k—1/3+e)n—m+1

Inserting this upperbound in inequality (5.3) we have

slow 2 < 2 l/Ateynmm
7 (5. B2 oy S W2 _max (k)

< K24 <k1/3k76)n+3 < {k(l I k7(1+36)/2k(1/375)n/2> }2
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On the other hand, for the case (iii) of shadow boundaries with the same tricks we

have
b s—arb=s) o [0 s—ab=s) P (s—ab— o)
/a [kfl/fi + ‘W(S)Hm =1 /a (s — c2)™(dg — S)mds * /t1 (s —c1)™(dy — s)mds

=93 { ST J(er = @)fes = BYI[(b = ea) I - (g g2t
r=1

0<p,g<n
p+Hq#2n+1—r

+ (a — dg)P(b — d2)9[(dy — a)2n*(p+q+7“)+1 — (dy — b)Zn*(p+q+r)+1]’

QU

+ Z ‘ c1 — a)P(cy — b)[(b — ¢ )2~ Pratm+l _ (g — ¢)2n=(pratr)+]

0<p,q<n
p+Hq#2n+1—r

+ (a = d1)P(b— dy)[(dy — a)?—(Pratn+l _ (g, — p)2n—(ptatn)+1) ‘}

Using the definitions of d;, ds and the definition of end points of the interval Igp, we

have

t1 + o
2

t1—§<t1,a,b<t1+§

< dg,dl < 2ty

Hence for all x € {(dy — t1), (d2 — b), (de — a), (dy — t1), (dy — b), (d1 — a)} we have

o+t
g2l

—<t1+£) < x < 2t2—t1+5

Using this idea we can bound our integral as follows

(s —a)"(b—s)" m [ (s—a)"(b—s)" b (s—a)"(b-s)"
/a [=1/3 4 |w(s ] == /a (s — c2)™(d2 — s)mds + /tl (s —c1)™(dy — S)mds

= Z { Z ’ co — a)P(ca — b)4[(b— cp)* " PFATIH — (q — 02)2n7(p+q+r)+1]‘

r=1 0<p,g<n
p+ag#2n+1—r

+ ‘(01 — a)P(cy — b)4[(b— Cl)2n—(p+q+r)+1 —(a— Cl)2n—(p+q+r)+l]‘}
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Now considering the inequalities

k,fl/?)
&EBES — 2 < (e2—a),(c1—a) < (L+&)k5E,
o — 11
k71/3 k,fl/S
Mt —e)(e—t) < 2

Lti(] 4 /2)

~1/3

M
2 — 1t

ek 2

2 — 1t

< (b—c1),(b—c2) < (14 &)kV3kS,

we can bound our integral in following way

/b (s—a)"(b—s)"

[~/ + Jw(s)[]"

m

Sn Z Z {(k_1/3+5)p(k_1/3+6)q[(k—l/3+e)2n—(P+lI+T)+1 + (k.—l/3+(5)2n—(p+q+r)+]_]}

r=1 0<p,g<n
pHq#2n+1—r

Sn <k71/3+6)n(k71/3+6)n[(k71/3+6>2n7(n+n+m)+1 + (k71/3+6)2n7(n+n+m)+1]

Considering again inequality (5.3) we have

|77810w(57 k) |i,(a,b)

< max (k71/3+5)n(k71/3+6)n[(k71/3+€)2n7(n+n+m)+1+<k71/3+6)2n7(n+n+m)+1
~T1<m<on+t4

<n k2 + kk(€+5)n <n {k(l + k_*l/2k(e+§)n/2) }2
When it comes to the (iv) illuminated transitions, we have

VPR <a—e < (1 4+ KRR

EETVPEE <b—cp < (14 k3%

ty — 1, 3(ty — ty)
<d, — ASCILEY)
2 1S T
tg—tl 3(t2_t1)
<d —b< 2 U
2 ! 2
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with the similar manipulations done in (i) we conclude
|77810w(57 k)’i,(a,b) §n k (1 + k—(1+35)/2k(e—6)n/2)

Finally, applying our semi-norm estimate (5.2) to these inequalities, we complete the

proof. n

5.2. Estimate on the Transition Regions and the Change of Variables

In this section we aim to improve the estimates on the transition regions given
in Theorem 5.1. Upon completion of this section the proof of Theorem 3.1 will also be

obtained.

In the previous work [14], in order to mimic the behavior of p*°* the four main
regions that separates illuminated and deep shadow regions from the shadow bound-
aries are treated carefully. They divided each of those four main regions into m — 1
small regions, the transition regions, and defined different sets of basis functions in
each of them. So, together with the 4m — 4 transition regions they had 4m regions in
total. This approach gave them an enhanced approximation. However it is possible to
unite the each set of m —1 little transition regions and obtain four main regions instead
of 4(m — 1) ones. Yet, in order to unite them we need to present a clever change of
variables in each set of transition regions. Now let us denote the four main transition

regions in the following way:

[ITl = [tl +€/{771/3,t1 +£] = [al,bl]
Iy, = [ta — &t — fk_l/g] = [az, by
Isry = [t — &t — 5143_1/3] = [as, bs]

Ist, = [ta + RT3ty + & = (a4, b
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Now in each interval we inroduce the following change of variables:

(44 e, s I
ty — EkYB), s € Iy,
t — EkYO), s € Igp

|t + €KY, s € Lo,

where the linear function 1 is defined such that

With this clever choice of 1, our function ¢ maps each of the transition regions to

itself.

