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ABSTRACT

ON SPECIAL SOLUTIONS OF ZAKHAROV-SCHULMAN
EQUATIONS

In this work, two types of special solutions for Zakharov—-Schulman equations
are studied. Existence of standing wave solutions are established by utilizing varia-
tional methods. First set conditions on the operators for the existence of Arkadiev—
Pogrebkov—Polivanov type travelling wave solutions are derived. It is observed that

there exist blow-up profiles whenever either of these special solutions exist.



OZET

ZAKHAROV-SCHULMAN DENKLEMLERININ OZEL
COZUMLERI UZERINE

Bu caligmada Zakharov—Schulman denklemleri igin iki tip 0zel ¢6ziim ince-
lenmistir. Duran dalga ¢oziimlerinin varlig1 varyasyonel yontemler kullanilarak kanitlan-
mistir. Arkadiev—Pogrebkov—Polivanov tipi yiirtiyen dalga c¢oziimlerinin varhigi icin
denklemde yer alan diferansiyel operatorler tizerinde kosullar bulunmustur. Her iki tip

ozel ¢cozlimiin de varliginda patlama profillerinin var oldugu gozlemlenmistir.
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1. INTRODUCTION

In [1], Schulman considered the following system of equations.

iy + Lyu + Ypu =0,
(1.0.1)

L2¢ = L3’u|27

where u is a complex valued function and v is a real valued function, both depending

ont € (0,00) and x € RY for N € {1,2,3}; with

Z ]ka[E] 7 ne {17273}7

being second order linear differential operators with constant coefficients where the
matrices C™ are real and symmetric. Known as Zakharov—Schulman system, the equa-
tions (1.0.1) represent a universal model for the description of interactions of small-
amplitude, high frequency waves with acoustic-type water waves. As it is observed

in [2], in one spatial dimension one recovers
ity + Uge + x|ulPu =0, x€{0,-1,1},

which is the one dimensional Schrodinger equation - linear, repulsive, attractive de-

pending on the value of y. In two spatial dimensions, upon setting

U= A7 ¢ - _X0|A‘2 - X1¢za (102)
L1 = a@i + 85, L2 = mlﬁg + mg(?j, L3 = —ﬂxlaz — X0L27 (103)



(1.0.1) can be reduced to Davey—Stewartson (DS) system, which is introduced in [3]

(see also [4]), given in suitably rescaled coordinates by

iAt + UAxx + Ayy = XO|A|2A + X1A¢xa

ml¢xm + m2¢yy = ﬁ (|A|2)m )

(1.0.4)

with the real parameters o, xo, X1, M1, M2, 3, such that |o| = 1. As Schulman states
in [1] (see also [5]), DS system is known to be a reduced form of the Zakharov—Schulman
system such that it is integrable for some certain parameter regime in two dimensions

and that it is not integrable in three dimensions.

In this work, we study the Zakharov—Schulman system in two spatial dimensions,
that is, we hereafter assume N = 2. Since the only cases we consider are the ones with

Ly being hyperbolic or elliptic, without loss of generality, we rewrite (1.0.1) as

WUy 4 OUgy + Uyy + Yu =0,
" (1.0.5)

LQ’QZ) = L3|U,|2, 5 € {—1, 1},

upon a suitable coordinate transformation. We assume that the solutions suitably
decay at infinity. This assumption will be made more precise later on when we introduce
the related Cauchy problem with the initial data ug. In the case where Lo is elliptic,
i.e. C? is sign definite, the system (1.0.5) can be reduced to a single equation in u.
To do so, we express 9 in terms of u by solving the Poisson equation (1.0.5)s. Indeed,

taking Fourier transforms of both sides of (1.0.5)s in space, we evidently have

(C21€2 + 202616 + CLEDD(E) = (CHE2 + 205,66 + CLE) (ul) (©),

with € = (£;,&) € R? being the Fourier variables. Then, introducing the nonlocal

o~

linear operator K defined by K (f)(€) = a(€)f(£), where

a(s) _ Cif% + 20§2£1£2 + 05)253
CHET + 207616 + CHE

(1.0.6)



the system (1.0.5) reduces to the so-called almost cubic nonlinear Schréodinger equation

(ACNLS) and so we consider the related Cauchy problem

iy + gy + Uyy + K (u|*)u =0,
" (1.0.7)

u(x,0) = ug(x),

which is extensively studied in [6], [7], [8] and [9] for the cases where the initial data
ug lie in H', L? ¥ = L*(|x|*dx) N H'. We call § = 1 the elliptic and § = —1 the
hyperbolic case. At this stage, let us recall that the symbol « satisfies the following

obvious yet important properties:

e « is even, real and homogeneous of degree zero,
e o€ L*(R*\ {(0,0)}), and in particular a(€) < M, for all £ € R*\ {(0,0)},
o o€ C*(R*\ {(0,0)}).

We shall as well provide the reader with an explicit expression for M, = Eer&a\}{(o} a(€)
in the second chapter. Upon stating such a reduction, as underlined in [2], it is worth-
wile to note now that in general the matrices C™ are not necessarily sign definite; in
particular, the operator Ly can be nonelliptic. In case L, is hyperbolic, as it is dis-
cussed for DS system in [10], it is still possible to reduce the system (1.0.5) to a single
equation 1, + Stz + uy, + K(Jul>)u = 0. However, since the operator K emerges
through solving a wave equation, it enjoys no regularizing effects. Therefore the usual

techniques involving Sobolev space theory for semilinear Schrodinger equations do not

apply to this reduced form. We do not consider such a case in this work.

Throughout the second chapter, assuming L; and Ly are elliptic, we treat the
system (1.0.1) in the framework of ACNLS equation, and adapt the results obtained
in [7] and [6] for almost cubic nonlinear Schrodinger equation and elliptic generalized
Davey—Stewartson (GDS) system which is derived by Babaoglu and Erbay [11] to
model the propagation of waves in a bulk medium composed of an elastic medium with
couple stresses. We introduce the focusing and defocusing cases of the solutions of the

Cauchy problem related to the system (1.0.7) with 6 = 1; and following [7], we discuss



that in the focusing case, any given initial datum can be scaled to one with negative
energy so that the corresponding solution blows up in finite time. Existence of such
initial data is one of the main ideas present in [2]. On the other hand, following [7],
we conclude that the focusing case is also characterized by the existence of standing
wave solutions which are introduced below. Apart from this analysis, we prove the
conservation laws for the quantities mass, energy and momenta as stated in [2]; and
derive the conserved quantities corresponding to invariance of the solutions of the
system (1.0.1) under scaling and pseudo-conformal transformation given again in [2]
and [9]. We also establish virial identity which plays a crucial role in the conservation
law corresponding to the scaling invariance and the sufficient conditions given in [2]

and [7, Theorem 2.4] for a finite time blow-up.

In the third chapter we study the existence and regularity of the standing wave
solutions, i.e. the periodic solutions of the form
u(z,t) = (x)e™,
where w is a positive constant, ¢ is nonzero and lies in the energy class H!(R?).
Heuristically speaking, such solutions appear due to the counterbalance between the
dispersive effect of the linear part of the equation and the focusing effect of the non-

linearity. It is evident that ¢, which is called the standing wave profile, should be a

solution of

Ap —wp + K(|o[*)p = 0. (1.0.8)

By its very nature, in the Sobolev space H'(R?) we only require (1.0.8) to hold weakly.
Though we later show in the regularity theorem that ¢ is in fact smooth and also
enjoys an exponential decay rate. To prove the existence of such solutions we employ
variational methods by setting up an appropriate functional J over H'(R?) so that the
critical points of this functional are the solutions of (1.0.8). One such approach is to
introduce the kinetic and the potential energies, then to set up and solve a constrained

minimization problem via seeking minimizers of the the energy functional over a level



set where the potential energy is zero (see [12]). So, it turns out that this process picks
the solutions that are of minimal mass and in this regard, such solutions are called
ground states. Through this route, the existence of standing waves is established for

DS system in [13] and for semilinear Schrodinger equations in [14].

In this work, we adopt an alternative approach devised by Weinstein in [15]
where an unconstrained minimization problem is set to construct the ground states
for nonlinear Schrédinger equation. In particular, as Tao vividly elaborates in [16],
Weinstein’s approach to solving Ay — b + a||P~14) = 0 is based upon understanding
the best constant in Gagliardo—Nirenberg—Sobolev inequality (A.4). With the nonlocal
operator K in (1.0.8), we are also able to establish such a sharp estimate for the
constant in a Gagliardo—Nirenberg—Sobolev type inequality by following the argument

in [8].

In general, the process of minimizing a functional J over a function space involves
taking a minimizing sequence {f,} so that J(f,) — jo = inf J and then showing that
some subsequence of { f,,} converges to an actual minimizer. At such a stage, the major
obstacle arising seems to be the lack of compactness; indeed, it only follows that the
minimizing sequence { f,,} lies in a bounded set. In bounded domains, one way to elimi-
nate this deficiency is to employ techniques concerning weak topologies. For the spaces
H' and LP, 1 < p < oo, are reflexive, we can extract a weakly convergent subsequence
(see A.1) and then invoke Rellich-Kondrachov compactness theorem (A.2) to obtain
strong convergence. However, in unbounded domains the imbedding of Sobolev spaces
into the appropriate L” spaces are not compact, that is to say, Rellich-Kondrachov
compactness theorem does not work anymore. In RY, such a loss of compactness
can be compensated by using the translation and rotation invariance of RY and con-
sequently obtaining some sort of “local compactness” in order to conclude that the
weak convergence is also valid in the strong topology. These ideas were introduced
and elaborated in Strauss’ Compactness Lemma [18] for radial functions and in Lions’
Concentration Compactness Principle [17]. Those compactness results are utilized in
the above mentioned works [12], [13] and [14]. In [18] and in [15] the arguments go
through considering radial functions lying in H'(R?), namely H!(R?), and utilizing



the fact that H}(R?) is compactly imbedded in LP(R?) for all 2 < p < oo. Due to the
nature of the nonlocal term, we cannot restrict our function space to radial functions,
so we follow the arguments given in [19] and [16]. Weinstein’s method is utilized by
Papanicolau et al. in [19] to construct the ground states for DS system, by Eden and
Erbay in [20] for GDS system and by Eden, Giirel and Kuz in [7] for ACNLS equation.
A treatment on variational methods for nonlinear elliptic partial differential equations

with nonlocal terms is present in [21].

