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ABSTRACT

POSITIVE DEFINITE FUNCTIONS ON SPHERES

Positive definite functions play a central role in approximation theory as in
many other areas of mathematical research. The methods for data interpolation on
spheres can be effectively used for analysis of large data sets arising from geosciences.
In this endeavor, studying positive definite functions on spheres is essential. The
characterization of positive definite functions on spheres in R using ultraspherical
polynomials is given by I. J. Schoenberg in his celebrated 1942 paper “Positive
Definite Functions on Spheres” where he also characterizes positive definite functions
in the unit sphere of a real Hilbert space utilizing the cosine function. In this thesis,
our aim is to expand the underlying ideas in Schoenberg’s characterization of positive
definite functions and review the results on some of its extensions. For this purpose,
we firstly present the fundamental results in the theory of positive definite functions.
We also review basic concepts in ultraspherical polynomials in which we present a
proof of the addition formula for ultraspherical polynomials by simplifying the one
in Nielsen’s book as much as possible. Then, we analyze the proofs of Schoenberg’s
characterization of positive definite functions on finite and infinite dimensional unit
spheres. Finally, we introduce strictly and conditionally positive definite functions

and review some partial results on their characterizations.



OZET

KURE UZERINDE POZITIF TANIMLI FONKSIYONLAR

Pozitif tanimlh fonksiyonlar matematigin diger bir¢cok alaninda oldugu gibi,
yaklagim teorisinde de merkezi bir rol oynar. Kiire tizerinde veri interpolasyon metot-
lar1, yerbilimlerinde ortaya ¢ikan genig veri kiimelerinin analizi i¢in verimli bir gekilde
kullanilabilmektedir. Bu durum kiire tizerinde pozitif taniml fonksiyonlari ¢aligmay1
onemli kilar. Pozitif tanimlh fonksiyonlarin ultra-kiiresel fonksiyonlari igeren karak-
terizasyonu, 1942 yilinda I. J. Schoenberg tarafindan yazilan “Kiire Uzerinde Poz-
itif Tanimli Fonksiyonlar” adli makalede verilmistir. Yine bu makalede Schoen-
berg, gercek Hilbert uzayi iizerinde pozitif tanimli fonksiyonlari, kosintis fonksiy-
onundan yararlanarak karakterize etmistir. Bu tezin amaci, Schoenberg’in pozitif
tanimh fonksiyonlar i¢in yaptig1 karakterizasyonlarin temelindeki fikirleri aciklamak
ve bu tiir fonksiyonlarin bazi genellemeleri tizerindeki neticelerin bir 6zetini sun-
maktir. Bu amacla, oncelikle pozitif tanimlh fonksiyonlar teorisindeki temel net-
iceler sunulmusgtur. Bunun yanisira, ultra-kiiresel fonksiyonlar konusuna iligkin
temel kavramlarin tizerinden gecilmistir. Ultra-kiiresel fonksiyonlar i¢in toplama
formiiliiniin ispat1 da Nielsen’in kitabindaki ispati miimkiin oldugunca sadelestirilerek,
yine bu boliimde verilmigtir. Daha sonra, Schoenberg’in sonlu ve sonsuz boyutlu
kiire tlizerinde pozitif tanimh fonksiyonlarin karakterizasyonlarini igeren teorem-
lerinin ispatlar1 ¢oziimlenmistir. Son olarak da, tam ve kogullu pozitif tanimlh
fonksiyonlar tanitilip, bu tiir fonksiyonlarin kiire iizerinde taniml olanlar: i¢in ver-

ilen karakterizasyonlar1 iceren kismi neticelere deginilmistir.
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1. INTRODUCTION

In practical applications over wide fields of study one often faces the problem
of reconstructing an unknown function f from a finite set of data. These data
consist of data sites X = {z1,...,2n} and data values f; = f(z;),1 < j < N,
and the reconstruction has to approximate or recover the data values at the data
sites usually from a class of functions. In other words, a function s is sought that
either approximates the data, s(x;) = f;, or interpolates the data, i.e. that satisfies
s(xzj) = f;,1 < j < N,. The former case is in particular important if the data have

noise [1].

In many cases, the data sites are scattered, i.e. they bear no regular structure
at all, and there is a very large number of them. In some applications, the data sites
also exist in a space of very high dimensions [1]. Some of the methods used to solve

this problem are spline methods, radial basis functions, least squares etc..

In the univariate setting, polynomial interpolation is a useful tool. However,
it is a well established fact that a large data set is better dealt with by splines,
i.e. piecewise polynomials, than by polynomials. In contrast to polynomials, the
accuracy of interpolation process using splines is not based on the polynomial degree

but on the spacing of the data sites [1].

Spline methods usually require a triangulation of the data set in order to define
the space from which we approximate, unless the data sites are in a very special
position, e.g. gridded or otherwise highly regularly distributed. The reason for this is
that it has to be decided where the pieces of the piecewise polynomials lie and where
they are joined together. Moreover, it then has to be decided with what smoothness
they are joined together at common vertices, edges etc. and how it is done. This
is not trivial in more than one dimension and it is highly relevant in connection

with the dimension of the space. The quality of the spline approximation depends



strongly on triangulation itself, but triangulations or similar structures (such as
quadrangulations) can be very difficult to provide in more than two dimensions.
This is one of the severe disadvantages of piecewise polynomial techniques [2]. For
further details about the triangulation process, one may consult on [3, p. 420], for

example.

In the multivariate setting, although spline interpolation is tough to handle,
it gives a motivation for a framework in higher dimensions. In this alternative
approach, called Radial Basis Function Method, instead of using splines, one can
form the approximant by taking finite linear combinations of translates of a radially
symmetric basis function, say ¢(|| - ||) where || - || is the Euclidean norm. Radial
symmetry means that the value of a function depends only on the Euclidean distance
of the argument from the origin, and any rotations thereof make no difference to the
function value [2]. The simplest example is, [2], for a finite set of centers X C R™,

we can form the space of approximants S by

S={Y a;ll-—a | R}. (L)

ijX

Here the radial basis function is simply ¢(r) = r, the radial symmetry stemming
from the Fuclidean norm || - ||, and we are shifting this norm in (1.1) by the centers

.T]'.
More generally, radial basis function spaces are spanned by translates
ol - —z; 1), =z €X,

where ¢ : [0,00) — R is a given, continuous function, called radial basis function.

Therefore approximants have the general form

s(x) =Y ajp(| v —x; ), for xeR™ (1.2)

T ex



with real coefficients a;. In certain cases, low-degree polynomials have to be added
but we will not discuss this until the last chapter. Other most common examples of
radial basis functions ¢(r), for r =|| z —y ||, =,y € R", are

e Thin plate splines: ¢(r) = r**logr (k =1,2,..., ),

e Multiquadrics: ¢(r) = (r? +¢*)? (¢ >0,0< B < 1),

e Inverse multiquadrics: ¢(r) = m (¢>0,8>0),

e The Gaussians: ¢(r) = e~ (a > 0),

Logarithmic: ¢(r) = log(r? + ¢?).

A good choice of the radial basis function is important for the quality of the
approximation and for the existence of the interpolants. The constants in the above
examples are usually adjusted using experimental techniques. More examples and

approximation properties of the above functions can be found in [1], [2].

Now it is apparent that radial basis functions allows to work for large dimen-
sional spaces because the function reduces the multivariate setting to the univariate
setting. Further remarkable properties of radial basis functions that render them
highly efficient in practice are their easily adjustable smoothness and their powerful

convergence properties [2].

In fact, several results hold if we replace ¢(|| - — z; ||) in (1.2) with a more
general function ¢ : 2 x 2 — R. Of course the latter case can only work if X C (.
We will call such a ® a kernel rather than a function. Now, we can restate our
interpolation problem: Given the data values fi,..., fy at given data sites X =
{z1,...,zx} CR™, choose a fixed function ® : Q2 x @ — R and form the interpolant

as
N

s(x) = Z ap®(z, xy) (1.3)
k=1

where the coefficients oy, are determined, if possible, by the interpolation conditions

s(z;) = f;, 1<j<N. (1.4)



This is equivalent to asking for a non-singular interpolation matrix

Ap x = (P(7), 7)) 1<j k<N (1.5)

There are certain cases that ensure the invertibility of the interpolation matrix. One
of them is that if the interpolation matrix is positive definite, then it is invertible;
thus the interpolation problem is well-posed. Also, positive definiteness of the matrix
enables to use efficient algorithms like conjugate gradient method [3]. Hence, when
forming the interpolant, choosing a kernel ® that generate a positive definite matrix
will greatly facilitate the analysis. This leads to the definition of positive definite

kernels.

Definition 1.1. A continuous kernel ® : Q x Q — C s called positive definite on
Q CR™ if, for all N € N, for all sets of pairwise distinct centers X = {xq,...,xn} C

R™ and all o« € CV, the quadratic form

ZZaja_kQ)(xj,xk) (1.6)

j=1 k=1

is nonnegative. The kernel ® is called strictly positive definite on Q0 C R™ if the

quadratic form is positive for all « € CN \ {0}.

The theory of positive definite functions is well studied. In fact, positive
definite functions and their various analogues and generalizations have arisen in
diverse parts of mathematics since the beginning of this century [4]. They occur
naturally in Fourier analysis, probability theory [5], operator theory [6], moment
problems [7], integral equations [8], boundary-value problems for partial differential
equations, embedding problems [9], machine learning [10], and other areas. Mathias
[11], was the first person to define and study the properties of positive definite
functions of a real variable. But according to [4], he apparently did not realize
that more than a decade previously Mercer [8] and others had considered the more

general concept of positive definite kernels in research on integral equations.



There is a close connection between positive definite kernels and the reproducing-
kernel Hilbert spaces which is well covered in Aronszajn’s classical paper, “Theory
of Reproducing Kernels” [12]. Before showing this connection, we recall the basic
concepts related to the theory of reproducing kernels following mostly [13] and [1].

Here, we state only the results. For the proofs one may consult on [12, 13, 1, 14].

Definition 1.2. Let F be a real Hilbert space of functions f : Q0 — R. A function
d: QO xQ— R s called a reproducing kernel for F if

i. ®(-,y) € F forally € Q.
ii. fly)=(f,P(,y))F forall f € F and all y € Q.

It follows from the definition that the reproducing kernel of a Hilbert space is

uniquely determined.

Theorem 1.3. Suppose that F is a Hilbert space of functions f : Q0 — R, and F*

15 the dual space of F. Then the following statements are equivalent:

i. the point evaluation functionals are continuous, i.e. 6, € F* for all y € Q.

