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ABSTRACT

PROPP-WILSON ALGORITHM AND BEYOND

Propp-Wilson algorithm is a Markov chain Monte Carlo method that produces sam-
ples that are drawn exactly from the stationary distribution of a given Markov chain. The
aim of this master thesis is to unify the underlying ideas of this algorithm and to embed it
into a more general framework. For this purpose, we use coupling theory as the primary
tool. We also introduce Letac’s principle which states that if the backward process cor-
responding to a Markov chain converges independent of the initial position, then its limit
is distributed according to the stationary distribution of the Markov chain. With Letac’s
principle, sufficient conditions for the convergence of backward processes become very im-
portant and this convergence is usually satisfied with the choice of contractive maps. We

detail this with examples and work on a case in which we have contractivity on the average.



OZET

PROPP-WILSON ALGORITMASI VE OTESI

Propp-Wilson algoritmasi, verilen bir Markov zincirinin duragan dagilimina tam
olarak uyan ornekler almamizi saglayan bir Markov zinciri Monte Carlo metodudur. Bu
tezin amaci, bu algoritmanin altinda yatan fikirleri bir araya getirmek ve algoritmay1 daha
genel bir ¢cercevenin icine oturtmaktir. Eglesim teorisi temel arag¢ olarak kullamilmaktadir.
Ayrica, bir Markov zincirine denk diigsen geri siire¢ baslangic pozisyonundan bagimsiz olarak
yakinsiyorsa, geri siirecin limitinin Markov zincirinin duragan dagilimina gore dagildigini
sOyleyen Letac’in prensibine odaklanilmigtir. Letac’in prensibi ile beraber, geri siirecin
yakinsamasi icin yeter kogullar 6nem kazanmaktadir. Bu kogullar genelde ¢okiicii fonksiy-
onlar iizerinden verilirler. Tezin son béliimiinde, bu nokta 6rneklerle detaylandirilmig ve

ortalamada ¢oken bir durum incelenmisgtir.
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1. INTRODUCTION

Markov Chain Monte Carlo (MCMC) methods date back to the same time as the
development of ordinary Monte Carlo (MC) methods which were introduced by Stanislaw
Ulam and John von Neumann in late 1940’s ([1]). The rise of these methods were in a close
relation with the emergence of computers. In fact, Neumann gave the first such method in
1947 after the appearance of the first computer, ENIAC (Electronic Numerical Integrator
And Computer), in 1946. At the same time, Ulam and Neumann invented inversion and
accept-reject algorithms to generate random numbers. See [2], [3] and [4] for history and

analysis of MC methods.

The first MCMC algorithm is associated with another computer, MANIAC (Mathe-
matical Analyzer, Numerical Integrator and Computer), built in Los Alamos in 1952. This
algorithm was published in 1953 in the Journal of Chemical Physics by Metropolis et al

(]5]). Their primary focus in this paper is the computation of integrals of the form:

J F(a,y) exp(=E(z,y)/kT)dxdy
[ exp(—=E(z,y)/kT)dzdy

I =
where the energy E is defined by
TR
"3 Z
i=1 j=1,j
with IV being the number of particles, V' the potential function and d;; the distance between
particles ¢ and j. Since numerical integration was not efficient in computing these integrals

due to high dimensionality, they invented a genuine method that resembles the Gibbs

Sampler algorithm of modern days.



Nowadays, MCMC methods are used in a variety of problems in diverse fields of
applied sciences such as physics, biology and astronomy. Solutions to linear systems of
equations, calculations of integrals and many other problems can be expressed in terms of
Markov chains and their stationary distributions. See [4] and [6] for introductory books,

[7] and [8] for survey papers on MCMC methods.

When solving problems as in the previous paragraph, one eventually faces the hard
problem of getting samples from complicated distributions living in high dimensions. In-
version Method and Rejection Sampling are classical methods for getting exact samples
from a given distribution which become useless as the dimension of the underlying space
increases ([4]). Besides these, there are other methods such as Metropolis-Hastings’ algo-
rithm and Gibbs sampling which are widely used to get approximate samples. These latter

algorithms are in fact examples of MCMC methods.

The idea behind Metropolis-Hastings’ algorithm is running a Markov chain whose
stationary distribution is same as the one from which we are trying to sample from. So,
once the chain has evolved enough, the distribution of the chain will be close enough to
the stationary distribution of the Markov chain and the problem will be approximately
solved. In this methodology, although there are many results on the convergence rates to
the stationary distribution in some particular cases, it is in general not possible to be sure
that the chain has evolved enough or equivalently that its distribution is close enough. This
is called the "How long is long enough?’ phenomenon in the literature. See, for example,

[2] and [9] for results on Metropolis algorithm.

In 1996, James Propp and David Wilson published a sampling algorithm which is
called as Coupling from the Past (CFTP) or Propp-Wilson (PW) algorithm that can be
used to get exact samples from stationary distributions of finite state space ergodic Markov
chains ([10]). Their idea was a combination of a well-known fact from Markov chain theory
and a genuine observation on coupling of copies of a Markov chain. Using monotonicity

arguments, PW algorithm can be applied to chains with huge state spaces such as Ising



model, Hardcore model and more general Markov random fields. Such application areas

brought a significant reputation to PW algorithm.

Many modifications and generalizations of PW algorithm were accomplished in a very
short time. The natural extension to the Markov chains with continuous state spaces was
carried out by Peter Green and Duncan Murdoch in 1998 ([11]). These adaptations are
quite restrictive as it is usually impossible to deal with infinitely many copies of a chain.
In the same year, James Allen Fill devised an alternative algorithm for exact sampling
whose primary aim was preventing the User Impatiance Bias in CFTP ([12]). In short,
PW algorithm excited many people from various disciplines and created a new field of

study which is now called Perfect Sampling.

The underlying idea of Perfect Sampling was already available in 1984 in a paper
of Gerard Letac: If the backward process corresponding to a Markov chain (with some
properties that will be discussed) converges a.s. independent of the initial position, then
its limit is distributed according to the stationary distribution of the Markov chain ([13]).
Once the importance of this idea was understood, finding sufficient conditions for the
convergence of the backward processes became extremely important. In fact, PW algorithm
relies heavily on the observation that backward processes corresponding to finite state space

Markov chains converge with probability one independent of the initial position.

In 1999, Persi Diaconis and David Freedman published a survey paper in which they
used algebraic tail and global contractivity on the average conditions for the convergence
of the backward processes (|14]). This paper convinced many that the theory behind was
applicable to areas such as Queueing theory, Image Processing and speeded up the research

on both theoretical and applied sides of this subject.

During the first years of 2000’s, necessary conditions on the continuity of the update
functions of the underlying Markov chains were relaxed with contributions of Orjan Stenflo

([15]). Under quite general conditions, O. Stenflo not only shows the convergence of the



backward process but also gives results on the convergence rate in terms of the Kantorovich
distance between probabilities. See [16] and [17] as well for Stenflo’s further contributions

to perfect sampling on general state spaces and random iterated function systems.

The fundamental aim of this thesis is to understand the ideas given in [14] and analyze
them in a detailed way. The rest of the thesis is organized as follows. In Chapter 2, we

give some notations, definitions and preliminary results.

In Chapter 3, we discuss CFTP algorithm and present a generalization of it which
we call Generalized Coupling From the Past (GCFTP). We then consider Green-Murdoch
(GM) algorithms as special cases of GCFTP. Application to Markov random fields and

further comments on CFTP algorithms are also given in this chapter.

In Chapter 4, after a short review of forward coupling times, the necessary background
on general backward coupling times is given. In particular, we focus on vertical backward

coupling times and using this concept, we analyze CFTP algorithms in a wider sense.

Chapter 5 is devoted to a discussion on the theory behind Letac’s principle which is
closely related to CFTP algorithms. We present theorems on stationary distributions of

Markov chains that contract on the average as well.

Appendix A consists of the necessary background on probability metrics. Appendiz

B is devoted to Gibbs Sampler.



2. PRELIMINARIES

In this chapter, we discuss representations of Markov chains on Polish spaces with It-
erative Function Systems and explain introductory concepts on Markov chains. Probability

metrics are recalled in Appendix A.
2.1. Probability on Polish spaces

We start with a short review of basic facts about Polish spaces and probability mea-
sures on Polish spaces to make the thesis self-contained. For the proofs and details, see

[18] and [19].

Definition 2.1.1. A metric space is said to be a Polish space if it is separable and if there

s an equivalent metric for which it is complete.

R™, N, finite subsets of R, Cantor set and C(]0, 1], ||.||oc) are examples of Polish spaces.
Two very useful properties of probability measures on Polish spaces are given in the fol-

lowing theorems.

Theorem 2.1. [18] Let X be a Polish space and u be a probability measure on (X,B(X))
where B(X) is the Borel o-algebra on X. Then for every A € B(X) and € > 0, there erist

an open set U and a closed set F' that satisfy

FcAcUcCX with uwU-F)<e

Denote by BC(X) the set of bounded continuous functions on a metric space X.

Theorem 2.2. [18] If X is a Polish space and py, us are probability measures on B(X)
with

/X F (@) (dz) = /X £ ()i (d)

for every f € BC(X), then u; = po.



2.2. Representation of Markov Chains with Iterative Function Systems

This section is devoted to advancing a way of representing Markov chains that will

give us the chance of managing these processes in a more flexible way.

Definition 2.2.1. Let (X, d) be a Polish space with its Borel o-algebra B(X) and (0,5F)
be a measurable space. Let f : X x © — X be a jointly measurable function. Writing
fo(x) = f(z,0) for 0 € O, the set {X; fy,0 € O} is called an Iterative Function System
(IFS) and the mapping f is called an update function.