Now, we intent to give the detailed analysis of this change of variables function
¢, but without loss of generality we will only discuss the part of it restricted to the
interval I;p,, the llluminated Region-1. Throughout this section we will assume that
the functions ¢ : [a,b] — [a,b] and ¥ : [a,b] — [—%, 0] are defined as

-3

¢(s) =t + kYO

(s) = o !

ECEA

where a == t; +&k7/3 b= t,+&, and I, = [a,b]. We also have, k > kq for some fixed
ko > 1 and [£| < (tg — t1)/2. Since, ¢¥(a) = —1/3,9(b) = 0, ¢(a) = a, and ¢(b) = b, ¢

preserves the interval I, = [a, b], as we mentioned earlier.

With the aid of this change of variables we will prove the main result of this

section:

Theorem 5.2. For the interval Irr, = [a,b] and the change of variable function ¢



defined as above, we have

log K\ "
: slow -1 < 2 (2o
;ggdlln P& )z2(rrr,) Sn k(logk) ( p >

where P¢ represents the univariate polynomials of degree at most than d € N.

Before giving the proof of this theorem, we should verify some propositions.

Proposition 5.3. For ¢, i defined as above we have

[P (s)| <1, Vse|[0,2n]
109 (s)| < (logk)!, Vs € [0,2x], Vi € N.

Proof. Since k > ky implies 1 — k=13 > 1 — kal/g, we have,

1

6= |35 :

< — <1
31E1(1 — ko %)

B 1
__‘35(1-k‘”3)

On the other hand,

s—a s—a 1
€la,b] = 0<s—a<b-— = <1 = ——-<0
s €lab) =T ¢ b—a — 3(b—a) 37
Obviously as s increases 3(81:—6;) — % also increases. Thus we have,

~1/3<s<0 ,Vs€la,b] = EP<k® <1 Vs€la,b
Now, calculating the derivatives of ¢ gives us,

¢ (s) = &/ (s)(log k)k¥)
¢ (s) = (£¢'(s)(log k) k¥
67 (s)] < ((log k))'k¥) < ((log k)’
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printing the desired result. 0

The bounds calculated above for the derivatives of ¢ and ¢ are important for the

slow

derivative analysis of n*°" | which is given in the next proposition.

Proposition 5.4. For ¢ defined as above and for all n € N we have

D (" 0 ¢)(s)| Sn k(log k)"

Proof. By Faa Di Bruno’s formula [22],

n

n slow i slow _ . _ .
D¢ (n —‘Z{Z'D H 'Z] Z—ZZ], Tl—Z]Z], ’LJZO}
7j=1 7j=1 7=1
n n n
S (EXRCTH) ) (CETRES oSS et
Jj=1 j=1 j=1
n n n
Sn D10 D (@) T 1€ logk>ww<5>|:izxij,nzZﬁj,z‘jZO}
j=1

=1 i=1
Sn

—

1) G I(Q05 ) ZIREIO] 1= 3 iy =Y iy > 0}

=1 =1

Hence we have

n

D21 0 d(s)] S Y 1(07) D ($() ) (log k)" (5.5)

=0

Next, we will give the upper bound for the summand. For this purpose let us recall
the definiton of the function w(s) = (s — t1)(t2 — s) together with Theorem 4.6 gives

us:

i+2

FYE) @) (6(s))] < K k+z T |w(e(s)))

Now, instead of the summation in the right hand side, we will insert the following

estimate, for all j <i+ 2 and s € [a, b

(67 4 (@) S (K7 + () )+



This estimate can be seen from,

(679 4 (@) = (K7 uo(s))) 7 (57 + ()42

< (K72 4 w(@() )P kg 7+ (2m)) 0

S (K712 + Jw(e(s)) )~

Therefore we have:

42

bt Y ot >>|>f]

Sn KOk + k“" Dk + |w(s(s))]) 02

KO ()] < K

L¥(s) i L
Sk + (s o) ¢+ @)

The estimate on (k7'/3 + |w(¢(s))|) can be established as the following way:

(K (@)™ = (W77 + (82 — 0)€R") — 2RO~
= kYO (B30 (8 — ty)€ — E2KYE))

< E—¥(s) (’(tz _ t1)€ B £2|)—1
E=¥()

So we can conclude,

- e i
EO 066D %ok + () O+ )

Sk+ ) E2O < E4+k22 <, k

Y

Hence inserting this result in the estimate (5.5) we complete the proof.

40

After constructing the necessary propositions now we are ready to prove this

section’s main theorem.
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Proof. (of Theorem 5.2) Using the estimate on the semi-norm that is given in (5.2),

and the boundedness of ¢’ on Iy, = [a,b],

b
inf [ = p(6™")l|2pasy = inf, { / [ (s) — p(¢ (s))Pds }*

pePd

pePd

b
< it { [ 1 (0(5) — pls) 6 o) s}
< inf {1165 0 ) = pllz=(max |/ ()])'/*}

S 117 0 Pl oy 4" (max ¢/ (s)])'/2,
s€la,b]

where in the last line estimate holds for all n € N such that n < d 4+ 1. Moreover, in
the last line we will impose the definition of the semi-norm in Definition 5.1, and the

upper bound for ¢, then with the aid of Proposition 5.4:

pePd

b
/
inf Hnslow —p(¢71)HL2[a,b] Sn { / ‘Dn(n o) ¢)(S)’2(5 — a)n(b — s)ndS}l Qd’”(log k.)l/2

2n+1

Sn(b—a)"2 k (logk)"d " (logk)"/?
1 n
S kllogh)* (255
d
This completes the argument. O]

Hence, with the help of Theorem 5.2 we have established an improved upper
bound for the error in the transition regions. Together with Theorem 5.1 we have

completed the proof of Theorem 3.1.