1. F has a reproducing kernel.

A reproducing-kernel Hilbert space has several properties:

Theorem 1.4. Suppose that F is a Hilbert space of functions f : € — R with

reproducing kernel ®. Then we have
0. (I)(:an) = ((I)(ax)a (I)(’y))]_— = (dméy)}—* fOT' T,y € Q;
ii. ®(z,y) = @(y,z) for z,y € €,
wi. if f, fn € F, n €N, are given such that f, converges to f in the Hilbert space

norm then f, also converges pointwise to f.

Our next result discloses the connection between reproducing-kernel Hilbert

spaces and positive definite kernels.

Theorem 1.5. Suppose that F is a reproducing-kernel Hilbert function space with
reproducing kernel ® : Q x Q@ — R. Then & is positive definite. Moreover, ® 1is



strictly positive definite if and only if the point evaluation functionals are linearly

independent in F*.

Hence, the reproducing kernel of a function space F leads to a real valued pos-
itive definite kernel. If the function space F is a complex vector space containing
complex valued functions everything said so far remains true with mild modifica-
tions. In particular, the reproducing kernel is now a complex valued positive definite

function [1].

So far, we have seen that a positive definite kernel appears naturally as the
reproducing kernel of a Hilbert function space. But since we normally do not start
with a function space but with a positive definite kernel we are confronted by the
problem of finding the associated function space that has this kernel as the reproduc-
ing kernel. Although this is not trivial, we can construct the corresponding Hilbert

function space for a strictly positive definite symmetric kernel ® : Q x Q — R [13],

[1].

Definition 1.6. If a (strictly) positive definite kernel ® : Q@ x Q — R is the repro-
ducing kernel of a real Hilbert function space F of real valued functions on ), then

F is called the native space for ®.

Theorem 1.7. Any strictly positive definite kernel ® on some domain 0 has a

unique native space. It is the closure of the space
N
.Fq;(Q) = {Z&j@(',l’j) | % ER, NEN, X S Q} (17)
j=1

under the inner product



for all x,y € ). The elements of the native space can be interpreted as functions via

0:(f)=(f,®(-,x))e forall ze€Q,fec Fo(). (1.9)

Note that (1.9) makes sense since point evaluation functionals d, extend con-
tinuously to the completion.

In many cases, the domain €2 of functions allows a group T of geometric trans-

formations, and the Hilbert space F is invariant under this group. This means

that

foT e F

and

(f OT7g OT)]: = (f7 g)]: (110)

forall f,ge F,and T € T.

The invariance of the function space is inherited by the kernel.

Theorem 1.8. Suppose that the reproducing-kernel Hilbert function space F s in-

variant under the transformations of T; then the reproducing kernel ® satisfies

O(Tx, Ty) = ®(z,y)

forall z,y € Q and all T € T.

By some easy additional arguments one can read off the following invariance

properties inherited by reproducing kernels ® from their Hilbert spaces F on €2 [13]:

e Invariance on 2 = R™ under translations from R™ leads to translation invari-



ant functions ®(z,y) = ¢(x — y) with ¢(x) = ¢(—x) : R™ — R.

e In case of additional invariance under all orthogonal transformations we get
radial functions ®(z,y) = ¢(|| x—y ||) with ¢ : [0,00) — R. Thus, radial basis
functions arise naturally in all Hilbert spaces on R™ which are invariant under
Euclidean rigid-body motions.

e Invariance on the sphere §™ under all orthogonal transformations leads to
zonal functions ®(z,y) = ¢(z - y) for ¢ : [-1,1] — R where z - y denotes the
usual dot product of x and y.

e Spaces of periodic functions induce periodic reproducing kernels.

The paper [15] introduces the theory of basis functions on general manifolds, and

corresponding error bounds can be found in [16].

There has been an increasing awareness of the importance of approximation
on the sphere with applications to meteorology, oceanography, jeodesy etc.. See [17]

for other applications.

Over the last several years, there has been much fundamental work done by
Freeden and colleagues [18] as well as by Wahba [19], [20] concerning approximation
on 8™ [21]. Nevertheless, even though positive definite functions on spheres were
introduced and characterized long ago by Schoenberg [9], the approximation power

of such functions on 8™ has not yet been nearly as well understood as on R™ [21].

Schoenberg, [9], showed that a continuous function f was positive definite (see

Definition 2.1) on 8™ if its expansion in ultraspherical (or Gegenbauer) polynomials,

f(cos) = f: anPW (cos )

n=0

had all a,, > 0 where A = 3(m — 1).



In his article [9], Schoenberg also investigated what happens if the space di-

mension tends to infinity.

The fundamental aim of this thesis is to analyze the ideas given in [9] and
present them in a self contained way. The rest of the thesis is organized as follows.
In Chapter 2, we give some notations, definitions and preliminary results in the

theory of positive definite functions.

For his celebrated result mentioned above, Schoenberg uses the addition for-
mula for ultraspherical polynomials. To make the proof of the formula more acces-
sible, in Chapter 3 we give the proof in [22] by simplifying it as much as possible.
Since the ideas given in the proof of the addition theorem and also other notions in
the article require considerable amount of knowledge on ultraspherical polynomials,

we give these results in Chapter 3.

Chapter 4 is devoted to positive definite functions on spheres. First, we analyze
the proof of the theorem which characterizes positive definite functions in 8™ in
terms of ultraspherical polynomials. Then, using the results in &™, we prove a
theorem which characterizes positive definite functions in §* utilizing the cosine

function following [9].

In Chapter 5, we mention several extensions of positive definite functions which
are useful in scattered data interpolation. Firstly, we give the definitions of strictly
positive definite functions and conditionally positive definite ones. Then, we review

the results on the characterization of such functions on S™.
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2. POSITIVE DEFINITE FUNCTIONS

In this chapter, we present the definition and basic properties of positive def-
inite functions. After some examples of positive definite functions, we give two
characterizations for them, one of which is due to Bochner [23], and the other is

established by Schoenberg [24]. This chapter is mostly based on Wendland’s book

[1].
2.1. Definition and Basic Properties of Positive Definite Functions

In Chapter 1, we have already defined positive definiteness for arbitrary ker-

nels. Now, we define it for complex valued functions on arbitrary metric spaces.

Definition 2.1. Let M be a metric space with the distance function pq. A complez-
valued continuous function g(t) (0 < t < diameter of M) is said to be positive
definite in M if we have

> a;ang(pip) > 0, (2.1)
jik=1
for any n points pi,...,p, of M, arbitrary a; € C, and for all n € N. The function

g(t) is called strictly positive definite on M if the quadratic form (2.1) is positive
for all a € C*\ {0}, for all n € N.

We denote the class of positive definite functions by the symbol B(M).

Theorem 2.2. B(M) enjoys the following closure properties:

i. If g1(t) € B(M), go(t) € B(M), then also c1g1(t) + cago(t) € B(M), provided
c1>0,c>0.
ii. The same assumptions imply also that g1(t)g=(t) € B(M).
iii. If g (t) € B(M), gm(t) = g(t) as m — oo, and g(t) is continuous, then also
g(t) € B(M).
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Proof. (i) Assume g;(t) and go(t) are positive definite functions in M. Let pq, ..., p,
be arbitrary n points of M, and «; € C be arbitrary. Then, for all n € N, the

quadratic form

Z ;g [c1g1(pipr) + caga(pipr)] = a1 Z ajag1(pjpr) + 2 Z ;0% G2 (PjPk)
Jk=1 Jk=1 k=1

is nonnegative for ¢; > 0, ¢ > 0, since ¢;(t) and g;(t) are positive definite on M.

Hence, ¢191(t) + cago(t) is also positive definite on M for ¢; > 0, ¢3 > 0.

(ii) Since go(t) is positive definite, the matrix Ay, x = [g2(ip))]ij=1,..n 1S
positive semi-definite and hermitian. Then, there exist a unitary matrix U € C"*",
U = [ug), (UUT = I), such that Ay, x = UDU", where D = diag{\, ..., \,} is the
diagonal matrix with eigenvalues 0 < Ay < ... < A, of Ay, x as diagonal entries.

This means that
92(Pipj) = > wkTEAk.
k=1
As ¢1(t) is positive definite, we have

n
0Ag g x0 = Zaza_j91(pzpj)g2(plpj)
l,j=1

= Z ;g1 (pip;) Z Ui Uik Nk
k=1

Li=1

= Z A Z Q0GR (Dip;)
=1

J=1

v

A1 Z g1 (pip;) Z Wik Uj
k=1

lj=1

= A |a’g:(0).
=1

The last expression is nonnegative for all & € C” since taking n =1 and a1 = 1 in
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(2.1), we have

(iii) Assume g,,(t) are positive definite functions in M for all m € N. Let
p1, ..., pn be arbitrary n points of M, and «; € C for 1 < j < n given. Then, for all
n € N, it follows that

D 5Ty (pipe) = 3, 0@ Hm gn(pipe) = lim > ai@igm(pips) 2 0.
Jk=1 k=1 PR

The last inequality follows from positive definiteness of g,,, for all m € N. n

Now, if we take M = R™, and the distance function as the Euclidean distance,

then for a positive definite function ® : R™ — C, we have

Z ajop®(z; —x) >0 (2.2)
jk=1

for all pairwise distinct x1, ..., 2, of R™, for all n € N, and for all o; € C. Moreover,

the following additional properties are satisfied.
Theorem 2.3. Suppose ® : R™ — C is a positive definite function. Then,

i. ©(0) >0

ii. ®(—x) = ®(x) for all x € R™.
iii. ® is bounded. More precisely, |®(x)| < ®(0) for all x € R™.

Proof. (i) This follows by choosing n =1 and ay = 1 in (2.2).
(i) Settingn =2, oy =1, ay=¢, x3 =0, x9=2xin (2.2) gives

B(0)(1 + |c?) + () +ed(—z) > 0
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for every ¢ € C, and so ¢®(x) + ¢®(—x) is real for every ¢ € C. Setting ¢ = 1, we
have that ®(z) + ®(—=x) is real; setting ¢ = ¢, we see that i(®(x) — &(—x)) is real.

This can only be satisfied if ®(z) = ®(—x). This proves the second property.

(iii) Taking n = 2, oy = |®(x)], @ = —D(x), p1 =0, py =2z in (2.2)

and using ®(—z) = &(z) gives
21 () *B(0) — 2|(x)[* > 0.