The fourth chapter is devoted to the existence of Arkadiev—Pogrebkov—Polivanov
(APP) type travelling wave solutions. Inspired by the work of Ozawa in [22], we
follow [23] and obtain first set conditions on the operators so that these solutions
introduced by Arkadiev et al. exist for the Zakharov—Schulman system. In [22], in
order to to construct an explicit blow-up profile in L?(R?) for the hyperbolic-elliptic

case of the Davey—Stewartson system, Ozawa used solutions of the form

1
u(z,y,t) = . oz, y,t) =0, log f(x,y), (1.0.9)
f(z,y)
where f(z,y) = m, v € R. In a similar manner, the analogous results were

obtained in [24] for the generalized Davey—Stewartson (GDS) system. As mentioned
in [23], Ozawa’s solution turns out to be a special case of the 1-soliton solution appears

in [25] which is given by

55, OXP {2iTm(A\z) + 4iRe(\?)t}
14
|2+ 4Nt + p]” + |v)?

u(z,y,t) = (1.0.10)
where z = = 4+ 1y and A, u,v are complex constants. Indeed, setting A\ = p = 0
and v = 1, it is seen that (1.0.10) recovers Ozawa’s solution (1.0.9). In [23], Eden
and Giirel obtained the conditions on the parameters under which the solutions of
the form (1.0.10) exist for the hyperbolic-elliptic GDS system and it turned out that
these conditions coincide with the conditions given in [24]. Within this perspective,
assuming L; to be hyperbolic, we derive the first set conditions on the operators Lo
and Lz so that the solutions of the form (1.0.10) exist for the system (1.0.1). As

an integrable reduced form of the Zakharov—Schulman system, we observe that upon



transforming them back via (1.0.2), the conditions derived on the parameters of the DS
system (1.0.4) for the existence of such solutions agree with the ones we derive for the
operators in Zakharov—Schulman system. We also establish that APP type solutions

exist for a different DS system

iAr+ Map + 1Ay, = xolAPA+ x1 A9,

m1¢mx + m2¢yy = ﬁ<|A|2)yy>

(1.0.11)

described by the equations (2.15) and (2.16) in [4]. This system is also a reduced form of
the Zakharov—Schulman system such that it is integrable under some certain parameter
regime. We as well observe that upon transforming them back, the conditions derived
on the parameters also agree with the ones we derive on the operators in (1.0.1). So the
question we address is whether the set of conditions we obtain on the operators pick
only the existence results for the two DS systems, or not. Furthermore, following [22]
and [24] we do obtain an explicit blow-up profile using the invariance of solutions

of (1.0.1) under the pseudo-conformal transformation.



2. ZAKHAROV-SCHULMAN EQUATIONS AS AN
ACNLS EQUATION

Throughout this chapter we assume Ly to be elliptic and following [2], [23] and [7],
we give a treatment of the Zakharov—-Schulman system (1.0.1) in the framework of AC-
NLS equation. In that case, as mentioned earlier, we rewrite (1.0.5) as (1.0.7). So we
find it convenient to start with carrying out our promise on the maximum value of «

and so state the following assertion.

Proposition 2.0.1. [26] The mazimum value of the symbol «, as defined in (1.0.6),

18 equal to the greater of the roots of the equation

det O — X (C3,C2, — 203,02 + C2C8,) + NdetC? = 0,

Proof. Let Q;(§) denote (C7¢€,&) = C{ 163 +2C,& &+ Che3, j = 2,3 and € = (&1, &),

so that (&) = 8228 As a linear algebra fact, we know that the quadratic form of a

symmetric matrix attains its maximum on the unit ball at an eigenvector corresponding

to the largest eigenvalue and hence this maximum is equal to that largest eigenvalue.
Noting that we study the case where C? is sign definite, without loss of generality
we may assume that C? is positive definite - otherwise, we multiply the numerator
and the denominator of a by —1. By Spectral Theorem for symmetric operators, it is
guaranteed that there exists a basis consisting of eigenvectors of the symmetric positive
definite matrix C?. Since the corresponding eigenvalues of C? are all positive, taking
the square roots of these eigenvalues we see that there exists a symmetric positive

definite matrix B such that

(C2%€.€) = (BE, BE) = | BEP, for all £ € R,

Changing variables n = Bg, and using the fact that B is also a symmetric, positive



definite matrix, it follows that

a(e) = L) _ (C°B~'n,B~'m) _ (B7'C°B~'n,m)
Q2(§)  (C*B~'n, B~'n) ml?
n oM

—(B'C*B L LY,
In|” |n|

Therefore, we see that maximizing o over R? is equivalent to maximizing the form
Qp-1c3p-1 on the unit ball in R2. So, it is enough to look for the greater of the roots

of the equation
det (B~*'C®*B~' — \I) = 0.

Since

det (B~'C®*B™ — \I) = det (B~'C®*B™' — AB~'C*B™)
=det (B~1(C* - \C*)B™)
1
= ————det (C* — \C?
(det B)? et )
it suffices to find the greater of the roots of the equation det (C?® — A\C?) = 0, i.e.,

(CHLC55 — (CFy)?) — X (CF,C3, — 2C5,CF, + CF C3y) + N (CFC3, — (CF,)?) =0,

and hence follows the claim. O

We now discuss the evolution of some global quantities in a formal way.
2.1. Conservation Laws and Other Invariants

0
In [2], the real valued auxiliary functions ¢y, ¢o satisfying Lo¢; = a—|u|2, for
L

j = 1,2 are introduced to rewrite (1.0.1) as

z'ut + Llu + (Egd)) = 0,
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where ¢ = (¢1, ¢2), and the operator L3 is defined by

Through this approach, assuming that the solutions to the Cauchy problem related
to (1.0.1) decay suitably at infinity, the quantity describing the energy of the solutions
u to (1.0.1); is introduced to be

2
du O 96, 0
E(u) :/Z Cige a—xkdw——/ Z Z CCh g5 da. (2.1.1)

R2 7,k=1 R2 P:a= 1r,s=1

(026 E)

However, since ¢;(£) = |u|2 setting f = |u|?, Plancharel’s theorem yields

——

22 06y, 00, 9o, \ [0,
[ 3 S caon et |52 3 cnen (2 (%) ag

R2 p,q=1r7,5=1 R2 P4= 17rs=1

- / a(&)|F2(&) d

RQ

Consequently, the assumption that L, is elliptic enables us to rewrite the energy in
terms of the nonlocal operator K. So, as in [2], the quantities mass, energy and

momenta for (1.0.7) are given by

:/|u|2dxdy (2.1.2)
4
Eu) z/(5|u$|2+|uy|2) dxdy—%/K(]u|2)|u|2dxdy (2.1.3)
e
P.(u) = @/ (i, — uuy) dxdy, Py(u) = z/(uuy — uuy) dzdy. (2.1.4)
R2 R2

The above quantities all depend on ¢ but this dependence is suppressed for the ease
of notation. We now show that these quantities are conserved for sufficiently smooth

solutions which suitably vanish at infinity. Multiplying (1.0.7) by @ and integrate over
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R? we obtain
/z’uta + Ot + Uy, i + K (|u)?)|ul? dedy = 0,
R2

and upon an integration by parts it follows that

z/(utﬂ) dxdy + ||Ux||§ + Huy||§ + /K(|u|2)|u|2 dxdy = 0.
RQ

R2
We take imaginary parts and get
1d
%e/ wu dedy = ST / lu|? dzdy = 0,
R2 R2

which implies the conservation of mass (2.1.2).
Next, multiplying (1.0.7) by 2@, and taking real parts we obtain
29Re [t (Opy + Uyy)] = — K (Jul?) (Jul?):. (2.1.5)
For the left hand side of (2.1.5), subsequent to integration by parts we have

2Re | U (duge + Uy, ) dedy = —i Slug)® + |u,|?) dedy, 2.1.6
vy dt Y
R2

RQ

which in turn gives us

d
& [ @l + 10,y dody — [ K(QuP)(uf) dody = .

R2 R2

Now we set f = |u|?, employ Plancharel’s theorem and take real parts to get

p——

[ Gl o) ey — e [ o) f€)TE) g =0,

R2 R2
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which implies

d

G4 [ @l ) dzay 5 [ ate) 7P dg § =0,

R2 R2

hence follows the conservation of energy (2.1.3). We note that this quantity makes

sense as long as the solutions remain in H!(R?).
Finally, we multiply (1.0.7) by @, and obtain
ity + Uy Otz + uyy) + K (Ju*)ut, =0, (2.1.7)
and next, add (2.1.7) its complex conjugate to get
(Ul — Tytg) + 2Re[lg (ae + tyy)] + K (Jul?) (ul?), = 0. (2.1.8)
Recalling that f = |ul?, by we observe

/ K(f)f. dvdy = Re / (&) £(&)(=i&) f(£) dE = Re / i&a(€)|f1*(€) de = 0. (2.1.9)

R2 R2

Besides, for the second term in (2.1.8) integration by parts yields

/2%e[ﬂm(5um + uy, )| dedy = 0. (2.1.10)

RZ

Next, we integrate by i(u,u, — su,) by parts, and by (2.1.9) and (2.1.10), it turns out
that

N —

/z’(utux — Uyuy) dedy =

R2

%/z (utt, — wuy,) dxdy =0,
R2

so we have the conservation of momentum P, (2.1.4). The same result for P, is estab-

lished through exactly the same steps.
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Let us now introduce the function
I= / (62* + y?)|ul® dzdy, (2.1.11)
R2

which is the quantity describes the second moment of inertia. Known as the virial
identity, the below result, which is established in a formal way, plays a key role in a

later blow-up argument (2.2.5).

Proposition 2.1.1. [2, Proposition 2.2] For I as in (2.1.11), the following hold.

I
% = 43m/u(xum + yu,) dzdy, (2.1.12)
R2
d*1

Proof. To prove (2.1.12), we multiply (1.0.7) by 2u and take imaginary parts to get
(Jul?): + 23m[5(u, ), + ()] = 0,
and by an elementary calculation we rewrite the above line as
(Jul®)s + [0 (uiiy + tuy), + (ut, + auy,),] = 0.

