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ABSTRACT

ZEROS OF ORTHOGONAL POLINOMIALS AND
UNIVERSALITY LIMITS

It has been discovered that “old style” techniques from orthogonal polynomials
have been very useful in establishing universality results for quite general measures.
The main goal of this master thesis is to present some methods recently introduced by
D. S. Lubinsky for establishing universality limits of random matrices, in the unitary
case, based on orthogonal polynomials and some Hilbert spaces of entire functions.
Let 1 be a measure defined on the real line with compact support. Assume that pu is
absolutely continuous in a neighbourhood of some point x in the support, and that u’
is positive and continuous in a compact subset of that neighbourhood. Theorem 1.1
shows that universality at x is equivalent to universality “along the diagonal”. The
same equivalence is obtained when the hypothesis involve a Lebesgue type condition,
instead of continuity of 4/ on a compact subset. Such universality limits can be also
described by the reproducing kernel of a de Branges space of entire functions that
equals a Paley-Wiener space (Theorem 1.4). In order to study this assertion, we use

the theory of entire functions of exponential type and de Branges spaces as background.



OZET

DIiK POLINOMLARIN SIFIRLARI VE EVRENSELLIK
LIMITLERI

Dik polinomlardaki “eski stil” tekniklerin oldukca genel dlciiler i¢in evrensel net-
iceleri gostermekte ok ige yaradigi tespit edilmistir. Bu tezin ana amaci, D. S. Lubinsky
tarafindan dik polinomlar ve baz tiim diizlemde analitik Hilbert uzaylari baz alinarak,
birimsel durumda, rastgele matrislerin evrensellik limitlerini belirlemek amaciyla ortaya
konulan yeni metodlar1 sunmaktir. pu, gercel say1 ekseni tizerine tanimh tikiz destekli
bir ol¢ii olsun. Destekteki bir x noktasinin etrafinda p’niin mutlakca siirekli oldugunu;
ve 1’in o komgulugun tikiz bir alt kiimesinde pozitif ve siirekli oldugunu varsayalim.
Theorem 1.1, x’teki evrenselligin kogegende evrensellige denk oldugunu kanitlar. p’in
tikiz bir alt kiimedeki siirekliligi yerine Lebesgue tipi kogsulunu sagladigini varsayarsak
ayni denkligi elde ederiz. Bu tip evrensellik limitleri bir Paley-Wiener uzayina esit
de Branges'in tiim diizlemde analitik fonksiyonlar uzaymin doguran cekirdegiyle de
tanimlanabilirler (Teorem 1.4). Bu iddiay1 ¢aligmak i¢gin, arka plan olarak iissel tipteki

tiim diizlemde analitik fonksiyonlar teorisi ve de Branges uzaylarini kullaniyoruz.
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1. INTRODUCTION

Discussions on the zeros of orthogonal polynomials on the real line dates back to
Gauss’ discovery that the best discrete approximations of Riemann integrals involve
zeros of Legendre polynomials, and has generated a huge work in many areas includ-
ing general theoretical and mathematical physics communities who study “eigenvalue
statistics.” Much of the work on random matrices deals with this subject. Interested
readers should refer to Mehta [1]. An approach generating orthogonal polynomials that
has turned out to be of great importance was given by Fokas, Its and Kitaev in the
early 1990’s [2]. This new approach concerns with the matrix valued Riemann-Hilbert

problem. For details on this Riemann-Hilbert approach, see Deift [3].

Over the past few years, Barry Simon provided two reviews related to the sub-
ject which survey the recent progress and the open questions [4]. The latter one in-
cludes some works of Lubinsky and Levin on universality limits. The approach in-
troduced by Lubinsky was followed by many other authors, even though the tactics
differ. Levin’s rediscovery of universality limits for some measures, which was implicit
in Freud’s book [5], yields the associated work of Avila, Last, and Simon on clock
spacing [6]. Maltsev transferred the theory of universality limits from orthogonal poly-
nomials to half-line Schrédinger operators [7]. In this new framework, Maltsev deduced
the “clock behaviour” of eigenvalues and the zeros of the solution of eigenvalue problem

for Schrodinger operators subject to Dirichlet or Neumann boundary conditions at 0.

In order to take a closer look to the approach introduced by Lubinsky, we begin
by setting notation and terminology. Let u be a finite positive Borel measure on R with
all moments fR xfdu(z), k > 0, finite; and with infinitely many points in its support.
By applying the Gram-Schmidt process to 1, x, 2%, ..., we may define the orthonormal

polynomials

pn(x):’)/nxn"i_"'a ’Vn>07



for n € N, satisfying the orthonormality conditions

/pnpmd,u(x) = 6nm
R

Throughout we use p/(z) = ‘;—’; to denote the Radon-Nikodym derivative of . The nth

reproducing kernel for p is

Kulen) =3 pe(@)ps(v).

And the normalized kernel is

Kn(z,y) = ¢/ ()21 (9) P K, (2, y).

K, satisfies the very useful extremal property

. P2(€)
K (.6 =  inf .
&2 deg(Py<n-1 | P2dp

The simplest case of the universality limit is the limit

lim Kule+ A AL _ sin7(a —b) (1.1)
n—o0 Kn(&;f) W(a—b) ) .

with the sinc kernel on the right hand side. It describes the distribution of spacing of
eigenvalues of random matrices. Thus, an assertion about the distribution of eigen-
values of random matrices has been reduced to a technical limit involving orthogonal
polynomials. The term universal is quite justified: the limit on the right-hand side
of (1.1) is independent of £, but more importantly is independent of the underlying

measure.

Typically, the limit (1.1) is established uniformly for a, b in compact subsets of the

real line, but if we remove the normalization from the outer K,,, we can also establish



its validity for complex a, b, that is

lim K6+ 7ieg €+ moe) _ sinm(a—b)

no0 n(§:€) m(a —b)

The most obvious approach is to use Christoffel-Darboux formula,

Ko(u,v) = ’Yizyl pn(u)pnl(:i):pgl(u)pn<v)’ w v,

and

Ko(u,u) = ”f;‘l (Pl (w)pn—1 (1) — ply_y (w)pa(w)).

n

This leads to (for a # b),

K, (& +

R (sg>’5+ D)

K (€, €)
w 5) Vn—1 pn(g + f €) )pn 1( ))_pnfl(g + f{n((lf,f) )pn(g + K’né)€7§)) '
Vn a—>b

It has been seen that if we have sufficient knowledge of the asymptotic behaviour of p,

as n — 00, then we can substitute in these asymptotics, and deduce universality.

In this thesis, we first present a method of Lubinsky, based on the theory of entire
functions of exponential type, that works for arbitrary, possibly non-regular, measures

with compact support.

Theorem 1.1. Let i be a finite positive Borel measure on the real line with compact
support. Let J C supp(u) be compact, and such that u is absolutely continuous in an
open set containing J. Assume that i’ is positive and continuous at each point of J.

The following are equivalent:



(i) Uniformly for & € J and a in compact subsets of the real line,

Ko+ 7o ¢t i)
lim Enled) " Kaled)” _ g, (1.2)

(i1) Uniformly for &€ C J and a,b in compact subsets of the complex plane, we have

lim Kul€+ 7iea €+ f(n?s,f)) _ sinm(a — )
n—00 K,(&¢) w(a—10)

(1.3)
Instead of assuming continuity on J, we can assume a Lebesgue point type con-

dition.

Theorem 1.2. Let u be a finite positive Borel measure with compact support. Let
J C supp(p) be compact, and such that p is absolutely continuous in an open set
containing J. Assume that w is bounded above and below by positive constants in that

open set. Assume, moreover, that uniformly for & € J, we have

§+s
umﬁmé/ w(t) — w(€)|dt = 0. (1.4)

—S

Then the equivalence of (i), (ii) in Theorem 1.1 remains valid.

Lubinsky obtained these results by exploring the possible limits of subsequences

of the sequence {f,,}, where

,sn)’€" + Rn(sn,gn))
(én,&n)

Kn(gn + f(n(gn

fala,b) = e

and {&,} is a sequence of real numbers. Since {K,} are reproducing kernels for polyno-
mials, it is quite probable that the limits of subsequences of { f,,} produces reproducing
kernels for suitable spaces of entire functions. It turns out that such spaces are de

Branges spaces.

Definition 1.3. The de Branges space H(E) corresponding to the entire function E €



HB, is the set of all entire functions g such that g/E and g*/ E belong to H*(C*), with

lglle = (/R\%f)m <o (15)

H(E) is a Hilbert space with inner product

gh
g,h)=[| —=. 1.6
o= [ (1.6
One may construct a reproducing kernel for H(FE) from E. Indeed, if we let
1 E(2)E(C) — E*(2)E*(C
Kl = 1 BQEQ = EFQ o

90~ [ 2 9OKE.D) (1.8)

The classical de Branges spaces are Paley-Wiener spaces PW,,, consisting of entire
functions of exponential type < o that are square integrable along the real axis. There

one may take F(z) = exp(—ioz), and the norm is just
1/2
lolla = ([ 1)
R
We write
H(E) = PW,

if the two spaces are equal as sets, and have equivalent norms (we do not imply isometric

isomorphism). Let us recall that having equivalent norms means that for some C' > 1



independent of g € PW,,

C Mgl < llglle < Cllgllram (1.9)

In much of this thesis, we will be concerned with the proof of the following result.

Theorem 1.4. Let i be a measure with compact support. Let J be a compact set such

that p is absolutely continuous in an open set O containing J, and for some C' > 1,
Cl<uy<CinO.
Choose {&,} C J and define {f,} by (1.7).

(i) {fu(.,)} is a normal family in compact subsets of C2.

(i1) Let f(.,.) be the limit of some subsequence {f,(.,.)}nes. Then f is an entire
function of two variables, that is real valued in R? and has f(0,0) = 1. Moreover,
for some o >0, f(.,.) is entire of exponential type o in each variable.

(i1i) Define
L(u,v) = (u—v)f(u,v), u,veC. (1.10)

Let a € C have Im a > 0 and let

B L(a, z)
IM@_¢%EG6W3 (1.11)

Then f is a reproducing kernel for H(E,). In particular, for all z,(,

(0.0 - £ BCED - BORD L2




(iv) Moreover,

H(E,) = PW, (1.13)

and the norms ||.||g, of H(E,) and ||.||1,g, of PW, are equivalent.

The fundamental aim of this thesis is to analyze the new approach of Lubinsky
[8], [9] in establishing universality limits in the bulk; and present the proofs of above
theorems in a self contained manner. Chapter 2 is devoted to the theory of classical
orthogonal polynomials. In Chapter 3, our main issue is to define de Branges spaces
of entire functions, and cite some basic properties of this space. Then, we give some
preliminary results from the theory of entire functions of exponential type that will be
needed in proving main theorems. Ultimately, we will be concerned with proving those

theorems in a great detail in Chapter 4.



2. ORTHOGONAL POLYNOMIALS

Let u(t) be a non-decreasing function on the real line R with finite limits as
t — —oo and t — 0o, and assume that the positive measure du has finite moments of

all orders,

pr = [ t7dp(t), r=0,1,2,..., with g > 0. (2.1)

Let PP be the space of real polynomials and P, C P the space of polynomials of degree

< k. For any pair u,v in P, an inner product is defined as follows:

(u,v) = /Ru(t)v(t)du(t). (2.2)

Setting v = u, we obtain

2

lull = Vi = [ werancn) (23)

which is called the norm of u. One may easily see that ||u|| > 0 for all u € P.

Definition 2.1. The inner product (2.2) is said to be positive definite on P if ||u|| > 0
for all w € P, w # 0. Similarly, it is said to be positive definite on Py if ||lu]| > 0 for
any u € Py, u # 0.

To decide whether the inner product (2.2) is positive definite or not, we firstly
look at the points of increase of the function p(t). A point ¢t € R is a point of increase

of u(t), if u(t1) < p(tz) holds for every pair of numbers 1, %o with ¢; <t < ts.

Definition 2.2. The support of a measure du s the set of all points of increase of

w(t), and is denoted by supp(p).

Proposition 2.3. Let u(t) be a function as described at the beginning of this chap-

ter whose support supp(p) contains infinitely many points and let p(t) be a non-zero



polynomial, taking non-negative values for t € supp(u). Then
[ traute) >0
R

Proof. The existence of this integral is satisfied by hypothesis. Since p(t) can have
only a finite number of zeros and supp(p) is an infinite set, there must exist a point
xo € supp(p) with p(xg) > 0; then there also exists an interval [z, x5], containing x,

such that p(x) > 3p(x) holds for x € [21,25]. Then

[ parin) = [ p)dute) = Goan)lute) - ) >0,

1

in accordance with our statement. O

The next theorem demonstrates another criterion for positive definiteness using

the Hankel determinants in the moments p,;

Ho H1 o Hp—1
A, =detM,, Mu=| " " S (2.4)
Hn—1 Hn - Hon—2

Theorem 2.4. The inner product (2.2) is positive definite on P if and only if

A,>0, n=1,23,.... (2.5)

It is positive definite on Py, if and only if A, >0, forn=1,2,..., k+ 1.

Proof. Let us first consider the finite dimensional case. Let u € Py, u = ag + a1t +
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-+ agt? for some d < k. We have

k k
ulf? = [ 3" anat™ ) = 3 s 2.6

1,m=0 1,m=0

Hence, positive definiteness on P is equivalent to the Hankel matrix My, being
positive definite. By definition, this is equivalent to A,, >0 forn=1,2,...,k+ 1.