Now we wish to discuss processes that are generated using [FSs. For this purpose,
let (X,B(X)) be a Polish space and (0, F) be a measurable space. Letting (6,,)5°, be a
stochastic sequence taking values in © and fixing an initial point x € X', we may define a

stochastic sequence (X, (x)) by

Xo(z) =2 and X, (z)=(fy,_,0...0fg)(x), n>1. (2.1)

The process (X, (z)) which is generated via the IFS {X'; fy,0 € O} will be called a stochas-

tically recursive sequence with randomness source (6,) (|20]).

Stochastically recursive sequences are in a very close relation with Markov chains.

We begin by recalling the definition of transition probabilities to get into this relation.

Definition 2.2.2. Let (X,B) be a measurable space. A mapping P : X x B — [0,1] is
said to be a transition probability if for each v € X, P(x,-) is a probability measure and

for each A € B, P(-, A) is B measurable.

It is worth noting that, for a given stochastically recursive sequence (X,(z)) on a

Polish space (X,B(&X)) and for any m € N, the map P, : X x B(X) — [0, 1] defined by

Pu(x,A) =P(X,,(z) € A)

is a transition probability ([17]).



Throughout this thesis, we will always work on stochastically recursive sequences
with independent and identically distributed (i.i.d.) randomness source sequence (6, ).
Such constructed stochastically recursive sequences are in fact Markov chains as we now

state and prove for the case where 6,,’s are uniformly distributed over (0, 1).

Theorem 2.3. Let (X,B(X)) be a Polish space and (0,,)2, be a sequence of independent
random variables that are uniformly distributed over (0,1). Also let the stochastic sequence
(Xn(x))oe, be defined as in (2.1). Then (X, (z)) is a Markov chain starting from x with

transition probability

P(x,A)=m(0: fo(zr) € A), ze€ X, AecBX)

where m is the Lebesgue measure on the Borel o—algebra of (0,1).

Proof. Let © € X. The process (X, (z)) starts from = by definition of (X, (z)). Let {F,}
be the filtration induced by the process (X,,(x)). Then for any B € B(X), we have

P(X, € B|Fp_1) =P(f(Xp_1,0n_1) € B|Fn1) = m(0: f(X,_1,0) € B)
= P(X,_1,B)

where the second equality follows from the disintegration theorem. Thus X,,(z) depends on
F, only through X,,_;(x) and so (X, (z)) is a Markov process with transition probability
P as asserted. O

Now we face the following important converse problem: Which Markov chains can be
represented by stochastically recursive sequences with i.i.d. randomness source? Theorem
2.4 below gives a sufficient criterion for the existence of such a representation. See [22] for

further representation theorems.

Recall that a metric space X is said to be Borel measurably isomorphic to a Borel
subset of R when there exists a one-to-one Borel map ¢ : X — R for which M := ¢(X) is

a Borel subset of R with the property that ¢! : M — X is also Borel measurable.



Theorem 2.4. [17] Let P be a transition probability on a metric space (X,d) which is
Borel measurably isomorphic to a Borel subset of R. Then there exists a jointly measurable
function f: X x (0,1) = X such that for any x € X and for any A € B(X),

P(x,A)=m(0 € (0,1) : fo(x) € A)

where m is the Lebesgue measure on the Borel o-algebra of (0,1).

Proof. General case will follow once we prove that Markov chains on X = R can be
represented in the form stated in the theorem. So let X = R and define f : R x (0,1) - R
by

We have,

f(z,0) > a< P(z,(—o00,a]) <0

for x € X,0 € (0,1) and a € R. Thus, for each fixed z € X, f(z,0) is Borel measurable in
6 by the measurability of the transition probability P. Also since

m(0 € (0,1): fo(x) >a) = m(0€(0,1): P(x,(—o0,a]) <0)
= 1— P(z,(—00,a])

= P(z,(a,00))

and sets of the form (a, c0) generate the Borel o-algebra on R ([23]), it follows that

P(x,A) =m(0 € (0,1) : fo(x) € A)

for any v € & and any A € B(R).



Next observe that for fixed 6 € (0,1),
{r eR: fy(z) >a} ={r e R: P(z,(—00,a]) < 0},
is a Borel set since P is measurable in its first coordinate once the second coordinate is

fixed. So fy: R — R is a Borel map.

For the case X = R, it only remains to prove that f is jointly measurable. Firstly we
note that for fixed x € X, f(z,0) = fy(x) : (0,1) — R is nondecreasing and left continuous.

Now set f(z,0) = —oo and define for n > 1,

1
nlx,0)=f(z,=~), when =<0< , =0,1,...,n—1
Fo(2.0) = f hen L <9 ]:
Now, for any A € B(R),
n—1 . . +1
((2,0): fu(z,0) € A = | [{(z,0): fz, ) el <o<l2
=0 n n n
n—1

is a Borel subset of R2. Since f(z,0) is left continuous in @, it follows that

f(x,0) = lim f,(x,6)

n—o0

for all (z,6) and thus

{(2,0) : f(2.0) € (a,00)} = | [{(x,0) : fu(2,0) € (a,00)},

m=1n=m
for any a € R. Therefore f is jointly measurable. This completes the proof when X = R.

Now assume that the state space X is Borel measurably isomorphic to a Borel subset
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of R and let ¢ : X — R be a one-to-one Borel map for which M := ¢(X) is a Borel subset

of R with the property that ¢—! : M — X is also Borel measurable.

Suppose that 1 : R — X equals ¢! on M and maps R — M on some fixed point
2/ € X. For each z € R and B € B(R), define P(z, B) = P(i(z), ¢~ (BN M)). Then P

is a transition probability on R.

We define g : R x (0,1) — R by g(z,0) = inf{y : P(z,(—oc,y]) > 0}. First part of
the proof shows that ¢ is jointly measurable. Next letting f(z,0) = ¥(g(¢(x),0)), f turns

out to be jointly measurable and for any measurable subset A of X we have

m(0: f(z,0) € A) =m(0: (g(¢(x),0)) € A) = m

—

0 :g(p(x),0) € p(A))

This completes the proof. O

Corollary 2.5. Any Markov chain on a Polish space X can be represented by an IFS
{X, fo,0 € O} with the randomness source sequence, (0,,), being independent and uniformly

distributed over (0,1).
Proof. Any Polish space is Borel measurably isomorphic to a Borel subset of R ([24], [25]).
Result follows from Theorem 2.4. O

Remark 2.6. Note that there is no uniqueness claim in Theorem 2.4. In fact, choice of

an appropriate IFS plays a crucial role in many problems.

2.3. Definitions and Basic Results Related to Markov Chains

For this section, (X,d) is a Polish space with its Borel g-algebra B(X) and (X,,)
denotes a Markov chain on X with transition probability P and corresponding update

function f: X x © — X where (0, §, Q) is a probability space.
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Definition 2.3.1. A stationary distribution m for the transition probability P with corre-
sponding update function f is the distribution of an X-valued random wvariable X whose

distribution satisfies Ly = Ly (x ).

By a stationary distribution of a Markov chain (X,,), we of course mean a stationary

distribution for the transition probability P of (X,,).

Remark 2.7. If the Markov chain (X,,) is started according to the stationary distribution

m, that 1s, if Xo ~ m, then Lx, = Ly(x,6 = 7. Induction reveals Lx, = m for every n € N.

Definition 2.3.2. For a Markov chain on a Polish space X whose IFS representation is

given by {X; fp,0 € O}, we define the forward process starting from x € X by

Fo(x) =z, F,(z) = (fs,_,0...0fp,)(x), m=1,23..

and the backward process starting from x € X by

Bo(z) =z, By(z) = (fg,0...0f0,_,)(x), n=1,23..

Remark 2.8. Note that the forward process adds the newly generated randomness at the
last step whereas the backward process adds it through the first step. Although these two

processes are quite different in nature, we have

Lp,x) = Lp,z), for ne€N and zeX,

since (0,) is an i.i.d. sequence.

Theorem 2.9. [13] Consider a Markov chain (X,,) on a Polish space X with transition
probability P whose IFS representation is given by {X; fo,0 € O} where fy is continuous
for each 6 € ©. If the corresponding forward process F,(x) converges weakly to a probability

distribution m independent of x € X, then m s the unique stationary distribution for P.
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Proof. For g € BC(X) and for every n > 1 we have,

/X W) Lr @) (dy) = E(g(Fu(z))) = EE(g(F,(2))|[Fo(2)))

— / / Q(dO)Lp, () (dy).

Define ¢ : X — X by ¢(y) = [o9(f(y,0))Q(df). Then ¢ is bounded since g is bounded
and () is a probability measure. By the assumption on the continuity of f, we may also

conclude that ¢ is continuous using dominated convergence theorem. Thus ¢ € BC(X).

Now we may use the weak convergence assumption of the forward process to get

/X g(y)m(dy) = /X /@ o(F (3, 0)Q(d0)(dy)

by letting n — oo.

So if Xy is a random variable distributed according to 7 and g € BC(&X'), we have

[ seixtaz) = [ o) Lrn(ds)

Since this is true for all ¢ € BC(X), we conclude that Lx, = Ly(x, ) holds by Theorem
2.2 and this reveals the required result that 7 is a stationary distribution for P.

For the uniqueness, suppose that 7’ is any stationary distribution and Ly, = 7.