So, upon integration by parts we have

dl
o= [0 (P dody

R2
=20 / 6%z (uily, + tu,) + y(ut, + tu,) dedy

R2

= 43m/(xﬂuz + yuu,) dzdy,
R2



and hence follows (2.1.12). Then

d?I
ﬁ = 4’Jm/ x(atux + auxt) + y(ﬂtuy -+ l_buyt) dCCdy,

R2
next, integrating by parts and utilizing (1.0.7) we obtain

&1
wn 8‘32/ (=K ([uf?) = 0ttgy — 1y ) (2T, + yii, + @) dady,

R2

=88 [ (R(uPf? - K(luPyuten, + ya,) drdy

RQ

- /5umﬂ + Uyt dxdy
RQ

—fﬁe/ (g + Yly) (0tgy + wyy) dxdy

]RZ

14

(2.1.14)

(2.1.15)

(2.1.16)

After several integration by parts, we observe that the last integral above vanishes and

hence

d*I
i 8/5|ux|2 + |uy|? dzdy

R2

~ 4 [ K(uPY () + (uP),) + 2K (uf)uf* dudy,

R2

Now we show /K(|u|2)(x(|u|2)z—|—y(|u|2)y) + K(|u®)|uf* dedy = 0. Let f =
R2

lul2, g = |f|? and J = /K(]u\z)(x(\UIQ)x + y(Jul?),) dzdy. Then utilizing Plancharel’s
R2
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theorem and integration by parts we have

J = / eK(f) fo + yK (f)f,) dody = / FER (e, + &K (f),,) dérde,
R2 R2
— [ f(&10¢, + &0, (f ) dérdg
R2
- / af(Eufe + Eofer) drdt + / F(&r0e, + &0,) f dedes,
R2 R2

The last integral vanishes for « is homogeneous of order zero and since J is real, we

deduce that

g-1 / (610, + E2e,) dérdés

2
]RQ
— 5 [al@oe + ©o)e) dade — [ agdsids,
R2 R2
! / (€108, + Erre, )g dErdes — / ag dédé

R2

R2
—— [agdsidee =~ [ Ki(uP)luf* do
R2

R2

again by utilizing Plancharel’s theorem, whence follows the claim on a formal level. [

At this stage, we note that (2.1.13) and the conservation of energy yields

dl dl

Z(®) = 8B(u(0))t + 2 (0),
which in turn gives
, dl
I(t) = 4E(u(0))t* 4+ %(O)t + 1(0). (2.1.17)

Following [6], we now discuss the further invariants of the Zakharov—Schulman system.

Apparently, the solutions of (1.0.7) are invariant under the transformation (x,t,u) —
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(x,t, 1), where

for any real parameter v. By Noether’s theorem, the conserved quantity corresponding

to the above scaling symmetry is given by

1dI
Ey(u(t)) = z—(t) — 4tE(u(t)),
(u(t)) = 5 5 (1) = 4B (u()
whose conservation is immediate by the virial identity (2.1.13). We also consider the
invariance of solutions of (1.0.7) under the pseudo-conformal transformation (x, ¢, u) —

(X, T,U) defined in [6] by

dt a b
x—_T  op_ctl ., € SLy(R),
a -+ bt a+ bt c d
1 dz% + y?
tox) = —— b TV L x). 2.1.1
i) = e { "2 L x0 (2.1.18)

where the corresponding conserved quantity is given by

Epe(u) = /{(5|xu + 2i0u,|* + |yu + 2itu, |* + 22 K (Jul?)|u|*} dvdy,
R2

which also reads as

Epe(u) =1— 4t§m/ a(zuy + yuy,) dedy + 47 E (ug). (2.1.19)
R2

We note that this quantity stands for the energy of the solution in the transformed
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coordinates. It follows by (2.1.12) and (2.1.13) that

dEc(u),  dI [
T(t) = %(t) - 4tJm/ u(zru, + yuy) dedy
R2

d
— tallﬁm/ u(xu, + yuy) dedy + 8tE(ug) = 0,
RZ

whence we obtain the conservation of (2.1.19). As I, this quantity makes sense as long
as the solutions remain in the Hilbert space 3 = H' N L*(|z|*dz) equipped with the

2 2 2
norm || - {5 = [ - [l + l[|2[ - [I5-

2.2. Focusing and Defocusing Cases of Elliptic-Elliptic

Zakharov—Schulman System
We consider the Cauchy problem

iUy + Oy + Uy + K([u))u =0, =41,
(2.2.1)
u(0) = uyp,

which is extensively studied in [6] in the spaces L?(R?), H'(R?) and ¥. Before we in-
troduce the focusing and defocusing cases for solutions of (2.2.1), and adapt the global
existence and blow-up results in [7] depending on the assumptions on « or the initial
data ug; we state the following local existence results achieved in [6] but do not include

their proofs here.

Theorem 2.2.1. [6, Theorem 4.4] Given ug € H'(R?), there exists a unique mazimal
solution u solving (2.2.1) on [0,T*) in C([0,T*); H'(R?)) N C*([0,T*); H ' (R?)) with

the following properties:

(i) Vu € L([0,t]; L*(R?)) for every t < T*,
(ii) T* < oo implies that ||u|| oo (o)1 (r2)) = 00,

(iii) If ¥, — ug in HY(R?) and u,’s are the corresponding solutions, then for any
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I €[0,T%) and for any n sufficiently large, u,’s are defined on I and u, — w in
C(I; H'(R?)),
(iv) Mass (2.1.2) and energy (2.1.3) are conserved in [0,T*).

Theorem 2.2.2. [6, Theorem 5.2] Given uy € X, there ezists a unique mazimal solu-
tion u solving (2.2.1) on [0,T*) in C([0,T*); X)NCY([0,T*); H*(R?)) with the follow-

g properties:

(i) |x|u, Vu € LY([0,t]; L*(R?)) for every t < T*,
(11) T* < oo implies that ||u|| e (o,1+);:) = 00,
(iii) [0,T*) coincides with the mazimal interval of existence for the H'-solution in
Theorem (2.2.1) with initial data uy,
(iv) For 6 =1, the mapping t — I(t) = [ |z[*|u(t,x)|* dz lies in C*([0,T)) and for
every t € [0,T*) the identities (2]%) and (2.1.13) hold,
(v) If ¥, — ug in 3 and u,s are the corresponding solutions, then for any I € [0,T%)

and for any n sufficiently large, u,’s are defined on I and u, — u in C(I;X).

Leaning against the above two theorems, we proceed with a global existence re-

sult for the case where L is also elliptic.

Theorem 2.2.3. [7, Theorem 2.3] Suppose that (&) < 0 for all € € R?\ {(0,0)}.
Then H*'-solutions of (2.2.1), with 6 = 1, are global in time.

Proof. We set f = |u|?>. The assumption on a and energy conservation yields

V(O = E(ut) + 5 [ al@)lFF(©)dé < Bu(t) = B,

RQ

for all ¢ € [0, 7). Utilizing mass conservation, we obtain

lu®lz: = lu@)ll + Va3 < m(uo) + E(up) < 00
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and hence T* = oo by the assertion (i) in Theorem (2.2.1). O

We note that this result extends to »-solutions as well by the virtue of the asser-
tion (7i) in Theorem (2.2.2). Before we state the theorem regarding sufficient condi-

tions for a finite time blow-up, we make the following observation.

Lemma 2.2.4. Let u be a X-solution for (2.2.1), with § = 1. If I(t) = 0 for some t,

then the solution blows up in finite time.

Proof. The mass conservation, a simple integration by parts and Cauchy-Schwarz in-

equality enable us to write

1 1
ool =l =~ [ wtumdsdy — 5 [ ylum, drdy

R2 R2
< —9‘%2/ ruU, drdy — i)‘ie/ ruu, drdy
R2 R2

< [lzally lually + lyally [luyll; -
So, since ||za|3, |lyalls < I(t), we have

luolly < VI [Iluslly + lluyll,]

Thus, if I(t) = 0 for some ¢, the H'-norm of the solution u becomes unbounded, i.e.

the solution blows up in finite time by Theorem (2.2.2) (). O

We are now ready to state and prove the following theorem.

Theorem 2.2.5. [7, Theorem 2.4] Let u be the solution of the Cauchy problem (2.2.1)

with & = 1 and initial value uy € 3. If one of the conditions

(i) E(ug) <0,
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(ii) E(up) =0 and Im [ Go(z . V)ugde <0,
RQ
(i51) E(ug) >0 and =Im [ Gg(x . V)ugdax > \/2E(ug)I(0),
R2

holds, then T* < oo and so, as a result of (ii) in Theorem (2.2.1), u blows up in finite

time.

Proof. Suppose E(ug) < 0. Then it immediately follows from (2.1.17) that for some T’
large enough we have I(7") = 0 and hence the corresponding solution blows up in finite
time by Lemma 2.2.4. On the other hand, if E(ug) = 0 and Jm [, (2 . V)uo dx < 0,
then by (2.1.12) we have I'(0) < 0. Since E(u(t)) = E(ug) = 0, for all ¢, (2.1.12) implies
that I’ is constant in time. So, since I(0) > 0, we see that I(T") = I'(0)T +1(0) = 0 for
some T large enough and similarly conclude that the solution blows up in finite time.
Finally, suppose that E(ug) > 0 and —Jm [p, Go(x - V)ugdx > \/2E(ug)I(0). Then
again by (2.1.12) we have —I'(0) > 4+/2E(u0)I(0) implying I'(0)> > 32F(uo)I(0) >
16 E(uo)I(0). So, since I'(0) < 0, 4E(u)(0)t> + I'(0)t + I(0) = 0 has a positive root T
Thus I(T) = 0 and consequently the solution blows up in finite. O

Regarding the focusing and defocusing cases for the solutions of the problem
(2.2.1) with § = 1, as it is elaborated in [6], we have the following dichotomy. Either
there exists some u € ¥ such that (K (|ul?), |u|?) > 0 whence follows the existence of
initial data with negative energy and by Theorem 2.2.4 this in turn implies that the
corresponding solutions blow up in finite time; or (K (|u|?), |u|?) < 0 for every u € ¥
so that H'-solutions are global and so are the Y-solutions by Theorem 2.2.2. The first
situation is called the focusing case and the latter is the defocusing case. In [7], such
a sharp demarcation is achieved in terms of the assumptions on the symbol « instead
of the L? inner product (K (|u|?),|u/?). In the sequel we adapt these results to the
problem (2.2.1).

For the case where a(€) < 0 for all € € R?\ {(0,0)}, we have already shown in
Theorem 2.2.3 that H!'-solutions are global in time. Now we state two direct conse-

quences of Theorem 2.2.3 and Theorem 2.2.5.
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Proposition 2.2.6. [7, Proposition 2.5] If a(€) < 0, for all € € R?\ {(0,0)}, then the
zero solution of (2.2.1) with 6 =1 is stable.

Proof. We let € > 0 and consider an initial datum u satisfying ||ug|| ;1 < o for some
6 > 0. Setting f = |u|? and fo = |ug|?, we utilize mass and energy conservations and

obtain

1

@z = lu)llz + [IVa@)5 < (@)l + [Vut)ll; — g/a(ﬁ)lflz(é) dg

= m(up) + E(up)

1 .
= lall + [Vunlls = 5 [ al€)LAo(€) de

R2
1 X
< luol} + 17l + 5 Nl [ 1ol (€) e
R2
_ 2 1 4
= llwollz + 5 lledlog [luolly -
Employing the Sobolev imbedding H'!(R?) — L*(R?), we see that
lu(®)7: < 10 + Cad",

for some positive constants Cy, Cy, and so |Ju(t)||5: < ¢ for some suitable choice of 0,

whence follows the claim. O

Proposition 2.2.7. [7, Proposition 2.6] The nontrivial standing wave solutions of

(2.2.1), with 6 =1 are unstable.