If ®(x) = 0 then we have seen from the first property that ®(0) > 0 and (2) follows.
If not, then |®(z)| < ®(0) for all z € R™. O

Example 2.4. Let y € R™ be fixed. Then, the function
(I)y(x) ="y

is positive definite on R™ since

i i Oszé_k;(I)y(ZEj - ZL‘k) = i i a/ja_kei(xj_ﬂck)'y

j=1 k=1 j=1 k=1

n n

= E (xje”f'yg e RY
j=1 k=1

n 2
ATy

E aje

=1

207

for all o; € C, n € N, and all pairwise distinct points x4, ..., z, of R™.

One can observe by Theorem 2.3(i) that if a positive definite function is real
valued then it must be even. Conversely, for an even real valued function it suffices
to show that the quadratic form is nonnegative for all & € R™. This leads to the

following theorem:

Theorem 2.5. Suppose that ® : R™ — R is a continuous function. Then ® is

strictly positive definite if and only if ® is even and we have, for alln € N, for all
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a € R"\ {0}, and for all pairwise distinct x4, ..., z, € R™,

Z Z@jakq)(:cj —xy) > 0. (2.3)

j=1 k=1

Proof. 1f ® is strictly positive definite then it is even by the previous theorem; by
definition of positive definiteness (2.3) is satisfied. Conversely, if ® is even and
satisfies (2.3), then we have for a; = a; + ib;

SN @z —ak) = > ) (ajap+ bib)®(a; — )

j=1 k=1 j=1 k=1

i > aph[@(x; — xx) — Dz — ay)].

j=1 k=1

As @ is even, the second sum on the right hand side is zero. The first sum is
nonnegative because of the assumption and vanishes only if all the a;’s and b;’s

vanish. ]

Definition 2.6. Let 8™ be the m-dimensional unit sphere on the Fuclidean space

R™ L with norm || - ||, which is defined by
S"={peR"": |p|=1}

The spherical distance (or geodesic distance) between two points p,p’ € 8™ is defined

as the length of the shorter part of the great circle joining p and p’ or, in other words,
pp' = dist(p,p’) = arccos(p - p')

where p; - pi denotes the usual dot product of p; and py,.

Example 2.7. g(t) = cost is positive definite for ¢ € [0, 7] on every S™.

Proof. Let pq,...,p, be n arbitrary points and o be the center of $™. For n real
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variables aq, ..., a,, we have

n n
Z ajay cos(pipr) = Z Q;0D;j * Pk

jk=1 jk=1

= (Z%‘pa‘) : (Zakpk)
j=1 k=1

- [
j=1

> 0.

]

Example 2.8. The Gaussian ¢(t) = e‘CHt”2, ¢ > 0, is positive definite on every R™.

Proof. For arbitrary n points py, ..., p, of R™, we have by the Cauchy-Schwarz in-
equality

s = pell* < 2(llp; 1I* + llpkll*),

and since e~ is a monotone decreasing function on [0, c0) for ¢ > 0,

€—C||I?j—10k||2 > 6—20(||ij2+||PkH2)_

Therefore, for n real variables aq, ..., ,, we have

Z Oédek¢<pj —pk) = Z Odjake*C”pj*Pk”Q

J,k=1 k=1

n
_ 12 2
> E :ozjozke 2¢(llp; 112+ llpx 1)
jk=1

n
_ 12 2
- E ajage 2¢llp; 11 g=2¢llp |l

J,k=1

n
“aellps 12 2
= (Zaje J ) > 0.
j=1
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2.2. Integrally Positive Definite Functions
There is another characterization of positive definite functions using an integral
analogue of (2.2).

Theorem 2.9. A continuous function ® : R™ — C is positive definite if and only

if ® is bounded and satisfies

[ [ ey = o (2.4

for all test functions ~y from the Schwartz space S(R™).
For detailed information about S(R™), see [25] or [26] for example.

Proof. Suppose that ® is positive definite Then, ® is bounded by Theorem 2.3, and
since v € S decays rapidly, the integral (2.4) is well-defined. Moreover, for every

€ > 0, there exist a closed cube W C R™ such that

[ [ o, ot s <

But the double integral over the cubes is the limit of Riemannian sums. Hence we

can find z1,...,x, € R™ and weights wq, ..., w, such that

n

‘/ / (== (y)dady — - ®(x; — ap)y(w)wry (on)or| <

i,k=1

DN ™

This means that

n

[ #am ittty — 3 8o~ syt < o

ik=1

Letting € tend to zero and using that & is positive definite the above inequality

shows that (2.4) is true for all v € S(R™).
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Conversely, assume that ® is bounded and satisfies (2.4). Our aim is to find a

sequence of v;’s, v, € S, satisfying

n

> Oz — %Oék—llggo/ / (x — y)n(x)nly)dedy

Jk=1

allowing us to bound the left hand side through (2.4). To this end, we first show
that

|| e ur@n@ideds = | @) «Fia)ds

where J(z) = y(—x). Indeed, letting s = x — y and 7 = —y, we have by change of
area formula and Fubini’s theorem

/ . / (@ —y)y(@)(y)dedy =

O(s)y(s — 7)y(—7)drds

m m

) (3)</Rm7(s—7') (T )dT)dS

() (7 *7(s))ds

N

i

m

A

I
———
o

m

Next, let x1,...,x, € R™, aq,...,qa, € C, and

Y= =Y ajgul-— ;)

3|~

where g;(z) = (L)Z e U#I” (see Theorem (A.4)). Then,

(v *%)( Z a;agg(r — — ). (2.5)

7,k=1
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To see this, we use to compute the Fourier transform of 7, as A.4(ii),

= —_—
Z Oéijj gai (w>
j=1

n
— N A 2
(27‘(‘) m/2 E :ozje Wiz, ||w||2/8l'

Jj=1

Then, we utilize Theorem A.3(iv), A.4(ii), and A.3(iii) to conclude

()" (w)

(2m)" 2|3 (w)

(27.‘_)—771/2 Zaje—ina:j 26—Hw||2/4l
j=1
> agare g w)
k=1
> 0 (T, —a9) (W)
k=1
n o A
(> asamal = (@ - w) (@)
k=1

Thus, (2.5) follows from [25, p. 252]. Finally, we use Theorem A.4(iii), to get

Z a;ap®(z; — xy)

jk=1

Z a;ay lim @(x)gl(x — (z; — xy))dx

=1 l—00
Js

lim Z a;agg(x — — x,))dx

l—o00
7,k=1

lim [ ®(z)(y*%)(x)dz

l—00

lim/ / (z — y)y(x)y(y)dedy > 0.
l—o00 m m

Hence, ® is positive definite on R™. O
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2.3. Bochner’s Characterization of Positive Definite Functions

Bochner’s characterization of positive definite functions is based on Fourier
transforms. More precisely, if ® is continuous and integrable on R™ with an inte-

grable Fourier transform {I\>, then the Fourier inversion formula (A.2) entails

d(z) = (2m) "2 / D (w)e™ “dw.

m

This means that a quadratic form involving ® can be expressed as

Z ajap®(z; — ) = (2m)"™/? Z &ja_k/ D (w)e™” @24
Rm

Ji.k=1 j.k=1

= (27?)_’"/2/ &D(w)|2aje”?w}2dw.
R™ =

Hence, if d is nonnegative then the function ® is positive definite. In fact, every
positive definite and integrable function has an integrable Fourier transform, [26].
For a non-integrable function, we will characterize every continuous positive definite

function as the Fourier transform of a nonnegative finite Borel measure .

Theorem 2.10 (Bochner). A continuous function ® : R™ — C is positive definite
on R™ if and only if it is the Fourier transform of a finite nonnegative Borel measure

o
won R™ qe.,

We do not include the proof of this standart result here. The interested reader
should consult on [27]for Bochner’s original proof, and on [28] or [29] for alternative
approaches. Several proofs for this theorem can be found in the literature. Bochner’s
original proof can be found in [27]. A proof that uses the Riesz representation
theorem to interpret Borel measures as distributions, and that takes advantage of

distributional Fourier transforms can be found in [1].
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2.4. Schoenberg’s Characterization of Positive Definite Functions

In the previous section we saw that translation invariant positive definite func-
tions can be characterized via Fourier transforms. Since Fourier transforms are not
always easy to compute, we now present an alternative criteria that allows to decide
whether a function is positive definite and radial on R™. We start with a brief review

of basic facts about completely monotone functions. For details, see [1].
Definition 2.11. A function ¢ € C*°(0,00) is called completely monotone on (0, 00)
if

(=1)"6™(r) 2 0,
for alln = 0,1,2... and all v > 0. If, in addition ¢ € [0,00), then it is called
completely monotone on [0,00).

Example 2.12. Some standart examples of completely monotone functions on

[0,00) are

i ¢(r)=c,c>0,

ii. ¢(r) =e ", a >0, since for n =0,1,2...
(_1)n¢(n) (T) — o"e " > O,
ii. ¢(r) = m,ﬁ > 0, since for n =0, 1, 2...

(=1 (r) = (=1)>"B(B+1) - (B+n—1)(1+r)7" >0

A characterization of positive definite functions can be given based on iterated

forward differences.

Definition 2.13. Let k € N. Suppose that {fj}jeN 15 a sequence of real numbers.
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The kth-order iterated forward difference is

k
AR f}(n) = AFf, = Z(—l)k*j (j) fntj, for n=0,1,2.

j=0

For a function ¢ : [0,00) — R we define the kth-order difference by

afolr) = - (5ot 40, (26)

for any r >0 and h > 0. If ¢ is defined only on (0,00) then we restrict r in (2.6)

tor > 0.

Now, we are ready to state our theorem.

Theorem 2.14. For a function ¢ : (0,00) — R the following statements are equiv-

alent:

i. ¢ is completely monotone on (0,00);

ii. ¢ satisfies (—1)"AFp(r) >0 for all ryh >0 and n =0,1,2, ...

Similar to positive definite functions, completely monotone functions have an

integral representation.

Theorem 2.15 (Hausdorff-Bernstein-Widder, [1]). A function ¢ : [0,00) — R
is completely monotone on [0,00) if and only if it is the Laplace transform of a

nonnegative finite Borel measure v, i.e. it is of the form

(r) = Lu(r) = /0 et due). 2.7)

Widder’s proof of this theorem can be found in ([30], p.160), where he reduces
the proof of this theorem to another theorem by Hausdorff on completely monotone

sequences. A detailed proof can also be found in [1].
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Having established that completely monotone functions are nothing other than
Laplace transforms of nonnegative finite Borel measures, we turn to the connection

between positive definite radial functions and completely monotone functions.