5.3. Approximation by weighted trigonometric polynomials

In this section we will use approximation spaces constructed by trigonometric

polynomials. However, our convergence analysis depends on the periodicity of the

functions in those spaces. In order to attain the periodicity we will introduce the
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smooth bump functions defined on the 4m subregions we described on Section 5.1.
The crucial point here is, the set of these 4m bump functions will be also representing
a smooth partition of the interval [0, L]. So multiplying each of the bump functions

with 7%1°¥ gives us periodic smooth functions and summation of all gives us n*? itself.

To begin with, let us define the smooth functions

1, x <0,
_1
AMz) =< exp (2@:)_(1 1')> , 0<az <1,
0, 1 <x.

plx) = SIAE) +1— A1~ )]

Here note that p(z) is a positive non-increasing smooth function (see Figure 5.1).

Figure 5.1. p(z) on [0, 1].

Now for given real numbers a < @’ <V < b, we set up the bump function

r—a r—>
Xea (@)= p| o— | —y

On [a,d’] the first multiplicand increases from 0 to 1, and on [V, b] the second one

decreases from 1 to 0. Hence the smooth function X (4, ) is equal to 1 on [d’, 0] and
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vanishes outside [a, b](See Figure 5.2). On the other hand, since
plx)+p(l—z)=1, zelkR
r—a r—0b
(2=0) 4 (2=0) -, v

then for given real numbers a; < as < a3 < aq4 < a5 < ag we have

X(a1,a2,a3,a4)(x) + X(as,a4,a5,a6)(x) =1, zeR (5-6)

0.5

Figure 5.2. PlOt Of X(a,a’,b’,b)'

In order to build up the bump functions x4/ ), We need to identify the reals
a < a < b < b for each region. Recalling the definitions of the intervals given in
Section 3.2 we set the variable a’ of an interval to be equal to the end point of the
previous interval, in the counter clockwise orientation. Then we set the variable b’ of an
interval to be equal to the starting point of the next interval, in the same orientation.

From now on we will symbolize the quadruple (a,a’,V,b) of an interval I with o(I) .

Regarding these identifications, we denote the jth interval as I, its bump function

as Xo(z;) and its characteristic function as 1;. With the light of the identity (5.6), for

4
x € [0, L] we have ) Xo(1;)(z) = 1 Then, from Definition 1.1 we have
=1
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and each i € dim(.73) can be written in the following form

4m
= et p;,
j=1
where p; € Ty,. Using these facts, Céa’s lemma gives us

N C el . slow
7 —1llr20m) < zk;pg}i 7™ Xo1;) — PllL2a;) (5.8)

This inequality together with Theorem 5.5 complete the proof of Theorems 3.4
Theorem 5.5 (Best approximation by trigonometric polynomials [14]). For all n €
NU {0} and all sufficiently large k > 1 , there holds the following estimates:

(i) [{llumunated region] If 0 <€ <€ <1/3 and 0 < ¢4 < e3 < 1/3, and

o(lr) = (t1 + SRV 4+ SRRty — ETVPRS by — §2k_1/3k€4)

then we have

slow

inf ||n

p€Tq(IrL)

k1/3—min{€1,e4} n
Xo(Irr) — p||L2(IIL) Sn k (T)

(i1) [Deep shadow region]If 0 < € < €3 <1/3 and 0 < €4 < €3 <1/3, and
o(Ips) = (ta + &k Pk 1y + S KPR L4ty — SE7VPRS, L+t — &K Pk)

then we have

slow

Jo1/3—min{ereq} ) n

inf (|97 Xo(1ps) = Pll2(ng) Sn k ( 11

pE€T4(Ips)

(111) [Shadow boundaries] If 0 < ey < €3 < 1/3 and 0 < e3 < €4 < 1/3, and
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o(Isp,) = (t1 — &Pkt — GETVPE2, 4 + SETVPES, ¢ + Gk P k)

or

o(Isp,) = (t2 — EETVBES ty — §ETIPR by 4+ EETBES by + EkTY3ES)

then we have

slow

inf |[n

p€Te(Isp,)

kmax{61,64} n
Xo(Iss,) _pHLQ(ISBl) Snk (ﬁ) .
() [Illuminated transitions: | If 0 < €; < €3 < €3 < €4 < 1/3, and

o(Irg) = (tr + kPR, by + EhTVPR2, 1 + ERTYPRS, 1y + €k Pke)

or

U([ITl> — (t2 . £k71/3k64, t2 . é‘k*l/?)kﬁg) t2 . fkfl/Skez, t2 o fkfl/?,ka)

then

k:64761 n
inf slow " o <n k '
peTldI%Im) I trm) g |L2(IITZ) ~ (d +1 >

(v) [Shadow transitions: | If 0 < €1 < €3 < €3 < €4 < 1/3, and

o(Is) = (t1 — ERTV3EA, t) — €713kt — kY32 ) — €713k S)

or

o(Ism) = (ta+ TPk ty + EKTV3K2 ty + ERTVPKS )ty + EKTPK)

then

ke4*61 n
. f slow o _ < k‘ .
pET{ir(lISTz) ||77 X ([STZ) p| |L2(ISTZ) ~" ( d + 1 )