Proof. Let u(z,t) = p(x)e™, w > 0, ¢ € H'(R?) be a nontrivial standing wave
solution for the problem (2.2.1), with § = 1. By Theorem 3.2.1 regarding the regularity

of standing waves, we see that in fact ¢ € ¥. So the virial identity (2.1.13) implies
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that E() = 0. Then for the corresponding standing wave u we have

1 .
IValls = 190153 = 5 [ ol (€) e, 222
R2
where fy = |ul>. So, if we consider the initial data (1 + €)¢, for the corresponding

solution it turns out that

B((1+2)p) = (1+2* [Vl - (1 +2)%5 [ a(©liP(e)de

RQ

= IVelly (1 +e)* = (1 +2)"),

by (2.2.2). Thus, E((1 4+ €)p) < 0, whenever £ > 0 and the corresponding solution
(14 ¢)u blows up in finite time by Theorem 2.2.5. O

As stated in [7, Remark 2.1], this proof points out the fact that standing waves
exist only if there exists some & € R? such that a(€) > 0, for E(p) cannot vanish
otherwise. In other words, a standing wave solution to (2.2.1) may exist only in the

focusing case.

We now recall that for a standing wave solution u(x,t) = ¢(x)e™!, w > 0, p €

H'(R?), ¢ must be a solution of (1.0.8). So for (1.0.8), setting B(¢)) = /K(@/J)z/_) dx

R2
we define the Lagrangian

1 1 w
Lul) = 5 1963 = $BUP) + 5 el

and in a standard way, we separate the Lagrangian L, as the difference between kinetic

and the potential energies

T(o) = IV0l2, V(o) =3BleP) ~ 2 gl (22



23

In [2], it is set forth regardless of the spatial dimension that, in case Lo is elliptic,
i.e. C? sign definite, if there exists some & € R? such that (C2%€,€) and (C3¢,€)
are of the same sign; then there exist initial data ug lying in the Schwartz class such
that E(up) < 0 and %(0) < 0. Moreover, they conclude that in this case the set
Y_ ={v e X|E(v) <0} is nonempty and solutions starting in ¥_ blow up in finite
time. Obviously, the above assumptions on the matrices and their quadratic forms are
in agreement with the assumption made in [7] on the symbol « in order to obtain such
a result. In what follows, we introduce the scaling argument utilized both for GDS
system and ACNLS equation in [7] in order to obtain initial data with negative energy

and hence the blow up result.

We transform @ via a matrix A(s,c) depending on the real parameters s, ¢ and

define

u(x) = | det A(s, )| Y*u(A(s, c)x).

For f = |u?| as before, we see that f*¢(x) = |det A(s,c)|"/2f(A(s,c)x) and directly

compute fs’c to be

£s.c o 1 R T\—1
PO = ot (406,078

Now we investigate how this transformation maps the potential energy. Using Plan-

charel’s theorem we obtain

Buwwi/mmwwfamwe&.

R2

As done in [7], we now choose A(s,c) in such a way that the s-limit behaviour of

a((A(s, t))T€) reveals the close kinship between B(|u|?) and |lul|;. As appears in [7]
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we let

Als.c) = c(s+1) s

cS s+1

and immediately observe that det A(s,c) = ¢(2s + 1) # 0, provided that ¢ # 0 and

s > 0. Besides, we compute that

lim a(A(s,0)T€) = ale, 1),

S$— 00

and so it turns out that this transformation concentrates the Fourier transforms of the

solutions on the line & = ¢&; as s tends to infinity. Consequently, we obtain

lim B(|u>?) = a(e, 1) [Jul (2.2.4)

§—00

by the Lebesgue dominated convergence theorem. The below results are established

for the elliptic GDS system and elliptic ACNLS equation in [7].

Lemma 2.2.8. [7, Lemma 4.1] Let w > 0. If a(c,1) > 0 for some c, then the set
Yo ={veX|E{) =0} is nonempty.

Proof. Let ¢y be the parameter such that a(cg, 1) > 0. Then a(co, 1) |Jv||; > 0 implies

lim B(Jv®®[?) > 0.

§—00

Thus there exists some sy such that B(|v*>®|?) > 0 and then

1
V(svo) = 2B(vo?)st = 2

)35t = 0

has a nonzero real root, say s;, so that we have s;v%0 € ¥J,.
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]

Theorem 2.2.9. [7, Theorem 4.2] Let w > 0. Then a(c,1) > 0 for some ¢ if and
only if a standing wave solution of the form u(x,t) = o(x)e™!, where ¢ € H'(R?)
solves (1.0.8) exists.

Proof. Suppose that a(c,1) > 0. Then Lemma 2.2.8 guarantees that Y, is nonempty
and the existence of standing waves follows from the constrained minimization argu-
ment in [14, Theorem 8.1.6]. On the other hand, if such a standing wave solution
exists, then V(¢) = 0 by the Pohozaev identites (3.1.1) and (3.1.2), so we conclude
that ¢ € ¥y Moreover, w > 0 implies that B(]¢|?) > 0 and hence «(&) > 0 for some
€ € R?, for B(Jp|?) < 0 otherwise. If & # 0, then a(c,1) > 0 for ¢ = & /&. In case
& =0, C—% > 0 so letting ¢ tend to infinity we obtain CEIinOOOé(C, 1) > 0 which implies
a(cp, 1) > 0, for some ¢y € R. O
Theorem 2.2.10. [7, Theorem 4.3] If a(c,1) > 0 for some ¢, then for any initial

datum ug € X, there exists a suitably scaled initial datum g such that local in time

solutions of

iug + Au+ K (Jul*)u =0, (2.2.5)

blow up in finite time.

Proof. We utilize scaling with the matrix A(s,c) and write the energy for the scaled
version uy® = |det A(s,c)|"*ug(A(s,c)x). By hypothesis, there exists some ¢y such
that a(cp,1) > 0 and by (2.2.4), we have B(Juy”®[?) > 0 for sufficiently large s;. We

“ and observe that

set Gy = puug”

~ $0,C0 |2 S0,C4
E(to) = p¢* |lug”|l; — p* B(|ug™[?).

Therefore, F(ug) < 0 for sufficiently large p so that the solution of (2.2.5) corresponding
to the initial datum g blows up in finite time by Theorem 2.2.5. O
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3. STANDING WAVE SOLUTIONS OF
ZAKHAROV-SCHULMAN EQUATIONS

In this part of our work, we consider the case where L; and L, are both elliptic
operators. So we reduce the system (1.0.1) into the single equation (1.0.7) with § = 1,
and then examine the existence and regularity of the standing waves, i.e., periodic

solutions of the form

u(z,t) = p(x)e™, (3.0.1)

where w > 0, o € H*(R?), ¢ # 0. Evidently, u is such a solution if and only if ¢ solves

Ap —wp + K(|¢*)p = 0. (3.0.2)

Before we proceed further, let us mention some properties that the singular integral

operator K enjoys.

Lemma 3.0.11. [20, Lemma 2.1] For 1 < p < oo we have:

(i) K is a bounded linear operator from LP into LP,
(ii) K is self-adjoint,
(111) If f € H® then K(f) € H®, for all s € (0,00),
() If f € W™P then K(f) € W™P and 0;K(f) = K(0,f), where j =1,2,
(v) K preserves the following operations:
— (translation) K(f(- +7))(x) = K(f)(x + 1), for all T € R?,
— (dilatation) K(f(A))(x) = K(f)(Ax), for all X > 0,
— (conjugation) K (f) = K(f).

Proof. Since « is homogeneous of order zero and bounded, the assertion (i) follows from

the Calderon-Zygmund theorem [27]. The assertion (i) is immediate by the definition
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of K. To prove (iii), we invoke the characterization of H* by Fourier transform, that
is, we recall that

s/2

f € HYR?) if and only if (1+[€?)"" f € L*(R?).

So, for any f € H*(R?) we have (1+ [£[2)"* f € L2(R?). In order to conclude that
K(f) € H*(R?), it is sufficient to show that (1 + |¢]?)*/ [?(7) € L*(R?). We easily see
that

s/2

|+ 1ery KA, =+ 16”) " a@)f|, < llall |1+ 1€12)7 7], < +oo.

=
and hence (7ii) follows. We note that we do not have such a characterization using the
Fourier transform for the general Sobolev spaces W™P. However, since the singular
integral operator K is defined by the convolution K(-) = @=*- on C2°, we observe that
0;K(f) =0;(axf)=ax(0;f) = K(0;f) and upon a denseness argument the assertion
(iv) follows by (i). The claim (v) is established by straightforward computation and

using again a denseness argument. O

3.1. Pohozaev Type Identites
The following identites provide us with necessary conditions for existence of stand-

ing wave solutions. Before we state the theorem, let us set B(f) = (K(f), f), where

(-,-) denotes the L? inner product.

Theorem 3.1.1. Suppose that ¢ satisfies
Ay —wp + K(|ol*)p =0,

where @ is a nonzero function lying in H*(R?). Then ¢ satisfies the following Pohozaev
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type identities:

[ o= K(eP)lap dsdy o (3.1
/(!V<p|2 — wlpl?) dzdy = 0. (3.1.2)

Proof. We mimic the proof given in [20, Theorem 2.1]. Multiplying (3.0.2) by x@, and

integrating over R? we have

/x@mgom dxdy + /x@zgoyy dxdy — w/x@wgo dxdy + /x@wK(|g0|2)g0 dzdy = 0.