Then Lp, (x,) = Lx, for every n > 1 and dw (L, (x,), ™) — 0 as n — oo by the first part of
the proof where dyy is the Wasserstein distance between probability measures (Appendiz

I). Since L, (x,) = n' for all n, we conclude that 7 = 7. O

When the forward process converges weakly to some random variable B, the distri-

bution of B is called the limiting distribution of the Markov chain.
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Definition 2.3.3. Let (X,,) be a Markov chain with an IFS representation {X; fy,0 € O}.
(X,) is said to have weak Feller property (WFP) if for any g € BC(X), the mapping

z — Eg(fo(z))

15 conlinuous.

For more on WFP, see [21]. We now give a corollary of Theorem 2.9 that will be
useful in the sequel.
Corollary 2.10. Theorem 2.9 remains valid when the assumption on the continuity of the

update functions is replaced with the WFP assumption for the Markov Chain (X,,).
Next we briefly discuss uniform ergodicity of Markov chains.

Definition 2.3.4. Let (X,,) be a Markov chain on a Polish space X with transition prob-
ability P and unique stationary distribution w. The chain is said to be uniformly ergodic

when

lim sup |P"(x, ) = 7]}y = 0.
n~>oom€X

Theorem 2.11. [26] The following conditions are equivalent for a Markov chain (X)) on
a Polish space X with transition probability P and unique stationary distribution m:

(i) (X)) is uniformly ergodic.

(11) There ezists ¢ € (0,00) and X € (0,1) such that

|P"(z,") — 7|y < c\*, VzeXx, VneZt.

Theorem 2.12. [26] Let (X,,) be a Markov chain on a Polish space (X,B(X)) with tran-
sition probability P. If (X,) is uniformly ergodic, then there exists a probability measure
® on (X, B(X)), m € Z" and € (0,1] that satisfy P (z,-) > P(:) for all x € X.

Remark 2.13. Markov chains having the necessary criterion for uniform ergodicity given
in Theorem 2.12 are called Doeblin chains. These special processes will have great tmpor-

tance throughout this thesis.
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3. PROPP-WILSON ALGORITHM

3.1. Introduction and Illustration of the Basic Idea

Consider an ergodic Markov chain on a finite state space X. Since |X| is finite,
ergodicity assures the existence of a unique stationary (and limiting) distribution which
we call m (|27]). Let f: X x (0,1) — X be one of the possible update functions for this

Markov chain.

Our aim is getting exact and independent samples from 7. As a starting point, one
may think of starting |X'| copies of the underlying chain from each possible initial state and
update these chains according to f with the same random numbers over (0,1). It is worth
knowing whether the state at which all of these chains coalesce is distributed according
to m as the effect of initial position is swept. Let’s see that this is not the case with the

following example:

Example 3.1. Consider a Markov chain with 3 states that has the following transition

matrix,

0.5 05 0
P = 0 0 1
1 0 0

This Markov chain is ergodic and its stationary distribution is given by = = (0.5, 0.25,0.25).
But the three chains initiated from three different states can never coalesce at state 3.

Hence we would get biased samples if we had used the described strategy directly.

What PW algorithm does to get exact samples is reversing the above procedure
(]10]). This can be formulated as follows. At time 1, generate 6_; ~ U(0,1) and start
Markov chains from all possible initial states and let them evolve using 6_;. If they have

coalesced at time 0, take the common value at time 0 as a stationary pick. If not, generate
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0 o ~ U(0,1), start Markov chains from all possible initial states and let them evolve
using 6_5 and 6_;. If they have coalesced up to time 0, take the common value at time
0 as a sample. If not, do the same until you get an output. Main result of next section
assures that the returned value is in fact a perfect sample; that is, the returned value is
exactly distributed according to m. Generalizations of this scenario will also be considered
in following sections. Figure 3.1 below illustrates PW algorithm for a Markov chain with

4 states.

L
- FooEg
- 23
T = —1 : no coaleacence at £ = 0.
—r &
-
t } } + 21
3 -0 1
H_
5
- Foosg
- - #3
T = —2: no coalezcence at £ = 0.
- —
r
t - } + ¥ 2y
2 -2 1
o3 H_
L
- 2
A A at-s P |
e - 21 Accept stabte =5 as a draw!
T = —3 : coalescence at &t = (.
- - — =2
t 4 } 4 2
-3 -2 -1
".7'—."- 7 _2 f‘-‘—l

Figure 3.1. Illustration of how perfect sampling works for a Markov chain with 4 states.

Coalescence occurs at 1" = —3.
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3.2. Coupling from the Past Algorithm

This section is devoted to CFTP algorithm of James Propp and David Wilson ([10]).
Advantages of monotonicity arguments is discussed and a toy example is presented. Note
that CFTP algorithm is also known as Propp-Wilson (PW) algorithm in the literature and

both names will be used throughout this thesis.

For this section, (X,,) is a Markov chain on a finite state space X which may always
thought to be {1,2,...m} for some m € Z*. Let f: X x (0,1) — X be one of the update
functions for (X,,). So once the chain is at © € X, a random number 0 is generated
uniformly over (0,1) and the chain moves to f(z,6). Now, the pseudocode of the PW

algorithm is as follows.

X=X
while ¢ <0

t=t+1

Xy = f(Xio1,0i-1)
if |Ap| =1 then

return xy € Ay

else

PW(M-+1)

Figure 3.2. Pseudocode for Propp-Wilson Algorithm

For a rigorous analysis of this algorithm, we need to introduce some notation. For

x € X, consider the backward process given by By(z) = x and B, (x) = (fg_,0...0fs_,) ()
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for n € Z*. Also define 7 = min{n > 1: B,(x) = B,(y), Vz,y € X} < co. This notation
needs an explanation. When there exists an n € N with B, (z) = B,(y), Vz,y € X, we set

7 to be the minimum of such n’s. If such an n does not exist, we set 7 = oc.

In this setting, when 7 is finite, 7 is the coalescence time of the Markov chains
initiated from all possible states and the common value B, (z) with x € X" is the returned

value of PW algorithm.

Theorem 3.2. [10] (PW algorithm) Let (X,,) be an ergodic Markov chain on a finite state
space X with stationary distribution © and let f be an update function for (X,). Define T
and B, (x) as above and suppose that T < oo a.s.. Then, B.(x) is distributed according to

w for any v € X.

Proof. As 7 is finite a.s., B,(z) = (fg_,0...0fs_,)(x) becomes constant at a finite time a.s..
So B, (z) converges a.s. to some random limit independent of x which we call B. This
gives L, () = Lp,(z) — Lp. That is, F,(x) converges weakly to B independent of z. By
Theorem 2.9, we know that Lp is the stationary distribution of (X,,). Since an ergodic
Markov chain on a finite state space has a unique stationary distribution, we conclude

LB:TF.

We also have B = lim,,_,o, B,(z) = B.(z) a.s.. Hence B, (x) is distributed according

to m independent of x as asserted. [

Note that the idea behind PW algorithm can be seen as a special case of backward
coupling times or Letac’s principle. More on these topics will emerge in the next two

chapters.

Remark 3.3. Note that the arquments carried out in the proof of 3.2 remains valid when
the state space of the underlying Markov chain is replaced by a Polish space and a unique

stationary distribution exists for the chain.

Remark 3.4. The sequence 1,2,....M,M + 1,... in PW algorithm can be replaced by
1,2,4,..., M,2M or in fact by any increasing sequence. This follows from the proof PW

algorithm directly. This observation is very useful in B. Wilson’s Read Once Coupling
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from the Past Algorithm (ROCFTP) which is a modified version of the CFTP algorithm
([51]).

Now we present a toy example for PW algorithm.
Example 3.5. Consider a Markov chain (X,,) with state space {0, 1,2} whose transition

matrix is given by

05 05 0
P=105 0 05
0 05 0.5

An update function for (X,,) can be given by,

max{X, 1 — 1,0} 6,1 € (0,1/2]
min{X,_, + 1,2} if O € (1/2,1)

Xn = f(anla 9n71> =

Now PW algorithm works for this chain as follows: Firstly, start 3 chains from
3 different states of (X,,) at T'= —1 and check for coalescence at ¢ = 0. If coalescence
occurs, the common state at t = 0 is accepted as a sample from the stationary distribution.
Otherwise, the starting time is moved to 7' = —2, and the chains are evolved and again
checked for coalescence at t = 0. If coalescence occurs, the state of the chain at t = 0 is
accepted as a sample from the desired distribution. The whole process is repeated until
the 3 chains coalesce (which happens a.s. with the chosen update function). When the
coalescence occurs, the state of the chain at ¢ = 0 is taken as a sample from the stationary

1

distribution m = (3, 5, 3).

A crucial part of PW algorithm is the use of stochastic monotonicity. It becomes

impossible to deal with Markov chains with huge state spaces without monotonicity.

Definition 3.2.1. An update function f of a Markov chain (X,,) on a partially ordered

state space (X, <) is said to be a monotone update function if for any 0 € (0,1), the
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inequality

f(x,0) < f(y,0)

holds whenever x < y.
For a detailed discussion of stochastic monotonicity and monotone update functions,

see |20].

Theorem 3.6. Consider an ergodic Markov chain (X,,) on a finite linearly ordered state
space (X, <) with a monotone update function f and let x,T be the minimal and mazimal
elements in X respectively. Define T, = min{n : B,(z) = B,(T)} < oo where B,(x) =
(fo_,0...0fp_)(x). If . < 00 a.s., then B, (x) is distributed according to the stationary

distribution w of (X,,) for any x € X.