Theorem 2.16 (Schoenberg, [24]). A function ¢ is completely monotone on [0, 00)
if and only if ® == ¢(|| - ||*) is positive definite on every R™.

Proof. 1f ¢ is completely monotone on [0, 00) then Theorem 2.15 implies that there

exists a nonnegative finite Borel measure v such that

o(r) = Lv(r) = /000 e "du(t).

Therefore, ®(z) := ¢(|| = ||*) has the representation

D(z) = /0 h el gy ().

Then for arbitrary x1,...,x, € R™ and a € R", we have

n 00 n B 9
Z ;. 0(|| 25 — 1, |?) = / Z ajage =" qy (1) > 0,
0

Ji:k=1 j,k=1

because the Gaussians involved are positive definite on every R™ (see Example 2.8)
and the measure is nonnegative and finite. Conversely, suppose that ¢(|| - ||°) is
positive definite on every R™. Since ¢ is continuous at zero, by Theorem 2.14, it
suffices to show that (—1)*AF¢(r) > 0 for all 7,h > 0 and k = 0,1,2,.... where
Akp(r) is the kth-order difference defined in (2.6). This can be done by induction

on k.

For k = 0 we have to show that ¢(r) > 0 for all r € (0,00). To this end, we

choose z; = \/7‘/263', 1 < j < n, where e¢; denotes the jth unit coordinate vector in
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R”. Since ¢(|| - ||?) is positive definite on every R” we get

0< 37 60 25— ax |P) = ng(0) + n(n — 1)o(r)

7,k=1

because || z; — xy ||> = r for j # k. Dividing by n(n — 1) and letting n — oo allows

us to conclude that ¢(r) > 0.

For the induction step, we assume (—1)*A¥@(r) > 0 for all r,h > 0 and
k = 0,1,2,.... and want to show that (—1)**'A*1¢(r) > 0. We know that a
positive definite function is nonnegative. Thus, for the induction step, it suffices to
show that if ¢(|| 7 ||*) is positive definite on every R™, then —AL@(r) is also positive
definite on every R™. Since then we can conclude that (—1)**!AM1¢(r) is positive
definite. To do this, suppose that xi,...,z, € R™ and o € R" are given. We take

the x; as elements of R™™ and define

Yj =
Tjp + \/Eemﬂ if n<jyj<2n

and
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Since ¢(|| - ||?) is also positive definite on R”+! we have

2n
0< > 8kl y; — i |I*)

7,k=1
n n 2n
= > gl w1 =Y Y st w — i [P+ 1)
7,k=1 =1 k=n+1
2n n 2n
= > > etz =z P+ + D narnd(| 25 — ke P+ 1)
j=n+1 k=1 Jrk=n+1
=2 ajan[o(]| @ — i |*) — oIl 25—z |* + 1))
7,k=1
=2 aadig(] - [P
j,k=1

Thus, —A}¢(r) is also positive definite on every R™. ]
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3. ULTRASPHERICAL POLYNOMIALS

In this chapter, our main concern is the addition formula for ultraspherical (or
Gegenbauer) polynomials. This formula plays a fundamental role in Schoenberg’s

characterization of positive definite functions. Explicitly it is

PW(cos By cos By + sin by sin 6 cos ¢) = PV (cos ;) P (cos 6,) (3.1)

+ Z P HS) (cosfy)(sinby)*P Wrs)(cos 0,)(sin 92)5P5(/\ 2 (cos @)

s,n" nNn—s n—s

with

P DA =2) T\ + s)T(2X + 25)(n — 5)! (32)
TN TA+s—3)T2A+s+n) '

where 0 < 6,605, ¢, and P is the ultraspherical polynomial of degree n and
order X. The proof of the addition formula requires information about the theory
of ultraspherical polynomials, so we firstly introduce them. Then, we give the proof
following [22]. We conclude this chapter with classical results on ultraspherical

expansions.
3.1. Definition and Basic Properties of Ultraspherical Polynomials

Ultraspherical polynomials are special cases of Jacobi polynomials and gener-
alization of Chebyshev and Legendre polynomials. Jacobi polynomials pled () can
be defined on [—1, 1] by

(1—2)*(1+2)°PP (z) = %DQ[(I — )"t (1 4 ). (3.3)

They are orthogonal on [—1,1] with the weight function w(z) = (1 — 2)*(1 + z)~.
Integrability of w(x) is achieved by requiring that o > —1,8 > —1 [31].
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For a = f, Jacobi polynomials are called ultraspherical polynomials. The

following is the customary notation and normalization [32]:

Pla+1) Tnt+2a+1) o0 (z) (3.4)

P () = '2a+1) I'(n+a+1) "

n

PA+1) T(n+2) 11 1
F(2)\> F(n -+ A + 5) 2
Hence, for ultraspherical polynomials, (3.3) becomes
-2)"T A 2\
B R Y

nIT(A)T(2n 4 20)

where we have used the following well known property of the Gamma function (see

(B.5))

1
LA\ + 5) = /m2I7RT(2)). (3.6)
Moreover, ultraspherical polynomials are orthogonal on [—1,1] with weight (1 —

22?3 for A > —1L (see §3.4).

Alternatively, we can define the ultraspherical polynomials Y (x) as the co-

efficients in the expansion

(1—2rz+r?)~ = iPy)(m)r”, (A>0, zel[-1,1], re(-1,1)), (3.7)

n=0

so that the function on the left is the generating function of the polynomials pM (x).
Several essential formulas concerning ultraspherical polynomials are given in Ap-

pendix C.
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3.2. Special Cases of Ultraspherical Polynomials

The simplest case of ultraspherical polynomials is when A = 0. In this case,
ultraspherical polynomials are called Chebyshev polynomials of the first kind and
they are denoted by T),(x). That is,

T, (cos ) = P9 (cos ) = cosnb. (3.8)
They satisfy the orthogonality condition

1 s
/ To(2) T (x)(1 — $2)_%d:c = / cosnf cosmbdfh = 0,
- 0

1
for n # m. For this case, the addition formula for ultraspherical polynomials (3.1)
reduces to the well known cosine addition formula

cosn(fy — 03) = cosnby cosnby + sinnb; sin nhy (3.9)

which can be seen by letting ¢ = 0 and A — 0in (3.1) [31]. Also, (3.9) explains why
(3.1) is called the addition formula.
For \ = %, ultraspherical polynomials P (x) are called the Legendre polyno-

mials which are denoted by P, ().

All formulas and theorems concerning Legendre polynomials can be obtained
immediately from the theory of ultraspherical polynomials by setting A = % A

remarkable property of Legendre polynomials is the simple orthogonality relation

/ 1 Po(2) Pon(2)dz = —>—

= 6nm
1 2n+1

where 0y, is the Kronecker delta. In addition, (3.5) simplifies to the Rodrigues
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formula

1
21|

Pu(z) =

D™(z* —1)"

which, by integration by parts, yields the Rodrigues rule

[ @rwie= g [ 50w -

for every f(x) € C™[-1,1] [17].

For Legendre polynomials, the addition formula is obtained by taking limit as

A — 3 in (3.1).

P, (cos 0, cos Oy + sin 0y sin O, cos ¢) = P, (cos 01)P (cos 0s) (3.10)

+2Z

Ps (cos 01) P2 (cos by) cos(so)

where P?$(x) is the associated Legendre function defined by

Ps(z) = (—1)*(1 — 2®)*?D:P,(z), —1<uz<1.

Legendre polynomials are especially important since they appear in Schoenberg’s
characterization of positive definite functions on the 2-dimensional unit sphere S2.
For the addition formula for Jacobi polynomials, we refer the reader to [33], for

example.

3.3. Addition Formula for Ultraspherical Polynomials

In this section, we will prove the addition formula for ultraspherical polyno-

mials (Theorem 3.2). For the proof, we need the following lemma:

Lemma 3.1. Letz,a, 3 € [—1,1], and v > 0. Then forw = aB+zva? — 1\/52 -1
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such that w € [—1,1], y = pY (w) satisfies the partial differential equation

0%y
2
(1—0[ )ﬁ

Oy 1 0%y oy
—(1+2u)a%+n(n—l—21/)y+1 — ((1—9:2)@—21/93% =0. (3.11)

Proof. Differentiating y = pY (w) two times with respect to o and with respect to

x, we have

Oy Oyvar-1 82y_a2—182y+x\/52—1@
ow Oa 1 0w 2 Oa? n  Oa’
2 3 2 2192 7
dy (o =1)y/p*—10y 8y:(a2_1)(62_1)<a 18y+x\/6 1@)

oz n?  Oa? n3 Ja

(3.12)

ox n da’  Ox?

where we put for abbreviation n = 8va? — 1 + az/32? — 1, which gives 1 — w? =
—n? + (2% — 1)(B* — 1). Then, utilizing the Gegenbauer differential equation (C.7)
for y = P (w), we have

2
(1-— wg)% —(1+ 2y)wg—z +n(n+2v)y =0. (3.13)

Inserting the differential formulas (3.12) into (3.13) gives immediately (3.11). [

Theorem 3.2 (Addition Formula). Let z,a, 8 € [-1,1], and v > 0. Then for
w=af+zva—1/B2 -1 such that w € [-1,1], we have

it T P(v+s+3)T(2v+2s+1)(n—s)!
P W) = Y () Twtst )l +2s+1)n =) (3.14)
—~I(v+3) Fv+s)I'2v+s+n+1)
x (a2 = )PP @) (8 = 1) PR (B)PY (). (3.15)
Proof. Consider the ultraspherical function
yyld
y:Pé +2)(w), w=af+ Va2 -1/ - 1. (3.16)

We can write it as a linear combination of the ultraspherical polynomials having
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degree less or equal to n. That is,

M+ 2P (af + 2v/a? =1y — 1) = I(») iAZ’”(a,B)PS(”)(x% (3.17)

2 s=0

for some AY™(«, 3) which are symmetric with respect to two variables a and S, i.e.