R2 R2 R2 R2

By the virtue of Lemma 3.0.11 and the fact that ¢ € H'(R?), no trouble concerning
the boundary conditions of the integrands arises when we employ integration by parts.
We recall that ¢ € H'(R?) in particular implies ¢ € L*(R?) and this is essential for

integrating the fourth integrand by parts. Doing so and taking real parts yields

1 1 1
~ 5 [l dndy 5 [ 1o ddy+ 5o [ 1P dody
R2 R2 R2

B(lgP) + / K(loP)aalol? dady $ =0,

RZ

1
2
and multiplying by —2 we get

[ el = 10sf = wlol?) dady + B(oP) + [ K(loPaalel dody =0. (319

R2 R2

To ease the notation, let f stand for |p|? hereafter. By Plancharel’s theorem, we see
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that

—

/ K(f)scf dudy = = / QR ()(E) e (€) derdgy + © / fo O K ()(€) derde,
/ 610 (€)(FE)fa(€) + F(E)fer () derdes

-2 / 10(&) (1), (€) derdes,

where & = (£;,&). Integrating by parts in the variable & yields

/ K(f)oaf dudy =~ [ (@a(©) | F(@) de

RQ

and so we can rewrite (3.1.3) as

[l =l = wloP) dudy + B - 5 [ (Gal€)alF€) de =

R2 R2
which gives us

/(w — loy* — wlel?) dady + / {a(E) — %(5104(5))&} IfI2(€)de =0. (3.1.4)

R2 R2

Similarly, multiplying (3.0.2) by y@,, integrating over R? and following exactly the

same steps above, we obtain

[ GeeP = tout+ olif) dsty — [ {ate) - Jigatena f ir@ de—o. G15)

R2 R2

Finally, we multiply (3.0.2) by ¢ and integrate over R? to get

/ (Gae + Py — wlol? + K(0|)|pf?) dady,
R2

and, applying integration by parts to the first and the second terms in the integrand
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we end up with
[ (o + louf? + wlP) dody — B(lo) o 310
R2

Subtracting (3.1.5) from (3.1.4) yields

[ o= Kt ot dudy + 3 [ (@ (€) + &0 (6)) de =o.

R2 R2

Writing a(§) = g?’gga where @)}, 7 = 2,3 is defined as in Proposition 2.0.1, we directly
2
compute that
Erae, (€) + Exarg, (€) = 20Q2(§)Q3(8) — 2Q2(£)Qs(§) o,

Q3(8)

and hence establish
[ (2= K(lof?) Iof? dady = .
R2

Combining this with (3.1.6), we obtain

/ (IVel* = wlgl?) dzdy = 0.

RQ

It follows from the identites (3.1.1) and (3.1.2) that the equation (3.0.2) has a
nontrivial solution only if w > 0. In this regard, we restrict our attention to the case

where w > 0 throughout this chapter.
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3.2. Regularity of Standing Wave Solutions

Since we later show that the equation (3.0.2) has a nonnegative solution, through-

out this section we assume that ¢ is real valued. We now state the regularity result.

Theorem 3.2.1 (Regularity). [13, Theorem 2.4] If ¢ € H*(R?) is a weak solution
of (3.0.2), then the following hold.

(i) o € W*P(R?), for all 2 < p < oo,
() Jim {[Ve(@) + o) + K@)} =0
(iii) u € C?,

(iv) There exist positive constants C' and v such that

e/l {|p(@)| + [Vo(@)|} < C, for allz € R

Proof. We proceed in several steps.

Step 1: Our aim is to show that ¢ € L*NL>. Since ¢ € H', we immediately have
¢ € L?. By the Sobolev imbedding theorem, H'(R?) — LP(R?) for all 2 < p < 00, so
we see that ¢ € LP for all 2 < p < oo and hence ¢? € LP/? for all 2 < p < co. Since
K € L(LP,LP) for any 1 < p < oo, there exists some r > 2 such that ¢ € L" and so,
K(¢?) € L'/? implying that K (p?)¢ € L™ by Holder inequality. Hence Ap € L™ and by
elliptic regularity ¢ € W?2". Then by the Sobolev imbedding W?*"(R?) — W1>(R?)

we have ¢ € W ie. ¢ is globally Lipschitz continuous, and thus ¢ € L.

Step 2: We prove (i). Since Ap = wp — K (|¢|?)y, it is sufficient to show that the
right hand side of this equation is in L? for all 2 < p < co. Now we know ¢ € LP for all
2 < p < oo. Then ¢? € LP/? for all 2 < p < oo and so K (p?) € LP for all 1 < p < oo.

Thereupon we have

1K (0*)¢lly < llellooll B (0%)llg < 00, for any g € (1, 00),
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so that K(p?)p € L4 for all 1 < ¢ < co. Thus Ap € LP for all 2 < p < oo and hence
© € W?P for all 2 < p < oo by regularity of the elliptic equations.

Step 3: Since ¢ € L%, we have

lim |p(x)| =0 (3.2.1)

|ao| —o0

Step 4: As we have shown in Step 1, ¢ € W, Yet ¢ € W2P for all 2 < p < oo
has also been established. Thus it follows that ¢ € WP for all 2 < p < co. So, for

any fixed p such that 2 < p < 0o, we also have

Il = [Py de = [ loP? dz = ol < o

R2 R2

which implies p? € LP for any 2 < p < oo. Moreover, since V(p?) = 2pV, it follows
that

[V ()], = 2leVell, < lellelVell, < co.

Therefore, ¢* € WP for all 2 < p < oo and so we obtain K(p?) € W for all
2 < p < co. Now let ¢ > 2 be fixed so that W' is a Banach algebra [28, Theorem
5.23]. Then we have K(¢?*)p € W whence Ap € W4 and by elliptic regularity
@ € W34 for any ¢ > 2. The assertion (44) now follows from the Sobolev imbedding
W34(R?) — C?(R?*). Moreover, since ¢ € W3? for all 2 < p < oo, we see that
Vi € W2P for all 2 < p < co. It follows as a consequence of the Sobolev imbedding
theorem that Vo € W1 and just like in Step 3 we get

lim |Ve(x)| = 0. (3.2.2)

|| —o0

Step5: We have previously shown that ¢ € W3P for all 2 < p < oo and so, in
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particular ¢* € W24 for some ¢ € [2,00). Then from Lemma 3.0.11 it follows that
K(¢?*) € W24 whence K(p?) € W by Sobolev imbedding theorem. Thereupon, we
similarly conclude that | llim |K(¢?)(z)| = 0. Combining this with (3.2.1) and (3.2.2)

the assertion (ii) follows.

Step 6: Now the only task remains is to prove (). We first note that it is
sufficient to consider the case w = 1 since ¢ defined by ¢(x) = Jwi(y/wx) satisfies
Ay — 1 + K(|9|*) = 0, whenever ¢ is a solution of (3.0.2). Now, for any € > 0, we
define 0.(x) = exp < ) Then 6. is bounded since 6.(x) < exp (é) = M, for

1+ e|x|
all z € R?. Furthermore, with & = (xy, x5),

2 2 1

2 2 ol 2 Lo _ 2
’v95<.’13)| - es(w)|w|2(1 +€|$|)4 + es(w)|w|2(1 +€|$D4 - 95<w)

< 0: ()

(I+elz))t =~

clearly states that |V6.| < 6. almost everywhere in R?, and since 6, < M we deduce

that 6. is globally Lipschitz continuous.

We now multiply the equation (3.0.2) by 6. € H', integrate over R? and obtain

[ e Voeniat [oae= oK a

R2 R2 R2

subsequent to an integration by parts. Since V (f.¢) = ¢V, + 0.V, we see that
Vo V(b.p) = 0.|Vo|* + p(Ve - VO.). Yet, by Cauchy—Schwarz inequality it follows
that (V0. - V) = —|¢||Ve|0., and thus

/0€|Vg0|2dx—/05|g0||Vgo|dw—|—/95<p2dw</95K(g02)g02d:c.
R2 R2 R2 R2

1
Now let § < 7 By (ii), there exists some r; > 0 such that |K(¢?)(x)| < §, whenever

|&| > r1. On the other hand, by Cauchy inequality we have

1 1
/GglngVde < 5/98g02d$+§/9€|Vg0|2da:,

R2 R2 R2
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which in turn gives us

1 1
3 [olverizss [ois [ on@)pdas [ ox@ia

R2 R2 |x|<r1 || >r1

Moreover, since 6, < el it follows that

/6|Vg0|2dw+ /Qggozdw /HK Yp* dx + 0 / 0.0* dx

|2 <r1 || >11

1 1
<01+Z—l / 0.0* da < C'1+4/€€g02dw,

|| >r R2

and hence
1
/9 IVo|* de + ~ /9 lo? dx < O,
R2 R2

where (' is a constant not depending on ¢. Letting ¢ — 0 yields

1
] /elml(lw\z + V) de < O, (3.2.3)

RZ

by the Monotone Convergence Theorem.

At this stage, we once again recall what we have proven in assertion (i) and see
that for some 75 > 0, we have |p(x)| + |Vp(x)| < 1, whenever || > r5. On the other

hand, for |x| < 7o, it follows that

e (lp(@)| + V() < e [lllwroe. (3.2.4)

Now we let £ € R? be fixed such that || > ry. Since ¢ and V¢ are both globally

Lipschitz continuous, there exists L > 0 such that for all y € R? we have,

Vo) - [Ve(y)l <[IVe()] - [Vey)ll < %Iw -yl
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and,

o(@)] — o)) < llo@)] - [e@)]] < %m _yl

which simply imply
(3.2.5)

Thereupon we get [o(z)|* + [Vo(z)|? < 2(|¢(y)|* + [Vo(y)|* + L?|@ — y|?). Let us
1
now take p := ﬁ(|g0(sc)|2 + |Ve(x)|?)/2. Then for any y € B,(z) it turns out that

lo(@)]? + [Ve(x)]* < 4(le(y)* + [Ve(y)l?).

Integrating both sides of this inequality over B,(x) we obtain

(@) + [V (2)*) / dy = Cop®(l(@)]” + |[Vep()[*)

Bp(m)
<t [ (e + IVew)P)dy,
By(x)
and plugging p yields
Cs(lp(@)* + [V(z)*)* < 4 / (o) + Vo)) dy, (3.2.6)
Bp(a’)

A%

1z We also note that for |x| > o we have

where C3 =

lo(@)* + V(@) < (Je(@)] + [Ve())* < 1,
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1
which implies p < TR and thus

1
ly| — x| + 5L >0 forally € B,(z).