Positive definiteness on PP, in turn, is equivalent to A, > 0 forn=1,2,3,.... m

Definition 2.5. Monic real polynomials m,(t) = t* +--- | k = 0,1,2,..., are called
monic orthogonal polynomials with respect to the measure du, if they satisfy the follow-

ing properties:

(’L) (7rk,7rl):0 fOT’k#L k’,l:O,l,Q,...,
(ii) |ml| >0 fork=0,1,2,....

Normalization 7, = HZ:H’k = 0,1,2,..., yields the orthonormal polynomials,

which satisfy

0 ifk#I,
(o, 711) = 631 = [k (2.7)

1 ifk=1

Lemma 2.6. Let mx, k = 0,1,...,n, be monic orthogonal polynomials. If p € P,
satisfies (p, ) =0 for k=0,1,...,n, then p=0.

Proof. If we write p(t) = ap + a1t + - - - + a,t", then

0= (p7 7Tn) = a'n(tnaﬂ-n) - Cln<7Tn,7Tn).

As (7, m,) > 0, we have a,, = 0. Similarly, it can be shown that a, 1 = a, 2 = -+ =

CLQZO. O

Theorem 2.7. If the inner product (2.2) is positive definite on P, there exists a unique



11

infinite sequence m, of monic orthogonal polynomials.

Proof. In order to generate the polynomials 7y, we apply Gram-Schmidt process to the

sequence, ey(t) =t* k =10,1,2,.... Taking my = 1, we recursively obtain
k-1 (e, )
ky
T =— € — Clkl, C = . 2.8
; (7T17 ﬂ-l) ( )

By Theorem 2.4, (m;,m) > 0, and therefore the polynomials 7 are uniquely defined

and, by construction, is orthogonal to all polynomials 7;, j < k. O]

Lemma 2.8. A set wg,m,..., T, of monic orthogonal polynomials is linearly indepen-

dent. Moreover; any polynomial p € P, can be uniquely represented in the form

p= Z CkTk (2.9)
k=0

for some real constants cy, i.e., my, 7, ..., T, form a basis of P,,.

Proof. Suppose > ) _,vkm = 0. Then, taking the inner product of both sides with
7j, 7 = 0,1,...,n, yields 7; =0 by orthogonality. This proves linear independence. If
p = a,x™ + --- , then the degree of p — a,m, is less than n. By repeated applications

of this fact, p can be represented in the form

n
b= Z CiTg
k=0

with certain real constants c¢;. Taking the inner product of both sides with m; gives
¢; = (p,m;)/(m;,mj), 7 =0,1,...,n. Uniqueness of this representation follows from the

linear independence of 7y, 71, ..., m,. n

Theorem 2.9. If the inner product (2.2) is positive definite on Py but not on P, for

any n > k, there exists only k + 1 of orthogonal polynomaials my, 71, ..., 7.
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Proof. The Gram- Schmidt procedure is applicable as long as the denominators (7, m;)
in (2.8) is positive. In this case, it is, for [ < k + 1, and the last polynomial 7z, is
orthogonal to the all 7, j < k. The set my, 71, 72, . . ., T consists of mutually orthogonal
polynomials with positive norm. The norm of 7;,; on the other hand is zero. Indeed,
by hypothesis there exists a monic polynomial u € Py such that ||u|| = 0. As u—mg41

has degree k, there holds

k

U= Thp1 + E V5T
J=0

for some coefficients ;. As a result,

k
0 = |[ull® = llmeal > + D %2117
§=0

which leads ||mg11]|] = 0. Hence, we cannot add 71 to the sequence of orthogonal

polynomials. O

In applications, we mostly deal with absolutely continuous measures where du(t) =
w(t)dt and w is a non-negative integrable function on R called the weight function. In
that case, supp(p) is mainly an interval-finite, half-infinite, infinite-or possibly a finite

number of disjoint intervals.

Another type of measure is discrete measure whose support consists of a finite or
denumerably infinite number of distinct points ¢ at which p has positive jumps wy.
If the number of points in the support is NV, the discrete measure will be denoted by

dpy, and the inner product associated with it is

/R() t)dpn(t) Zwku ti)u(tr)- (2.10)

It is positive definite on Py_;, but not on any P, with n > N. By Theorem 2.9,

there exists only NV orthogonal polynomials mg, 7, ..., mny_1. These are called discrete
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orthogonal polynomials and they satisfy

N—-1
> wem(te)ws(te) = |7 P0r. (2.11)
k=0

Theorem 2.10. Let 7y, my,...,mn_1 be the monic orthogonal polynomials relative to

the discrete measure duy of (2.10). Then,

i

1 1
= —0s. 2.12
e 0] = 5 0 212

B
Il

0

Proof. The condition given in (2.11) can be rewritten in matrix form as Q7Q = I,
where @ is a matrix in RV*Y whose entries are g,.s = m(t,)\/w,/||7s||. Then, we have

QQT = I as well, which gives us (2.12).

Throughout the following sections, we will see several properties of orthogonal
polynomials, and assume that du is a positive measure with infinite support, and with

finite moments of all orders.

Definition 2.11. An absolutely continuous measure du(t) = w(t)dt is said to be sym-

metric if its support interval is [—b,b], 0 < b < oo, and w(—t) = w(t) for allt € R.

Theorem 2.12. If du is symmetric, then

me(—=t) = (=1)*m(t), k=0,1,.... (2.13)

Thus, depending on the parity of k, m, is an even or an odd polynomaial.

Proof. Define 7, = (—1)*m(t). Then, due to the symmetry assumption

(7k, 1) = (—1)k+l(7ﬁm7ﬁ) =0if k #1.
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Since all 71, are monic, by Theorem 2.7 we have 7. (t) = 7. (). ]

2.1. Three Term Recurrence Relation

Theorem 2.13. The monic orthogonal polynomials {m} satisfy the recursion formula

7Tk+1(t) = (t — Oék>7l'k(t) — ﬂkﬂ'k,h k= O, 17 Cey (214)

where

ap = Umem) 0192

(Trk:zﬂ-k) !
e TN

Bk - (Te—1,Tk—1)"’

Proof. We take the inner product of t7y with m,. By orthogonality, we have

(Tns t7k) = (Pry1, ) = 0
for n < k — 2, where p,, represents any polynomial with degree n.

Thus, in the representation (2.9) of the polynomial ¢7 only the three coefficients
are nonzero; namely cxy1, ¢k, cx_1. As done in the proof of Lemma 2.8, the coefficients

are find as follows; for ¢, we obtain

Ck+1(77k+1,7Tk+1) = (tﬂk,ﬂkﬂ) = ((ﬂ'k+1 +pk>77rk+1)
= (g1, Tht1) + (P, Tht1)

= (Tht1, Tht1)-
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and in a similar manner we find

Ck—1(7Tk—1, 7Tk—1) = (7% 7Tk)-

and
. (t’irk,ﬂk)
Cp = ———m=.
(7Tk,7Tk)

Therefore,

t

7 = Thar + ( 7Tk777'k) <7Tk777k) »

(Wk,ﬂk) <7Tk71>7rk71)

Setting

(tmg,mk) B, = ( (7k, k)

(0% =
k (Tg,m1) ? Th—1,Tk—1)

and putting the terms multiplied by m_; together, we obtain the desired formula. [J

Remark The index set in (2.14) may be finite or infinite depending on if the inner

product is positive definite on P, or on P; but not on P, for n > d respectively.

2.2. Zeros

Theorem 2.14. All zeros of ,, n > 1 are real and simple; if supp(p) C [a,b], then

all zeros of m, belong to |a, b.

Proof. Notice that [, m,(t)du(t) = 0 for n > 1. Therefore, there exist at least one

point in the interior of [a, b] at which 7, changes sign. Let 79,72, ..., 7, k < n, be all
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such points. If £ < n were true, then

/R mat) [Tt = 7)) = /[ R (RATIORY

J=1 Jj=1

as a consequence of orthogonality. This, however, cannot be the case since the integrand
has constant sign. As the sum of the multiplicities of the zeros is n, it follows from

this that £k = n and that all the zeros 7; are simple. O]

Let us denote the zeros of m,, as
Tan < < Ton < Tin-
Theorem 2.15. The zeros of m,.1 alternate with those of m,, that is,

Tntin+l < Tpn < Tantl < Tp—ipn < - < Tin < Tintl- (215)

Proof. We firstly show that
sigh T 1(Thn) = (=1 forn > 1 (2.16)

holds, by induction. Since my = 1, (2.16) is satisfied for n = 1,k = 1. Now let us
assume that (2.16) is fulfilled for an n > 1 and for every 1 < k < n. By Theorem 2.13,

we have m,41(Tk.n) = —BnTn-1(Tk.n), Bn > 0; hence

sign 7,41 (T n) = (—1)k.

For sufficiently large values of ¢ the sign of m,(t) is determined by the term ", so we

have

Sigh Ter(+00) = 1, sign Ty (—00) = (—1)"*. (2.17)
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In each of the following (n + 1) intervals

(_007 Tn,n)7 (Tn,rw Tn—l,n)a ety (T2,n7 Tl,n)7 (Tl,n7 +OO)
there is at least one zero of m,,1. As 7,1 has exactly n + 1 zeros, it follows that

Tn+1,n+1 < Tn,n < Tnn+1 <. < Tk+1,n+1 < Tk,n < Tk,n+1 <--- <

<Tont1 < Tin < Tintl-

This in turn yields that in the interval [ ,41,00) the polynomial 7, changes its sign
exactly £ —1 times (namely at the zeros 7, Ton, - - -, Tk—1.n), it follows from (2.17) that
sign 7, (Thne1) = (=1)%. This proves (2.16), and in the course of the proof we have

also seen that (2.15) is a consequence of (2.16).

]

Theorem 2.16. If ¢ < d and u(c) = p(d), then m,(du,t) has at most one zero in the

interval [c, d].

Proof. By the way of contradiction assume that there are two zeros ¢ < 7, < 75, < d,

and let all the other zeros, within [c,d] or without, be 74 ,,. Notice that

o [iesij(t = Thm) =0 on (=00, U[d, 00).

Then, by orthogonality

0 = /ﬂ'nHt—Tknd,u)

k#i,j
= / 71'nl_‘[t_Tknd,u / ﬂ-nHt_Tknd,u )
k#i,j5 k#i,5

— / H (t = Ton)2(t = Tin) (t = Tim)dpa(t) / H (t — Ton)2(t — Tin) (t — Tj0)dpu(t).

OO kti,j k#i,j
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in contradiction to Proposition 2.3. L]

2.3. Extremal Properties

The set of monic polynomials with degree n will be denoted by P .

Theorem 2.17. For any monic polynomial m € P there holds

Aﬂmwwz/ﬁwm, (2.18)

R

with equality iof and only if m = m,. In other words, m, minimizes the integral on the

left over all m € P} :

min/RWQ(t)du(t) = /Rwidu(t). (2.19)

melPs,

Proof. According to Lemma 2.8, the polynomial can be represented in terms of the

orthogonal polynomials mg, 71, ..., 7, as
n—1
w(t) = m(t) + > crmi(t). (2.20)
k=0
Then,

4w%mmw=4ﬁwwmw+§iéﬁﬁwmmy

This proves inequality (2.18) and equality if and only if co = ¢; =-+- = ¢,_1 = 0, that

is, m = m,.

Remark Another way of seeing (2.19) can be given as follows. Consider the left-hand

integral as a function ¢(ag,as,...,a, 1) of the coefficients in the monic polynomial



19

7(t). Setting the partial derivative with respect to each a; equal to zero yields

/w(t)tkdu(t) =0, k=0,1,...,n—1, (2.21)
R

Notice that this is precisely the conditions of orthogonality that 7 = m, must satisfy.
Furthermore, the Hessian matrix of ¢ is twice the Hankel matrix M, in (2.4), which is

positive definite by Theorem 2.4, confirming the minimality of 7,.

2.4. The Gauss-Jacobi quadrature formula

In this section we will deal with orthonormal polynomials

T = 7Tn/||7rn||a

which are no longer monic, and use them to develop a Gaussian quadrature formula.
The question here is that if p(t) is a polynomial of degree < 2n — 1, can we obtain a

formula like

K

[ p0dut = Y- n(ntéo) 2.22)
R i=1

for some function \,(t) and some points &1, ..., x € supp(pu)? The point of (2.22) is
that generally if one fixed n points, using the Lagrange interpolation formula one can
only hope to fit polynomials up to degree n — 1 by adjusting the constants. But here
we get a space of almost twice the dimension. Both the formula (2.22) and the weights

A, deserve special names which will be specified later.

In order to form the Lagrange fundamental polynomials, let us now focus on the

expression

Un(t, &) = Une(t) = Tn1()Tnlt) — Tn(§)Tn-1(1), (2.23)
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where the parameter £ ranges in real numbers. It can be observed that the degree of
Yn, as a function t, depends on whether 7, () = 0 or not. If 7, 1(£) # 0, it is a
polynomial of degree n — 1, as 7,_1(§) and 7,(£) cannot be zero at the same time,

according to Theorem 2.15. We denote the degree of 1, (t,£) by n*. Therefore,

e for 7,-1(&) #0 (2.24)
0

n—1 for 7,_1(§) =

Theorem 2.18. All zeros (with respect to the variable t) of the polynomial 1, (t,&) are

real and simple. If supp (p) C [a,b], then at least n — 1 zeros lie in (a,b).