Proof. Firstly observe that

Bo(z) < Bu(z) < Bu(7) (3.1)

for any x € X since f is given to be monotone.

Next, defining 7 = min{n : B,(z) = B,(y), Vz,y € X} < 0o, we clearly have 7, < 7.
Also when B,(Z) = B,(x), (3.1) reveals that

for any x € X. This gives 7 < 7, from which we conclude that 7 = 7.

So, B, (x) = B,(x) for any x € X. Since B,(z) is distributed according to = by

Theorem 3.2, result follows. [

Now going back to Example 3.5, with the trivial ordering 0 <1 < 2 on X, the given
update function is monotone. That is f(0,0) < f(1,0) < f(2,0) for every 6 € (0,1). Hence
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when applying the PW algorithm to this case, it will be enough to check the coalescence
of the Markov chains that are initiated from the states 0 and 2. Although monotonicity
does not help too much for this toy example, it is certainly inevitable for Markov chains
on huge state spaces. In section 3.4, we shall show the use of monotonicity on Markov

random fields.

Remark 3.7. An immediate corollary for Theorem 3.6 can be given by replacing the linear
order by a partial order. In this case, the coalescence of the chains starting from various

minimal and mazimal elements should be checked.

Remark 3.8. Choice of an inconvenient IFS may turn PW into a useless algorithm. This

is best illustrated with an example. Consider a 2-state Markov chain (X,,) with state space

1/3 2/3
X ={1,2} and transition matriz P = /32 An update function for (X,) can be
2/3 1/3

giwen by: f(1,0) =1, f(2,0) =2if0 € (0,1/3) and f(1,0) =2, f(2,0) =1 otherwise. We
can not use PW algorithm with this update function since chains starting from different

states can never coalesce.

3.3. Generalized Coupling from the Past

In general, CFTP algorithm can not be applied to Markov chains with general state
spaces in its original form as it is impossible to deal with the coalescence of infinitely many

chains. For these cases, we present a variation of PW algorithm which we call Generalized

Coupling from the Past (GCFTP).

Let X be a Polish space and (X,,) be a Markov chain on X with an update function
f:X x(0,1) = X and a unique stationary distribution 7. Following the PW algorithm
given in the previous section, we define 7 = min{n : B,(x) = B,(y), Vz,y € X} <
where B, (x) = (fy_,0...0fg_,)(x) for n € Z" as before. We already know that B,(x) ~ 7
when 7 is finite a.s. by Theorem 3.2. For the cases of more general state spaces, we need
to define another random time besides 7. For this purpose, firstly consider the following

pseudocode.
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GCFTP(M)

t=-M

V=4

while t < 0
t=t+1
YV, = a set containing f(V;_1,6;1)
if Vo] = 1 then

return xo € YV

else

GCFTP(M+1)

Figure 3.3. Pseudocode for Generalized Coupling from the Past

Now, let f’ be the update mechanism described in the pseudocode so that ), =
f'(Vie1,0-1). We write fg  (Vi1) for f/(Vi—1,0:-1) as usual. Next define

T =min{m > 1:|(fy_0...0ofs )(X)] =1} < 0.

Note that fy(A) C f5(A) for any A C X. So, 7 <T.

Theorem 3.9. (GCFTP) Let (X,,) be a Markov chain on a Polish space X with a unique
stationary distribution w. Let T and B, (x) be defined as above for x € X and suppose that

T < oo a.s.. Then, Br(z) is distributed according to m.

Proof. Firstly observe that 7 < T. Now since for any m > 7, B,,(z) = B;(x), we get
Br(z) = B;(x) for any x € X. This implies that Br(z) ~ m by Theorem 3.2 (See Remark
3.3). O
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Appropriate choice of the update mechanism f’ helps us to have control over the
uncoalesced chains and reveal PW-type algorithms on Polish state spaces. We now show

the use of GCFTP with the aid of Multigamma Coupler. See [11] and [28| for similar

examples.
Example 3.10. [11] Let (X,,) be a Markov chain with state space X = R and transition

probability density p(.|z). Suppose that

p(ylz) > g(y), Va,ye X,

is satisfied for some positive continuous function g with p := [, g(y)dy € (0,1) so that

(X,) is a very special case of Doeblin chains. Also define

Y

Gy = [ g)ts and Qule) = =p [ (plele) - glo)

—0o0 —0o0

An update function for (X,,) can be given by

GL0?) it 0 <p

@) =1 ¢ .
Q Y(6?z) , otherwise

where 61, 6% are independent random numbers uniformly distributed over (0,1). To see that

this is the case, we observe that

P(f(z,0) <y) = pP(G71(0?) <y)+ (1 - p)P(Q ' (¢*|z) <y)
= pP(0* < G(y)) + (1 — p)P(0* < Q(ylv))
= pG(y) + (1 —p)Qylx)
= [ gtoto+ [ wtole) — oo

—00 —00

= P(Xo41 <ylX, =2)

as required. Using this update function, we shall now give the pseudocode for the multi-

gamma coupler as stated in [11].
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Multigamma(M):
t=—M
Ve=4&

while ); infinite and t < 0
t=1t+1
if 0} < p then
Ve ={G1(00)}
else
Vi=X
while ¢ <0
t=t+1
if 0} < p then
Ve ={G7(67)}
else
Y, = {Q1(62]2)} where Yy = {a}
if |Vo| = 1 then
return xg € Yy
else

Multigamma(M + 1)

Figure 3.4. Pseudocode for Multigamma Coupler

To show that the Multigamma Coupler returns a value that is distributed according to
the stationary distribution of the underlying Markov chain, we shall make use of GCFTP.
So we need to show that: (i) f()4_1,0) C Y, and (ii) T is finite a.s.

First of these assertions follows directly from the choice of the sets },. For the second
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one we observe that we will get an outcome whenever we have 6; < p for some k € N and
the probability that we do not have any 6, < p for £ = 1,..n equals (1 — p)". So the
probability that we will not have an outcome at a finite time is lim,_,..(1 — p)” = 0 from

which (ii) follows.

Remark 3.11. In practice it is in general impossible to use multigamma coupler for perfect
sampling. The main reasons for this are:
(i) The normalized update densities are not usually known by the user.

(ii) It is not possible to find a suitable lower bound function g in many cases.

3.4. More on Coupling from the Past Algorithm

3.4.1. An Application on Markov Random Fields

In this section, we describe getting perfect samples from Markov random fields(MRF).
See [29] and [30] for a detailed discussion of MRFs. We start by giving basic definitions on
graph theory and random fields. For the following, let G = (V| E') be a finite graph and X

be a finite set.

For v,w € V, write v ~ w if there exists e € E connecting v and w. Also write
< wv,w > for an edge in E connecting v and w. For W C V', we define the boundary of W,
OW, tobe OW ={v eV —W : 3w € Wsuch thatv ~ w}.

A random field on V with values in X' is a collection X = {X(v)},ev of random
variables with each of X (v) taking values in X. Note that a random field can be regarded

as a random variable taking its values in the configuration space XV .

A configuration £ € XV is of the form (£(v) : v € V) where £(v) € X for v € V. For
a given configuration £ € XV and a given subset W C V, define {(W) = (£(v) : v € W) to
be the restriction of & to W.
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Definition 3.4.1. A random field X on a finite graph G = (V, E) is said to be a Markov
random field (MRF) with distribution  if for any configuration &, we have 7(X =§) >0

and
T(X(W) =W)XV = W) =V = W)) = P(X(W) =W)X (OW) =E£(O0W))

where W is any subset of V.

Here we will focus on a particular example of MRFs, namely, Ising model which was
introduced by Ernst Ising in 1925. In Ising’s finite model, X = {—1,1}, V = Z2, and the
underlying neighborhood system is the nearest neighborhood. The energy of the system at

some configuration £ € {—1,1}V is given by

BO="" Y &) - 5 6w

<z,y>eck xeV

where k is the Boltzman constant, J is the internal energy of an elementary magnetic
dipole and H is the external magnetic field. The (Gibbs) distribution ™ on X'V in terms of
the energy function is now given by 7(¢) = e #® where Z is the normalizing constant.
For the following, we assume that there is no external magnetic field, that is H = 0. Also
we set = _TJ so that m = 7 is given by
1
71'6(5) = Z_eﬁz<x,y>eE5(m)§(y)’ g c {_17 1}V (32)
B
where Z3 is the corresponding normalizing constant. Now to see that mg defines a MRF, we
observe that the right hand side of equation (3.2) can be factorized into factors involving

only the states of neighbor vertices (|29]).

For a perfect sampling algorithm for the Ising model, we follow the steps sketched
in [30] and use random Gibbs sampler (Appendix B) to form a Markov chain on XV
having 7 as its stationary distribution. Such a construction requires the knowledge of full

conditionals of .
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We denote the number of positive and negative neighbors of some v € V' when the

configuration is £ by P(v,&) and N (v, &) respectively.

Lemma 3.12. Full conditional distributions of mg are given by

ms(X (v) = UX(V = {v}) =&V = {o}) = 5 ixf}ié(;gif,) g; iv .E\ij (f) ?)))

where € is a given configuration and v is any element in V.

Proof. Fix v € V. Define £ € {—1,1}" to be the configuration that agrees with £ on
V —{v} and takes the value 1 at v. Similarly define £~ to be the configuration that agrees
with £ on V' — {v} and takes the value -1 at v. We have

n(e) O (I amen (€ 0))
m3(&7) exp (ﬁ Y cwy>eE 5—(x)§—(y)>

= exp B( Yo f@Ety - Y 5‘(93)5‘@)))

= exp 6( > é*(v)ﬁ(y)—é(v)é(y)))

= exp|8 Y (é‘(y)+§(y))>

<v,y>€kE

= exp(28(P(v,€&) — N(v,8))).