In order to prove this theorem we need to establish some estimates about periodic

trigonometric polynomials as in the next Corollary.
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Corollary 5.6. If the periodic function f of period b—a possesses an (n—1)" absolutely

continuous derivative and ™ € L?[a,b], then for any d € NU {0} we have

b—a\" b 1/2
(n) — £ 2
ot I e S (57) s {10 n -0k

27 (d+1)

(5.9)

Proof. This corollary simply is a more general version of the the best approximation
theorem by trigonometric polynomials in [23, 5.1.32], in which the estimate holds for
a = 0,b=2m. In the proof we will only apply couple of maps of change of variables to
make sure that theorem still holds in the interval [a,b]. For this purpose let us define

the affine map [0, 27] — [a, 0]

p(z) = r+a (5.10)
Then applying the change of variables y = p(z) we have

1/2
inf - 2[a,b] — f 2d }
pdelﬁi[a,b}”f Pall21ay o ) /|f u)ldy
b—a 2m 1/2
~ inf { - *da |
M$WK2W Arﬂmm pa(p(z))Pda

b—a\'?
_ it ( ) 1f 0 p— fall L2020

paETL0,2n] \ 27

Now using [23, 5.1.32] we can write

b—a\Y?
. f o _ . f _m
pactiion !~ Pallzzte ﬁdeﬂlrg[o,m( 27r> I o0 = Pallszozm

1/2

—a 2w
@) s {2 [T o ) o+ ) = £ ol ) i

Ihl<1/(d4+1)" 27

Considering p'(y) = fﬁ and applying back the change of variables p(z) = y give us

b—a
f ")
.y el%}i If = Pallz2a) S <d+ 1) |h\<1/(d+1 / /

_ (b= (n) ™) () 2dy V"
- (i51) 0, 10 ) = 10w Pay)

=@ty °

“h) — O )Py}

Thus the result. O
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slow

We want to note that, although the periodic extension of the function ***" is not

slow

smooth, by the careful construction of the bump functions, the product 7%“x (4.qa/ v )

is a smooth (b — a)-periodic function. Thus we can apply Corollary 5.6 to them. With

these ideas in our mind, we are ready to present the proof of Theorem 5.5

Proof. (of Theorem 5.5) Since the cases (ii) and (v) are symmetric to (i) and (iv),
respectively, we will only prove the cases (i), (iii), and (iv). Now for o(I) = (a,d’, V', b)

we have

n - n i sS—a P s—>
PaXotn = Z (j)Di# (a’ — a> Kl (b’ — b)
=0
n 1\ [/ 1 n_juj 5=aY e s—b
0 Ji a —a b—b a —a v —b

Since pu(z) is a smooth function the derivatives appearing in the last line are bounded

[
Il

with some constants depending only on n. Hence

DXl Lefas S Z( ) ( a)j (b_lb/)nj.

In the case (i) of illuminated region, without loss of generality we may assume

that ¢; < ¢4. Then

n n—j
||D?XO'(I)||L°°[a,b] /S/n Z (k} 1/3 k@ — k€1 ) (k 1/3 l{,'63 k64)>

7=0
< k,l/S )n n <k64(k53—54 . 1>>]
Fa(kama — 1)) 2 \Fa(kea — 1)

1/3\ ™ n ea\ J
<k’ ) (Zq) Sn (k1/3761)7’74
0

J=

where in the last row we have used the fact that (zef) < (ZE;‘) .
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On the other hand, Theorem 4.6 gives us,

n+2 n+2
DI (5, ) S ke + Y (B 4 (o)) S kY (RO
m=4 m=4

<. k+ L(n+2)(1/3=e1)

Therefore,

n

n,.slow n i, slow Mn—1
D™ Xo(n) | Lfan) = | Z (i)Dsn % D X s o] L0 [

=0
n

<k (1+k—1k(i+2)(1/3—61)) <k1/3—sl)"*i <, k(k:l/3_€1)n

~n
=0

Recalling Corollary 5.6 with § = min{&;, &}, and noting that ||.||r2pn < (b—a)"?||.|| [0,

we have the following:

slow

inf |7

peT ab] Xo(1) = Pllz2(a)

1/2
b_a ! b n, _stow n, stow
S (d~|—1) sup {/ |DS77l Xon)(® + h) —Dsnl XU(])(SB)|2d$}

b—
|h‘§ 27r(d-?—1)

b—a " n__slow
5n< ) 1D o Lt

d+1
(b - a)n—i—l/Qk (k1/3761)n < kl/S—min{el,e4} "

Secondly, in the case (iii) of shadow boundaries, without loss of generality we may

assume that €5 < e3. Then with the same manipulations as we did in the previous case