Proof. 1If 71,_1(§) = 0 or 7,(§) = 0, then 1, is a multiple of 7,(t) or, respectively, of
Tn_1(t), the statement follows from Theorem 2.14. Thus, we assume that 7, (§)7,1(§) #
0, and n* = n. By (2.16) we have

SignWy, (Thn, &) = —sign, (€)signn_1(Tkn) = (—1)"sign, (€).

We see from this formula that i, (¢, £) has odd number of zeros, counting multiplicity,
in any of the intervals (7, To—1.n); (Tn—1.ms Tn—2.n)s - - - » (T2.ns T1,n). Combining this with
the fact that the total number of zeros is equal to n, we see that there is exactly one
zero of 1, in each of those intervals. There remains only a single zero  which must be
real too, since the complex roots occur in conjugate pairs. Now, we are going to show
that n lies outside of 7, T1.,]. Firstly, as signty,(7;,,£) # 0, n cannot coincide with
any of the 7;,. Moreover, as we discussed above, it cannot be in (7,41, 7). To sum
up, there is one zero in each interval (7,414, 7;») and one outside of [7,,, 71,], so that
every zero is simple. By Theorem 2.14 [, ., T1.] C (a,b), whence the second assertion

of the theorem follows. O

We will denote the zeros of 1, (t,£) in a decreasing order by

§>86 > > G
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Notice that ¢ itself is one of these zeros, since ,(t,&) vanishes at t = £. By the
Lagrange interpolation formula for n > 2 an arbitrary polynomial p,-_1(t) of degree

at most equal to n* — 1 can be represented in the form

Pre_1(t) = an*,l(gi)zn(t, &) (2.25)

with

N
Wt &) = e et - &) (2.26)

where 9/ (t,€) represents the derivative of 1), with respect to t. Since all of its zeros
are simple, ¢/ (&;,£) # 0. The degree of the Lagrange fundamental functions ,,(¢, &;) is

equal to n* — 1 and,

b(eng) =4 LT = (2.27)
0 for & #¢&.

holds.

Theorem 2.19. The polynomial 1,,(t,&;) is uniquely determined by the following three

properties:

(Z) ln(taéz) € ]P)n*—l(t)
(ii) 1n(&, &) = 1
(111) The relation

/R bt £)pas (Ddu(t) = 0

holds for every polynomial p,_1(t) of degree at most equal to n* — 1 and vanishing at

the point &;.

Proof. Statements (1) and (2) are clear. In order to prove (3), we set p,_1(t) =
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(t — &)pn_a(t), and

[ttt = [ L sty

1 N -
— m{m_l(f)/Rﬂn(t)pn—z(t)dﬂ(t)—

“(©) [ FusOpa-a(Bult)} =0

the last step is justified by the orthogonality of the polynomials 7,,_1(t) and 7, ().

For the uniqueness, we consider another function, I’ (¢, ¢), satisfying (1),(2) and

(3). By (1) and (2) we have

a(t, &) — 15 (6, &) = pa-1(t)

is a polynomial of degree at most equal to n — 1 and vanishing for t = £&. We infer from

(3) that

/R Ia(t,6) — (L E)Pdu(t) = / bt &) P (E)dp(t) —
- / 12 (1, €)pus (£)dp(t) = 0.

Due to the hypothesis on the measure u(t) we arrive at the conclusion that

Since the expression

Un(t, €)
(&, €)= &)
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satisfies the given conditions, it follows that

N
Wt &) = e et - &)

This result is of fundamental importance for the next theorems. To a real number
¢ we have adjoined the zeros £, s, . . ., &, of the polynomial ¢, (t, ), where £ was one
of these numbers. When we constructed the Lagrange fundamental polynomials I,,(¢, &;)
this way, the further nodes &; (j # ¢), in the formula (2.25) can then be obtained as
zeros of 1, (t,&;).

Theorem 2.20. For an arbitrary polynomial p,(t) of degree at most equal to n' =

(n+n* —2) the quadrature formula
[ puttrdnt) = " rulpmte) 2.28)
R i=1
holds with

a@»:é%@@%@@>o

for every i =1,2,... n*.

Remark The values \,(&;) are obtained by substituting the value n = & into the

function

AWﬁ:Ame%Mﬂ (2.20)

defined for every real n. Formula of type (2.28) are called quadrature formula, and the

coefficients A, (&;) are named Christoffel numbers.
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Proof. Let p, and ¢, be two polynomials of degree at most equal to n’ for which

P (&) = @ (&) holds for i = 1,2,... n*. Then we have

An (t) — Pw (t) = ¢n(ta g)pn—Q(t>

for some polynomial p,,_o(t) of degree at most equal to n—2 (since the degree of 1, (t, £)
is at most equal to n*, the degree of p,_»(t) is at most equal to n’ —n* = n—2). Hence,

Pn—2(t) is orthogonal to 7, as well as to 7,1,

/R Ut pasdii(t) = Fur(6) / o (1) pra(E)dp(t)
—m@[émﬂamﬁﬁmmwzo

Therefore,

[ ottt = [ aetorinto)

R

For g,/, we substitute the uniquely determined polynomial

n*

> pu ()t &)

k=1

of degree at most equal to n* — 1, agreeing with p,,(t) for t =& (k=1,2,...,n%), by

the Lagrange interpolation formula. This way we obtain

[ pe®autt) =3 [ ettt &dute)

In order to finish the proof, we need to show that

/R Lt £)dpu(t) = / 2 (¢, &)dpt) (2.30)

for i = 1,2,...,n*. This can be seen by substituting p,/(t) = [2(¢,&;) into the last but
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one formula, which is possible since the degree of [2(¢, £) is equal to 2(n*—1) < n+n*—2.

Taking into account of (2.27),

1 for gkzgh
0 for & #&.

12(6k, &) =
we obtain (2.30). O

2.5. Consequences of Quadrature Formula

Taking into consideration the relation (2.27) we obtain from the quadrature for-

mula (2.28) for k <n —1

/R Fe(O)la(t,€) = Aa(€)F(E),

hence by the expansion (2.9)

L(1.6) = (&) S F0OFet) = MO K(t,©) (2.31)
k=0
with
Kol ) = S mul)7

moreover, from (2.26) we have

-1 -1 (5)7}71@) — Ty (6)%7171(75)
(t—=¢)

Kn(t, ) = { ()9 (&,€)}

Comparing the coefficients of t"~1 on both sides of the formula

1

|70l

(O = PO O} RO
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holds true. As this equation must hold identically with respect to &, we have

1

An(€)n (€, €) = Al (2.32)
|77 —1]]
and
— 170]] o1 ()T (t) — 7€) Tuoa(£)

(2.33)

Kn(tag) = iﬁk(f)ﬁk(t) = ||7Tn—1|| (t _ 5)

Formula (2.33) is called the Christoffel-Darbouz summation formula; and it has a sig-
nificant role at the treatment of expansions of functions in orthogonal polynomials,
since K, (t,&) represents the kernel of the partial sums of the orthogonal expansion.

Notice that K, (t,&) has the following symmetry relation:
K,(t,&) = K,(&,1). (2.34)

The following theorem provides a direct proof of the reproducing kernel relation.

Theorem 2.21. For an arbitrary polynomial p,—1(t) of degree at most equal to n — 1

we have
[ Kalts s Outt) = puac) (2.35)

Proof. For an arbitrary p,_1(t),

pn—l(t) — pn—l(g)
(t—=2¢)

is a polynomial of degree at most equal to n — 2, and therefore it is orthogonal to both

7n(t) and 7,_1(t). Accordingly,

/an1<t> — pnfl(f) [ﬁn_l(éh)ﬁn(t) — ﬁ—n(f)frn_l(t)]dﬂ(t) =0,

(t—¢)



27

which implies that

/R (€7t - gn@)ﬁn—l(”pn_l(t)du(t)

— pn—l(f) /R ﬁn—1<§>ﬁn(tz :?n(g)ﬁn—l(t) du(t)

= A 1(§)pn-1(§)-

Substituting p,—1(t) = 7k (f) in this formula for £ = 0,1,--- ,n — 1, we obtain the

(E)ﬁn (t)_frn (5)7~rn— 1 (t) .
t—¢€ :

coefficients of 7 (t) in the orthogonal expansion of =

/ Fuc1(©)n(t) = Fal&)Facs (1)

- A1) = a7 (€),

and then

Comparing the coefficients of "' on both sides we obtain the value Hﬂ_ll\ / m for

A,—1(€), independent of £, in accordance with (2.35). O]

Remark Another important consequence of the quadrature formula follows from (2.31).

Using (2.27), we observe that if j # k

0= 1n (ks &) = An(&5) Kn (&, &5)- (2.36)

Since A\, (&) > 0, K, (&, &) = 0 holds for all j # k.
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3. BACKGROUND

Before we get to the proofs of the main results, we give brief introductions into
the areas we will use. In Section 3.1, we give an overview of de Branges spaces of
entire functions. In Section 3.2, we give some details of the theory of entire functions

of exponential type, as it features prominently in this work.
3.1. de Branges Spaces of Entire Functions

In this section the Hilbert space of entire functions associated with a function F

is defined and useful properties from this space are cited.

de Branges spaces are built around the Hermite-Biehler class. An entire function
E is said to belong to the Hermite-Biehler class if it has no zeros in the upper half-plane

Ct={z:Im z >0} and
|E(2)| > |E(2)| for z € C*. (3.1)

We write £ € HB. Recall that the Hardy space H?(C¥) is the set of all functions g

analytic in the upper-half plane, for which

sup/ lg(z + iy)|*dr < co.
y>0 JR

Given an entire function g, we let

9°(2) = 9(2). (3.2)

One interpretation of de Branges spaces is to see them as weighted versions of Paley
Wiener spaces. The reader may refer to [10] and [11]. Here, we recall the Paley-Wiener

theorem.
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Fix ¢ > 0, and let
F(k) = (2m) 172 / f(x)eHodz
R

for f € Ly(—0o,0). The function f is called the Fourier transform of f, originally
defined as an element of Ly(R), and extends to an entire function. Paley-Wiener space
PW, is defined as the space of Fourier transforms f of functions f from Ly(R). The

Paley-Wiener theorem says that
PW,={F:C—C:F entire,/ |F(z)?dz < o0, |F(2)] < Cpel}. (3.3)
R

The de Branges space is defined in analogy to (3.3). It consists of the entire functions
F which are square integrable on the real line with respect to the weight function |E|~2

for £ € HB,

2

) dr < 00 (3.4)

E(x)

J

and satisfy a growth condition. In the presence of (3.4) there are several ways to state

this condition. In the following section, we sum up the results which will be needed in

defining the de Branges spaces.
3.1.1. Preliminary Results

We will begin by defining the space N(C*), the space of functions of bounded

type.

Definition 3.1. A real valued function f(x + iy) defined on an open subset 2 € C is
called harmonic in Q) if f is twice differential with respect to x and y; and the Laplacian

A f vanishes, i.e.

_O*f o

S )
82x+82y

Af
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Definition 3.2. Let Q € C be open. A function f : Q — [—o00,00) is called subhar-

momnic on § if

(1) fis upper semi-continuous, i.e. {x € Q: f(x) < a} is open for all a € R,
(ii) for every set A with compact closure A € Q and every continuous function h :

A — R whose restriction to A is harmonic, if f < h on OA, then f < h on A.

The following theorem yields some important properties about harmonic and

subharmonic functions.

Theorem 3.3. Let ) € C be an open set.

(i) A continuous function f : Q — R is harmonic if and only if for any closed disk

{z+re: ¢ € (0,2n],r € [0, R]} with center z and radius R contained in

21
f(z) = %/0 f(z + Re)do.

(i) An upper semi-continuous function f : Q — R is subharmonic if and only if for
any closed disk {z +re'® : ¢ € (0,2n],r € [0, R]} with center z and radius R

contained in

27

f) <= [ fz+ Re®)do.

—2m J,

In this case,

2 2
0< %/0 f(z+re)de < %/0 f(z+ Re'®)do

holds for all r < R.
(iii) A function f:Q — R in C?(Q) is subharmonic if and only if Au > 0.
(iv) Let f be an analytic function on a region Q. Then f, f,Re f,Im f are harmonic
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and

log™|f(2)] = max{log| f ()], 0}

18 subharmonic on €.

Definition 3.4. A harmonic function h on a region ) is called harmonic majorant of

a subharmonic function f Z —oo, if h > f on €.

Theorem 3.5. Let €2 be a simply connected region of C and f be an analytic function

on §2. Then the following assertions are equivalent.

(i) There exist analytic and bounded functions g and h on € such that f = .

(i1) log®|f(z)| has a harmonic majorant on €.

Definition 3.6. A function f defined and analytic on a simply connected region € is
said to be of bounded type in ), if it satisfies the equivalent conditions in Theorem 3.5.

The space of all functions of bounded type on 2 is denoted N(CT).

Before we introduce a subset of N(C*), we will state the Nevanlinna’s factoriza-

tion of functions of bounded type in a half plane. The following results are mainly

from the book [12].