A e, B) = ATM(B, ). (3.18)

We need to find the coefficients A; := A”". To this end, using the differential

formula (C.5) we first differentiate both sides of (3.17) with respect to z. Then, we

have

VaT STV I+ )20 + ) PP (0) = T2 3 40, )P ()
s=0

[SI[98)

Since vI'(v) = (v + 1) and P (z) = 0, we have

n—1

Ve TV 1T+ )P ) =T+ 1) Y A (0, B)PE ) (a).
s=0

Also, putting v + 1 instead of v and n — 1 instead of n in (3.17), we get
3 3 n—1
T(v+ )P 2 () =T (v + 1) > AT (@, B) Y (x).

s=0

Now, combining these two identities, we obtain the recursive formula

AP0, B) = Va2 =TV — 147" (0, B)
which gives immediately

AP, B) = (a® — 1)*2(B% — 1) A5 (a, B) (3.19)
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so that it remains only to determine the coefficients Ay"(«a, 5). Now, by Lemma
vl
3.1, we know that Pl +2)(w) satisfies

1 a1 .
(1-a®)D2PY P (w) — (2 + 20)aD PV (W) + nln + 20 + 1) P2 (w)

1

+1—oz2

((1 — D2 (W) — (2w + 1);(;DIP7§”+2)(W)> _
pil
Writing the right hand side of (3.17) instead of P,E +2)(w), we obtain

Z PSF”)(a:)((l —®)D2 A, — (2+ 2v)aDAs + n(n + 2v 4+ 1) Ay)
s=0

A
1—a?

+ ((1 — 2?)D*PW)(x) — (2v + 1)3:D1,P8(”)(a7)> = 0.
Using (C.7) for P (z), we have

(1 —2*)D2PW)(z) — (2v + 1)z D, P (z) = —s(s + 2v) P (z),

r— s

thus we get
- ) o 10 s(s + 2v)
Y PY(x) [(1 — a?)D2A, — 2+ 20)aDo A, + [n(n+2v +1) - =——ZJA] =0,
-«
s=0
But this implies that for all s =0,1,...,n,
9\ 19 s(s + 2v)
(1—a’)DiA; — 2+ 2v)aD,As+ [n(n+2v+1) — ﬁ]AS =0.
—«

In particular, for s = 0,

(1 —a*)D2Ay — (24 2v)aDy Ay +n(n +2v +1)Ay = 0.
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By symmetry, (3.18), we also have
(1— ﬁQ)DEAo — (24 2v)BDgAg + n(n+2v +1)A; = 0.

14 1 v 1 .
Now, observe that P! +2)(04) satisfies the first equation while P! +2)(5) satisfies the

second one. Hence, Ay should be in the form
A" (@, B) = ag" P (@) P () (3.20)

where the coefficients a;" are independent of a and . Now we need to find ay", so

let « = = 1. Since (3.19) implies that A2"(1,1) =0 if s > 0, by (3.17) we get
(V+ ) v,n v
D+ 3P 200) = ) 45" (1, DAY (@),

Then, it follows from (C.1), (3.20), and (C.4) that

L(v+3)
PP ()
L(v+ ) (2v + 1)n!
Frwr2v+n+1)

v,n

Now, inserting (3.20) in the recursive formula (3.19), we get

Aun(a B) ( _ )5/2( )s/zAz/+sn S(Oé,ﬁ)
:( _ )5/2( )s/2ag+s,nfspéli—:s+%)(a)P(u—&-s—&-%)(ﬁ)

Fv+s+ 3T 2v+2s+1)(n—s)
(V+S)F(21/+s+n+1)

x (a2 = 1)2P T (@) (82 — 12 PR ().

n

Writing this in (3.17), we finally obtain (3.14). O
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3.4. Orthogonality of Ultraspherical Polynomials

In this section, we will show that ultraspherical polynomials are orthogonal

with respect to the weight function

on the interval [—1,1] for A > —%. We begin with a more general result that shall

also needed later on in §3.5.

Proposition 3.3. Let f(x) be an n-times continuously differentiable function on

[—1,1]. For A > —3, we have
1 2”F(TL + )\ TL + 2)\ 1
)P (2)(1 = 2*)*2da = / AMna g,
/f n o) = ATV (20 + 20 f YT
(3.21)
Proof. Using (3.5), we have
1 1
| 1@PP@ - e
-1
_(=2)"T(n+ AT n+2)\/ Adn_1
= DTL _ +n
n'F(A)F (2n + ) J T
n'F()\)F 2n —|— 2))
where the last equality follows by integration by parts n-times. O
Now, taking f(z) = P (x) in (3.21), by (C.6) we obtain
Corollary 3.4.
1 L 0 if r#n
/ PWY(2)PWY (2)(1 — 22 2dx = (3.22)
— wl(n+2X .
' 22**1()\171)71![}‘()\)]2 if r=mn
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This shows that ultraspherical polynomials are indeed orthogonal with respect

to the weight function h(z) = (1 — 22)*~'/2 on the interval [1,1] for A > —1/2.

Next, let
f@)=>"aPM ().
k=0

Then, by the orthogonality property (3.22), we have

1 \ sl 7l (s + 2X)
/_1f($)Ps( )(x)(l — 7)) 2dy = 22A—1(/\+8)S![F(/\)]2as’

where

2D (s + A+ 1D)T(N)
B (25 + 2))

1
g & () (1 — xQ)’\J’"_%dx
-1

can be obtained using (3.21).

In particular, if a9 = 1 and a = 0 for 1 < k < n, then f(z) = 1 since
PO()‘) (x) = 1. Hence,

Corollary 3.5.

/1 PY(z)(1 — x2)’\_%dx = ! g0 (3.23)
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3.5. Expansion of Functions in Series of Ultraspherical Polynomials

Suppose we are given a function f(x) which is continuous in the closed interval

[—1, 1] and we want to expand this in an infinite series of P (x). 1

LE‘) = Z anP’I’(L)\) (I‘),
n=0

then from the orthogonality property (3.22), we have

| 1
0 — I'(2A)(n + A\)n! F / F(@)PV(2)(1 — 222 da. (3.24)
V7l (n+ 2\)T

Thus, if the integral on the right hand side of (3.24) exists, we can determine the
coefficients a,,. For instance, if the given function f(z) is analytic on [—1,1], then

Lemma 3.21 implies that

TN (0 + AnlD(N) o

= e [ f( )P (@)(1 — 22 Hd
F(2/\)(n+)\ ) 2°T(n + \) -
VAD(A+ 1) T(2n + 23 / e Y

For further details about the summability conditions see [32, p.243] and references

therein.

In this section, we try to find ultraspherical expansion of a real continuous
function F(p) on ™. We do this by using Poisson integral which is defined as

follows:

Definition 3.6 ([9]). For an arbitrary point p of 8™ and 0 < r < 1, let p, be
that point on the radius op such that op, = r. Furthermore, let F(p) be a real and
continuous point function defined in S™. Then the Poisson integral is defined as

1 1—17?

Fpr =
(r) Wm Jsm (1 — 2r cospp’ + r2)

ey F(p')dw,y. (3.25)
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A classical result concerning the Poisson integral is

lim F(p,) = F(p). (3.26)

r—1-

The proof can be found in [34], for example.

Now, we first find ultraspherical development of F(p,), then using the defini-
tion of Abel summability given below and (3.26) we obtain ultraspherical develop-

ment of F(p).

Definition 3.7 ([25]). If Y p-, ax is a series of complex numbers, for 0 <r <1 its
r*" Abel mean is the series Yo r*ay. If the latter series converges for r < 1 to the
sum S(r) and the limit S = lim, ;- S(r) exists, then the series Y, ax is said to

be Abel summable to S, and denoted as S ~ Y, ay.

Theorem 3.8. The ultraspherical development of F(p) is given by

A
F(p) ~ T;\: / P )P (cos pp')dw,y . (3.27)

Proof. Writing x = cospp’ in (3.7) and differentiating with respect to r, we get

1 — 7’2 00 n
— n p(A
(1 — 2rcospp’ + r2)>\+1 - Z(X + 1)7’ P, )(COSPP’)- (3.28)
n=0

Let A = £(m — 1). Multiplying (3.28) by F(p')/w,, and integrating both sides over
S™, in view of (3.25), we now get the expansion

1 n+ A

Fpr) = — | F())

Wi Jgm —~ AWy

r" P (cos pp)dw),

-y A /m F(p') P (cos pp')du, (3.29)



37

Hence, by (3.26), we have

F(p) = lim F(p,) = / F(p!) PO (cos pp')das,
r—1- —>1 0 Wm m
= A
= E n)\+ / F(p")PX(cos pp')dw, . (3.30)
Wi Jgm

Hence, the ultraspherical expansion (3.30) is Abel summable at every point p of S™

to the sum F(p). O

Now let F(p) be a real continuous function on S™. Assume further that F is a
zonal function. That is, for an arbitrary point p’ of 8™, F(p) = f(p-p') = f(cospp’)
for some f : [—1,1] — R where pp/ is the spherical distance between p and p’. Then,

it is possible to find the ultraspherical expansion of such a function:

Theorem 3.9. Let the function F given in Definition 3.6 be zonal. Consider the

special case F(p) = f(cos®@). Then the ultraspherical expansion of f(cos®) is given

by

oo

(n+ ML) (n+ 1)I(2N)
f(cos @) NZ TO+ DI (n + 2 PY(cos 0) (3.31)

n=

X / PW(cos @) f(cos @) sin™ L 'de’.
0

Proof. Writing f(cos#) instead of F(p) in (3.27), in view of (B.13), the integral on
the right hand side of (3.27) becomes

2
I, —/ / f(cos @) PW (cos pp')sin™ 10 sin™ 26" ... sin 0 _,d¢'db,...do., _,db’
(3.32)

which can be written as

I, = / F(cos @) J,sin™10'dg’ (3.33)
0
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where we have set

T s 2w
Jn = / = / / PW(cospp) sin™ 2 6!...sin 6 _,d¢'de,...do., . (3.34)
0 o Jo

This integral is now readily reducible to a simple integral as follows. Consider the

two points p; and p) given in polar coordinates

1

/ 1 / / /
P1 = (571‘,91, ...,Qm_g,gb), P = (577',01, ...,em_2,¢) (335)

both lying in the unit sphere ™! defined by 6 = m. Then,

cospp' =p-p' = cosfcosb +sinfsinb'p; - p)

= cos 0 cos ' + sin 0 sin 6’ cos pyp}. (3.36)

We notice that J, as given by (3.34) amounts to an integration of PT(L)\)(COS pp’) over
8™~ If we take in 8™ a new system of polar coordinates (¢ = p1p/, (1, ..., 3, ),

of pole p;, we obtain

s s 2m
Ip = / = / / PW(cos pp') sin™ 2 ¢ sin™ > (... sin G_sdipd(y...dCpm—5dC.
0 o Jo
(3.37)
Since pp’ depends only on (, as shown by (3.36), the remaining integrations may be

carried out leading to the expression

T = e [ PP cosp)sin™ g
0

= s / P (cos pp') sin?! Cd
0

T(AL(3)T(n + 1)T(2X)

P (cos 0) PM(cos ¢
T+ DT(m+2y) " (cos 0) " (cos ')

= Wm-2

where the last equality follows from the addition formula and (3.23). Hence, J,
is explicitly computed. Substituting its value into (3.33) we find that the general
expansion (3.27) reduces to (3.31). This expression is also Abel-summable as shown

in Theorem 3.8. O
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4. POSITIVE DEFINITE FUNCTIONS ON SPHERES

Radial basis function approximation is well suited in many branches of geo-
sciences such as geodesy, meteorology, navigation etc. [17]. In such applications, we
can use the unit sphere as a model for earth. When we approximate on &™ within
R™*! we no longer use the Euclidean norm in connection with a univariate radial
function but apply the so called spherical (or geodesic) distances which is the length

of the shorter path of the great circle joining the two points on the sphere.