. n 1 J 1 n—j
1D Xo ()| E=(ab) Sn Z (k.l/?)(kzﬂ _ kez)) (k1/3(k64 _ kes))

j=0
o\ ks (ks — 1) ) £ \ ke (ke — 1)
7=0

B3\ Les J Cnn
S’"(kfz) (k_) SR
=0

J
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Again, as an immediate consequence of Theorem 4.6,

n-+2 n+2

|Dn Sl0w8k| k+z 1/3—|—|w k+z 1/3

<n k + k’ (n+2) (1/3)7

and combination of these estimates gives us:

n, slow - n 1. slow Myn—1
1057 Xon) | befas) = 11 ) ( Z.>Ds77l Dy Xja,a, bl Lo(a
=0

<n k?zn: (1 + k,—l/?)k,i/S) k(n—i)(l/S—ez) Sn kkn/S

=0

Implementing the results of Corollary 5.6, we get

slow

inf {[n

pETy[a,b] Xo(r) = Pllr2[ap)

1/2
b—a " ’ n, slow n, slow
Sﬂl Sllp ‘Dsnl XU(I)(x+h) _Dsnl XU(I)<x>’2d:C
d+1
hI< smiatn @

b—a " n, slow
n(d+ ) 1D Xo (0| 2210,

1
(b _ a)n+1/2 kkn/{i < 1 k.max{q,q} n
~(d+1)m ~r d+1

Lastly, in the case (iv) of illuminated transitions, analogous to the previous ones we

have the following estimates:

N n 1 J 1 n—j
103 Xo)l2=fa) Sn Z (k—l/?)(k:ez — kel)) (k;—l/?)(kes — ke4)>

=0
k1/3 n n kjeg(k&;feg . 1) J

(kl/g) () = @y
0

Jj=
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The estimate from Theorem 4.6 is

n+2 2n+4
D] Skt SO ()™ S+ D (k)
m=4 m=4

<, k+ k(n+2)(1/3—61)7

and as a consequence,

n

n, . slow n i, slow Myn—i
||Ds77 : XU(I)HL‘X’[a,b} - || Z (Z)Dsn : Ds X[a,a/], [bv b/]||L°°[a,b]

1=0
n

< I (1+k—1k(i+2)(1/3—e1)) (k,l/?,—q)”—i <, k(k,l/fi—el)n

~on
=0

Finally, utilizing similar arguments,

slow

inf  {[n

pETy[a,b] Xo(r) = Pllr2[ap

1/2
b—a " ’ n, slow n, slow
Sn sup / | DEn " Xo() (@ + h) = DY X () da
d+ 1 |h‘§ b—a a

27 (d+1)

k_1/3<k64_61) ! n,_slow
Sn <T) HDSUI Xo (D L2(ap)
—1/3(1.€a—e1)\n+1/2 ea—er \ "
Sn (k (k ! 1)) L (k1/3_61)n gn i ke ’
(d+ 1) d+1

we complete the proof. O
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6. NUMERICAL EXPERIMENTS

In this chapter we test our Galerkin method in several settings. In the cases of

unit circle we use the smooth parametrization y(¢) = (cos(t), sin(t)) for ¢ € [0, L.

Throughout the chapter for given eight-tuples &€ = (£, &9, &3, &4, &5, &6, 67, &), € =
(&1,85, 85,84, &, &6, &0, &) and a triple € = (€1, €9, €3) we have constructed our intervals

in the following way

I =l 6991, g
T =l + €4k 9%, L1 — gl
Isp, = [t1 — &3k™13%e2 ¢y 4 g1 /3+e),
Isp, = [t2 — ggk*1/3+eg’t2 + 5§k—1/3+62],
I, = [t + EhVAe ¢4 fﬁk_1/3+61],
Iim, = [ts — ELk™1/3%1 1y — el 1/3+er),
Isp, = [ty — &k™Y3Fe 4y — gk~ 1/3Fe]

ISTQ — [ng + gék71/3+62’t2 4 5/7]{*1/3+61]’

and sometimes we divide the deep shadow region into two subregions

Ips, =[L—L/32, L+t — £2k71/3+62]’

Ips, = [ta + EE7Y3 2 L4 L/32].

In the examples if we do not mention &', we consider it is equal to €. However in
some elliptical settings where we lost the symmetry we take & slightly different from

&, for better results.
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Since in the case of change of variables scheme (See Section 5.2) we set € =
(1/3,0,1/3), it can be easily seen that for a given wave number k, the only unknown
parameter in above set of definitions of the intervals is the parameters represented by
¢ (in this analysis we think of & together with &'). As we mentioned earlier because
of the choice of the approximation spaces highly depends on the construction of the
intervals, we need to choose our & wisely in order to obtain the best accuracy. For
this purpose we devise an algorithm, in which we start from a sensible & and set two
variables w(width) and A(increment) to a desired precision. After that as j ranges over
the indices of £ at the jth step we pick the element {; and instead of {; we try the set
of variables {{; —w+7A : r=0,---,2w/A} one by one. Then we examine the error
related to each of these variables. Then we set §; to the variable from that set which
is responsible from the minimal error. Cycling couple of times over the elements of &,
gives us the optimal one so that increasing or decreasing any element of it by a multiple
of A would give us a larger error. We also need to point that the development of the
intervals is done in a way so that the adjoint intervals do intersect. This intersection
is particularly important for the construction of the bump function related to each

interval.

In the above formulations we only define the variables a, b of an interval I = [a, b].
In order to construct the bump function x,(;) described in Section 3.2 we also need
to clarify the variables a’,b" of the interval I. The definitions of those variables are
attained by the same method in Section 3.2 so that the summation of all the x4

functions of all intervals add up to 1.