Definition 3.7. An analytic function on C* is called outer if

() = aexp (%/R (t 1 - 1th) logK(t)dt)

where |a| =1, K(t) > 0 and

| log K (t)]

A function of the form

B z—1 \Zj+1|z—zj
f(z)—a(Z_H) H e
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is called a Blascke product where |a| =1, n > 1, z; € CP\J{i} for all j € J, J C N.
An empty product is defined as 1. The set {z;} forms the zeros of the function f(z),

and written in the rectangular form z; = x; + iy;, they satisfy that

Yj
E — % <. 3.6
x§ + (y; +1)2 (3.6)

jedJ

Theorem 3.8. Let f(z) € N(C*), f #0. Then
f(2) = e ™ B(2)F(2)S1(2)/S2(2), (3.7)

where o, h € R, B(z) is a Blaschke product, F(z) is an outer function, and Si(z) and

Sa(2) are functions of the form

S12(2) = exp (—%/R (t _1 o #) d,ul,z(t))

where (11 2 are singular and mutually singular nonnegative Borel measures on the real

line satisfying

1+ t2

/ L ia(t) < . (3.8)

Ezcept for the choice of a, the factorization (3.7) is unique. Every function of the form

(3.7) is in N(C™).

The number A in the above theorem which is associated with the function f(z) €

N(C*) deserves a special name as it is frequently used in the literature.

Definition 3.9. The number h in the Theorem 3.8 is called the mean type of the

function f.

Definition 3.10. The functions in N(CT) for which h <0 form a subclass of N(C")
called N*t(Ct).

Proposition 3.11. Let f(z) € N(C"), f #0. Then in (3.7) the singular factor Sy = 1
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if and only if f(z) € NT(CT).

After this introduction of preliminary results we can finally define de Branges
spaces. Before giving an explicit definition, let us remind that there are various ways
to define this space; and the following proposition, proof of which is contained in [13],

summarizes the most basic ones.

Proposition 3.12. Suppose that F' is entire and (3.4) holds. Then the followings are

equivalent:

(i) |F(2)/E(2)|, |F*(2)/E(2)| < Cp(Im 2)~Y2 for all z € C*.
(ii) F/E,F*/E € NT(C").
(iii) F/E, F*/E € H}C").

Definition 3.13. The de Branges space H(E) corresponding to the entire function
E € HB, is the set of all entire functions f such that, in addition to (3.4), one of the

above conditions are satisfied.

In de Branges book [10], the condition (iz) is required to define H(E). Condition

(7) is used in [14], while (iii) gives the most famous description of the space H(E).

The space H(FE) is a vector space over complex numbers, and the next theorem

shows that any space H(E) contains nonzero elements.

Theorem 3.14. H(E) endowed with the inner product

dx

(£, G) :/RWG(ZE)W’ (3.9)

is a Hilbert space. Moreover, for any ( € C, point evaluation is a bounded linear

functional. More explicitly, the entire function K((,.) given by

@t B(QE(z) - BE(QE(Z)
2m (z—=¢)

K(G,2) = Ke(2) = (3.10)
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belongs to H(E) for every ¢ € C, and (K((,.), F) = F(C) for all F € H(E).

It is possible to give an abstract definition of a de Branges space. One useful
alternative involves the reproducing kernel K((, z) defined in terms of E. Then H(E)

is the set of all entire functions g with

lolle = ( | \%]2)1/2 <o (3.11)

and

19(0)] < K(¢,¢)?|gl|p for all ¢ € C. (3.12)

Example E, = ¢ %% is a function from HB. With this setting, we obtain the classical

de Branges space: H(FE,) = PW, with the norm

1/2
gl o = ( / \9\2) .
R

Note also that the reproducing kernel K (¢, .) for H(E,) = PW, is the Dirichlet kernel,

Example Another familiar de Branges space is formed in [9]. Let
Ly(x,t) = (x —t)K,(x,1),

where K, (z,t) regarded as a function of ¢ is the reproducing kernel of the space of
polynomials whose degree < n — 1. Then, as shown in [9], L,(a,.) € HB for Im a > 0.
After normalizing it, we set E, , = V/ 27%. The de Branges space H(E, ) is

the space of polynomials of degree < n — 1.
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Here, and later on, we shall use the generic decomposition of a function ¥ € HB

as F = C — 1S with

C=EE 5=

Note that C'(z) and S(z) are entire functions which are real for real z

The notion of a phase function is important in the theory of de Branges spaces.
For E € HB, there exists a continuous function ¢(z) of real x such that F(z)e**®
is real for all values of . The phase function ¢ associated with E is unique up to
an additive constant in 7Z; and it is given by a continuous branch of —Im log E(z).
Throughout this paper, we may assume that F(z) has no zero in the closed upper half

plane. Then, for all x € R,

Since K (z,z) = 2(5'(x)C(z) — C'(2)S(x)), we obtain that

> 0. (3.13)

Let « be a given real number; and let {s;} denote the increasing sequence such

that

¢(sg) =a+km, kel (3.14)

Then, the functions {M} form an orthonormal sequence in H(F), and the only
k

V K(Skvsk)
K(sg,2)

elements of H(E') which are orthogonal to m for every k are constant multiples
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of e E(z) — e "E*(z). If this function does not belong to H(F), then

50

t
t

o mF(se) 1F(si)*
15
Z (;5/ Sg |E Sk Z (3 )

while for all z,

(3.16)

Furthermore, there is at most one real a € [0, 7) for which ¢ E(z) — e~ E*(z) belongs

to H(E) [10, p.55].
3.2. Entire Functions of Exponential Type

Here we review some theory that we shall use about entire functions of exponential
type. Most of this results can be found in [15]. To begin with, we shall consider some
basic terms which help us understand how fast an entire function can grow. For a

general characterization of the growth, the function

My (r) = max | (2)

is introduced. By the Maximum Principle, M(r) increases monotonically.

Before we define the order and the type of an entire function, let us recall the
following notation. An inequality h(r) < ¢(r) which holds for sufficiently large values
of r, is called an asymptotic inequality, and write h(r) <% ¢(r). If the same inequality

holds for some sequences of values 7, — 0o, then we shall write h(r) <™ ¢(r).

Definition 3.15. An entire function f(z) is called a function of finite order if My(r) <
exp(rk) for some k > 0. The order of an entire function f is the greatest lower bound
of those values of k for which the given asymptotic inequality is fulfilled. The order of

an entire function is denoted by p = py.
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It follows from the above definition that
rP—¢ n as _rPTe
e <" Ms(r)<®e

for all e > 0. By taking the logarithm twice we deduce that

log log M
p = limsup 08708 ) f(r).
r—00 log r

(3.17)

Definition 3.16. Let p be the order of an entire function f. The function is said to
have a finite type if for some A > 0 the inequality M;(r) <® e is fulfilled. The
greatest lower bound for those values of A for which the latter asymptotic inequality is

fulfilled is called the type o = oy of the function f.

Using a very similar argument, we obtain that

log M
oy = limsup og—f(r). (3.18)

r—00 rP

If, for a given p > 0, the type of a function is infinite, then the function is of
maximal type; for 0 < oy < oo the type is called normal or mean; for oy = 0 the type

is minimal.

Definition 3.17. Entire functions of order p = 1 and normal type o are called

entire functions of exponential type o.

Let us now consider a function f(z) which is analytic inside a sector D = {z =

rei? : o < 6 < B} and satisfies the estimate
My, ,(r) <® et (3.19)

with Mf&,ﬁ(r) = SUP{n<0<B, |z|=r} | f(2)].
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Definition 3.18. The function

1 10
h¢(0) = limsup osl/Are i |f(re)]

r—$00 rf

(3.20)

is called the indicator function of f(z) with respect to the order p.

The indicator function hs(#) describes the growth of the function f(z) along a
ray {z : argz = 0}. There are a couple of frequently used and basic results that the

indicator function satisfies.

Proposition 3.19. Let f and g be functions which are analytic in a sector D and

satisfy the estimate (3.19). Then,
hipg(6) < hy(0) + he(0),
and

ysg(0) < max(hy (0), hy(0)).

In the theory of the entire functions, functions of exponential type possess a
huge importance. According to the Phragmen- Lindelof theorem, every function f
analytic and of exponential type ¢ in the upper half plane C* which is bounded by

some constant M on the real axis, satisfies the inequality
@ +iy)| < Me™, y>0,

In this work, entire functions that are bounded on the real axis in a weaker sense are

pointed out as well.

Definition 3.20. By the Cartwright class C' we mean the class of all entire functions
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of exponential type satisfying the inequality

1 +
/ og IS0, _
r 1412

The following theorem of Krein presents a characterization of the class C.

Theorem 3.21. An entire function f belongs to the class C' if and only if f belongs to
the classes N(Ct) and N(C™), i.e., log|f(z)| have positive harmonic magjorants in the
upper and lower half-planes CT and C~.

To study the growth and the distribution of zeros of functions class C', one should

look at the book [15]. Here, we concentrate on the representation of log | f(2)| for f € C.

Definition 3.22. A set of disks {C’j};?’;l, centered at points z; of the upper half plane
and of radii p; is called a set of finite view if
Pi < oo,

/,".
j=1 "7

where r; = |z;].
Theorem 3.23. Fvery function f(z) of class C' satisfies the following relations:

log|f(z)| = oy +o(lz]), vy >0,
log |f(2)| = o_y +o(|z[), y<0,

for some real numbers o and o_, everywhere outside a system of exceptional disks of

finite view.

It follows from Theorem 3.23 that if f(z) belongs to the class C, then the limit

@ sin @, 0<0<
i Loglf (e[ ] o stsm (3.21)

oo r o_|sinf], 7<0<2x
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exists for almost all § € [0,27]. Indeed, for any € > 0, one can choose sufficiently
large R, such that the sum of openings of the angles at which the exceptional disks
C; centered outside the disk {z : |2| < R.} are viewed, is less than e. Relation (3.21)
holds for all # such that the ray argz = 6 does not belong to these angles. Since € is

an arbitrary small number, the limit in (3.21) exists almost everwhere in [0, 27].

Let n(f,r) denote the number of zeros of a function f in the ball with center 0

and radius r, counting multiplicity. By the famous Jensen formula,
1 2 i R n t
08170 = 5= [ tog (e — [0
T Jo 0 t
for functions f that is analytic in the disk {z : |z| < R} such that f(0) # 0.
It follows directly from the Jensen formula that
1 2m )
log (0) < 5 [ g () a0
T™Jo

If f is an entire function with |f(0)| = 1, then for » > 0 we have

er t er t
log My(er) > / %)dt > / #dt > n(r),
0 r
and thus
n(r) < log Mg (er).

To study the distribution of zeros of an entire function of class C, we need the

following lemma.

Lemma 3.24. Let n(t) be a nondecreasing function fort > 0, let n(t) = 0 for0 <t <,
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for some positive number €, and let there exists o > —2 such that

[t
O(R) = s /0 £ ()t (3.22)
approaches the limit d as R — oo. Then the function @ approaches the limit (a+2)d

as R — oo.

The proof of the lemma is contained in [15]. Here, we use this lemma to show

the following result.

Theorem 3.25. If f(z) belongs to the class C, and it is real valued on the real azis
with f(0) # 0, then

M Ah/A by (3.23)

Proof. According to Theorem 3.23, we have an asymptotic estimate of log | f(re®)| for
each f € (. The hypothesis that f being real valued on the real axis, yields that
o, = o_ = o by Schwarz’s lemma where ¢ is the exponential type of f(re®). In other

words, hf(0) = o|sin ] exists for almost all 6 € [0, 27].

Using the Jensen formula, we obtain that

n(t)

R 27
/o ot % / log | f(Re™)|dy —log | f(0)]

27
_ % / Ro|sin ¢|dv> — log | £(0)

= 2R” —log|f(0)]-
T

outside a set of exceptional disks of finite view. Since the left hand side is a monotonic

function of R, the above equality holds for all R.
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Therefore,
1 [Pt
lim —/ LOPRPLA (3.24)
The relation (3.23) is a consequence of the lemma 3.24. O

We now discuss theorems of Phragmen- Lindel6f type. For these results, see [15].

Theorem 3.26. If f(z), z = x + iy, is an analytic function in the half-plane Ct such
that, for all e > 0,

Mf (7,) <as e(o-‘,—e)r’

and |f(z)| < M on the real axis, then

|f(z +iy)| < Me?. (3.25)

Remark The estimate given by (3.25) is sharp. Functions of the type f(z) = M~ye™",
|7] = 1 attains the upper bound.

Remark If f(z) is an entire function of exponential type o, and |f(x)] < M, —c0 <

xr < 00, the estimate (3.25) holds in the whole complex plane.

If we require f € Ly(R) instead of its boundedness along the real axis, we obtain

another estimate. For this, we first recall Plancherel- Polya theorem.

Theorem 3.27. (Plancherel- Polya Theorem) Let f(z) be an analytic function in the

upper half-plane {y > 0}, continuous up to the real azis, and let

|f(2)| <as €(U+e)|z\’
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for an arbitrary e > 0. If

/|f(x)\pdx:M<oo, p >0, (3.26)
R

then

{/um+nmwx§Mw%
R

for an arbitrary y > 0.

When f is an entire function of exponential type, Theorem 3.27 takes the following

form.

Remark If f(z) is an entire function of exponential type o such that

AV@WMSAL (3.27)

for some p > 0 then Theorem 3.27 yields that

léﬁ@+@mW$§§wmﬂ&my

Therefore, we have

1
/;Aum+uy+®wmms2émwmmim,

for any y € R. Since |f|P is a subharmonic function, we obtain

2
[f(a+iy) P < —ePWEDIF[] 5. (3.28)
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4. UNIVERSALITY LAWS

In the previous chapters, we have explored several results from various fields. We
would like note that all of them will be put in action in this chapter. We now begin to

study the main theorems which are presented in the introduction.
4.1. Notation

We will record the notation that will be used throughout this chapter. Indepen-
dent constants will be denoted by C,C1,Cy,.... We write C = C(«) to denote the
dependence on the parameter a. We use ~ in the following sense: given real sequences

{en}, {d,}, we write
Cp ™~ dn
if there exist positive constants C4, Cy with
Cn
C; < — < (.
dy

Throughout the entire section, u denotes a finite positive Borel measure with not
necessarily compact support on the real line; and J will be the compact set in Theorem

1.1. The corresponding orthonormal polynomials are denoted by {p, }°°,, so that
We denote the zeros of p, by

Ln,n < LTn—1,n <--e < T2n < Tin-



45

The reproducing kernel K, (z,t) is defined in the following way:

and the normalized kernel is

Ko(z,y) = 1/ (2)?0 (y) P Kal2,y).