Therefore, the characterizations of positive definite functions given in Chapter
2 no longer apply, and one has to study alternative concepts of positive definite
functions on 8™. These functions are often called zonal rather than radial basis
functions since &™ is invariant under all orthogonal transformations. In this chap-
ter, following Schoenberg’s classical paper [9], we give characterizations of positive

definite functions on finite and infinite dimensional unit spheres.
4.1. Positive Definite Functions on &™

In this section we present Schoenberg’s characterization of positive definite
functions on 8™ as those ones whose expansions in series of ultraspherical polyno-

mials always have nonnegative coefficients. We begin with two auxiliary results.

Lemma 4.1. Let f(cosf) be real and continuous for 8 € [0, 7| and such that f(cos @)

is positive definite on S™. Then,

f(cospp")dw, > 0. (4.1)
Sm

Proof. Positive definiteness of f(cost) on 8™ implies that

Z f(cospjpr)ojou, > 0, (pj €S™, «; real).
k=1



40

By (2.4), this quadratic form is equivalent to the integral inequality

I(h) = /S /S F(cos ppVh(p)h(p')de,dury > 0, (4.2)

for an arbitrary continuous function h(p) in S™. For h(p) = 1, (4.2) becomes

I(1) :/5 (/3 f(cospp’)dwp/)dwp:wm/S f(cospp)dw, .

since the last integral is independent of p. Since I(1) > 0, the result follows. O

Lemma 4.2. The ultraspherical polynomaials
() . 1
PV (cost), (n=0,1,2,..; A= §(m - 1)) (4.3)

are all positive definite on S™.

Proof. We proceed by induction on m. For m = 1, A\ = 0, the statement follows
from (3.9). Let m > 2, and assume that Py—%)(cos t) is positive definite on S™!
for all n = 0,1,2.... Suppose p; € S™(i = 1,..., N) and associate with the point p;
a point p}, on the “equator” of S™~! of equation 6 = %W, such that the last m — 1

polar coordinates 6, ..., ¢ of both points p; and p, agree. By (3.36), we have
cos pipr = cos 0’ cos OF + sin 6 sin 6* cos plp},.

An equivalent representation for addition formula for ultraspherical polynomials

given in Theorem 3.2 may be obtained by letting

1/—|-§:)\7 w = cospipr, «=cosl, B =cosb

T = — (josp;p;w (a2 — 1)5/2]3,5)\?8)@) =: PT?’S@).
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Then, we have

1
PX(cospipr) = Y & PM(cos 6)) PN (cos Qk)P(/\ 2)(cos Pipt) (4.4)

sn
s=0

A

where c;,’s are positive coefficients given in (3.2). But then,

N n N
Z PN (cos pipr )z, = Zcm,\s Z COSplpk)mnk >0 (4.5)
i,k=1 s=0 i,k=1
. _1
where 7; = P*(cos 6")a;. The expression is indeed non-negative since P 2)(cos t)
was assumed to be positive definite on S™ ! for all n = 0,1,2,.... This completes
our proof. O

Theorem 4.3. A necessary and sufficient condition in order that a continuous func-
tion f(cos@) be positive definite on S™ is that the ultraspherical expansion (3.31)
have nonnegative coefficients in which case the series (3.31) converges throughout
0 <0 <7 absolutely and uniformly to the sum f(cos®). The most general f(cos®)

which s positive definite on 8™ 1is therefore given by the expansion
1
f(cosb) Zan J(cosh), (an>0,\= é(m - 1)) (4.6)

provided the series converges for 6 = 0.

Proof. First, let the function f(cos#) be continuous for 6 € [0, 7] and positive defi-
nite on 8™. The coefficient of qu’\)(cos 0) in (3.31) may be written as

T 1
/ PW(cos @) f(cos 8') sin™ L §'df’ = / PN (cos ap’) f(cos ap')dw,  (4.7)
0 Wm—1 .
where a is the point of 8™ of coordinates x = 1, z; = ... = z,,, = 0, (See Appendix

B.10). But then the integral on the right hand side of (4.7) is positive for the
following reason. Since Pflk)(cos t) and f(cost) are both positive definite on S™,

their product also enjoys this property. Now Lemma 4.1 shows that the integral on
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the right hand side of (3.31) is non-negative. Also, by the deginiton of the Gamma
function, we get that all coefficients of P\ (cos ) in (3.31) are non-negative. We
may therefore rewrite (3.31) in the form
f(cos@) ~ ZanP,g’\ (cos ), (a, > 0). (4.8)
n=0

On the other hand, we know from Theorem 3.8 that this series is Abel-summable

for all #, hence, in particular, for 8 = 0. Thus, by (C.9), we have

k [eS)

k
Zan|P (cosB)| Z PY(1) < lim Zanr"})rg’\)(l) = f(1).

r—1-
n=0 n=0 n=0

This shows that the series (4.6) is absolutely and uniformly convergent for all 6
(0 <6 <), hence convergent to its Abel-sum which is f(cosf).

Conversely, Theorem (2.2) implies that the convergent series (4.6) defines a posi-
tive definite f(cos#). Indeed, f(cosf) is continuous because the series (4.6) must
converge uniformly. Now, f(cosf) being the continuous limit of positive definite

functions, it is positive definite itself. n

4.2. Positive Definite Functions in &%
In Chapter 1, we have denoted the class of positive definite functions as B(M).
An obvious property of B(M) is as follows. If M C N, then B(M) D B(N). By
denoting the infinite dimensional sphere as S, as we may assume
StcS&*c...c8™,

it follows that

B(SH) D B(S?) D --- D B(S™).
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In fact, B(S) is identical with the intersection of all classes B(S™) (m =1,2,...).
In Example 2.7, we have shown that cost € B(S™) for all m. Hence, we have
cost € B(S*). By Theorem 2.2(i) we also have that (cost)” € B(S*). Theorem
2.2(i) and (iii) show that

F(#) =Y an(cost)" € B(S™), (4.9)

n=0

provided a, > 0 and >~ a, converges. In this section, we will show that the

functions f(t) of the form (4.9) exhaust the class B(S>).

Lemma 4.4. For x € [-1,1] and n =0,1,2, ..., we have

B

n

)
Proof. Let p)(z) := I}Z’Ei)g;. Utilizing (C.1) and (C.4), we have

(3]

A n!'(2\)

B (=1)°T'(n+ A —s)
Pa(®) = i anT

sl(n — 2s)!

(23:)71—25.
s=0

Then,

(3]

|3

lim p)(z) = (=1)*(2z)"2n! . D(n+X—s)[(2))

A—ro0 —~  sl(n—2s)! Moo LA (n 4 20)

(4.10)

Now, using (B.8), we have

T(n4+A—s)D2XN)  (n+ A — )" A5 3e=(A=8) (277)1/201/12(n A=)
DAD(n+2)) N\=3 A (27r)1/2¢03/120
(2/\)”‘_%6_(2)‘)(271')1/2692/12(2)‘)

(n+ 2)\)”+2’\—%e—(n+2k) (27)1/2¢04/12(n+2))
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where 0 < 6; <1 for j =1, ..., 4. Therefore,

L(n—+X—s)(2)\) [(n 4 X — s)"HA=se=(nFA=9)][(2 1) 22~ (2A)]

li = [i
fucd LA (n+2X) P [Me2][(n + 2X)nt2Ae—(n+20)]
: nH+A—s\*n+A—s5)""7 2\ \2
— lim €*
P ( A ) (n+2)\)" (n—l—?)\)

o (1+n—s>/\<n+/\—s>” e’ < 2\ )2A
P ud A n+ 2\ (n+X—s)s\n+2\

—n

if s = 0, and zero otherwise. Now, the lemma follows by inserting this result into

(4.10). 0

Theorem 4.5. A continuous function f(cos) which is positive definite on S is

necessarily of the form
f(cosf) = Z ancos" 0, (a,>0) (4.11)

n=0

where Y~ a, < 00.

For the proof we need the following lemma:

Lemma 4.6. For all 0 € (0,7), and € > 0, there exists L(0,¢€) such that for all
A > L(6,¢€)

1PV (cos B) — cos™ ] < € (4.12)

o)
holds for allm =0,1,2, ..., where p,({\)(cos 0) = —P’;D(A(f?f)e).

Proof. From (C.8), we have

pY (cos @) — cos™ opr> (1)
PM(1)

= / ﬂFn(ﬁ,qﬁ)sin(Q’\’l) bdo / / ﬂsm@H)gbdqs, (4.13)
0 0

A} = p}(cosf) — cos" § =



where

F.(6,¢) = (cosf + isinf cos ¢)" — cos™ 6.

We observe that

|F.(0,0)] < |(cosf +isinfcosp)”|+ |cos™ 0
= (cos?f + sin? @ cos? )2 + | cos O|"
< (cos’f +sin?0)2 41 =2.

Now we choose a § = 4() such that

1
0<5<§7T, cos® f + sin? @sin? 6 < 1.
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(4.14)

(4.15)

(4.16)

Evidently, for T —6 < ¢ < 7+, cos¢ < cos(§ — ) = sind. Therefore,

|E,(6,¢)| < |(cos? @ + sin® §sin® §)"/2| + | cos O]
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Thus, using (4.13), (4.14), (4.15) and (4.16) we get

[ im@. ol s | [ sin# o
2 / o sin® Y pde / / sin® Y pde
0 0

%ﬂ+5 T
n / IFa(0, 6)| sin®D ¢ / / sin®D g,
1 0

1
Sm—6

+ 2 / sin® Y dg / / sin®Vpde
sm+6 0
%W—é bis

= 4 / sin® YV pde / / sin® Y pde
0 0

+ (cos? @ + sin? § sin® 5)%” + | cos0]".