Using this we get

m3(X(v) =1L X(V\{v}) = £(V\{v}))
m(X(V\{v}) = £(V\{v}))
e
ms(Eh) +mp(E7)
_ eXp(2ﬁ<P('U, 5) B N(Ua 5)))
1+ exp(28(P(v,&) — N(v,€)))

mp(X (v) = X (VA\{v}) = £(V\{v})) =

from which the required result follows. O



27

Using these full conditionals, the Gibbs sampler can be constructed with the following
update rule: Given X, obtain X, by picking a vertex v € V' at random, picking X,,,1(v)
according to the full conditionals and leaving all other vertices unchanged (Appendix B).
The updating mechanism can be realized by choosing a random number 6,, ~ U(0,1) and

setting

exp(26(P(v,§) = N(v,¢)))

Xn+1(v) =1 if 6” < 1+exp(26(P(U,§) - N(”vé)))

and setting X,,1(v) = —1 otherwise.

We can now construct a CFTP algorithm based on the Gibbs sampler by using om?
chains starting from all possible initial configurations and checking their coalescence. But
of course using so many chains bring computational burden when m is large. To avoid

this, we establish an order on the configuration space.

For &,& € {—1,1}V, write & <,, & if &(v) < &(v) for all v € V. In this partial
ordering, the configuration & with £(v) = 1 for all v € V is the maximal configuration and

the configuration § with {(v) = —1 for all v € V is the minimal configuration.

Now we claim that the update mechanism given above is monotone with respect to
<m- Let &,n € {—1,1}V such that £ <,, n. Suppose that the randomly chosen vertex is v
so that only the value of X (v) changes during the update. We have

) o _exp(2B(P(v,n) = N(v,7)))
§))) — 1+exp(28(P(v,n) — N(v,1)))

exp(28(P(v,€) = N(v,€)
I+ exp(2B(P(v,€) — N(v,

since -2 < £ whenever a and b are real numbers with a < b. This gives us the required

e?+1 — ebe?
result and so the chains starting from the intermediate states will be sandwiched between
the ones starting from the two extreme states. In fact this is exactly why CFTP algorithm

can be applied to so many computationally difficult problems in diverse areas.
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3.4.2. Drawbacks of Propp-Wilson Algorithm

Although the coalescence times in PW algorithm are finite a.s., they can be arbitrarily
large. So the user should take an action and put some bound for the working time of the
algorithm. This may cause biased samples especially for Markov chains with large mixing
times. This kind of bias is known as the user-impatience bias. We explain this with Example

3.5. Recall that (X)) was a Markov chain on X = {0, 1,2} with transition matrix

05 05 0
P=105 0 05
0 05 05

The stationary distribution of (X,,) is m = (1/3,1/3,1/3) and a monotone update function

for it is given by

max{X, 1 — 1,0} if6, € (0,1/2]
min{X,_1 + 1,2} if 6, € (1/2,1)

Xn = f(anh enfl) =

Now if the user aborts runs not completed in 2 steps, then the output of the algorithm in
the 4 possible cases will be as in the following: if 6; < 1/2 and 6y < 1/2 then the output
is 0, if §; > 1/2 and 05 > 1/2 then the output is 2 and in all other cases coalescence does
not occur. Hence in this case we see that PW algorithm returns a biased output with
distribution (1/2,0,1/2). Note that this example is also the motivation for Fill’s algorithm

which is another perfect sampling algorithm that takes care of user-impatience bias ([12]).

Another drawback of PW algorithm is the memory problem. Namely, at each itera-
tion of the process, the random numbers generated at previous stages are used again and
again until the coalescence occurs. This causes memory problems especially for Markov
chains with huge state spaces. This problem is solved by the Read Once Coupling From
The Past Algorithm of Bruce Wilson (|31]).
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4. COUPLING THEORY

In this chapter, we firstly consider some elementary notions from forward coupling
theory. Then we introduce the concept of backward coupling times and eventually specialize
on vertical backward coupling times which are closely related to the algorithms described in
Chapter 3. Our discussion will be mainly based on [32]. A standard reference for coupling

theory is [33].

4.1. Forward Coupling

Let X = (X,) and X" = (X)) be Markov chains on a Polish space (X,B(X)) with
different initial values zy and ), but with the same IF'S representation {X : fy,6 € (0,1)}.
They evolve in time via the recursions X, 11 = f(X,,0,) and X, = f(X),,6,) forn >0
using the same randomness source sequence (6,,). So if X,, = X/ for some n € N, then we

necessarily have X, ., = X/ for every m > 0.
Definition 4.1.1. The minimal forward coupling time 7 of the Markov chains X = (X,,)
and X' = (X)) is defined by

7(X, X')=min{n >0: X, = X} < cc.

T is said to be successful if 7(X, X') < 00 a.s..

Since it is not possible to detect minimal forward coupling times in most cases, we

need to introduce a more general definition for forward coupling times.

Definition 4.1.2. A random variable T taking values in N U {oo} is said to be a forward
coupling time for the Markov chains X and X' if
VYm > 0.

T<n= Xpim=X]

n+m?
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Note that, if 7 is a forward coupling time and 7’ is another random time that satisfies

7/ > 7 a.s., then 7’ is also a forward coupling time.

Definition 4.1.3. If {X(j) Yier is any family of Markov chains with different initial states

J
xp, then

T({X(j)}jej) = sup T(X(i),X(k))
i,keJ

is satd to be the minimal forward coupling time for the family {X(j)}jeJ.

We now prove the important forward coupling inequality that will play a key role in

the sequel.

Theorem 4.1. (Coupling inequality) Let X = (X)) be a Markov chain starting from
xo € X with transition kernel P for which a unique stationary distribution m exists. Further

let X' = (X)) be a stationary version of X and T be the minimal forward coupling time of

X and X'. Then we have

|P"(xo,) — 7|7y < P(T > n).

Proof. We define a new stochastic process X via X and X' as
— X, ifn<r
X

X, ifn>rT.

Then (X)) is a stationary Markov chain with transition kernel P. Also for any A € B(X)

we have,

P(X,cA) = P(X,cAlr<n)P(r<n)+P(X,cAlr>n)P(r>n)

= P(X,€AlT<n)P(r<n)+P(X,€AT>n)

and
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P (x9,A) =P(X,, € A) =P(X,, € A7t <n)P(r <n)+P(X, € A, 7 >n).

The last two equations immediately give

|P™ (29, A) — 7(A)| = |P(X,, € A, 7 >n) —P(X,, € A, 7 >n)| <P(r > n).

Since this is true for each Borel subset A, we get

1P (0, ) = wllzv < B(T >n)

from which the required result follows. O

With the aid of coupling inequality, we can get sharp bounds for the rate of con-
vergence to the stationary distribution in the cases where we have information on the tail
behavior of the minimal forward coupling time. One such instance can be found below for
finite state space Markov chains. See [20] and [32] for further notes on the tail behavior of
coupling times.

The following corollary is immediate from the definition of successful minimal forward

coupling times.

Corollary 4.2. If the minimal forward coupling time is successful, then

|P"(xg,.) — wllrv =0 as n — oo.

Next we prove that the n—step probabilities of a finite state space ergodic Markov
chain converges to the stationary distribution geometrically fast. The idea is finding out
a suitable bound for the tail behavior of the minimal forward coupling time and using

coupling inequality. Precise statement is as follows.
Theorem 4.3. Suppose that (M,) is an ergodic Markov chain on a finite state space X

with |X| = M whose transition probability is given by P. Then (M,) is uniformly ergodic.

Proof. Suppose X,, and X/, are two independent Markov chains having P as their transition

probability. Suppose further that the initial distributions of these chains are dy,) and =
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respectively where x is any fixed element in A and 7 is the unique stationary distribution

corresponding to P. Also let 7 be the minimal forward coupling time of these two chains.

Since the chain is ergodic, there exist N € N and ¢ > 0 such that
PY(a,b) > ¢, Va,be X.

Using this observation, we get

P(Xy=Xy) =) PXn=yXy=y) = Y PV(z,y)P(Xy =y

yeX yeX

> ) Y P(Xy =y|X) = 2)P(X) = 2)

YyeEX zeX

> 62ZZP(X6:Z)

yeX zeX
= &M

and so P(Xy # X)) <1—¢€>M. For any k > 1, we get
P(r > kN) < P(Xy % Xy, ., Xon # X0y
= P(Xy # XN)P(Xon # Xon|Xn # Xiy)
CP(Xiw # X X iw # X iyns oo X # XN)

< (1—eM)*

where the last inequality holds since the upper bound for P(Xy # X)) is independent of

the initial state of (X,,). Now for n € N, we set p, = max{m € N: mN <n}. We have

(1— €2M)%((pn+1)N)
1—e2M

((1—eM)w)"

- 1—eM

P(r >n) <P(r > p,N) < (1 - EM)Pr =

Now we set ¢ = and A = (1 — €M)~ (with € small enough) and use Theorem 2.11

_ 1
1—e2M

with Theorem 4.1 to get the required result. ]
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4.2. Backward Coupling

This section is devoted to a study of backward coupling times which will be an inter-
mediate step to treat CE'TP algorithms in a more general setting. Consider the probability
space (Q, F,m), where Q = (0,1)%, F is the cylinder o-algebra and m is the Lebesgue mea-

sure. Define the coordinate maps 6,, by 6,,(w) = w, where w = {w,}>> ___ € Q.