We let

Ly(z,t) = (z — t)K,(x,t)
Tn—1

= T(Z?n(ﬁ)pn—l(t) - pn—l(x)pn(t))' (4'1)

The n* Christoffel function is

_ P B /L
>\n<x) - 1/Kn<x>$) - deg(llDr)lin—l P2(LE) '

By the Gauss quadrature formula, whenever P is a polynomial of degree < 2n — 1,
> Mal@jn) Plajn) = / Pdy.
j=1

We shall need another Gauss type of quadrature formula. Given a real number &, there

are n or n — 1 points ¢, = t;,(§), one of which is &, such that
> Mt Pt = [ P (4.2
J

whenever P is a polynomial of degree < 2n — 2. The {¢;,} are zeros of

-1

Lo(&,t) = ”j; (P (E)Pn1(t) = pa1(E)palt)),

n
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regarded as a function of t. Because we consider a sequence {&,} of points in J, rather

than a fixed &, we use the quadrature rule that includes &,,, so that
tin = tjn(&,) for all j.
We set tg, = &, and order the {¢;,}, treated as the origin:
e <oy <tlgg, <top =& <ty <---.
The sequence {t;,,} consists of either n or n—1 points, and it is possible that all ¢;,, lie to
the left or right of &,. As it was proven in the first section, when (p,p,—1)(&,) # 0,then

one zero of L, (&,,t) lies in (x;,,xj_1,) for each j, and the remaining zero lies outside

(Zpn, T1,). For the given sequence {&,} in J, we shall define for n > 1,

a b

Il = K66
and
Ln(a,b) = (a —b) fa(a,b). (4.3)
The zeros of
£0.8) = Knl&nsén + 7y

Kn(&n, &n)

will be denoted by {pjn }j20. Since {t;,} = {t;n(&,)} are the zeros of L, (&,,t), we have

Pin = f(n(gm gn)(tjn - é.n)

We set

Pon = 07
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corresponding to tg, = £,. For an appropriate subsequence & of integers, we set

f(a,b) = lim an(a,b).

n—o00,ne

The zeros of f(0,.) will be denoted by {p; },20 and we set py = 0. Our ordering of zeros

1S

< pa<pa<pp=0<p <py <.

4.2. Normality

We begin with a consequence of Bernstein’s growth inequality for polynomials
in the complex plane. Throughout this section, J is as in Section 4.1, while {¢,} is
a sequence in J. We shall assume the hypotheses of Theorem 1.1, however, shall not

assume (1.2).

Lemma 4.1. Let [c,d] be a real interval and KC be a compact subset of (c,d). Let

A;n >0 and

There exists ng = no(A, K, n,T') such that for n > ny, polynomials P of degree n, x € K
and |a| < A,

‘p(eriﬁ)‘ < e(1+n)F|a|Hp||L [
n

ocole,d] ”

(4.4)

Proof. We will consider the case [c,d] = [—1,1]. The general case follows by a linear

transformation. Let z € K, and 2z = x +¢%. We will use Bernstein’s inequality,

IP()] < |2+ V2 =1 1Pllaain (45)
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We have
’x+Vﬁ—J¢:pﬂﬁV1—ﬁ
24+ (1—22)=1.
Therefore,
sit (4T )
lo z—i—\/ZQ—l‘:Re / du — du
° r u+ u? =1 |lu=z+1is
a/n d
= Re / — log(u 4+ Vu? — 1)jy=g1isids
0o du
R / L d
= e 1as
0 \% u2 - 1\u::c+z‘s
- 1-— $2 / 52 24xs
T1—x2
1 a a\ 2
I — c)(—) 1—2?)).
= (2+o(®) -2
Substituting this result into (4.5), we obtain (4.4). O

Lemma 4.2. Forn > 1, let

Kn(&n + 77
fn(u7v) = fé (5

&t Ty
n»y fn)

(1) {fn(u,v)} is uniformly bounded for u,v in compact subsets of the plane.

(i1) Let f(u,v) denote the locally uniform limit of some subsequence { f,(u,v)}nes of
{fu(u,v)}2,. Then, for each fixed real number u, f(u,.) is an entire function
of exponential type. Moreover, for some Cy and Cy independent of u,v, and the

subsequence S,

|fn(u7v)| S Cleoz(ﬂm u|+|Im v\)

(111) For each fized real number u, f(u,.) has only real zeros.
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Proof. (i) According to the assumptions we made in Section 4.1, p is absolutely con-
tinuous in some open set O containing the compact set J, and ' is bounded above and
below there. As J is covered by finitely many open intervals in O, by increasing the
size of J, we may assume that J consists of finitely many compact intervals. It then
suffices to consider the case where J is just one interval. By the absolute continuity of
i in O and the boundedness of i’ there, we have the following bound
1 1
Kp(x,2)" = Ay() ~ —, (4.6)
n
uniformly in n, and in each compact subset of O. Since we have the freedom of reducing

the size of O, we can assume that this holds in O. By Cauchy-Schwarz, we have

Yo (M) (L) <o

for £,t € O. We apply the Bernstein’s growth lemma in the plane (4.4) in each variable

separately, and then for each £,t € O, |al, |b] < A and n > ng(A), we have
1 @b O (lal +11)
— Ky (E+i—t+i— || < Ce™? : (4.7)
n n n

(Normally, we have to take a slightly smaller set than O; but we can take care of that
problem by relabelling.) In (4.7), the constants C' and Cy are independent of A, &, t, a, b.

If u,v lie in a bounded subset of the plane, and £ € O, then for n large enough, we

-Im (u) Re u)

write £+ % = ¢ + 2 4
set than O. Again, we relabel the open set O. Then, (4.7) takes the form

, where & + is contained in a slightly large open

l ’Kn <£ + E §_|_ E)) < CeC’Q(|Im u|+|Im fu\).
n n’ n -
Recalling that 1/ ~ 1 in O, we have

Rn(fm 5n) = M/<£n)Kn(£n7 gn) ~n
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Therefore, we see that for |u|, |v] < A and n > ny(A)

[fulu, v)] < CreCallim it eh, (4.8)

where C7, Cy are independent of n,u, v, A; which yields the stated uniform bounded-
ness.

(ii) By (4.8) {fn(u,v)}>2 is a normal family of two variables u, v; i.e., the given
family contains a subsequence which converges uniformly on compact subset of C to a
continuous function. If f(u,v) is the locally uniform limit through the subsequence S

of integers, then f(u,v) is an entire function in w, v satisfying for all complex w, v,

|f(u,v)| < O eC2 ([ ul+[Im o) (4.9)

In particular, f(u,v) is bounded for u,v € R, and is an entire function of exponential

type in each variable. O

Lemma 4.3. (i) Uniformly for u € R,

flu,u) ~ 1. (4.10)
(ii) Assume
lim /£ & w(t) — w(&)ldt = 0. (4.11)
Then for all u € C,
[ istus)pds < s, (4.12)

(iii) For each a € R, f(a,.) has infinitely many real zeros.
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Proof. (i) By (4.6), we have

C; < Kol ) <,

for some € > 0, for |t| < ¢, and for large n. Let us note that w(¢,) # 0 for any &, € J;
and w is bounded in J. Then,

n)’ &n + Kn(sn,gn))
( ns fn)

Kn(fn _|_ % -
f(u,u) = lim Kn(En

n—o0,nES K

yields (4.10) for any u € R.
(ii) The identity
Ko(s,5) = / Ko(s, 8K (5, )du(t)
R
- / Ko(s, 1) (5, )d(2)
R
= [ 15, 0P dute)

is valid for all s € C. Let r > 0. Using the above identity, we write;

£”+m |Kn<s7 t)|2

1> t)dt 4.13
B fn_ﬁ) Kn(sag) w(> ( )
n 77,75’”
St ntenen | Kn(s, 1) St | Kn(s,t)|?
— (e, kS, OF 4y IBnlS O () = w(e,))dt
v )/%Um Kn(s, 5) +/5"‘Kn<§n,an> K, (s,5) (wit) —wlbn))
— Il —|— IQ.

Applying Cauchy- Schwarz inequality and the upper bound (4.7),

|Kn(87 t)|2

K, (s,3)

< K, (t,t) < Cn. (4.14)
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By (4.14) and (4.6),

S S
12| < Cn [w(t) — w(&)ldt
o R (emn)
CK, (&, En A
< Dhnlbn) [T ) g

I(n(in &n)

— 0, n — o0,

by (4.11). We now do the following substitutions:

w4 v
=ot ey 9T e

Then,

2
., _u N

. / Kn (5” t Fng Kn(sn,sn)> K& &)

! —r }(n(énagn) l<ﬁ<87§) '

ff(( ))| as n — oo through S, we have

2
liminf I; S/ [F(w,y)] ——dy.

n—+00,n€ES _r f(u, ﬂ)

Since the integrand tends to the limit |

Substituting into (4.13) yields
2
s [t
— f(u,u)
Finally, we may let » — oo to obtain the desired result.
(iii) We already showed that f(a,.) has only real zeros in Lemma 4.2. These zeros
of f(a,.) will be named in the later results. Here, we write f(a,.) as a product of its

Zeros.

By being the limit of polynomials with increasing degrees, f(a,.) is non-constant,
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and not a polynomial. We also know that f(a,.) is real on the real axis. Under the
assumption (4.11) we have just shown that it belongs to Ls(R). Moreover, f(a,a) # 0.
By (4.9), we have

\f(a,t)\ < 0601(|Im al+|Im ¢f) <C

which yields that f(a,.) belongs to the Cartwright class. We can then write [15, p. 130]

R—o0
bib|<R and f(a,a+b)=0

fla,a+ z) = f(a,a) lim H (1—%).

4.3. Proof of Theorems 1.1 and 1.2

In this section we shall be concerned almost exclusively with the properties of
the limit function f(u,v). We begin with recalling that f(a,.) is entire function of
exponential type for each real a. Let us call it o,. Firstly, we show that this exponential
type is independent of a; although it could possibly depend on {¢, } and the subsequence
S.

Lemma 4.4. For a € R, let n(f(a,.),r) denote the number of zeros of f(a,.) in the

ball center 0, radius r, counting multiplicity. Then for any real a, we have as r — o0,
n(f(a,.),r) —n(f(0,.),r) = O(1). (4.15)

Consequently,
0, =09 =0, and . (4.16)

Moreover, for alla € R, f(a,.) € L2.
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Proof. In order to calculate the difference (4.15), we recall the proof of Theorem 2.18

which deals with the zeros of the function

balEnt) = (”;nl) Kal6,8)(€ — ) = pu(Dpns () — pas(D)palE).

Given ¢ € R, with p,_1(&)p,n(§) # 0, ¥, (&, t) has, as a function of t, simple zeros in

each of the intervals

(xn,n7 xnfl,n)y (xnfl,nu xnf2,n)7 ety <x2,n7 Qjl,n)-
There is just one zero lying outside [z, 5, Z1,]. When p,_1()pn(§) = 0, ¥, (&, 1) is a

multiple of p, or p,_1. As zeros of the latter polynomials interlace, then 1, (£, t) has a

simple zero in each of the intervals

[xn,na l'nfl,n); [xnfl,ﬂd $n72,n)7 D [372,717 zl,n)-

We then deduce that, regardless of £, the number j of zeros of K, (&,t) in [Ty, Thn

satisfies

0 if pu_i(&)pn 0
G (m )| < 1 Pr1(§)Pn(§) #
L if pr1(§pa(§) =0
Consider now
f(at)zK(§+ C et )/K(if)
" , " " Kn(gnvfn)7 " f(n(gnafn) " e

and

t
£a(0,0) = K, (fn,sn r

m) /K (&ns 6n)

as functions of ¢. In any fixed interval [—r, 7], it follows that the difference between

the number of zeros of these two functions is at most 2. Letting n — oo through S we
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obtain (4.15). Then (4.16) follows from (3.23). Finally, since f(a,.) € Ly(R) under the
assumption (4.11), we have f(a,.) € L2.

Lemma 4.5. Assume (4.11). Then we have for all a € R,

/]R (?Ez Z; - Sii&(i;)S))st = f(al’ i - (4.17)

and

o >msup f(a,a) > . (4.18)
a€R

Proof. In order to show (4.17), we firstly recall an important identity for L? that we

will use. For any g € L2, we have the following reproducing kernel identity;

ino(z —t
o) = [0 D ser (4.19)
R oz —1t)
In particular, setting g(t) = Slié’x(x 5 D we shall also use,

/R (%)20@ =1 (4.20)

We now expand the square at the left hand side of (4.17), and see that

sy J e [ () o

= floa) 5*5’

by (4.12), and the identities (4.19) and (4.20) which are applicable since f(a,.) € L2.
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Since the left-hand side of (4.17) is non-negative, we obtain for all real a,
o>mnf(a,a).