A

IA

IN

Now let € > 0 be given. Let ng = ng(0, €) be such that n > ny implies
(cos? 0 + sin® fsin® )" + | cos O] < =

The existence of such an ng is assured by (4.16). Furthermore, suppose \g = Ao(, €)

is such that A > \g implies

T3
/“

Hence, |A}| < €, provided A > X\g(6,¢) and n > ng(,€). On the other hand, by
Lemma 4.4 we have that |[A} <€ for n=0,1,...,n0(0,¢), provided A > \;(0,¢€).

N[

T 1
sin(2’\_1)q§d¢// sin® Vodg < €
0

Now taking L(6, €) as the larger of the two numbers \g and \;, we get the result. [J

Proof of Theorem 4.5. If f(cos@) is positive definite on S it is also positive definite

on 8™. By Theorem 4.3 we are therefore assured to have an expansion with non-
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negative coefficients

flcos®) = a,(\)PWM(cosh), (an(A\)>0, 0<6<) (4.17)

hE

S
I
o

which is valid for all values of A of the form A = 1(m —1), (m =1,2,3,...). Setting

rY (cos®)
A n
py(cosl) = ——=, 4.18
(c0s0) = 5 (4.18)
we have a similar expansion
f(cos®) Zb )P (cos @)  (by(N) >0,0<6< ). (4.19)

Since p)(1) = 1, and hence

= Z bn()‘)

we see that the coefficients b,(\) are uniformly bounded by f(1) for all n and
the range of values of \. By Cantor’s diagonalization argument, we may find a

subsequence A, — oo such that

lim b,(\,) =a, >0, (n=0,1,2...). (4.20)

vV—r00

Now, let 6 have a fixed value between 0 and 7, and write the relation (4.19) in the

form
f(cosf) Z by (A,)cos™0 + Z bi( (cosf) — cos™d)].

By Lemma 4.6, we have

‘Zb ~(cos ) — cos™d]] <eZb =ef(1),



48

provided ), is sufficiently large, thus we may write

f(cos ) Z by (Ay)cos™0 + o, (4.21)

where |o| < ef(1) for sufficiently large \,. However, the series

Z by (Ay)cos™ (4.22)

converges uniformly with respect to the variable )\, because it is majorized by the

convergent series with constant terms

> f(1)[coso]™.
0

But now the limiting relations (4.20) imply that the series (4.22) will tend to

> ancos™ as A\, — co. Thus, (4.21) may be written as
f(cosf) = Z ancos™0 + o’
0

where |o’| < ef(1). Now letting € — 0, we conclude that ¢/ = 0 and hence that

o0

f(cos®) = Z a,cos™. (4.23)

0
It remains to show that (4.23) is also valid for # = 0 and § = «. This last point,
however, is readily settled. Indeed, (4.23) implies the convergence of the series > a,
by letting # — 0. Now the continuity of both sides of the relation (4.23) at both ends

of the interval 0 < 6 < 7 implies its validity throughout this closed interval. O

In the last part of his article, Schoenberg uses positive definite functions for
embedding problems which is a quite different concept from our motivation of study-

ing positive definite functions. Hereafter, we mention his results very briefly. We
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begin with a definition.

Definition 4.7. Let F(t),(0 < t < ), is a continuous function with F(0) = 0,
F(t) > 0if0 <t <m. We can remetrize the metric space S from the original
distance function pq to the new distance function F(pq). The new semi-metric space
thus obtained is called the metric transform of S by the function F(t) and denoted
by the symbol F(S>).

Theorem 4.8. The metric transform F(S*) is isometrically imbeddable in the real

Hilbert space iff

In order to prove the above theorem, Schoenberg uses a lemma stating that
the metric transform F'(S*°) is isometrically imbeddable in real Hilbert space iff the
function exp[—AF?(t)] is positive definite on S* for all A > 0. The proof of this

lemma is given in ([35], p. 527).

Moreover, as Askey [36] observed, the fact that the isometric imbedding of a
metric space in another one gives rise to a reverse inclusion in their positive definite
functions can be used to obtain “a couple of interesting results” when combined
with the work of Bochner [37]. For example, P%(R) can be isometrically imbedded
in P*(C), but P (R) cannot be isometrically imbedded in P?¢(C). Here, PY(R)
and P4(R) are real and complex projective spaces with dimension d, respectively.

For further examples and details, we refer the reader to [31].
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5. EXTENSIONS OF POSITIVE DEFINITE
FUNCTIONS

In this chapter, our main concern will be strictly positive definite functions
and conditionally (strictly) positive definite functions. The results presented in this
chapter are mostly based on the results which we have obtained for positive definite

functions in previous chapters.
5.1. Strictly Positive Definite Functions

In Chapter 2, we have shown that the interpolation matrix Ag x = (¢(|| z; —
zx ||*)) (1.5) is positive semi-definite if ¢ is completely monotone on [0,00) (see
Theorem 2.16). Recall that a strictly positive definite function leads to a positive
definite interpolation matrix. Hence, for the interpolation theorem to be uniquely
solvable we should work with strictly positive definite functions rather than positive
definite ones. In this section, we will present several characterizations of strictly

positive definite functions. The first characterization is due to Micchelli [38].

Theorem 5.1 ([1]). For a function ¢ : [0,00) — R, the corresponding multivari-
ate function ®(-) := ¢(|| - ||) is strictly positive definite on every R™ iff ¢(\/-) is

completely monotone on [0,00) but not constant.

Based on Schoenberg’s result Theorem 4.3, Cheney and Xu [39] gave a sufficient

condition for strictly positive definite functions on spheres.

Theorem 5.2 ([39]). Let m be a positive integer. Set X = (m — 1)/2. Let

g(t) = ZanPy‘)(cos 0), ap,>0, ZanP,s’\)(l) < 0. (5.1)
n=0 n=0

Let x1,25,...,xxy be N distinct points on S8™. In order that the N x N matriz

A = g(z;xy) be positive definite it is sufficient that the coefficients a,, be positive
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for0 <n < N.

This means that in order that the function g be strictly positive definite on

8™, it is sufficient that all coefficients a,, be positive.

Later on, Screiner [40] improved Cheney and Xu’s result by showing that if
only finitely many of the coefficients in the expansion (5.1) are zero, then f is still

strictly positive definite.

It is readily seen that the strict-positive-definiteness of a function f given in

(5.1) depends only on the set
Ky r={n€Z; :a, >0},

but not on the actual values of the coefficients a,, [41]. Motivated with this fact we

have the following definition.

Definition 5.3 ([41]). A subset K of Zy is said to induce strict positive definiteness
on 8™ if the function

9»—>ZP (cos0)

keK

is strictly positive definite on S™. Here we assume that the series converges uni-
formly.
Example 5.4 ([47]). The following functions are strictly positive definite on S™.

r? — 2rt)~1/2 where a, = h", for 0 < r < 1,

(1+
(t) = (1 =73 (1472 = 2rt)=3/2, where a,, = (2n + 1)h", for 0 < r < 1,
1-—

1/1 t Whereao—l/?)andan—m,nZl.

Ron and Sun [42] showed that if K contains arbitrarily long sequences of

consecutive even integers and of consecutive odd integers, then K induces strict
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positiveness on S™.

Menegatto et. al. [41] proved that in order for a subset K of Z, to induce
strict positive definiteness on 8™, (m > 2), it is necessary and sufficient that K
contains infinitely many odd integers as well as infinitely many even ones. This
characterization, however, fails to stand for strictly positive definite functions on
the unit circle, which corresponds to the case m = 1. Giving a full characterization

for strictly positive definite functions on the unit circle is an open problem [43].

In chapter 4, we have presented Schoenberg’s characterization of the family of
all positive definite functions on the unit sphere of a real Hilbert space. Menegatto
[44] showed necessary and sufficient conditions for the strictly positive definite func-

tions on the unit sphere of a real and complex Hilbert space [45].

5.2. Conditionally Positive Definite Functions

Our investigation of positive definite functions was motivated by the interpo-
lation problem (1.4), using an interpolant of the form (1.3). This particular choice
was very convenient for analysis because everything could be restricted to the inves-
tigation of a single function ®. But of course (1.3) is not the only possible approach
to the interpolation problem. We will show in this section that we can interpolate
the data uniquely without using strictly positive definite radial basis functions. Our

motivation is the following theorem:

Theorem 5.5 ([38]). Let ¢ € C*[0,00) be such that ¢' is completely monotone
but not constant. Suppose further that ¢$(0) > 0. Then Ag x is non-singular for

O(z) = (]| = [1?).

This is a weaker requirement because if ¢ is completely monotone, then all
of its derivatives are, subject to a suitable sign change in the original function.
Thus, we may consider ¢ such that ¢’ is completely monotone, or so as to weaken

the requirement further, by demanding that, for some k, (—1)*¢® is completely
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monotone. In this case, positive definiteness of the interpolation matrix can no

longer be expected. As an example, consider the thin plate spline
O(z) =[|z [*log [| = |, =eR™
Obviously, it is a radial function so let r =|| = ||*. Then,

o(r) = %T log 7.

Then, ¢/(r) = $logr+3 and ¢"(r) = 5~ which is completely monotone on (0, 00).
Now, let the centers be the vertices of a regular simplex whose edges are all of unit
length, and N = n+ 1. Then, all entries ®(x; — ) of the interpolation matrix are
zero meaning that the thin-plate spline is not strictly positive definite. We will later
see that a slight change in the definition of interpolant (1.3) ensures solvability of

the interpolation problem with the thin plate spline.

Hence, we should generalize the notion of positive definite functions in a way
that covers all the relevant possibilities for basis functions. The notion of conditional

positive definiteness serves for this purpose.

Definition 5.6. A continuous function ® : R" — C is said to be conditionally
positive definite of order m if, for all N € N, all pairwise distinct centers x1,...,xy €

R", and all o« € CV satisfying
N
> ajplr;) =0 (5.2)
j=1

for all complex-valued polynomials of degree less than m, the quadratic form

Z ;0P (z; — ) (5.3)

Jk=1

is nonnegative, Y is said to be strictly conditionally positive definite of order m if



o4

the quadratic form is positive unless « is zero.

The conditional positive definiteness of order m can be interpreted as the
positive definiteness of the matrix Ap x = (®(z; — xx)) on the space of vectors a

such that
N
> api(a;) =0, 1<1<Q = dim(mpm,_1(R")),
Jj=1

where 7, 1(R"™) denotes the space of polynomials of total degree at most (m — 1)
in n unknowns. Thus, in this sense, Ag x is positive definite on the space of vectors
a “perpendicular” to polynomials. We should reflect on this subject for a moment.
For each pair consisting of a vector @ € CV and a set of distinct points X =
{z1,...,xn} that together satisfy (5.2) for all polynomials in m,_1(R"™), we define a

linear functional

N
/\067X = E ajéxj
Jj=1

where 9, denotes the point evaluation functional at x, and we denote the space
of all such functionals by 7,,_1(R")*. Then « is admissible in the definition of a

conditionally positive definite function iff A\, x € 7,1 (R")*.