—0o0

Definition 4.2.1. The m-shift transformation 7™ on Q is defined by T™(w) = {Wn+m }oe_ o
for any {wp}ee € Q, de. (T™(W))n = Wnim- The m-shift transformation of a set

B e F is defined by T™(B) ={T"(w) : w € B}.

Note that 7™ (w) = T™(T*(w)) for any m, k € Z and any w € (.

Definition 4.2.2. For any random variable ¥ : Q) — X and any m € 7Z, the m-shifted
random variable W,, is defined by V,,(w) = ¥(T"™(w)) where w € €.

Remark 4.4. The shift transformation T : Q — Q is measure preserving. See [34] and

[85] for more on shift transformations.

The definition of shifted random variables suggests that we may also define shifted
Markov chains once we represent them with stochastically recursive sequences . For this
oo

purpose, consider a Markov chain X = (X,,)2%, on a Polish space X that is represented

with an IFS {X; fy, 0 € (0,1)}. We define the m-shifted Markov chain by T™X = (T"X,,).

So when X initiates from xq, the m-shifted Markov chain starts at time m from 7™z
and takes the value 7™X,, at time m +n with m € Z and n € N. Here z( is a random

variable which is assumed to be adapted to the past. In most cases, xo will be a constant.

It is important to keep in mind that the definition of a shifted Markov chain makes
use of the IF'S representation of the original Markov chain X. Shifted chains become more
tractable once we express this relation more explicitly. Firstly, since the state of (X,,) at

time n is given by

X = (fo,_,0..-0f9,)(x0)
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we have,

TXn = (fo,0...0f9,)(Txo).

More generally we have,

Tan = <f9m+n710"'0f9m)(me())'

When z is constant, 7™X,, = (fo,.,.._,0---0fs,.)(20).

We are now ready to give the definition of backward coupling times corresponding to
a given Markov chain. These will be the key tools in embedding CFTP type algorithms

into a more general framework.

Definition 4.2.3. For a Markov chain X = (X,)0%, with a given IFS representation
{X; fo,0 € (0,1)}, the minimal backward coupling time v(X) is defined by

v(X)=min{m >0: T "X, =T ™X,,, Vni,ng>m} < oo.

Definition 4.2.4. A random variable v taking values in NU{oo} is said to be a backward

coupling time for a Markov chain X = (X,,)2, if
v<m, me N = T_annl - T_n2X7L27 vn1>n2 > m.

v 18 said to be successful when v < 0o a.s..
Note that the definition of a backward coupling time depends on just one chain
starting from zy which was not the case for forward coupling times.

Now we shall give the fundamental theorem of this section.

Theorem 4.5. [32] Let X = (X,,) be a Markov chain on a Polish space (X,B(X)) with
transition probability P and IFS representation {X; fa,0 € (0,1)}. Suppose that v is a

successful backward coupling time for X. Define another stochastic sequence X= ()N(”) by
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setting X° = TX, and X" = T"X" for n > 1. Then the sequence X = ()N(”) forms a

stationary Markov chain with transition probability P, and satisfies the recursion
Xt = £(X,0,)

a.s. for each n € N.

Proof. We start by showing that the stochastic sequence (X,,) satisfies the given recursion

using induction. For n = 0, we have

X' =TX' =TT "X, = 11_131 TT "X, = li_r>n T = li_}rn T "Xt

= lim 77" f(X,,6,)
= lim f(T "X, 60)

= f(T7"X,,6)
= f(X° 6)

where we just used the fact that 777X, = T "X, for sufficiently large n a.s.. Next suppose

that the result is true for some n € N. We have

X = TX" = T (X" 0,00) = F(TX" T) = f(X7,6,)

as required. Now, since #,,’s are i.i.d., it follows from Theorem 2.3 that the stochastically
recursive sequence ()N(n) is a Markov chain with update function f and corresponding

transition probability P.

Lastly, using the fact that 7 is measure preserving, we get

P(X' e A) =P(TX" € A) =P(X° € A)

for any A € B(X). So (X,,) is stationary as asserted. O
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Remark 4.6. Note that the random variable T VX, in the proof of Theorem 4.5 is dis-
tributed according to a stationary distribution of the Markov chain (X,,). Henceforth, ez-

istence of a successful backward coupling time assures the existence of a stationary version

of the Markov chain.

4.3. Vertical Backward Coupling Times and Perfect Sampling

In this section, we embed CFTP type algorithms into a more general framework using
the techniques developed in the previous section. For a Markov chain X = (X,,) with state
space X, denote by X\ the chain that starts from z € X. That is, X\ has the same

transition probability with (X,,) but starts from a possibly different initial state z € X.

Theorem 4.7. [32] Let X = (X,,) be a Markov chain on a Polish space X that is repre-
sented with an IFS {X; fp,0 € (0,1)} and suppose that

T=min{n>0:7"XP =T"XY, VzyeX}<oo

s well-defined and measurable. Then we have:

(1) For any o € X, T is a backward coupling time for the Markov chain X = (X,,)
starting from xg.

(ii) If T is successful, then for any xy € X, T_TXg") is distributed according to w
where m 1s the unique stationary distribution of the Markov chain (X,SIO)).
Proof. (i) Fix zp € X and let X = (X,,) be the Markov chain starting at time zero from
9. We wish to prove that 7 ™X,, equals to a constant value for m > T so that T is a

backward coupling time for (X,).

Let y be any element in X and set X° = ’T’TX:(Fy). Note that X° is indepen-

dent of y by definition of T. Now for any m > T, if T-™"X,,_r = z, or equivalently if
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(fo_p_y0...0fg_, (o) = = for some z € X, then we have

T "X = (fo_,0...0f9_10fs_r_,0-0fs_ ) (@0) = (fo_,0.0fs_)(2) = T TXE.

Since T’TXéz) = T’TX(Ty) = X° we conclude that 7T-™X,, = X° for m > T; that is,
T~"X,, becomes constant. Thus 7" is a backward coupling time for the Markov chain

starting from x, as asserted.

ii) By Theorem 4.5 we already know 77 X7 is distributed according to 7 where
y y T g

m is a stationary distribution. In this case we claim that 7 is necessarily unique. Let

7’ be any stationary distribution. Suppose zy ~ 7’. By the stationarity of 7’ we have,

T-TX{™) ~ 7' . Following the above proof we also get, 77X\ = T-TxW = X0 ~ 1.

Thus 7 = 7. O

Definition 4.3.1. For a Markov chain X = (X,,) on a Polish space X, the random time
T = min{n > 0 : T-rxF — - 7(,,1’), Vz,y € X} < oo is said to be the minimal

vertical backward coupling time for the Markov chain X.

A random variable 7 taking values in NU {oo} is said to be a vertical coupling time
for the Markov chain X when we have 7 > T a.s. where 7' is the minimal vertical coupling
time of X. Also 7 is said to be successful when 7 is finite a.s.. Now the following corollary is
immediate since the random time in the mentioned algorithm was just a particular example

of a vertical backward coupling time.

Corollary 4.8. Propp-Wilson algorithm is a valid algorithm to get perfect samples from a

gwen distribution .

Remark 4.9. The monotonicity arguments in PW algorithm can be extended to a vertical
backward coupling time setting. For instance, suppose that (X)) is a Markov chain with
a monotone update function f on a Polish space X. Suppose further that X is linearly
ordered with a minimal element v and a mazimal element y. Then it is true that the

random time defined by T = min{n > 0 : T "X? =T "XY} < oo is a vertical backward
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coupling time. To see this, observe that for any m € N and any z € X, we have
T Xy < T "X < T "XV (4.1)

Thus, when T is finite, for any m > T, we have T "X:, = T "X? = T ™XY where
we use the fact that T XY =T ™XY for m > T by the definition of T. This reveals
that T is in fact the minimal vertical backward coupling time. Generalizations for partially

ordered state spaces are also possible [20].

We devote the rest of this section to proving the following fundamental theorem which
gives a necessary and sufficient condition for the existence of successful minimal vertical

backward coupling times for Markov chains.

Theorem 4.10. [32] Let X = (X,,) be a Markov chain on a Polish space X with a unique
stationary distribution w. Then the minimal vertical backward coupling time T of X is

successful if and only if X is uniformly ergodic.

We need to give two lemmas before working on the proof this theorem that are very

important themselves.

Lemma 4.11. If T is the minimal vertical backward coupling time for a Markov chain

X = (X,), then we have
P(T >m+n) <P(T >m)P(T >n)

for any m,n € Z+.

Proof. For m,n € Z*, we define the following events regarding the coalescence of Markov

chains starting from different states,

C, = {T*mXTSf) =7 ™ T(fj) . Vr,y € XY,

Com = {T-mWx@ — 7=tntn) x0) - vy e X,

n n

—(m-n )
:T ( +)X7(7’ZL/+n'

Congn = {T "X

m+n

Vz,y € X}
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Since Cp, U C, .y C Crpyn, we have P(C, U G ) < P(Chpy). This gives

P(C®

m-+n

) <P(CNC L) =P(CL)P(C )

as the events C,, and C,, ,, are independent. But we also have P(C¢,, ) = P(T > m + n),

m4n
P(Cs) = P(T > m) and P(Cy ) = P(C;;) = P(T > n). Hence

P(T > m+n) =P(Cy,

m4n

) < B(C5)P(CE,) = B(T > m)B(T > n)

as required. H

Lemma 4.12. If the minimal vertical backward coupling time T of a Markov chain X =

(X,) is successful, then there exist ¢ € (0,00) and X\ € (0,1) such that
P(T > n) < c\",

for every n € N.