As f(0,0) = 1, we then obtain (4.18). O

We are now ready to consider the properties of the zeros of f(0, z). Recall from

Section 4.1, The Gauss type quadrature formula, with nodes {¢;,} including the point
§=&n:

>t Plt) = [ POl
J
for all polynomials P of degree < 2n — 2. Recall that we order the nodes as

e < t—2,n < t—l,n < tO,n = gn < tl,n < t2,n < -

and write

Pin

fin = En+ = 1.21
S Ren e “21)

where {p;,};20 are the zeros of f,(0,1).

Lemma 4.6. (i) For each fized j, as n — oo through S,
IOjn — pj7
where po = 0 and

< po<pa<0<p<pp <
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(ii) There exists Cy such that for all integers j,
pPj — Pj-1 < Ch.

(iii) The function f(0, z) has (possibly multiple) zeros at p;, j # 0, and no other zeros.

Proof. (i), (iii) We already know that f(0,z) has infinitely many zeros, and is not
identically zero. We also know that f,(0,2) = K, (§,,&, + m)/Kn(ﬁn,ﬁn) has
simple zeros at pj,, and no other zeros. Since f,(0, z) converges uniformly to f(0, 2)
on compacta through the subsequence §, the result then follows by Hurwitz” Theorem.

(ii) We will use two results from [5]. By Markov- Stieltjes inequalities [5, p. 33, (5.10)]

t]',n tjn
/ w < / dpe < An(tjoin) + An(tjn)

ti—1,n ti—1n

holds true for any j. Fixing j, and using our upper bounds for the Christoffel function,
valid in an open set containing .J, and the fact that each point of J is a limit point
of zeros [5, p. 67], we see that the last right hand side is O(+). Furthermore, by

hypothesis, w is bounded below in an open set containing J. It follows that n > ng(j),

C
< =

t‘n_t‘—ln
]7 ] b n

We note that C' does not depend on j, since it arises from the upper bound for the
Christoffel functions and the lower bound for w. Then from (4.21) and (4.6), for

n > no(j),
Pin — Pij—1n < C.

Letting n — oo through S gives the result. O]

Lemma 4.7. Assume (4.11) and let

A =sup f(z, ).

zeR
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For each real a, f(a,.) is entire of exponential type o = TA.

Proof. In view of Lemma 4.4, it suffices to show that f(0,.) is entire of exponential
type o = wA. To this end, we shall consider the zero distribution of f(0,.). Here, we

again use the Markov- Stieltjes inequalities: for each 1 <[ < n,

-1 t tin

’ dl‘ < Z )\n(t]}n)'

Jj=1

Writing the same equation for £ > [, and subtracting the relevant parts of the inequal-

ities,

k—1 thon
S Ml < / du(t)
j=l+1 tin

Assume that t;,,,?;, € O. Then by the absolute continuity of 1 in O, and the substi-

tution t = &, + = (; oy e obtain

Kn(€n7 gn) < /Pk,n w<§n + f(n(gmgn))ds
Kn(tj,n»tj,n) N Oln w(ﬁn)

Notice that

S ~ P s
prn W (& + f(n(émfn)) K6, 60) gnJar(lg"’&") t)dt 4.22
- T (422)
Pl,n w<§n) w(ﬁn) En‘f‘m
We now consider the limit
Pk,n
1 - Tt B tenntn)
lim <K€ 6) [ w(dt,
n—o00,n I,n
—oones (&) St e
Letting € = 1/K,(&,, &) in (4.11), we deduce that
- €n+ r - pk,n - £n+ r - pk:7n
hm <Kn<€n, é_n) / Kn(én,én) w(t)dt . Kn(én’ é_n) / Kn(én,én) w(é_n)dt> _ O
n—00 §n+ _ Pl,n £n+ _ Pl,n
KTL(ETL1£7l) Kn(fnﬁf’n)



So, the right-hand side in (4.22) will be equal to

Pk.,n

1 - ot R tenen) . n— Pln
lim —Kn(gn,gn)/ B ) dt = lim Ko(&y, &) 2R Pln
3

n—oo w(gn) b n—oo,n€S Kn(gm €n>

Kn (&n,€n)

=Pk — Pl

Next, for each fixed j, as n — oo through S,

Pj,n Pj,n
— fpi, ps)-

) = fa(Pjn: Pin)

Thus for each fixed k, [,

1
< pp— 1.
7 F i i)

As f(pj,pj) < A for all j, we obtain

k—l—lSA(pk—pZ).

29

In particularly, pjro —pr > C > 0, so f(0,.) has at most double zeros. Moreover,

because {p;,} are simple zeros of f,(0,.), py can only be a double zero of f(0,.) if it is

repeated in the sequence {p;}. Then, in the interval [p;, pi], the total number of zeros

of f(0,.), namely k —l+1or k—1+2or k— 1+ 3, if 0 does not belong to [k, ], and

k—lork—1+1ork—1+2if it does, is at most A(p; — px) + 4. We now count the

zeros of f(0,.) in the interval [—r,r] whose number is denoted by n(r). Recall that

C1 < pjr2 — p; < Cy and the sequence of zeros {p;} is infinite. Therefore, we can

pick a pi which is bounded distance from r, and p; a bounded distance from —r. We

obtain that n(r) is at most the number of zeros in [p;, px] plus O(1), and hence at most
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A(pl — pk) + 0(1) ThU.S,
n(r) < 2Ar+ O(1).

Then, recalling (3.23),

Together with our lower bound ¢ > 7wA from Lemma 4.5, we obtain the result. O

Remark Plugging 2 = A = sup, . f(7, ) into the Lemma 4.5, we obtain

e

In particular, if a attains the sup, so that f(a,a) = sup,cg f(x, ), then for all s € R,

fla,s) sino(a— s).

fla,a)  o(a—s)

If the supremum is not attained at any finite point, then instead we obtain a sequence

{ar} with limy_, |ax| = oo such that

flag,s)  sino(ag — s)

2
klg{olo R (f(ak,ak) O'((lk - S) ) ds = 0.

Note that we have not used the hypothesis (1.2) yet.

4.3.1. Proof of Theorem 1.2

Noting that
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it is clear that (ii) implies (i). We now assume (i). Using the uniformity of (1.2) for

¢ € J, and the fact that K, (£,,&,) ~ n, our hypothesis (1.2) implies also that

K, (@ﬁ#,gﬁ __a )
lim f,(a,a) = lim En(En tn) KnGnitn) ) _ 1,

n—00 n—00 K, (fn, £n)

and by the uniformity in a,
f(a,a) =1 for all real a.
Thus,

A =sup f(z,z) = 1.

zeR

Together with Lemma 4.7 this yields that , for each fixed a, f(a,.) is entire of expo-

nential type o = 7. By (4.17), we then obtain, for each real a,

[ (o) - el o

that is

__sin7(s —a)

fla;s) =

(s —a)
for all a, s € R. Using the uniqueness theorem for entire functions, we get

sinm(a — b)

fla,b) = m(a — )

for all a,b € C. All in all,

—a b .
hm Kn(gn _I_ kn(fn,gn) ) Sn + K—n(gn{n)) _ Sln’/T(a - b)
n—o0,nES Kn(gnv gn) (CL _ b) )
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uniformly for a,b in compact subsets of the plane. Since the limit function is indepen-

dent of the subsequence S, we obtain

y KM&+K£@W&+hé@Q sinm(a —b)
im = ,

uniformly for a,b in compact subsets of the plane. Finally as {¢,,} can be any sequence

in J, the conclusion (1.3) holds true uniformly for £ € J.

4.3.2. Proof of Theorem 1.1

Since w is assumed to be continuous at each point £ € J, we obtain (1.4) imme-
diately; and the uniformity of (1.4) follows easily from the continuity of w (regarded

as a function defined on all of supp(i)) at each point of compact J.

4.4. de Branges Spaces of Entire Functions Associated with General

Measure

In this section, we shall prove four general theorems. Throughout the entire
section, we do not assume the hypotheses of Theorem 1.4. In particular, the measure
i may not be absolutely continuous in some open set, nor bounded in its support
unless otherwise stated. Therefore, we may need to prove the same results that we

have proven in the previous section.

Firstly, recall the notation

a b
Kﬁﬁﬁmﬁw&+&@m)

fula,0) = AR

Theorem 4.8. Let i be a measure with support on the real line, with all power moments
[ aidu(x), 7 > 0 finite, and with infinitely many points in its support. Let {&,} be a

sequence of real numbers. Assume that there is a non-real complexr number a, and an
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infinite sequence of integers S, for which there exists

fla,z) = lim f,(a,z), (4.23)

n—o00,NES

uniformly in compact subsets of C, and that
fla,a) # 0. (4.24)
Then

(i) There exists, for all z,v € C,

f(z,v) = lim an(z,v),

n—o00,ne

and the limit is uniform for z,v in compact subsets of C.

(ii) Let
L(z,v) = (z — v) f(z,v).
For all complez o, B, 2, v,
L(z,v)L(a, B) = L(a, 2)L(B,v) — L(B, z) L(a, v). (4.25)
(iii) Let Im a > 0. Then for Im z > 0,

£ (@, 2)| = |f(a, 2)];
|L(a, z)| > |L(a, z)|. (4.26)

In particular, for Im z > 0,

IL(2,2)| >0 and f(z,%) > 0. (4.27)
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(iv) If f(z,v) =0, then Im z and Im v have the same sign. In particular, Im z > 0 =

Im v > 0. Consequently, for Im a >0, L(a,.) € HB.

Proof. Recall from (4.1) and (4.3) that we set
Ln(u,v) = (u—v)K,(u,v)

and

Ln(a'a b) = (a - b)fn(av b)
a b
Kn(&n + Rn(fn,sn)’£” + kn(én,gn))

=(a—"0)

(a—b) a b
== —Kn n = Sn T A A~
R o) ot e S T R )

/ a b
=ty (§n) L (&0 + kn

e TR

By expanding L,(z,v) using Christoffel- Darboux formula, the following formula is

obtained for all z, v, a, 8 after the usual calculations:

Ln(z,0) Ly (o, B) = Lp(av, 2) Ly (B,v) — L (B, 2) Ly (e, v).

Clearly, we have the same formula for Zn(z, v); i.e.

Ln(z,v)in(a,ﬁ) = Ly,(a, z)f/n(/é’, v) — En(ﬂ, z)in(a,v)

for all z,v, o, 8. Putting o = a and 8 = a, we get

Ln(2,0)Ln(a,@) = Ly(a, 2)Ln(@,v) — Ly(@, z)Ln(a, v) (4.28)

Let us also recall that the sequence of functions { f,,}>2; satisfies the conjugate relation

fn(@, z) = fu(a,z) and the symmetry f,(a,b) = f,.(b,a). We now use our hypothesis



(4.23) to obtain

Jim Ln(a,2) = (a — 2)f(a,2) = L(a, 2);
Hlimes in(d, z)=(a—z)f(a,z) = L(a,z);
lim Ly(a,a) = L(a,a).

n—00,neS

Note that

L(a,a) = 2i(Im a)f(a,a) £0,
by our hypothesis (4.24). Then using (4.28), we obtain

n_)loiolges Ln(z,v) = T(a.d) [L(a, z)L(a,v) — L(a, z)L(a,v)]

for z,v in compact subsets of C. This then yields that the limit

exists uniformly for z, v in compact sets with z # v. We notice that

) DVl w) = lim L(a, z)L(a,v) — L(a, z)L(a,v) _
lim(z = v)f(z,v) = lim L(a,a) 0

and conclude that the singularity of the right hand side of (4.29) is removable. There-

fore, the limit in (4.29) is uniform for z, v on compacta.

(ii) This follows from (4.29) and part (i).

To prove (iii) and (iv), we will need the following lemma.

Lemma 4.9. (i) If K,(z,w) = 0, then Im z and Im w have the same sign. In

particular, Im z > 0 = Im w > 0.

65
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(i1) Let Im a > 0. Then for Im z >0,

[ Kn(a, 2)| = [Kn(a, 2); (4.30)

|L,(a, z)| > |Ly(a, z)|. (4.31)

In particular, L,(a,.) € HB.

Proof. When z is real, then all zeros of K,(z,.) are real [5, p.19]. In this case, Im

z = Im w = 0. Before the general case, we show the following equality.

Lp(u,v) = (u—v)K,(u,v)

= 7;—1pn<u>pn<v>[Gn@) = Gu(u)]

n

where

Gn(u) _ pn—l(u) _ Tn—1 i )\n(l‘jm)pi_l(gjj,n)‘

pn<u> Tn U — Tjn

j=1

Clearly, G,(u) = p;;—(ll(;). To prove the second inequality, we apply the Lagrange

interpolation to p,_; at the zeros of p,, namely at the points {z;,}. Then,

pnl anlx]npn)

pn Tjn)( Tjn)

(4.32)

By the Christoffel-Darboux formula, we have

N (@) = Ko, 2) = 222! (@)poi () — pal@)p,_y ().

n

Setting © = x; ,,

_ VYn—
Anl(xj,n) = ~ 1p,n(x]n)pn 1(%, ).

n
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Substituting this into (4.32), we obtain the formula for L, (u,v). Now, K, (z,w) = 0

for non-real z yields that

as pnpn_1 has only real zeros. Taking the imaginary parts of the above equation, we

get

n

(1 2) 3 2l lPacs(on) gy ) 5o AnlEin s ()

’Z_xj,nP |w_xj,n|2

Jj=1 Jj=1

Since both sums are positive, the result follows.
(ii) We will consider the function

h(z) := K,(a,2)/K,(a, z)

is analytic for z in the closed upper-half plane, and on the real axis
Ih(z)| = 1.