Using the ideas discussed in Keller’s Geometrical Theory of Diffraction [24], in
some cases separating the deep shadow region into two subregions offers us better
approximation in the deep shadow region (See the rightmost plots in Figures 6.1 and
6.2). Furthermore, assigning the polynomial degree of approximation space on single
deep shadow region to 2d + 1 enhances these results. In double deep shadow cases, we

assign d for both of the subregions.
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Figure 6.1. Interval schemes: 8 and 7 subregions.
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Since our new approach mimic the behavior of the function 7 on both illuminated
region and illuminated transitions, in the cases based on our change of variables model,
we prefer not to define an illuminated region at all (See Figure 6.2). Moreover observing
the related work of [25] and [26] we did not resort to the idea of shadow transition in

the numerical experiments.

During our experiments, we used univariate polynomial, trigonometric and cosines
bases. We also experimented with Lagrange and Chebyshev bases but they produced
larger condition numbers and slightly worse error behavior. Hence in the examples we

will not discuss the later ones.

In order to produce the numerical solution of Equation (2.4), we solved the linear
system (2.8). We used Nystrom method to numerically calculate the functions R/,
and quadrature rule to evaluate the elements of the matrices appearing on both sides.
Since the exact solution is known for the circular obstacle case, we used that to test

the accuracy of our numerical solution.

In each example we have the following format: First presenting the numerical
experiment using the techniques given in [14], then demonstrating the ones based on
our new scheme described in Section 5.2. The latter set consists of single and double
deep shadow regions. The figures showing the error analysis includes three parts, in
each part for a given degrees of freedom d, the leftmost part shows the relative log,,
error of ||n — 7||/||n||z2, the middle one is the relative log,, error in the deep shadow
region, and the rightmost part presents the log;, of the condition numbers of the
Galerkin matrices arisen from the related Galerkin approximation spaces. So clearly in

these three graphs the z-axis depicts the degrees of freedom for each approximation.

In the examples with circular object we have the parametrization {(cos(t),sin(¢)) :
t € [0,27]} and incident field direction av = (0,1). On the other hand the ones with
elliptical object we have the parametrization {(2cos(t),sin(t)) : t € [0,2x]} and inci-
dent field direction a = \/%70(3’ 1). In both settings we denote L by the circumference
of the object.
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6.1. Weighted Algebraic Polynomials and Change of Variables

While constructing the Galerkin matrix related to the Galerkin formulation de-
scribed in (2.6) one has to be careful in order to decrease the computational error. If
the matrix contains unstable range of elements, then the solution based on that matrix
will be more likely to be inaccurate, which is also known as ill-conditioning problem.
To solve this problem we try to make the basis elements of the global Galerkin approx-

imation space belong to a more narrow interval. With this purpose in our mind we

2s—a—b

define the change of variable p(s) = =%

which maps the interval [a, b] onto [—1,1].

Then instead of P; and Py 0 ¢! in Section 5.1 we use

Pyop=span{(p(s))" :r=0,---,d}
Pyo¢ " op=span{(¢~'(p(5)))" 17 =0, d}

respectively.

Example 6.1. : Circular Object

(1) Using the classical basis of monomial algebraic polynomials from [14]
e For 8 subregions (See the leftmost plot in Figure 6.1)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d,d,d) and
o & =(L/4,3L/10,7L/15,7L/30,L/15,7L/20,2L/5,3L/10), €= (1/5,1/15,1/5)

the error behavior is given in Figure 6.3.

5 10 15 20 5 10 15 20 5 10 15 20

Figure 6.3. Algebraic polynomials for 8 subregions.
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(11) Using our new basis of monomial algebraic polynomials composed with change of
variables,
e Demonstrating for first 6 then 5 subregions (See the plots in Figure 6.2)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d) then d = (2d +
1,d,d,d,d) and
e £=(0,1.0,5.15,3.65,2.10,2.0,0,0), €=(1/3,0,1/3) then
£ =1(0,0.3,5.25,3.70,1.70,2.0,0,0), €= (1/3,0,1/3), respectively.

The error behavior is given in Figure 6.4

Figure 6.4. Our new basis with algebraic polynomials for 6 and 5 subregions, upper

and lower row respectively.

Comparing Figures 6.3 and 6.4 we see a fast convergence in the relative L? norm
difference. However more importantly, we observe a remarkable convergence in the
deep shadow region. On the other hand our new approximation regime slightly disturb
the conditioning of the Galerkin matrix, but the drawback is not significant. Let us

examine the similar improvement in the elliptical case where we lost the symmetries.



57

Example 6.2. : Elliptical Object

(1) Using the classical basis of monomial algebraic polynomials from [14]
e For 8 subregions (See the leftmost plot in Figure 6.1)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d,d,d) and
o &= (3L/20,L/5, L/4,3L/20,L/20,L/5 7L/30,L/5), €= (2/9,1/9,2/9)

the error behavior is given in Figure 6.5.

1 2 20
15 L
3 0
'y
¢ 10
3 _
5 k=50 2
—=—k=100 5
—+—k=200
—s— k=400
[ k=800 _4 0
5 10 15 20 5 10 15 20 5 10 15 20

Figure 6.5. Algebraic polynomials for 8 subregions.