Proof. Since T is successful, for a given 8 € (0, 1), there exists N € N for which we have

P(T > n) < 8 for every n > N. Using Lemma 4.11 we get,
P(T > mN) < (P(T > N))™ < g™ = (B5)"N,  for m € N.
Set A = 8. For a given k = pN + s € N with s € {0,1,..., N — 1} we have
P(T > k) <P(T > pN)P(T > 5) < (APVP(T > s).
Now if we choose ¢ > 0 large enough so that

P(T >s) <c¢(N)® for s=0,1,..,N—1,
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then we have for k = pN + s € N with s € {0,1,..., N — 1},
P(T > k) < A)PYP(T > s) < (\)PVeA® = ek

from which the result follows. O

Proof of Theorem 4.10. Suppose firstly that the minimal vertical backward coupling
time 7" of X is successful. Then there exist ¢ € (0,00) and A € (0,1) that satisfy P(T >
n) < cA\" for every n € N by Lemma 4.12. Denote by 7x the minimal forward coupling

time of the family {X®},cr = {(X\”)}. Since T is measure preserving we have

P(T>n) = PEz,y: T "X® £TXW)
= P(3z,y: XW £ XW)

= P(rx > n).

So P(tx > n) < cA™

We know by Theorem 4.1 that the coupling inequality ||[P"(zo,.) — || < P(T > n)
holds where 7 is the forward coupling time for two Markov chains one of which is stationary
and the other one is initiated from a state o € X. Now since 7 < 7x a.s., we also have

P(T > n) <P(rx > n). Combining all of these we get
| P"(zg,.) —m|| <P(T>n) <P(rx >n) <c\®

which in particular says that X is uniformly ergodic by Theorem 2.11.

For the converse, assume that (X,,) is uniformly ergodic. Then by Theorem 2.12

there exists a probability measure ® on X', m > 1 and g € (0, 1] such that
P"(x,.) > BP(.), VrelX.

Now, for n € Z, sample and fix i.i.d. sequences U, uniform from (0,1) and V,, from .
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We construct the sample path of X,,, by setting X,,, = Vi, if U, < 0 and drawing
Xopn ~ ﬁ(P(X(n,l)m, ) — B®(.)) if Uy, > B. Note that with this update mechanism we

have,

P(Xomn < y[Ximn-1) = 2) = PO((—00,4]) + (1 = f)7—=(P(z, (=00, y]) — BL((—00,9]))

and so the transitions are done according to P. Hence this mechanism gives an update

function f for (X,,). Now if we set Ty = min{n > 1: U,,, < (}, then for any k > Ty,

’T_kX;:O = (fo10...0f—m,10f-1,0...0f_1)(z0)
= (fo10-.0f-7p1)(Vory,)

which is independent of xy. Thus, Ty is a vertical backward coupling time for X. Since
P(Ty > k) < (1 — )k, Ty is finite a.s.. As the minimal vertical backward coupling time T

satisfies T' < Ty a.s., we conclude that T is successful as asserted. Il

Thus, one can use CFTP-type algorithms for perfect sampling only if the chain is

uniformly ergodic.
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5. LETAC’S PRINCIPLE

5.1. Letac’s Principle

Counsider a Markov chain (X,,) on a Polish space (X,B(X)) with an IFS representa-
tion {X; fy,0 € O} where (0, §, Q) is a probability space. Recall that for such a Markov

chain, we defined the forward process starting from = € X by

Fo(z) =z, F.(x)=(fy,_,0...0fp,)(x), n=1,273..

and the backward process starting from x € X by

By(z) =z, B,(z) = (fp,0...0f0, ,)(x), n=1,23..

Theorem 5.1. [13] (Letac’s Principle) Consider a Markov chain (X,,) on a Polish space
X whose IFS representation is given by {X; fy,0 € O} where fy is continuous for each
0 € ©. If B = lim,_,o By(x) ezists a.s. independent of x, then m := Lp is the unique

stationary distribution for (X,).

Proof. Since B, (x) — B almost surely, B,(x) — B weakly. Using Lp, ) = Lp, () for
every n, we see that F,(z) converges to B weakly independent of z. Using Theorem 2.9,

we conclude that Lg is the unique stationary distribution for the Markov chain. O

The following corollary relaxes the continuity condition in Theorem 5.1 using Corol-

lary 2.10.

Corollary 5.2. Theorem 5.1 remains valid when the assumption on the continuity of the

update functions is replaced with the WFP assumption for the Markov Chain (X,,).

Remark 5.3. CFTP algorithms are closely related to Letac’s principle. Indeed PW al-

gorithm mainly relies on the following observation: Backward processes corresponding to
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finite state Markov chains with an appropriate IFS become constant at a finite time a.s.
and so converge to some random limit. Convergence of the backward process allows us to
have a random wvariable distributed according to the stationary distribution and get perfect

samples from this distribution.

Now we present an application of Letac’s principle on processes evolving according

to affine transition maps.
5.1.1. Affine Maps
Throughout this subsection, we consider a Markov chain (X,) on X = R whose

update function f: R x R? — R is given by f(z,0) = f(z, (a,b)) = ax + b with 6 = (a,b).

Now, for 6,, = (a,,b,), the forward and backward processes turn out to be:

Fo(z) = (IZga)z + Y b (11720ay) (5.1)
k=1
and
n—1
B, (x) = (IZjaj)z + > bi(IiZ5ay). (5.2)
k=0

where we set Hf;,iaj = 1 by convention.

To provide some motivation, we follow [14] and suppose for a moment that a € (0, 1)

is constant. Then the first few terms of these two processes are;
Fo(z) =2, Fi(r)=ax+by, F(zr)=dz+aby+b, F3(x)=da’z+ a*by+ ab; + by,
and

Bo(r) =2, Bi(z)=ar+by, By(x)=a*x+aby+by, Bs(zx)=a’x+a*by+ ab; + by.



44

What differs between these processes is that the new randomness in the backward process

is damped by a power of a whereas the randomness in the forward process is preserved all

the time. This explains why the backward process B, (x) converges independent of x and

Letac’s principle is applicable to various problems.

Next we detail an argument on affine maps given in [13| that provides sufficient

conditions for the convergence of B, (z) in the case of affine update functions.

Theorem 5.4. The following two conditions are sufficient for the convergence of backward

process By (x) in (5.2) independent of the initial position x € R:
v :=E(log|ag|) € (—00,0) and E(log™ |by|) < oo

where a* =maz{a,0}.

Proof. We firstly show that

]}Lr{}O(Hf;é\aj|)l/k <1 as and JLIEO(H?;&aj)x =0 a.s.

hold. Set A, = (H;‘:—(}|aj|)1/". Then the first one follows since we have,

n—1

1
log A,, = — 1 | —v<0
0g n; oglaj] =~

(5.3)

by Strong Law of Large Numbers. This also gives Z?:_& log |a;| = —o0 as n — oo which

reveals the second one. Note that the second one in particular says that the first term in

(5.2) drops as n — oo for any = € R.
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Next as an intermediate step, for k € Z* and Y}, = _72109+|bk|, we observe

o0

ZIPka :ZiP(j<Y1§j+1) = izj:P(j<Y1§j+1>

k=1 j=k j=1 k=1

= ) PG <Yi<j+1)
j=0

= Y E(iljcyi<j+1)

J=0

Y E(Vilicvi<ji)

=0
= E()  Yiljovi<in)
= EW)

-2
= TE(IogJr |b1]) < o0

IN

where in the last step we use our assumption in (5.3). Now it follows that lim sup,_, ., 1 log™ |bx| <

—' a.s. by Borel-Cantelli’s lemma. So

1 1 1
limsup — log |agay...ax_1bx| = limsup(—log |apa;...ax_1| + —log|bk|)
k—o00 k k—o00 k k

IN

1 1
lim sup(E log |agay...ag_1]) + lim sup(E log |bg|)
k—o0

k—o0

L
2

g

= 1<0

2

IA

and this gives

lim sup |a1...ak_1bk|1/k <1, a.s..
k—o00
Using Cauchy’s root test we see that the random series in (5.2) converges a.s.. As the
first term in (5.2) also drops for any = € X', we conclude that the backward process B, (x)

converges a.s. independent of x. ]
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The following corollary is an immediate consequence of Letac’s principle.
Corollary 5.5. Under the assumption (5.3), the random variable Y .- bk(Hf;éaj) has the

stationary distribution of the Markov chain F,(x) given by (5.1) for any x € R.

A complete treatment of the convergence of the backward process in the case of
affine transition maps relies on an analysis of the Lyapounov exponent. See [36] for results
involving a necessary and sufficient condition for the convergence of backward process in

the case of affine maps. Also see [13] and [37] for specific examples.
5.1.2. Systems Contracting on the Average

Our aim in this subsection is getting conclusions on stationary distributions of Markov
chains that contract on the average. Analysis of the backward processes will be our primary

tool in proving the following fundamental result as in Letac’s principle.

Theorem 5.6. [15] Consider a Markov chain (X,) on a Polish space X with an IFS
representation {X; fp,0 € O}. Suppose that

E(d(fo, (%), foo(y))) < cd(z,y), Vr,ye X

holds for some ¢ € (0,1) and
E(d(zo, fa,(70))) < 00, for some x5 € X.