Moreover, the coefficients of the Taylor expansion about 0 of

Kn(aa Z) = Zpk(EL)pk(z)a

k=0
are the conjugates of
Ku(a,z) = Zpk(z)
k=0

Then, as z — oo, |h(2)| — 1. Therefore,

|h(z)] <1 for Imz>0,
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by the maximum-modulus principle. This shows (4.30); and (4.31) follows from the

observation that

|a —z| > ]a—z forIm z>0.

(iii), (iv) By taking limits in the previous lemma, we get that

1£(@,2)| = [f(a,2)] and |L(a,z)] > [L(a, 2)], (4.33)

for Im z > 0. Before we show the strict inequality in the latter inequality, we show the
assertion on zeros. Suppose that Im v > 0 and f(z,v) = 0. By Hurwitz’s Theorem,

there exist {z,} with f,(2,,v) =0 and

lim z, ==z
n—o00,NES

Lemma 4.9i then yields that Im z, > 0 which in turn implies that Im z > 0. We now

prove that it is actually positive. Assume Im z = 0. By (4.29),

= L(a, z)L(a,v) — L(a, z) L(a,v). (4.34)
Define
h(u) = ig;’ Z; for Im u > 0.

Notice that h is meromorphic in the upper-half plane which satisfies

|h(u)| <1 for Im u >0
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by (4.33) except perhaps at isolated poles which are in fact removable singularities
because of the local boundedness of h. Therefore, h is analytic in the upper half plane.

Moreover, |h(z)| = 1 for real = after we removed any possible isolated singularities on

R. Also,

by (4.34). Since Im v > 0, the maximum-modulus principle shows that A = ¢ in the
upper half plane, for some unimodular constant ¢. Then (4.29) takes the following

form:

cL(a,u)L(a,v) — L(a,u)cL(a,v)

flu,v) = L(a,a)(u —v)

=0,

for all u,v in the upper half plane. But this contradicts with the fact that f(0,0) = 1.

So, Im z > 0, as desired.

We now show that |L(a, z)| > |L(a, z)| for Im z > 0. Reminding that we have
(4.33), suppose that we have equality |L(a, z)| = |L(a, )| for some z in the open upper

half plane. Since we will follow the previous argument, we form

which is analytic in the upper half plane, and has |h(u)| < 1 there. According to our
assumption on z, |h(z)| = 1. Then, by the maximum-modulus principle, h = ¢ for

some uni-modular constant c¢. As above, this yields a contradiction. O

Theorem 4.10. Assume the hypotheses of Theorem 4.8. Fix a with Im a > 0, and let

L(a, 2)
Ea<Z) = \/%W
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(i) Then all zeros of E, lie in the lower half plane, and E, € HB. Moreover,

f(Z, Cf) _ %Ea(z)Ea(Ci : ?2(Z)E§(C) ) (435)

(i1) For all g € H(E,), and all z € C, we have

_ Jflzt)
o) = /R ol0) it (4.36)

Moreover, f(z,.) € H(E,) for all z € C.
(111) For any a,b with Im b > 0, H(E,) = H(E,) and the norms ||.||g, and ||.||g, are

equivalent.

Proof. (Theorem 4.10) (i) By Theorem 4.8iv we know that all zeros of E, must lie in

the open lower half-plane. Besides,
|Eo(2)] > |Ey(2)] for Im z > 0,
by (4.26). Therefore, E, € HB. We also notice that
L(a,a) = 2i(Im a) f(a,a) = i|L(a,a)|,
so the functional equation (4.25) yields

L(z,¢)ilL(a,a)| = L(a, z)L(a,¢) — L(a, z)L(a,C);

and thus in turn,
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Plugging the definition of F,, and recalling that E*(z) = E¥(Z), we obtain

i (Ba(2)Ea(§) — EZ(2)EZ(Q))
2m (z—() '

(ii) As we showed above, E, € HB; and so H(E,) is well-defined. By (1.7) and (4.35)
the reproducing kernel K of the space H(E,) is given by the formula

27 (z—=¢

i (Bu(2)EalQ) — Ba(2)B2(0))

~—

Hence, f(z,{) = K((,2); and (1.8) gives (4.36). As outlined in de Brange’s theory
f(z,.) € H(E,).

We will need the following lemma for part (iii):

Lemma 4.11. (i) ForIm a >0, Im b > 0 and Im z > 0,

L(z,b) L(a,b)
‘L@,a) =2 'L(a,a) (4.37)
(ii) For all u,v € C,
|f(w,0)* < f(u,a)f(v,0). (4.38)
(i11) For all a,b € R, with L(a,b) # 0, and all z € C,
_ b= 2| |L(a, 2)| \*
2 < (2 el ), (4.39)

Proof. (i) The functional equation (4.25) gives

L(z,b)L(a,a) = L(a, z)L(a,b) — L(a, z)L(a,b).



As we showed in the Theorem 4.8iii; if Im z > 0, then |L(a, 2)| < |L(a, z)| and

Thus,

|L(z,b)L(a,a)| < 2|L(a,z)L(a,b)|.

(ii) By Cauchy-Schwarz inequality,

| K (z,0)|* < Kyn(2,2) K, (w, 0).

After division by K, (&,,&,) > 0, we obtain

[ fo(u, 0)[* < foau, @) fia (v, 0)

Letting n — oo through S, we get the desired result.

(iii) Let a,b € R. (4.25) gives

L(z,z)L(a,b) = L(a,z)L(b, 2) — L(b, z) L(a, Z).

72



73

We have a,b € R. By part (ii), we write

L(z,z)L(a,b) = 2|Im z||f(z, 2)|
< 2|L(a, z)[|L(b, 2)|
< 2[L(a, 2)||b — 2| f(b,b)/* f (2, 2)"/>.

We now prove Theorem (4.10)(#27): From (i) of the previous lemma, we see that

for all z € CT,

‘Eb(z) _ |L(b,2)| |L(a,a)|/?
B2 L L@ )
|L(a, b)|
= “|L(a,a)|*/2|L(b, b)| /2 (4.40)
Similarly,
Ea(2) |L(b,a)|
’Eb(z) = |L(b,0)[V/2| L(a,a)|/? (4.41)

Recall that the denominators are positive by (4.27). To show that H(E,) = H(E}), we
pick g € H(E}). Then g/Ey, g*/E, € H?*(CT). By the inequality (4.40), g/E,,g*/E, €
H?(C™). So, H(E,) D H(E,),. The converse inclusion follows from the other inequality
(4.41). These two inequalities also yield the norm equivalence of H(FE,) and H(E}),

i.e., for all g, we have

|L(a,b)

|
<2 -
Hg||Eb — |L(a’a)|1/2‘L(b’b)’1/2||g||Ea

and the reverse inequality. O]

Theorem 4.12. Assume the hypotheses of Theorem (4.8). Fiz a with Im a > 0.
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(i) Let
F(Z) = L(Z>0) = Zf(O,Z),

and let {p;} be the zeros p of F for which f(p,p) # 0. These are all real and
simple.

(ii) The set {M} is an orthonormal sequence in H(E,) and for all g € H(E,),
VIespi) |

l9(p;)] g
2 7000 <%

f p]apj

, (4.42)

while

Glal = Y alon) 422 € ().

(111) Assume that F' ¢ H(E,). Then for all g,h € H(E,), we have

gh p]
/|E E Zf (4.43)

((pjs pj )’

and

Glgl = g.

Proof. (i) Since zf,(0, z) has only real zeros, its uniform limit as n — oo through S
cannot have any non-real zeros. Therefore, F' has only real zeros. Remember that, for

any E € HB we define a phase function on R by

E(x) = |E(z)|e™"@.
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Since E, € HB, we have a corresponding phase function ¢ defined for real x by

E,(z) = |Ey(x)]e”*®).

Then, by (4.35), for real z,

= B E.(0)|sin(o(x) — 6(0)). (4.44)

Taking the derivative of the last formula,

/0

Fo) = = (1B ) 1B, sin(o(e) - 0(0)
+ LB, @)IE.0)] cos(o@) - 606/ (x). (1.49)

By Theorem 4.10(a), E, has non-real zeros. It then follows from (4.44) that F'(z) =0
if and only if sin(¢(z) — ¢(0)) = 0.

Let o = ¢(0) and recall that the sequence {s;} were defined at (3.14) by ¢(s;) =
a+ jm, j € Z. After reordering, we see that the {p;} are just {s;}. Suppose p; is not
simple for some j. Then, it follows from (4.44) and (4.45) that both ¢(p;) = o + krm
for some k, and ¢'(p;) = 0. Using K((, 2) = f(z,¢) in (3.13) we obtain that

1
F(psrp5) = —8(p3) | Ealps)]” = 0,

which contradicts to our hypothesis that f(p;, p;) # 0. Thus, all zeros {p;} are simple
of F' with f(p;,p;) # 0 are simple.
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(ii) Recall that we set a = ¢(0). Putting this into (4.35),

= - (Bu(2) E(0) — E;(2)E;(0))

= O(e"E,(2) — e "EX(2)). (4.46)

Since E, and E have zeros in opposite half-planes, the constant in (4.46) is non-zero.
Here, we do not know that if e'*F,(z) — e ""*E*(z) belongs to H(FE,) or not; otherwise
we could simply apply de Branges theory. We now turn back to the zeros {p;,} of f.

Here, we will use the following result that we mentioned earlier; if j' # k/,

Kn(t "nvtk:’n)
fn Pj' s Pk'm) = I S = 0. 4.47
by i) = = (e &) (4.47)

Taking limits through S on some appropriate subsequences {j'(n)}, {¥'(n)} whose

terms satisfy (4.47) ; and using Hurwitz’ Theorem, leads to

Fos) =0, j#k. (4.48)

The reproducing kernel relation (4.36) gives

/ftpg tpk) &t

Note that { m}k is an orthonormal sequence in H(E,). Let e = %. For

all g € H(FE,), we have the orthonormal expansion

<g7€j _ f(pj7 )
zj: el Z \/f pg,pj VI p;)

= Glgl(=).
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by (4.36) and the orthonormality of the sequence {e},. Using Bessel’s inequality,

Z|<g;€j>|2 Z|gpj

; f(pispj)

<|lgI%. =/R

2

90 |" (4.49)

Ea(t)

Clearly, every partial sum of G[g| lies in H(E,). Moreover, (4.49) yields the

convergence of the series in the norm of H(E,):

2

Z < g6 > e

j=N+1

/ 12052 N+1 < g ex> ek(t)P
a()]?

S lea(t)?
</ > <> Bl (0P

j=N+1

Jj=N
Z <g,€; > ¢e; —
Jj=1

= Z | <g,e;>]"—0
J=N+1

as N tends to infinity. Since H(E,) is a Hilbert space, Glg] € H(E,).
(iii) By hypothesis, F' ¢ H(E,). (4.46) then shows that
€ E,(2) — e E(2) ¢ H(E,).

Recalling that o« = ¢(0); and that we identified the zeros {p,;} with {s;}, we apply
(3.15) and (3.16). O

Theorem 4.13. Assume, in addition to the hypothesis of Theorem (4.8), that f(a,.)

is an entire function of exponential type o and
f(t,t) ~1 fort eR. (4.50)

(i) Then for all complex b, f(b,.) is an entire function of exponential type o.
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(ii) For all g € PW,,
g=Glg] € H(E,).
In particular,
PW, € H(E,).

(111) Assume that there exists Cy > 0 such that for a.e. t € R,

hgggolf K (gn ‘;/[E_gn(fm én)) 2 Co, (4'51)

or, assume that for each r > 0,

Jm [ K Zf_gjf"’fn)) “1ldt=0 (4.52)
Then
PW, = H(E,).

We do not assume that p is absolutely continuous in the above result. Recall that
Lp(u,v) = (u—v)K,(u,v)

and

j)n(a, b) = (a —b)fn(a,b)
— (&)L <§n bt <5n,5n>) |

Proof. (i) Suppose f(a, z) is of exponential type o for some a, with Im a > 0. Clearly,
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L(a,z) = (2 —a)f(a, z) is of exponential type ¢ as well. By conjugate symmetry,

the same is true for f(a, z) and L(a, z). By (4.37), we have

L(2,5)] < 21L@D)

<27 bEa) (4.53)

when Im b > 0, Im z < 0. Also, by Theorem 4.8iii,

|L(2,0)| = |L(2,b)| < |L(2,b)]. (4.54)
We then deduce that the exponential type of L(b,.) is no greater than that of L(a,.).
The same therefore holds true for f(b,.) and f(a,.), and also for the couple f(b,.)
and f(a,.). Note that the reverse assertion too holds true since the inequalities (4.53)
and (4.54) are symmetric in @ and b. Recalling conjugate symmetry once again, the
statement generalizes to the cases Im a < 0 or Im b < 0. Therefore, for any non-real

number b, f(b,.) has exponential type o.

It remains to show that if b is real, f(b, z) is of exponential type o. Since L(b, z)
and f(b, z) are of same type, it suffices to show the result for L(b, z). Let a, 8 € C\ R,
and L(«, f) # 0. From the functional equation (4.25),

|L(b7 Z>| = |L(Z,b)|
1

_ m| L(a,z)L(B,b) — L(B, 2) L(a, b)].

As both L(a, z) and L(S, z) are of exponential type o, it follows that L(b, ) is of type

at most 0. To show the reverse inequality, let ¢ be a real number with L(b, ¢) # 0, and
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d be non-real. We will use (4.38) and (4.39):

1F(d,2)| < f(d,d)V*f(z,2)"?