Multiplying (3.2.6) by el®! it follows from (3.2.3) that

Ol (le(@) + [Vo@) <4 [ o) + Vot dy

for some constant Cy > 0. Thus for |x| > re, we have
el (lo(@)? + Vo))" < Cs, (3.2.7)

and the assertion (iv) is now an immediate consequence of (3.2.4) and (3.2.7). O

3.3. Existence of Standing Wave Solutions

In order to establish the existence of standing wave solutions, we adopt Wein-
stein’s approach [15] and set up an equivalent variational problem. We briefly recall
that a standing wave profile p € H'(R?) satisfies (3.0.2). As we have also noted in the
previous section, it is sufficient to consider the case where w = 1, for ¢ is a solution

of (3.0.2) if and only if ¢ defined by ¢(x) = y/wi(y/wx) is a solution of

A — ¢+ K([Y*)e =0. (3.3.1)

So we hereafter assume that w = 1. Employing Pohozaev identities, we deduce that

for such a solution u we have

1
E(u(t)) = E(p) = IVl ~ §/K(|<,0|2)|90l2dfjg =0, forallt>0.

R2
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Multiplying this Hamiltonian by [|¢||3 yields

H(PHQZ QHQOH%”VQOH%
2 (K (le?), lel?)

where (-, -} stands for the usual L? inner product. This allows us to define the associated
Weinstein functional by

2 2
W(f) = 21/ 115 IV 115 (33.2)

(K12, 117

Apparently, the nonlinear functional W returns the squared L2-norm of the ar-
gument if the argument is a solution of (3.3.1). So, if there exists a minimizer for W
and that minimizer is also a solution of (3.3.1), then it turns out to be a solution with
minimal mass for the equation (3.3.1). At this stage, we note that it is not trivial to
have control over the denominator of W; indeed, it may attain the value zero making

W even undefined for some nonzero f. Inspired by [16] we consider maximizing its re-

L

ciprocal J = 3

instead of minimizing W itself and fortunately the mentioned obstacle
disappears. In this regard we are to show the existence of maximizers for J and that
these maximizers solve (3.3.1) in the weak sense. We first present a result that enables
us to restrict our attention on the existence of nonnegative and real valued solutions

for (3.3.1).

Lemma 3.3.1. [16, Lemma B.2] Let ¢ € H*(RY). Then we have
=V < VU < [V

in the weak sense. In particular, || € HY(RN).

As a direct consequence of this lemma, it turns out that

CEAPLUPY (KPR
T =arreivre S aesae =~ VD
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for any f € H'(R?), whence J has a nonnegative, real valued maximizer in case a
maximizer exists. Before we advance, utilizing Plancharel’s theorem and Gagliardo—

Nirenberg—Sobolev inequality we note that

[(E(FT7) f2|—/ OIFOIFP© de| < lall IFIE < CIARIVAL.

RQ

which implies M = sup J(f) < oco. Moreover, if J(f) is positive for some f, then
evidently M is posit{xf; S}R;;t is, M > 0 only if there exists some f € H'(R?) such that
(K(f]?),1f%)) > 0. The existence of such an f is equivalent to the existence of some
¢ € R? such that a(€) > 0, and this corresponds to the focusing case previously dis-
cussed in Chapter 2. Leaning against Theorem 2.2.9, we assume the existence of some
f such that (K(|f]?),|f?]) > 0 and so concentrate on the case where M is positive. We

are now ready to establish that the nonnegative, real valued maximizers, upon their

existence, are weak solutions of (3.3.1).

Lemma 3.3.2. [15] Let p € H'(R?) be such that ¢ is nonnegative, not identically zero,

and that J(¢) = max_J(f). Then ¢ is a weak solution of (3.3.1).
feH! (R?)

Proof. We show that any real valued, nonzero critical point of the nonlinear functional
J solves (3.3.1) in the weak sense. This is established by directly computing the

Gateaux derivative and observing that the solutions of the Euler-Lagrange equation

dJ(QO, h) _ hr% J<90+5h) — ‘](90) _ i

. e J(p+eh) =0, forallhe CX(R?),

e=0

satisfies (3.3.1). Indeed, utilizing the fact that K is a self-adjoint operator, we compute
that

1
dJ(p,h) = —————38(K (%), 0h) [l oll3 IVl
41¢lls 1Vl

d
—2AK(@).¢") | (le+ eh|)? |V + £Vh|2) } —0.
e=0
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Integration by parts yields

d
T o+ ehlBIVo+=vhlg) =2 19013 [ ohde+lol} [ (-Aphdz .
e=0

RQ

and thus it follows that a critical point ¢ of J is necessarily a solution of

8(K (e, 1) |ll3 [IVells + 4K (07), %) \IVsOHE/(—sO)hdw

RQ

FAUKE, ) el [ Bohdz=0. (333)

RQ

Thanks to Pohozaev identites obtained in Theorem 3.1.1, the solutions of (3.3.1) sat-
isfy (3.3.3). On the other hand, an elementary calculation shows that J is invariant
under the transformation f — f%* = af(b-), with a pair of parameters (a,b) € R?,
and so ¢ is a maximizer if and only if ¢*® is. In particular, noting that (K (p?), p?) is
positive, we set

V2|l

a = and b: ||SOH2
(K (¥?), %) Vel

and obtain

/ (AgOa’b o (pa,b 4 K ((gpa,b)2) (pa,b) hd.’E — 0

RZ

Therefore it follows that any nonnegative and real valued maximizer ¢ of J, up to a

scaling, is a weak solution of (3.3.1). O

Before we state the theorem on existence of maximizers we present a compact-
ness result due to Lieb [29] which is useful to conclude that, under some condition, a
bounded sequence of functions in W1P(RY) can, after suitable translations, be assumed
to have a weak limit that is not zero. The following result is valid for RY as well, but

for the sake of coherence within our work we state it in R2.
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Lemma 3.3.3 (Compactness lemma). [29, Lemma 6] Let 1 < p < oo and let {fi.} be a
uniformly bounded sequence of real valued functions in WP(R?) with the property that
E, = {x|fr(x) > e} satisfies meas(Ey) = C for some fized €,C' > 0. Then there ezists
a sequence of translations {1} of (RN, m.: y — y+xx, Fr(y) = fr(my) = fr(y+zw),
such that Fy, — F weakly in WP and F # 0, for some subsequence k;.

What remains to show is the existence of maximizers of the functional J.

Theorem 3.3.4 (Existence of maximizers). [15] There ezists a nonnegative real val-

ued function o € H'(R?), not identically zero, such that J(p) = M, where M =
sup  J(f).

feH! (R?)

Proof. By definition of M we may pick a sequence {1, } C H'(R?) of nonzero functions

such that {J(¢,)} is a nondecreasing sequence with

lim J(i,) = M,
namely, we may pick a maximizing sequence {¢,}. Since M > 0, without loss of
generality, we assume J(1,) to be positive, and by Lemma 3.3.1, we may also assume
¥, to be nonnegative, for each n € N. Similar to the preceding proof, the invariance of

J under the transformation f — f%* = af(b-) enables us to define another maximizing

sequence {@,} by ¢,(x) = ah,(bx), for each n, with a = m and b = H”&Zﬂi. We
quickly observe that
lenlly =1 and  [[Veu|l, = 1, (3.3.4)
for all n, and hence
lim J(¢,) = lim M =M,

n—oo n—oo 2
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also in a nondecreasing fashion. By (3.3.4), {y,} is clearly a bounded sequence in
H'(R?) which is reflexive. Thus there exists a subsequence which we still denote by
{pn}, and some ¢ in H'(R?) such that {p,} converges to ¢ in the weak topology
(see A.1). Provided by Sobolev imbedding theorem, ¢,,¢ € LP(R?), for all p > 2;
and we further note that {p,} is bounded also in LP(R?), for all p > 2, all of which
are reflexive spaces as well. We proceed by setting w, = ¢, — ¢, and clearly {w,}
converges to zero weakly in H'(R?). We observe in particular that {w,} is bounded
in L*(R?) N L¥(R?) so that the sequence {w,?} remains bounded in L*(R?) N L*(R?).
Moreover, it follows from Lemma 3.0.11 that {K?*(w?)} is also bounded in L*(R?).
Therefore, we can extract subsequences in an iterative manner and finally end up
with a sequence which we still denote by {p,} such that {w?}, {K?*(w?)}, {w,} all
converge to zero weakly in L?(R?), and that {w,} converges to zero weakly in H'(R?).
Our task now is nothing but to show that this convergence is also valid in the strong
topology in H'(R?). Before we advance, we note that upon a Cantor diagonalization
argument, we may also assume {¢,} and {Vp,} to converge almost everywhere to {¢}
and {V¢}, respectively. By Rellich-Kondrachov compactness theorem (A.2), for any
open rectangle Ry = (N, N)? C R?, {p,} has a subsequence strongly converging to ¢
in L?(Ry), and hence a subsequence converging to ¢ almost everywhere in Ry. For
N = 1 we name this subsequence {90,(11)} and for N = 2, we use the same argument
to extract a subsequence {gog)} of {(psll)} which converges to ¢ almost everywhere in
L*(Ry). Tterating this process, we obtain a subsequence {gm(lNH)} of {cp%N)} converging
to o almost everywhere in L?*(Ryy1). By construction, the diagonal sequence {@[”}
converges to ¢ almost everywhere in L*(R?) and is clearly a subsequence of {p,}.
So, up to a relabeling we assume that {y,} also converges to ¢ almost everywhere in

L?(R?). We now observe that the weak convergence @, — ¢ yields

nll_{go Hgon - SDH?.Il — nh_{{.lo“pn — ¥, Pn — @)Hl

= lm {(pn, on)m + {0, 0t = (Pns 0t — (0, 0n) i}

2
=2- HSDHHI(R?) J

where (-,-)g1 denotes the inner product on H'(R?). This indicates that for strong
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convergence in H'(R?) to be established, it is sufficient to show that |¢|, = 1 and
|Vell, = 1. By Lemma 3.3.3, the weak limit ¢ can be assumed to be nonzero. Imme-
diate by Fatou’s lemma is that we have [|¢]|, < 1 and |[V¢||, < 1 and we are to show

that strict inequality cannot occur. It is guaranteed by [30, Theorem 1] that

. 2 2 2
Tim {{lenlly = llen = ello} =Nl

which implies

Tim Jlwall; =1~ llells, (33.5)
and similarly
Jim [V 2 = 1 - [V, (3:3.6)

We are now ready to investigate the limit behaviour of (K (w?),w?). First of all,

utilizing the fact that K is self-adjoint, we have

(K /K wdaz—/K 2 2000 + ¢* )W dx

/K 02w dw+/K dm—2/K(wi)gpng0dw
R2

= /K(wi)(soi — 2,0 + %) dx + /K(SOQ)wi da — Q/K(wi)wnso dz

/Kson sonda:+/f< » dw+/(90 9K da

RZ

- Z/gpnng(wi) dex.

RQ

Since / (K (%) -) dx defines a bounded linear functional on L?(R?), the weak conver-

RQ
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gence w? — 0 in L?(R?) implies that lim [ K(¢?)w?dz = 0, so that we have

n—o00
R2

(K@) = [ KD+ [~ 200K (D) dw =2 [ ok 2 da.