(i1) Using our new basis of monomial algebraic polynomials composed with change of
variables,
e For 6 subregions (See the rightmost plot in Figure 6.2)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d) and
o &£ =(0,1.05,5.75,3.45,2.30,0,0,0), & = (0,0.8,5.25,3.35,2.30,0,0,0),
€e=(1/3,0,1/3)

The error behavior is given in Figure 6.6

6.2. Weighted Trigonometric Polynomials and Change of Variables

As it is discussed in the beginning of the previous section, we also need to stabilize

the Galerkin matrix when it is constructed depending on trigonometric polynomials.

_ 27m(s—a)

With the same idea, we note that the linear function p(s) = =3=—= maps the interval
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1 2 20
15
-3 0
10
-5 -2
k=50 5V
—=—k=100 X
—+—k=200 ]
—e— k=400
7 ——k=800 4 0
5 10 15 20 5 10 15 20 25 5 10 15 20 25

Figure 6.6. Our new basis with algebraic polynomials for 6 subregions.

[a, b] onto [0,27]. Then instead of Ty in the Section 5.3 we use

—d d
T4 o0 p = span{exp(ir p(s)) :r = g 75}

Example 6.3. : Circular Object

(1) Using the basis of trigonometric polynomials from [14]
e For 7 subregions(See the rightmost plot in Figure 6.1)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d,d) and
o &= (L/4,3L/10,7L/15,7L/30, L/15,7L/20,0,0), €= (1/5,1/15,1/15)

The errors are given in Figure 6.7

5 10 15 20 25 5 10 15 20 25

Figure 6.7. Trigonometric polynomials on 7 subregions.

(i1) Using our new basis for trigonometric polynomials composed with change of vari-

bles
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e Demonstrating for first 6 then 5 subregions (See the plots in Figure 6.2)

o Assigning the degrees of freedom to d = (d,d,d,d,d,d) then d = (2d +
1,d,d,d,d) and

o &£ =(0,1.55,5.80,3.55,2.15,2.0,0,0), €= (1/3,0,1/3) then
£ =1(0,0.90,5.75,3.75,2.15,2.0,0,0), €= (1/3,0,1/3), respectively.

the error behavior is given in Figure 6.8

-1 20
/
15
10
-
-+ k=200 5
—e— k=400
—— k=800 . \ o
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
25
20
15
10
e k=400 5
—+— k=800 | ; | .
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25

Figure 6.8. Our new basis with trigonometric polynomials for 6 and 5 subregions,

upper and lower row respectively.

Example 6.4. : FElliptical Object

(1) Using the basis of trigonometric polynomials from [14]
e For 7 subregions (See the rightmost plot in Figure 6.1)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d,d,d) and
o &= (3L/20,L/5,L/4,3L/20,L/20,L/5,7L/30,L/5), €= (2/9,1/9,1/9)
the error behavior is given in Figure 6.9.

(i1) Using our new basis for trigonometric polynomials composed with change of vari-
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w
o

(6]
-
N

k=50 -

—=—k=100 5
—+—k=200
—— k=400
——k=800

7 B
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

Figure 6.9. Algebraic polynomials for 8 subregions.

bles
e For 6 subregions (See the rightmost plot in Figure 6.2)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d) and
o & = (0,1.25,5.75,3.45,2.20,0,0,0), & = (0,0.6,5.25,3.35,2.30,0,0,0),
€e=(1/3,0,1/3)

The error behavior is given in Figure 6.10

1 2 20
]
A
15
0
10
-2
——k=200 °
—e—k=400
[ —+—k=800 4 o
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

Figure 6.10. Our new basis with algebraic polynomials for 6 and 5 subregions, upper

and lower row respectively.

Investigating these results, we see the condition numbers related to our new
method exceeds the machine precision, however our scheme enables us a fast converging

slow

algorithm. Furthermore it gives us a numerical solution mimicking 7 in the deep

shadow region a lot more accurately which is always harder target to attain.

Although we did not give the theoretical developments of the change of vari-

ables scheme related to the trigonometric polynomials, our numerical experiments also
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indicate this composition’s improved results.

Finally, the approximation space taken into consideration in [14] and consisting
of cosines bases will be examined. It is similar to the above trigonometric polynomials

other than having its half periodicity. The normalized approximation space is given as
1.
span{cos(rép(s)) cr=0,---,d}

Hence we have the following results.

Example 6.5. : Circular Object

(1) Using the basis of cosines from [1}]
e For 7 subregions (See the rightmost plot in Figure 6.1)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d,d) and
o &= (L/4,30/10,7L/15,7L/30,L/15,7L/20,0,0), €= (1/5,1/15,1/15)

the errors are given in Figure 6.11.

10 20 30 10 20 30

Figure 6.11. Cosines on 7 subregions.

(i1) Using our new basis for cosines composed with change of variables,
e Demonstrating for first 6 then 5 subregions (See the plots in Figure 6.2)
o Assigning the degrees of freedom to d = (d,d,d,d,d,d) then d = (2d +
1,d,d,d,d) and
e £=1(0,1.75,5.85,3.35,1.95,2.0,0,0), €= (1/3,0,1/3) then
£ =(0,0.55,5.45,3.60,2.00,2.0,0,0), €=1(1/3,0,1/3)
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the error behavior is given in Figure 6.12

——k=800 5 |
10 20 30 10 20 30
20
15
10
5.7
-5 0
10 20 30 10 20 30 10 20 30

Figure 6.12. Our new basis with cosines for 6 and 5 subregions, upper and lower row

respectively.