Since the matrix Ag x is conditionally positive definite of order m, it is positive
definite on a subspace of dimension N — @, Q = dim(m,,—1(R")). Courant-Fischer
theorem, ([46],p.136), implies that at least N — @ of its eigenvalues are positive. In

the case m = 1, we have a stronger statement:

Theorem 5.7. Suppose that ® is conditionally positive definite of order 1 and that
®(0) < 0. Then the matriz Ap x € RY*YN has one negative and N — 1 positive

ergenvalues. In particular, it is invertible.

Proof. From the Courant-Fischer theorem we conclude that Ag x has at least N —1
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positive eigenvalues. But since 0 > N®(0) = tr(Aex) = .. A where the )\
denote the eigenvalues of Ag x and tr(Ag x) its trace, Ag x must also have at least

one negative eigenvalue. O

Theorem 5.8. Let a function ¢ € C[0,00) N C*(0,00) be given. Then the func-
tion ®(x) = o(|| x ||?) is conditionally positive definite of order m on every R™ iff

(—=1)mp!™ is completely monotone on (0, 00).

It follows immediately from the preceding theorem that the thin plate spline
is conditionally positive definite of order 2.
The most important observation we make now is that we can always interpolate
uniquely with strictly conditionally positive definite functions if we define the inter-

polant to a function f at the centers X = {xy,...,xy} as

N Q
sgx(z) = Z%“P(?ﬁ — )+ Bipr(x).

Here, () is again the dimension of the polynomial space m,,_1(R") and {p1, ...,po} is a
basis of m,,,_1(R™). To cope with the additional degrees of freedom, the interpolation

conditions
spx(zj) = f(z;), 1<j<N,

are completed by the additional conditions
N
Zajpk(xj) =0, 1<k<Q.
j=1

Solvabilitiy of this system is therefore equivalent to solvability of the system

A<I>,X P al f’X (54)
PT 0 15} 0
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where Ag x = (®(x; — x1)) € RN and P = (pi(x;)) € RV*Q. This last system is
obviously solvable if the matrix on the left hand side, which we will denote by ;Lb’ X,

is invertible.

Theorem 5.9 ([1]). Suppose that ® is conditionally positive definite of order m
and X is a w1 (R™)—unisolvent set of centers. Then the system (5.4) is uniquely

solvable.

Note that the points X = {zy,...,zxy} C R" with N > @Q = dimn,,,_1(R") are
called 7,,_1(R™) — unisolvent if the zero polynomial is the only polynomial from

Tm—1(R™) that vanishes on all of them.

The method described in this section can be generalized by using arbitrary
linearly independent functions py, ..., pg on R™ instead of polynomials. Moreover, the
conditionally positive definite function can be replaced by a conditionally positive

definite kernel ® : Q x Q — C.

For zonal functions on the unit sphere S™, we have the following definition.

Definition 5.10 ([47]). A function ® : [0, 7] — R is said to be conditionally strictly
positive of order m on S™ whenever its associated interpolation matriv Ae x =

q)(arccos(x;rxk)) is positive definite on the subspace of RY given by

N
W1 ={a e RV : Zan(:vj) =0 forall Y €m,1(S")}

j=1

for all distinct set of centers X = xq,...,xx on S"™. Here, Tp_1(S™) = Tt (R0
denotes the space of all spherical harmonics on S™ of order at most m — 1. Detailed

information on spherical harmonics can be found in [34].

Based on Schoenberg’s result on positive definite functions, for zonal functions
on the unit sphere S™, we have the following characterization of conditional strict

positive definiteness:
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Theorem 5.11 ([47]). If f(t) is conditionally strictly positive definite of order m

on S™, then it has the following form

F) =3 aPO(t) (5.5)
k=0
where
ar >0 for k>m and ZakP,E’\)(l) < 00. (5.6)

k=0

Here, Pk(/\) are the ultraspherical polynomials and A = (n — 1)/2.

Remark 5.12. The case that f(t) is strictly positive definite of order on S™ is

covered by setting m = 0 in the above theorem.

However, the complete characterization of the class of functions of the form
(5.5) satisfying (5.6) that are conditionally positive definite on S™ remains an open

problem. See [47] and [17] for further information.
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APPENDIX A: The Fourier Transform on R™

For the proofs of the results given in this section, one may consult on [26], for

example.

Definition A.1. For f € Li(R™) we define its Fourier transform by

fla) = (2m)7 - (w)e ™" “duw

and its inverse Fourier transform by

F@) =)™ [ flw)e™ “do, zeR™ (A.1)

RrRm

Theorem A.2. If f € Li(R™) is continuous and has a Fourier transform fe

Li(R™) then f can be recovered from its Fourier transform:

flx)=@2n) ™2 | Flw)e” “dw,z € R™ (A.2)

Rm

Theorem A.3. Suppose f,g € L1(R™). Then,

io Jon @)@ = fo F()()d

1. The Fourier transform of the convolution
frg(x) = - f)gle —y)dy
s given by
fxg=(2m)"f5.

iii. For of(x) = f(xr —a), a€R™, we have {:f(a:) = e_mT“f(:c).

. With f(z) = f(—z), we find that f = f = (27)™/2|f]2.

Theorem A.4. Define g(z) = (I/m)"2e W4’ | € N,z € R™. Then the following
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hold true.

i Jem gi(@)d =1,
i, gi(z) = (2m) ™ 2e I3/ 4
ii. D(x) = limo fgn P(W)gi(w — x)dw provided that ®(x) = O(|| z ||") for

| z || oo, n € N.
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APPENDIX B: The Gamma Function and Integration on

Spheres

The material given in this appendix is mostly taken from [48, 32, 34].
The Gamma function can be defined as
I'(z) = /000 e "t ldt (B.1)
for Re(z) > 0. It follows from the definition that

F(%) =7 and T(1)=1. (B.2)

A useful property of the Gamma function follows from the definition applying
integration by parts:

[(z+1) = 2I'(2). (B.3)

Another important formula is

—1 1
D()D(z+ =) D(z 4+ =) = n="(2) ™ D/20 (n2) (B.4)
n n
where n is a positive integer.
The special case n=2 of (B.4) is
1
L(2)D(z + 5) =21722/7(22) (B.5)

which is known as the duplication formula [48].
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The Euler integral of the first kind

' L(p)T'(q)
Bp,q:/a:pll—qudx:—, p>0 ¢g>0 B.6
#.9) 0 (1-2) I'(p+q) (B.6)
can be expressed in terms of the Gamma function as
I'(p)I'(q)
B(p,q) = ——=. B.7
#.9) I'(p+q) (B.7)

Another essential identity for the Gamma function is
I(x) = xr_%e_x(27r)%ee/12x (B.8)
where z > 0 and 0 < 0 < 1 (for details see [48, p. 253]).

From now on, we summarize the necessary information about integration on

spheres following [34].
Let R™*! be the usual (m + 1)-dimensional Euclidean space, let
5 "N =Y+ TnYm T T 1Yme 1

denotes the Euclidean inner product of two vectors & = (zy,..., Zmy1)" and n =

(Y15 -, Yme1) T in R™FL and let

| €ll= VEE=\Jad+ . +ahn

denotes the Euclidean norm of €. The m-dimensional unit sphere 8™ is given by

S"={{eR™: | ¢]=1}
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We denote its surface element by dw,, and the total surface by w,,, where this surface

is given by
Wy = / i dw,y,.
By definition we set wy = 2. Then we have
wiy =21 and wy = 4.
If the vectors €1, ..., €41 are an orthonormal system in R™ "1, we may represent
the points on &™ by
Enit =temp + VI — 126, —1<t <1y t=cpi1-Eni (B.9)

where &, is a unit vector in the space spanned by &1, ..., &,,. The surface element of

the unit sphere then can be written as
dwn, = (1 — )22 dtdw,, (B.10)
and we have from above
1
Wi, = / / (1 —t3)™=22dtdw,, ;. (B.11)
Sm_1J-1
Making the transformation u = t2, we have

1 1
2\(m—2)/2 _ m—2)/2 —1/2 _ 2 2
/_1(1—t)( )/dt—/o(l—u)( )2y, /du_—r(mﬂ)

where the last equality follows from (B.6) and (B.7). Hence, for m = 2,3, ... we have

val) (e
i e

F(m—) Wm—1 F(mTH) : (B]_Q)



Definition B.1. A point p = (x, x4, ...

spherical coordinates as

x1

Tm—2

Tm—1

cos ),

sin 6 sin 0, cos 65,

sinfsin#,...cos 6, s,
sin @ sin ;... sin 0,,,_5 cos ¢,

sin#sin #...sin 6,,, 5 sin ¢,

63

,Tm) € 8™ is expressed in terms of hyper-
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APPENDIX C: Further Properties of Ultraspherical

Polynomials

In addition to the definitions in Chapter 3, we add here more information

about the ultraspherical polynomials following [32], [22].

Ultraspherical polynomials have the following explicit expression

[n/2]

PO =3 ez 2 ©1)
for n > 0; and
P (z)=0 (C.2)

foralln=1,2,....

From (C.1), we can easily read off the first few ultraspherical polynomials:

P (z) = =X+ 2A(1 + M\)a?,

4
P (x) = —2X(1 + Nz + 5/\(1 F (24 N2,

Moreover, writing = 0 in (C.1), we obtain

(—=1)"T(n + A)

nlT(\) ; P2(7)z\zrl(0) =0 (C.3)

A
PY(0) =
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and using (3.7) in z = 1, we have

) (C.5)

which implies that

Other well known properties of ultraspherical polynomials PT(L’\) (x) is that they

satisfy the following recurrence relation
nPM(z) =2(n+ X — 1)xP£i)1(x) —(n+2X\— 2)P,Ei)2(x), n=23,..
and the following equation named as Gegenbauer differential equation

(1—22)y" — 2\ =Day' +n(n+2\)y =0, y= PV (x). (C.7)

Laplaces’s integral representation for ultraspherical polynomials is

2172 (n 4 2))
I'(A)n!

PO(cos ) = / (cos @ +sinf cos )" sin® "V gdg.  (C.8)
0

It immediately follows from the Laplace’s integral representation that

|PM(cos )] < PV(1). (C.9)
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