R2 R2

We now show that

lim [ (¢* — 20,0) K (p2) dx = — /¢2K(gp2) dx, (3.3.7)
R? R?
and
lim [ oK (w?)dz =0, (3.3.8)
R2
from which it follows that lim {(K(w2),w’) — (K(¢2),¢2)} = —(K(¥%),¢%). To

prove (3.3.7), adding and subtracting (K (¢?), ¢?) and recalling that K is self-adjoint,

we have

J = /(<p2 — 20n0) K (£3) dw+/902K(<P2)dw

R2 R2

= /soQK(soi) dw—2/s0ns&K(sOi) dm+/¢2K(902) da

R2 R2 R2

= /(—wi +¢") K (¢") dx + /Q(w2 — enp)K (07 da

R2 R2

—| [ Canon + DB () da+ 2 [ ()oK () da

R2 R2

N

/ (—n)(pn + QK () dx| +2 / (—wn)pK () dac

R2 R2
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Using Cauchy—-Schwarz inequality, we get

1/2 1/2
lim J < lim /ngQ(go?)dcc /(wi + ) de
n o0 n o g )

+2 /K2 ) d (‘R/

As before, we observe that / (K(¢*) -)dx and / (¢? ) dx define bounded linear func-

R2 R2
tionals on L?(R?). So, the weak convergence w? — 0 in L*(R?) yields

lim [ w?K(w?)dz=0 and lim [ w?¢®dx =0.

R2 R2

Thus,

n—oo

]RQ

lim /(902—2%0)K(903) dw+/w2K(s@2)dw =0,
RQ

which proves (3.3.7). In the same spirit, we employ Cauchy—Schwarz inequality and

obtain
1/2
lim /gpngoK( 2)dz| < lim (m/ K% (w?) dz (‘R/ ©? dx
R2 2

So, (3.3.8) is now established by the weak convergence K?(w?) — 0 in L*(R?), and

hence

lim {(K (wp),wn) — (K(¢3), 0n) } = —(K(9%),9%). (3.3.9)

n—oo

Now we note that J(w,) < M and J(p) < M, by definition of M. Using (3.3.5)



45

and (3.3.6) we have

Tim (K(w2),w2) < 2M(1— [l2)(1 ~ [Vl (3:3.10)
and also
1im (K (). ¢%) < 2M ol [Vell? < 20 (3:3.11)

Moreover, recalling that lim J(p,) = M, clearly

n—oo

lim (K (p2), p2) = 2M. (3.3.12)

n—oo

Combining (3.3.9), (3.3.10), (3.3.11) and (3.3.12) yields

—2M [l¢l3 IVell; < —(K(%),¢?) = lim {{K(w2),w?) — (K(02),92) }

n—oo

<2M (1= [lell) (1 — [[Vell3) — 20,
which in turn gives us
2 2 2 2
lellz (1= IVelly) + 1Vell; (1= llellz) <O0. (3.3.13)

Since ¢ is nonzero, (3.3.13) holds if and only if ||¢||, = ||V¢l||, = 1 and hence the claim
follows. O

In the first chapter we have discussed that an alternative approach to establish

existence of standing wave solutions is to minimize the Lagrangian
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over the set Xy = {¢p € H'(R?): V(1)) = 0}, where

TW) = VoI, V) = fR WP - 2 1913

are the kinetic and the potential energies, respectively. Through this constrained
minimization problem we obtain the existence of a solution ¢ of (3.0.2) such that
L, () < Ly,(), for any H'-solution ¢ of (3.0.2), namely a solution belonging to the
set of ground states defined by

G = {¢ € H'(R?): ¢ solves (3.0.2) and L (v)) = jo},

where j, = . ir%{ 2){Lw(¢)l Ysolves (3.0.2)}.  As underlined in [8], the minimizers
€H(R

obtained from this constrained minimization problem and the minimizers of the We-

instein functional (3.3.2) coincide. Therefore the minimization argument in our work

also yields ground states.

The main result of this chapter is now a corollary that follows from Lemma 3.3.2

and Theorem 3.3.4.

Corollary 3.3.5. There exists a nonnegative weak solution ¢ € H'(R?) to the equa-
tion (3.0.2), such that ¢ is a ground state for (3.0.2).

Following [8] we observe that if a(&) > 0 for some & € R?, then we have the

following Gagliardo—Nirenberg—Sobolev type inequality

(K112 < Copt IR IV A2 S

for any f € H'(R?), where the best constant C, is given by C,, = with ¢

2
=
el
being a nontrivial solution of (3.3.1). As observed in [20], this estimate enables us to
obtain an upper bound on the initial mass so that H!-solutions are global in time in

the focusing case as well.



A7

Corollary 3.3.6. For initial data ug € H*(R?) with |Juo||, < ||¢ll,, the corresponding
solutions for the Cauchy problem (2.2.1) are global in time.
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4. ARKADIEV-POGREBKOV-POLIVANOV TYPE
SOLUTIONS OF ZAKHAROV-SCHULMAN EQUATIONS

4.1. APP Type Travelling Wave Solutions

In this part of our work, we seek the necessary and sufficient conditions for the

existence of solutions of the form

exp {i0(z,y,1)}
(x — 4ot + 111)? + (y + 4\t + p2)? + [v]?’

u(z,y,t) =2v (4.1.1)
for (1.0.5), with 6 = —1, where A1, Ao, 11, p2 are real constants, v is a complex constant,
and 0 is a real valued polynomial. Before we proceed, we note that choosing \; = Ay =
1 = e = 0 and @ to be identically zero, we recover the solutions Ozawa considers
in [22] for the DS system. In [22] an explicit blow-up profile is also obtained by
using the invariance of the solutions for the related Cauchy problem under the pseudo-
conformal invariance. In [24], the conditions on the parameters for the existence of
the time-independent and radial form of the travelling wave solutions (4.1.1) for the
hyperbolic-elliptic-elliptic (HEE) GDS system are derived. Moreover, following Ozawa,
these solutions are utilized in [24] to develop an explicit blow up profile for the HEE
GDS system. Eden and Giirel show in [23] that there actually exist time-dependent
travelling wave solutions (4.1.1) for the HEE GDS system and it turns out that the
conditions derived on the parameters coincide with the ones given in [24]. In the
sequel, we not only obtain the first set conditions on the operators for the existence
of the travelling wave solutions of the form (4.1.1) for the system (1.0.1), but also

follow [22] and [24] and develop an explicit blow-up profile as well in the next section.

Before we proceed, we set X = x4+ puy —4X\ot, Y = y + puo + 4)\t, T =t and
R = X?+Y?+ |v|?. Doing so, u becomes

exp {i@(m,y,t)}.

u(z,y,t) =2 7
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We immediately observe that

0X oY or

0.=0x, 0,=0v, 0 =5 0x+ 50y +20r=—AN0; +4\dy + O,
and then compute
Uy = 20 €xp (z’@)w)(};#,
= 2vexp (i 9)20}/];#,
Uy = 2’/%2(2){—93(32 — 2R+ 8X% +iR(OxxR — 40xX)},
Uyy = 25%‘;@{—93}# 2R+ 8Y? +iR(Oyy R — 40yY)},
wp = 2”%‘;(@{@'@}% ~ R},

Moreover, we have 0, = 0x X; + 0yY; + 0 = —4X0x + 4\ 0y + 07 and R, = Rx X; +
RyY;, + Rp = —8X3X + 8\1Y so that

20
I eXp 2w exp (i0) T {i(—4alx + ANy + O7)R + 80X — 8\ Y ).

WX,Y,T)

e with h being a real-valued function, and

We next impose the ansatz ¢ =

then (1.0.5); with 6 = —1 yields

20
veXp ) {8 — X?) + R*(4\ofx — 4Miby — 07 + 6% — 67)

+iR((6’yy —Oxx)R+40xX — 40yY + 8 X —8\Y) + h(X,Y,T)} =0. (4.1.2)
The vanishing of the imaginary part entails

(ny — QX)()(XQ + Y2 + |I/|2) + 49)(X - 49yY + 8)\2X - 8/\1Y = 07
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whence

eyy—(gXX :0, (413)

Ox = —2Xy and 6Oy = —2)\, (4.1.4)
and in fact fyy = 0xx = 0 by (4.1.4). Plugging these into the real part, we obtain
(=8A2+8A2 —Op +4AN2 — XD (X2 + Y2+ )’ +8(Y2 = X))+ W(X,Y,T) = 0, (4.1.5)
and it follows that 67 = 4(A\? — \3) and hence
(XY, T) = =20 X — 20 Y +4(\2 = \)T + C,

where C'is a real constant. Consequently, h(X,Y,T) = 8(X? — Y?) and so

8(X2—V?)
RZ

VXY, T) =

We now substitute x, y and ¢ back in 6, arrange the arbitrary constant C' so that we

recover 6 in the original variables as
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We proceed by computing the derivatives involved in (1.0.5)s.

(Juf?). = ~16Ju2 2

R3’
Y
(Juf*)y = —16|V|2ﬁ,
(T e S R G 8]
Y2 16|y
() = 16T = PRy gy )
6XY
(|u*)ay = (lul*)ye = 16|v |2 o
Ux = 23( 2X° +6XY? 4+ 2v)*X),
Yy = s —(2Y3 — 6X2Y —2|v|?Y),

R3
Yxx = ﬁ {(=6X*+6Y? + 2)(X* + Y? + [v]?)
—(—2X" 4+ 6XY? + 2[v|*X)6X }
16
R4
Yyy = ﬁ {(=6X7 +6Y? = 2|*)(X* + Y2 + [v])

—(3X* 3V — 18XV — 8|y X + 4|v|PY? + [v[*),

—(6Y? - 6X°Y — 2[v]’Y)6Y }
16
R4(

1
Ri (12X°Y — 12XY?).

3X* -3V +18X2Y2 — 4[yP X% + 8|vPY? — |v|*),

Uxy = Pyx =
So (1.0.5), reads as

C?(3X*+3Y* — 18X2Y2 — 8|v 2 X2 + 4[y*Y? + |v|*) + 20%,(12X°Y — 12XY?)
+ C5L(—=3X" — 3V + 18X2Y? — 4|v)? X? + 8|v|*Y? — [v|*)

=Cy(5X* = Y* — [U]*) + 205 (6XY) + 5y (= X* +5Y — [v[),

and we immediately observe that X* and Y* terms yield

C? —C3, =0, (4.1.6)
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also by X3Y and XY? terms we have
C7, = 0. (4.1.7)
On the other hand, collecting X? and Y? terms and utilizing (4.1.6) we have

—12C%, = 5C5, — C5,, (4.1.8)

1203, = —C}, + 5C5,. (4.1.9)
Next, we add (4.1.8) and (4.1.9), and get
Chi +C3y =0, (4.1.10)
and so, by (4.1.8) and (4.1.10) it follows that
C? = —%Cf’l (4.1.11)
Finally, XY terms yield
3, =0. (4.1.12)
Therefore, (4.1.6), (4.1.7), (4.1.10), (4.1.11), and (4.1.12) entail

9 r 0 5 —2r 0
C* = and C° = : (4.1.13)
0 r 0 2r

for some r € R. We conclude that for the existence of the solutions of the form (4.1.1),

the coefficient matrices C? and C? of the operators Ly and Lz should satisfy (4.1.13).