Comparing to the trigonometric polynomials this basis seems to provide better

accuracy and condition numbers.
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7. CONCLUSION

In this thesis, we aimed to solve the Helmholtz equation (2.1) for a given incident
e’ and a compact object K. We studied the equivalent integral equation version of

this problem, i.e. the combined field integral equation.

In order to make our numerical algorithm stable as the wave number increases,

instead of the solution n of the integral equation we tried to numerically solve the

slow slow

unknown function n via the Galerkin method. For the purpose of mimicking n
we divided the surface of the obstacle into several subregions and constructed our

Galerkin approximation spaces in each region.

In this subregion division process, we extended the idea of transition regions and
using a clever change of variables scheme we obtained a better approximation in whole

domain as well as in the deep shadow region.

Although we only applied this change of variables idea in the case of algebraic
polynomials, the numerical results corresponding to the case of trigonometric poly-
nomials also demonstrate the feasibility of change of variables for improved accuracy.

The theoretical analysis of that part is currently an ongoing work.

We also want to point that, these improved results may also be applied to the cases
of multiple scattering scenarios with some suitable iteration techniques. The possible

numerical results would have been improved comparing to the previous methods.

All numerical experiments are conducted on a computer with 2.4 GHz Intel Core
I5 processor using the MATLAB software. Thanks to the ideas in [26], all the algo-

rithms are implemented in a vectorized fashion in order to obtain the fastest results.
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APPENDIX A: AUXILIARY RESULTS

Lemma A.1 (A binomial identity). For allt € R and m € N, we have

(t4 1) Z (2m T 1) (14 8)"(1 + ")t

Proof. We will prove this identity by checking the coefficient of t* for k = 0,--- ,2m.
Considering the right hand side when k& < m, the contribution comes from (14" )t(m="),

so it is (Qm_r_l)( " ) However when k > m, in this case contribution comes
m—r k—(m—r) ?

from (14 ¢")t"™, therefore (Zm—r—l) (,” ). Combining these cases, our lemma becomes

m—r

equivalent to

2m o 2m —r —1 T
= k=0.---.9
()= 2 (Tl ) (lag) om0 om

Since the cases are symmetric, we will only prove the part when m — k > 0. If we

change the index of the summation with j = m — r, then we have

(QIT) :]Z:(m;fﬁl) (ZZ:‘;) (A1)

Equation (A.1) is a well known binomial identity which can be found in [27, Example

2.6.2] as in the following form

1 p o .
pt+qgq+r+ :Z pt+qg—J\(r+7 (A.2)
q+r+1 = q r
In this identity inserting p = k,q = m — k,r = m — 1 delivers our desired result.  [J

Corollary A.2. For real numbers ¢ # d and s € R\ {c,d} and natural number m > 1
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we have the following decomposition

(s — c>m1<d— S > (Qmm_j . 1) (- 1>m <<s—1 o ' <d—18>r)

r=1

Proof. In Lemma A.1 after a few manipulations

" om—r—1
(t + 1)2m _ Z < A )(1 + t)r(l + tr)t(m—r)
r=1
1 " om—r—1 1
(1 + =) = 1+ )1+t
= (e graen
" om—r—1 1
= B —
z;( m—r )(1+%)2mT( T,

ﬂ
I

if we insert ¢t = z/y, then we have

=3 () e D,

r=1

After dividing both sides with 2™, and plugging *+ = s — ¢, y = d — s we have our
desired result. O

Lemma A.3. For any a,b € R, n € NU{0}, m € N, if either,

e c<ti<a<pf<ty<d, or

o t; <c<d<tyand o, f] N (t1,t2) =0,
then we can compute the following integral.

Bs—a)*(b—s)" m m—r— _1\n
/a ((s—c)ll((c?—s;mdS:Z(Q N 1)#{A+B+C}

r=1
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where A,B and C are as follows

A= )] (Z) (Z) [(C —a)’(c —b)?log (%) + (a — d)?(b — d)log <Z — g) }

0<p,g<n
pHg=2n+1-r

oo, \p/) \g 2n—(p+q+r)+1
p+Hq#2n+1—r

a)2n—(p+q+r)+1 —(d— 5)2n—(p+q+r)+1

o= T (et

0<p,g<n
p+g#2n+1—r

Proof. The decomposition in Corollary A.2 gives us

5 (s —a)"(b— s)"
/a (s—am(d—sm ™

) zm: ol = [ (s )

Now, we apply the change of variables inside the first and second integrals, by setting

s —c=tand d — s =t respectively.

e e Dl i e

r=1

—c d—a

B—c d—p8
X {/ t‘r(t+c—a)"(t+c—b)"dt+/ t‘T(tJra—d)”(ter—d)”dt}
Then we use the binomial identity to have a computable integral.

[ (Ml at=, 2, G)()

r=1 0<p,q<n

d—p

a—c d—a

B—c
« {(c —a)P(c— b)q/ 2n=(p+a+r) gy 4 (a—p)P(b— d)q/ t2n(p+q+r)dt}

Calculating the integrals for 2n— (p+q+r) = —1 and 2n— (p+q+7r) # —1 separately,

we complete the proof. O
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