Hence for |Im z| > 1, |f(d, z)| grows no faster than C|z||L(b, z)|. Since both f(d, z)
and L(b, z) are entire functions of type at most o, we can estimate f(d, z) on the strip
|Im z| < 1 by Phragmen- Lindelof principle. We then conclude that exponential type
of L(b, z) is at least that of f(c, z). Consequently, L(b, z) has exponential type > o.

For the proof of part (ii), we need the following lemma.

Lemma 4.14. Assume in addition to the hypotheses of Theorem 4.8, that f(a,.) is of
type o and (4.50) holds. Then

(i) There exists C' > 0 such that the zeros {p;} of L(z,0) satisfy for all j,
pi+1—p; = C.

(11) There exists C > 0 such that for all g € PW,,

> g(p)l? < Cligll,z)- (4.55)

J

(11i) For all z € C,

. |f(Pj,2)|2 -
2 f(pjs i) < /(z2).

J=1

Proof. (i) As we mentioned in (4.48)

f(pjs1,p5) = 0.
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Moreover, (4.50) and (4.38) yields that

|f(pj12)] < f(Pj+1,j+1)l/2f($=$)1/2 < Ch.

Since f(pj+1,.) is entire of exponential type o which is bounded on the real axis, we
may apply Bernstein’s inequality for entire functions of exponential type [15, p.227];

and then we obtain for all real ,
‘ 9,

atf(pJJrl’ )‘ < 010'.

Then using (4.50) one more time, for some real number & between p; and p;41,

Co < f(pjg1, pj+1)

= f(pjr1; pj1) — f(pjv1s p5)
(gtf(f%ﬂaf)) (Pj+1 - Pj)

< Cio(pjrr — pj)-
(ii) This follows directly by an estimate on PW,, [15, p.150].

(iii) Applying Bessel’s inequality (4.42) to g(t) = f(t, z), and using the reproduc-
ing kernel identity (4.36), we have

Z |f /);; /
p]JIOJ - R

2

H02) 0 pz) = (2.2,

E.0) dt

We now turn back to the proof of Theorem 4.13ii. Let g € PW, and define

G(z)=Glgl(z) = > m»%-

j—oo
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By (4.50) and part (ii) of the previous lemma,

19(p;)
Z : < Cllgllz,e < oo.

]7]

Proceeding as in the proof of Theorem 4.12ii, we see that G € H(E,). We now show
that G = g. Let

Since G(p;) = g(p;) by (4.48) and F has simple zeros at each p;, ¢ is an entire function.

As both numerator and denominator are of exponential type, so is ¢b. We first show

that
Gle) = 3 o) (1.56)

Let F(o) = L(«,0) # 0. By (4.25), we have

L(Z’pj>L(a70) = L<O" Z)L(()?pj) - L(O’ Z)L(a’pj) = F(Z)L(a/7pj)'

Arranging the above equation and using L(0, p;) = 0,

We therefore write

flpj2) _ F(2)
fpjspi)  F'(2)(z —pj)




83

which gives (4.56). Furthermore,

<Z|9pj> (le Zp]))”?

J=—0 J=—00

Let € = (0,7/2), and define A, = {z: |z] > 1 and € < |arg z| < 7 — €¢}. We claim that

lim G(z) =

z—00,zE A

(4.57)

To this end, we note that there exists C. such that for all j,

|2 = pj| = Ccli = pyl.

Moreover,
5 i oy 5
= [E () (= py) P EOE = \F’ (i — p])\
]' pj7
W P;Jf
< 1, —1) < 00.
R 7
Since
. 1
lim sup s =0,
2—00,2€ Ae ’Z - p]’

lil<n

for any n > 1, we see that

1/2

lim sup

2—00,2€E A, Z

<Zlgp] )1/ ==

j=—00 6 l7]|>n

| F( PJ Z_PJN

Since this has limit 0 as n — oo, we have shown (4.57).
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As we discussed earlier F'(z) = zf(0, z) is of exponential type o, has real zeros,

and
|F(x)] = |2f(0,2)] < |2|f(0,0)/ f(z,2)"/* < Clx|

by (4.50) and (4.38). Hence, it lies in the Cartwright class. From the proof of Theorem
3.23, for all § € (—m,m) \ {0},

1 F(ret
lim log |F(re™)] = o|sind)|.
r

r—00

Let us now assume that g has type 7 < o. Since g belongs to Lo(R), it lies in the

Cartwright class as well. Similarly, for 8 € (—m,7) \ {0},

1 16
lim sup 28 lg(re®”)]

r—00 r

< 7|sinf|.
Then, for § € (—m,m) \ {0}, as r — oo,

‘%] (ré®) < exp((T — o)r| sin 8] + o(r)).
Therefore, for such 6,

lim ‘%‘ (reie) =0.

7—00

Combining this with (4.57), we see that

lim |¢|(re®) =0

r—00

Since 1) is an entire function of exponential type, Phragmen-Lindelof principle, applied

on sectors of opening angle less than 7, shows that it is bounded in the plane, and
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hence constant. As it has limit 0 at oo, we have ¥ = 0, so
g=GeH(E,).
Finally, if g has type o, then for € € (0,1), g.(2) = g(ez) has type eo < o, so

e = G[ge}'

As g. and Glg.] converge to g and GJg] respectively, uniformly on compacta, we let

¢ — 17; and obtain

(iii) Let g € H(FE,). Then g/E,, g x /E, € H*(CT). Since F, is of exponential
type o, we claim that g has exponential type at most o. Recall that {t;,} = {t;n(&,)}
are the quadrature points for p including &,. Fix [ > 1. By the Gauss quadrature
formula (4.2), and the fact that K,,(¢;,,ts,) = 0 for j # k,we have

2

Koty s) C— lelop)P
/ > ole) g k| due) = Y P

i<t n(tjn:tjn <t
Let us make the substitution

t t

T R " R EE)

Also, recall that

Pin = n(gm €n)(tjn - 571)7
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Kn(&n +

ot ey

n(€n én n(&nyén
n aub -
Jn(a,b) K

Let r > 0. We disregard the singular part of u, we obtain for large n

2
| Inlosnt) | ot ), 5 ool
/ ]z;lg fn(pjmpjn) :u/(fn) = 1<t fn(pjmpjn)'

(4.58)

As n — oo through S, the right-hand side converges to

Z lalp)* Z lalp)*

||<lf Pi» Pi) ]__Oof Pjs Pj)

As we mentioned earlier, uniform convergence of f,(0,z) to f(0,z) forces the zeros

{pjn} of fn to converge to those of f. Therefore,

Zg fn _In(Pjn, 1) t) N Zg(p}) f(pj;t)

i<l fn(p]mpjn) i<l ’ f(p%pj).

Let G,(t) denote the right-hand side of the above equation. By Fatou’s lemma

2

/ﬁl(gn + ~+)
lim inf / Zg fn ik ‘) /Kn(£n,£n) dt
n—00,n€S . <! fn( ]n;p]n) % (fn)

r (én )
> |G (t )|2 lim inf K"(gn én)

—r n—oo,n€S <€n>

dt

under our hypothesis (4.51). If we assume (4.52), we write the left-hand side of (4.58)
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as
2
/ Zg fn pjna ) dt
= fn(p]n,pjn)
2
1 (En + )
/ Zg p] n p]n7 ) /K’VL(Sn»gn) - 1 dt
T Sulpin pin) 1 (&n)
S T{(
Gi(t)|“dt + o(1) + O / e N 7/
- [Jtoraom o[ =58
/ |Gy (t)|*dt + o(1).
Hence,
9(p;)
C / Gi(t)|“dt < 4.59
0 [ 1640 ]_Zoofpj,py 459

where Cy = 1 if we have (4.52). Since g € H(E,), G[g] belongs to H(E,) as well, by
Theorem 4.12ii. In this regard, we can proceed as in the proof of Theorem 4.13ii; and

deduce
/|g (t)]2dt — 0 as | — oo.

We then write (4.59) as

= fps0p) p],pj

Letting r — oo gives

o [Tlap< Y 0 (4.60)

je—oo f Pj p]

Therefore, g € Ly(R), and of exponential type at most o, so g € PW,. We have shown
that H(E,) C PW,. Combining this with Theorem 4.13ii gives H(E,) = PW,. It
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remains to prove equivalence of the norms. We first note that F' ¢ H(E,). We could
suppose for a contradiction that F' € H(E,). Since F(p;) = 0 for all j, Theorem 4.13ii
shows that

a contradiction. Then (4.43) and (4.60) shows that

ol = [ | 2]

In the other direction, as f(p;, p;) ~ 1 uniformly in j, (4.55) shows that

|g(pj)!2 2
> Cng” 2
f(/?j,/)j) L2(R)

j—foo

19(pj)
Il9ll%, = Z i e <02Hg\|2LQ<R>
J’ J

j—foo

4.4.1. Proof of Theorem 1.4

(i) This follows directly from Lemma 4.2.
(ii) This part was proven in Lemma 4.2 and Theorem 4.13. We only need to justify
the hypothesis (4.50) that f(¢,t) ~ 1 for t € R. This was shown in Lemma 4.3i.
(iii) This follows from Theorem 4.10.
(iv) This follows from Theorem 4.13. To see that hypothesis (4.51) holds, we will

recall that there exists C' > 1,

in some open set O containing the compact set J where the sequence {¢,} belongs
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to. By (4.61), there exists € > 0, for all |¢t| <,

Pl tt) C

W)
for some Cj. Since K’n(fn,fn) = (&) Kn(&n, &) 2 C7n, for ant t € R we have,

e

<€

for sufficiently large n. Therefore,

:u/ (fn + —t )
lim inf Kn(€n én)

> .
n—00 w(&n) °
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5. CONCLUSION

The interplay between the universality limits and orthogonal polynomials is a very
active and growing field. In this thesis we have only attempted to expose a slice of
results that we believe are coherent and could be presented in a self-contained manner.
In order to give a taste of other work in this field we would like to cite some related

work and theorems without their proofs.

In the last few years, D.S. Lubinsky has produced a number of exciting papers
establishing universality limits. In this Master’s thesis, the methods presented in [§]
and [9] has been taken under review. In [8], he uses ideas from orthogonal polynomials
to prove new results about universality limits that do not require regularity of the
measure involved. Beginning with a finite positive Borel measure p with compact
support on the real line, we first define orthonormal polynomials p,, with respect to .

We denote by

n—1
Ka(z,y) = pe(@)pe(y)
k=0
the corresponding reproducing kernel and by

Ku(z,y) = 1/ ()21 (y) Ko (2, y)

the normalized kernel, where ' is the Radon-Nikodym derivative of p with respect to
the Lebesgue measure. Assume that p is absolutely continuous in a neighborhood of a
point z in the support and that p’ is bounded near x, where x is a Lebesgue point of
(/. Then, we have been interested in the limit

Kp(z+%,2+%)

li =1 A
n300 K,(z,) ’ (5.1)

where a belongs to the compact subsets of the real line; and, more generally, in the
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limit

. Kp(z+%z+2)  sinm(a—b)
lim =

n—00 K, (z,r) o m(a—0b) ’ (5.2)

where a,b belongs to compact subsets of the complex plane. It has been proven in
Theorem 1.1 that the equalities (5.1) and (5.2) are equivalent. More importantly, the
above limits are uniform in a compact subset J of the support where p’ is absolutely
continuous in a neighborhood of J. In this framework, it was proven that the family

of functions {f,(.,.)} with,

Kn n g7 n Q
fo(ab) = (SKJE; 2 >+n)7

where {&,} is an arbitrary sequence from .J is a normal family of functions over C?; and
any limit of f(.,.) of a subsequence of f,(.,.) is entire of exponential type ¢ in both
variables for some positive real number o. This limit function f(.,.) is the so-called
universality limit. Theorem 1.4 asserts that, under some mild conditions on u, the
universality limit is the reproducing kernel of de Branges space which is isomorphic to
a classical Paley-Wiener space. All of these arguments are present in [8] and [9]. In

this context, aforementioned de Branges space is denoted by H(E,), where

_ g @ 2)f@)
B =T e

The isomorphism in Theorem 1.4 means that H(E,) and PW, are equal as sets, and
have equivalent norms. This does not imply isometric isomorphism; therefore the inner
products on these two spaces need not be equal. Recalling that the reproducing kernel

in PW, is

which is called “sinc kernel”; the function f(.,.), which is the universality limit and the

reproducing kernel of H(E,), need not be a sinc kernel. In [16], Lubinsky addresses
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this question: given such a universality limit f(.,.), how far is f(.,.) from being a sinc

kernel? To this end, the author defines an operator L : Ly(R) — Lo(R) as

If f is the sinc kernel of PW,, then for h € PW, we would have L[h] = h. Thus,
to measure how far f is from the sinc kernel of PW, one may consider the difference
h— L[h] for all h € PW,. Theorem 1.5 in [16] addresses this question. The author also
gives conditions when the universality limit f is indeed the sinc kernel in Corollary 1.6

in [16].

Aside from these techniques that can be used to establish universality limits in
the bulk, Lubinsky applies a wide variety of methods for establishing universality at the
hard or soft edge of the spectrum. In [17], the author proved that the universality at
the hard edge (endpoints of the support of the measure) for arbitrary parameters a, b is
equivalent to universality in the diagonal case (a = b). Avila, Last and Simon [6] have
shown that these methods can be adapted to prove universality for measures whose

support is a Cantor set of positive measure.
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