We now proceed by investigating what is imposed on the parameters if we carry
out the same analysis for the two different DS systems (1.0.4) and (1.0.11), which are

known to be integrable under certain parameter regimes (see [1]). We first consider
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the hyperbolic DS system given by

Z‘AAt - Ax:c + Ayy - XO|A|2A + X1A¢x7

mlgba::v + m2¢yy - ﬁ (|A|2)x )

(4.1.14)

where Yo, X1, m1, Mo, and [ are all real constants. Seeking travelling wave solutions
of the form (4.1.1) with the above introduced notation, for v to be later determined,
we impose the ansatz ¢ = ~0,log R. Through similar computations it turns out

that (4.1.14); yields

8(Y2 — X2) = X04|V‘2 — 27X1(—X2 +Y?+ |1/|2),

from which we deduce

Yx1 = 4, (4.1.15)
and so,
Xo = —2. (4.1.16)
On the other hand, (4.1.14), implies
5, <7m1_2X2 +2Y2% + 2|v|? N 7m22X2 —2Y? + 2\1/\2) .5 (M) |
R2 R2 R2

and as a matter of fact

2miy (= X2 + Y2 + 1) + 2moy (X2 = Y2 + |v]?) = 48|v)*.
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Therefore, we have

2(—myy +may) =0, (4.1.17)
2may + may) = 45, (4.1.18)

and so,
my =me=m and ym =[. (4.1.19)

Plugging (4.1.15), (4.1.16), (4.1.17), (4.1.18) and (4.1.19) into (1.0.2), it turns out that

5 m 0 5 —2m 0
C° = and C° = ,
0 m 0 2m

and thus we conclude that the conditions imposed on the parameters involved in DS

system obey (4.1.13).

We now consider a different DS system (1.0.11) which reads as

iA; + 0 A + Ay = X0l APA + x1 A0,

(4.1.20)
M1 Qe + Moy, = 3 (‘A|2)yy ’
in suitably scaled coordinates. We immediately observe that setting
u=A, = —x0lA* - x1¢, (4.1.21)
Ly =002+ 82, Ly=md2+myd;, Ls=—xoLy— x160;, (4.1.22)

we recover the Zakharov—Schulman system. With XY and R defined as above, we

now impose

aX?+bY?2+cXY +d

¢(X7 Y) = R2




Considering (4.1.20); with ¢ = —1, through similar computations we end up with

8(Y? — X?) = dxo|v)* + x1(aX? +bY? + cXY +d),

whence ¢ =0 and a = ;—f = —b so that we have

a(X?-Y?) +d
R? '

We also note that the constant terms yield

25

dxolv|* + dx1 = 0. (4.1.23)

Now, we compute the derivatives involved in (4.1.20)s.

br = %(—2@)(3 +6aXY? + (2alv|* — 4d) X),
by = %(2@/3 — 6aX?Y — (2a|v* + 4d)Y),
Puz = % {(=6aX?+6aY? + (2a|v|* — 4d))R
—(—12aX" + 36aX?Y? + 6(2a|v|* — 4d)X?)}
Gyy = % {(6aY? — 6aX? — (2a|v|* + 4d))R

—(12aY* — 36aX?Y? — 6(2a|v|* — 4d)Y?)},
Subsequently it follows that

my [(—6aX? + 6aY> + (2alv|* — 4d))(X* + Y* + [v]?)
—(—12aX* 4 36aX*Y? + 6(2a|v|* — 4d) X?)]

+my [(6aY? — 6aX? — (2alv]* + 4d))(X* + Y + |v|?)

—(12aY* — 36aX°Y? — 6(2a|v|> — 4d)Y?)] = 168|v[*(—X* +5Y* — |v|?).
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Collecting X* and Y* terms we obtain

6a(m; —mgy) =0,

and since a = —— # 0, we have m = m; = my. On the other hand, constants, X?
X1
and Y? terms yield

dm = 28|v|?, (4.1.24)
—3malv]* + 2dm = —28|v|?, (4.1.25)
3malv|? + 2dm = 108|v|>. (4.1.26)
8
Subtracting (4.1.25) from (4.1.26), we have ma = 2 and since a = —— it turns out
X1
that
X108 = —4m. (4.1.27)

On the other hand,

8 8
0 = dxo|v|* + dx1 = dxolv|* — da = dyo|v]* — dm% =dxolv]* = 8v|?,  (4.1.28)

by (4.1.24), and hence o = 2. Thus we have
Ly=mA and Ly = —2md; + (—2md; + 4md;) = —2md; + 2mad;,

in other words,

5 m 0 5 —2m 0
C° = and C° =
0 m 0 2m

and it is therefore seen that the conditions derived on the parameters for existence of
APP type travelling soultions for this Davey—Stewartson system as well coincides with

the conditions given in (4.1.13).
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4.2. An Explicit Blow Up Profile a la Ozawa

As mentioned earlier, if Ly and Lg satisfy (4.1.13), taking \y = Ao = 3 = o =0

and v = 1 we recover the radial solution

1
1+ B2+ y?)

u(z,y,t)

for (1.0.1) with ¢ chosen as in the previous section. Since the solutions of the Zakharov—

Schulman system are invariant under the pseudo-conformal transformation given in

(2.1.18),

Uz, y,t) = — b= (T, X)
X = exX 10— U
U= e P\ e !

is also a solution of (1.0.1). A straightforward computation yields

7r
U@l = .
> B
Following [24], we assume ab < 0 and let 7% = —%. Setting ¢ = a + bt = b(t —
1 2
T*), we see that |U(z,y,t)> = = |u (E, Q) We note that u is a radial solution
£ e’ €

whereas the solution U obtained via utilizing the above mentioned symmetry of the
Zakharov—Schulman is no longer radial. However, |U|? is radial since the exponential
term simplifies and |U|? is clearly a decreasing function of |z|. Indeed, the maximum

value of |U(zx,t)]? is attained at the origin and

1
= s
max |U(, )| (i = T2

At this stage we observe that as t tends to T, the mass density |U(x,t)|* of U converges

to the Dirac distribution dy at the origin in the sense of tempered distributions, namely,

lim |U(z,t)* = =

: !/
dp, inS’,
t—T*~ /6
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and hence occurs the mass concentration phenomenon. Consequently, the solution U

blows up in finite time.
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5. CONCLUSION

Utilizing the results in [2] and [7], in case L is an elliptic operator we have intro-
duced the focusing and defocusing cases of solutions for the Cauchy problem related
to the Zakharov—Schulman system (2.2.1). In the defocusing case, that is when the
symbol (&) < 0 for all £ € R?\ {(0,0)}, we have established the global existence of
H'-solutions for (2.2.1). On the other hand, characterized by the existence of some
& € R? such that a(£€*) > 0, the defocusing case gives rise to initial data with negative
energy and hence a finite time blow-up in the corresponding solutions. These ideas
were present in [2] and the existence of initial data with negative energy involved a
tedious computation. The scaling argument used in [6], [7] and in our work establishes
in a more simple form that any given initial datum can be scaled to one with negative
energy. We have also concluded that the standing wave solutions among the special
solutions we discussed in this work exist in and only in the focusing case, and that these
solutions are unstable. Upon establishing the existence of such solutions in H*(R?), we
have seen that the standing wave profile ¢ lies in C?(R?) and it enjoys an exponential
decay rate. Moreover, the existence of such a ground state ¢ enables us to obtain the
best constant for a Gagliardo—Nirenberg—Sobolev type inequality which in turn yields
an upper bound for the initial mass so that the corresponding H'-solutions are global

in time as well in the focusing case.

Aside from the standing wave solutions, we have shown that the Zakharov—
Schulman system admits Arkadiev—Pogrebkov—Polivanov type solutions (4.1.1) and we
have derived the first set conditions on the operators so that such solutions exist. It
turned out that these conditions coincide with the parameter regime necessary for the
existence of such solutions for the DS systems (1.0.4) and (1.0.11) which are known
to be two reduced forms of the Zakharov—Schulman system such that they are inte-
grable under certain parameter regimes. Therefore we have concluded that when Lo
is elliptic, among its integrable reduced forms, the APP type solutions admitted by
the Zakharov—Schulman system consists of the same type of solutions that exist for

the DS systems. Moreover, following [22] and [24] we have obtained a finite time-blow
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up profile upon the existence of these time dependent travelling wave solutions. It
is observed that there exist blow-up profiles whenever either of the special solutions

studied in this work exist.
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APPENDIX A: SOME BACKGROUND IN ANALYSIS

A.1. A Weak Convergence Characterization

Theorem A.1.1. [31, 28 Theorem| A set in a reflexive space is weakly sequentially

compact if and only if it is bounded.

A.2. Rellich—-Kondrachov Compactness Theorem

Theorem A.2.1. [32, Theorem 5.7.1] Assume U is a bounded open subset of R™, and
oU is C'. Suppose 1 < p < N. Then the Sobolev imbedding W'4(U) — LI(U)

~X
1s compact for each 1 < q < p*, where p* denotes the Sobolev conjugate defined by

p =5=

A.3. Sobolev Imbedding Theorem

Theorem A.3.1. [33, Theorem 2.4.5] Let m > 1 be an integer and 1 < p < co. Then

1_m
p n’

1
(i) if = — 2 >0, WP(R") — LUR™), with =
p n
1
(i) if = — " =0, WmP(R") — LI(R™), for p < g < o,
p n
1
(iii) if — — 2 <0, W™P(R") — L=(R").
p n
: m n k(mn n n
In particular W™P(R"™) — C*(R"™) for m > —, where k = |m — —|.
p p
In particular we have, for n = 2, m = 1 and p = 2, H'(R?) — LI(R?) for all

2 < g <oo.
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A.4. Gagliardo—Nirenberg—Sobolev Inequality

Theorem A.4.1. [14, Theorem 2.3.7] Let 1 < p,q,r < oo and let j,m be two integers,

0<j<m. If

1 ) 1 m 1—a
P n T n q

for some a € [j/m,1] (a <1 ifr >1and m—j — o 0), then there exists C' =
r

C(n,m, j,a,q,r) such that

2 D%l <O > ID%ull, | Jrlly™,

laf=j |la=m

for every u € C*(R™).

1
Takingn:2,p:4,q:2,r:2,j:0,m:1anda:§yieldst ul|i <
C1||Vul|3]|ul|3 for some Cy. Similarly forn =2, p=0c+2,¢=2,r=2,j=0,m=1

and a = there exists a constant Cy such that |ul|713 < Co|Vul|3|ull3.

g
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