Then there exists a unique stationary distribution u for the Markov chain (X,,). Further-

more, for a given bounded subset S of X there exists a positive constant ag satisfying

supdg (pr, 1) < agc", n>0 (5.4)
x€S

where d is the Kantorovich distance between probability measures and (i is the distribution

of the chain starting from x € X at time n.



47

Remark 5.7. Note that the update functions are not assumed to be continuous.

Proof of Theorem (5.6). As in the proof of Letac’s principle, the backward process
defined by By(z) = x and B, (z) = (fg,0...0fs, ,)(z), n > 1 will play a key role in the
proof. Firstly we start by showing that B, (z) converges a.s.. Proving that it is Cauchy

will suffice as X' is complete.

For N < n < m we have, d(B,(z), Bn(z)) < > 1oy d(B(x), Bpt1(x)). Now, by
an application of Fatou’s lemma, observe that if E(>".° y d(By(z), Bgy1(z))) — 0, then
Y ey A(Bg(x), Bgy1(z)) — 0 and so the Cauchyness of B, (x) follows. We have,

NE

E(d(Bk(x), Bry1(x)))

E (Z d(Bk<x>7Bk+1<x>>> =

i
=

NE

E(E(d(Bk(x), Ber1(x))| for, > fo,))

i
=

E(]E(d<f90<f910"'0f9k71 (;E)), f90(f910"'0f9k (:E))Nf@l? XP f9k>>

NE

I
=

IN

S B(d(fo,0.-0f0, (). (J0--0fo,(x))

Inductively we get

E (gdwk(m),%(m») < 3 B, fo (o) = E(d(z, fu (). (55)
Next we observe

E(d(z, fay(2)) < E(d(x,0)) + E(d(z0, fay(x0))) + E(d(fay (0. fon (1)) < 00 (5.6)
and so %\ d(By(x), Biy1(z)) — 0. Thus By(z) is Canchy and therefore converges.

We shall now prove that this convergence is independent of x. Let y € X and € > 0.



48

We have

E(d(Bn(), Bn(y)))

€

P(d(B,(x), Bu(y)) > €) <

= CEEB ), Balw)l o, - o)
SE<d(f€10~~0f«9n71 (), fo,0...0f0,_,(v)))

IN

Iterating n times, we get

3

c
P(d(Ba(2), Bu(y)) > €) < —E(d(z,y)).

Setting A, = {d(Bn(z), Bn(y)) > €}, this gives Y ° P(A,) < oco. Using Borel-Cantelli

lemma, we conclude that for a given € > 0 and for z,y € X, there exists N = N, , . € Nsuch

that for all n > N, we have d(B,(z), B,(y)) < e. But this says that d(B,(z), B,(y)) — 0

as n — 0.

Next let X = lim,,_,, B, (x¢) where z is the special point given in the assumptions of
the theorem. For any x € X', we have d(B,(x), X) < d(B,(z), Bn(zo)) +d(Bp(zo), X) — 0
so that d(B,(z),X) — 0 a.s.. This gives B, (z) — X a.s. independent of z. Now letting

= Lx, we observe that for n > 0,

A ) = supd] /X Fd(t — )] < 1o < 1}
sup{[E(f (Bu(x))) — E(F(X))] - IIf 12 < 1}

< sup{E(|f(Bu(z)) = fF(X)]) - [[fllL <1}
< E(d(Bn(z), X))

= E(lim d(B,(x), Bu(x)))

< E( lim - d(Bg(x), Brt1(x))).

m—o0

>
Il

n
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So we get

C’fl

1—-c

dic (4, 1) S E(Y_ d(By(w), Bisa (1)) < E(d(x, fo,(x)))

where in the last step we used our calculation in (5.5). For a given bounded subset S of

X, we get

7

sup dK(M?L?M) S S, n Z 07

€S 1—-c
with 7g := sup,eg E(d(z, fo,(2))) < cosince vs < supgeg(E(d(wo, fo, (20))+(c+1)d(z, 20))) <
oo by (5.6). Setting ag = 25 we get

P

supdg (py, 1) < agc”, n>0

€S
which gives us the convergence rate result given in (5.4). Now we only need to prove that
i 1s a stationary probability and actually the unique one having this property. We recall
from Corollary 5.2 that if the Markov chain (X,,) has WFP, then the limiting distribution

is the unique stationary distribution. So proving that our chain has WFP will suffice.

For this purpose, let (z,,) be a sequence in X with z,, — x. We claim that E(g( fy,(z,))) —
E(g(fo,(2))) for any g € BC(X). Using Markov’s inequality, we get

E(d(fo (xn), fo,()))

€
Cd(mn,x) .

€

]P)(d(fgo(.ilﬁn), f@o('r)) > 6) <

as n — 00. S0 fy,(x,) = fp,(x) in probability and from this we get fy,(z,) — fo,(x) in
distribution. From this we get, lim,, . E(g(fa,(xn))) = E(g(fs,(x))) for any g € BC(X).
Thus WFP is satisfied and p is the unique stationary distribution. [
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Some authors study algebraic tail conditions for the tail behavior of appropriate
random variables to catch sufficient conditions for the convergence of the backward process
corresponding to Markov chains. By definition, a random variable X has algebraic tail if
there exist a, 3 € (0,00) such that P(X > z) < a/z” for all x > 0. Algebraic tail
conditions not only bring insight to IFS but also help getting important theorems on
stationary distributions of Markov chains. See [14] and [38] for such instances. Here we

quote one such theorem whose proof is very similar to the proof of Theorem 5.6.

Theorem 5.8. [1] Let L(X) be the set of Lipschitz functions on a Polish space (X,d)
and p be a probability measure on L(X'). Suppose that

f = K¢ has an algebraic tail with respect to
and for some vy € X
frd(f(xg),z0) has an algebraic tail with respect to .

Now, consider a Markov chain on X that moves according to the following rule: starting
from x, the chain chooses f € L(X) according to p and goes to f(x). Furthermore we

assume that

[ togKputar) <o
£(X)

where the integral can be —oo. Letting p be the law of chain after n moves starting from
xr, we have:

(i) There is a unique stationary distribution © for the Markov chain.

(11) There exist A, € (0,00) and an r € (0,1) such that dp(uZ,m) < Ar™ forn > 1
and v € X. The constant r does not depend on n or x; the constant A, does not depend

on n, and A, < a+ bd(z,xy) where 0 < a,b < oc.
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The essence of the problem is as before: Backward process converges at a geometric
rate to the stationary distribution independent of the initial state. See [14] for the proof
and interesting examples that study what happens without the regularity conditions given
in the theorem. [14] also contains ideas from applications to queueing theory and image

processing.

Note that there is also a considerable interest in the case where we have a Markov
chain with an IFS of finitely many (affine) strict contractions. The motivation for this case
is obtaining a unified method for generating and classifying a broad class of fractals. See

[39] for an analysis of this case.
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APPENDIX A: PROBABILITY METRICS

In this section, (X,d) is a Polish space with its Borel o—algebra B(X). Denote by
BL(X) the set of bounded continuous functions f : X — R that also satisfy the Lipschitz

condition

— f(y
[fllz := sup ———+— < o0.
xFy

Define || f|ls = || flloc + | fllz- Then, (BL(X), || ||5) is a normed vector space and for any
f,g9 € BL(X), we have || fg|lgr < ||f|lBLllgllsL- See [19] for the proofs.

Definition A.1. For two probability measures puy, o on (X, B(X)), we define the Wasser-

stein distance by

dy (p1, pr2) = supq{ / flpr — po)(dz)| || fller < 1}
x
and the Kantorovich distance by
dc(usspz) = supf| [ Flos = pa)(do)| : 7] < 1)
x

Definition A.2. Prokhorov distance dp(p1, o) between two probability measures py, fio

on (X,B(X)) is defined to be the infimum of the § > 0 that satisfies

i (K) < pa(Ks) +0 and  pa(K) < pu(Ks) + 0

for all compact subset K of X, where Ks = {x € X : d(K,x) < d}.

For more on Prokhorov distance, see [27] and [40].
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Theorem A.3. [19] For any probability measures i, and p on (X,B(X)), the following

are equivalent.
(i) pn converges weakly to p.
(ii) dw (pn, 1) — .
(111) dp(fin, ) — 0.

Definition A.4. Total variation distance of probability measures 1 and pa on (X,B(X))
15 defined by

I = pallry = sup{|pa (A) — pa(A)] : A € B(X)}.
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APPENDIX B: GIBBS SAMPLING

Gibbs sampling is an MCMC method that is used to get approximate samples from a
multivariate distribution 7(z1, ..., ,) in cases where sampling from the full conditionals can
be easily implemented. It may be seen as a special case of Metropolis-Hastings algorithm.
Since this technique is used in the thesis, we shortly describe the simulation procedure.

For a detailed treatment, see [4] and [6].

To use Gibbs sampling, one needs to sample from the conditional distributions of
each component given the remaining components (full conditional distributions), i.e. to

simulate from

WXi\X_i(xi‘x—i) where X_i = (Xl,...,Xi,Xi+1,...,Xn).

Letting x® = (xgt), xgt), ...7a:$f)) be the state of the chain at time ¢, we may describe the

two common forms of Gibbs sampler as follows.

1. Random Gibbs Sampler At time ¢ + 1, choose a coordinate 7 uniformly from

{1,2,...,n}. Then draw a:EtH) ~ 7x,x_,(x;|x_;) and leave all other coordinates unchanged.

2. Deterministic Gibbs Sampler At time ¢ + 1, draw xﬁtﬂ) from the conditional

distribution

r(adal™D, D 0 )

fori=1,...n.
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