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ABSTRACT

SOME MEAN VALUE PROBLEMS ABOUT DIRICHLET
L-FUNCTIONS AND THE RIEMANN ZETA-FUNCTION

The average values of higher derivatives of the Riemann zeta-function and Dirich-
let L-functions over a set of special points, specifically the set of nontrivial zeta zeros,
are important tools to understand the distribution of zeta zeros and the relationships
between the Riemann zeta function and Dirichlet L- functions. In this thesis, we study

the following sums



OZET

DIRICHLET L-FONKSIYONLARI VE RIEMANN
ZETA-FONKSIYONU ILE ILGILI BAZI ORTALAMA
DEGER PROBLEMLERI

Riemann zeta fonksiyonunun ve Dirichlet L-fonksiyonlarinin tiirevlerinin bazi
ozel nokta kiimelerinde, spesifik olarak zeta fonksiyonunun sifirlarinda, ortalama degerleri

bu fonksiyonlar1 ve aralarindaki iligkileri anlamak i¢in 6nemli araclardir. Bu tezde,

SO Y L9

p¢(p)=0 p¢(p)=0
0<Sp<T 0<Sp<T

toplamlar: incelenmistir.
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LIST OF SYMBOLS/ABBREVIATIONS

e(0) _ p2mif

fO)(s) § ™ derivative of f(s), f@ = f.

L(s,x) A Dirichlet L-function.

16} The real part of a zero of the zeta function or of an L-function.

['(s) = Jo e "a* " dx for o > 0; called the Gamma function.

v The imaginary part of a zero of the zeta function or of an
L-function.

¢(s) The Riemann zeta-function.

A(n) = log p if n = p¥, = 0 otherwise; known as the von Mangoldt

Lambda function.

p(n) = (—1)“™ for square-free n, n = 0 otherwise. Known as the

Mobius mu function.

P = [ 4 i7; a zero of the zeta function or of an Dirichlet L-
function.

T = [t| + 4.

7(x) =>1_ x(a)e(a/q); known as the Gauss sum of x.

o(n) The number a, 1 < a < n, for which (a,n) = 1; knowns as

FEuler’s Totient function.

x(n), ¥(n) A Dirichlet character.

X(s) The function defined by the functional equation for ((s).

X(s, ) The function defined by the functional equation for L(s, ).

w(n) The number of distinct primes dividing n.

[x] The unique integer such that [z] < z < [z] + 1; called the
integer part of x.

{z} = x — [z]; called the fractional part of x.

f(z) = O(g(x)) |f(z)] < C|g(x)|, where C' is an absolute constant.

flz) < g(z) f(z) = O(g(x)).

f(2) = Ouy. 00, (9(2)) |f(z)] < Cg(z), where C' is a constant which depends on

aq, (o, ....

f(#) Kay,an,.. 9(x)  f(2) = Oayan,..(9(2)).
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f(@) > g(x)

Oay,as,..(f(@))-
f(z) = O(g(x)) and g(x) = O(f(x)).

lim, o f(2)/g(x) = 1.

g9(z)

f(z) >a; as,... 9(2)

/()

= g(x)

f(@) ~ g(x)



1. INTRODUCTION AND STATEMENT OF RESULTS

D. Shanks conjectured that the average value of ('(p), over the nontrivial zeros p
of the Riemann zeta-function ((s), is a positive real number. J. B. Conrey, A. Ghosh
and S. M. Gonek [1] proved that this is true asympotically, and that if we average over
the zeros with 0 < J(p) < T then this average is ~ —logT Fujii [2] gave the more

precise estimate

T T T T T
> o) = gt -+ (0 — Dy log o + (= %0)5

27 2 27 27
0<~y<T

+ O (T exp <—c\/@>) (1.1)

for this average, where vy and 7, arise from the Laurent expansion of the Riemann zeta
function (see (2.11)) and c is some positive constant. Under the Riemann hypothesis
(R.H.), Fujii sharpened the above error term to Tz (log T)%. In this thesis, we shall

prove the following extension of (1.1).

Theorem 1.1. Let j > 1 be a fized integer. Then, for large T

(-1t T T\’ :
D (p log — O (Tlog’ T) .
0<27;TC J+1 27r<0g27r) +0;(Thog’T)

The average value of (V) (p), over the zeros p of ((p) = 0 with 0 < S(p) < T, i.e.

Z CJ)

0<7<T

T
where N (T') is the number of terms in the above sum, by the fact that N(7T") ~ o logT
A 7r

(—1)7+t TY ‘
(see (2.9)), is — log — | . So this tells us about the size of (¥)(s) at certain
Jj+1 2

points (namely the nontrivial zeros p). We can say that, on R.H., there exist points s



on the critical line with 0 < &(s) < 7' such that
¢V ()] > log/ T.

In the second part of our thesis, we shall be concerned with the mean value of LU)(p),

over the nontrivial zeros p of ((s). We’ll obtain the following formulas.

Theorem 1.2. Let 1 be a primitive character modulo ¢ > 3. For large T and A an

arbitrarily large fived number, we have

v T T (=TT - T L
D;TL(K% V) =5 logo - — 5~ (0) gL(la ) + %f(l’w
4+ 0y (Texp (—u\/logT)> ,
and, for j > 1,

S (e, = - HOVCDI T g (1 5 (1 %)

2y ¢la) 212

+ % <%) v (1,0) + Oas (Texp (—u/l0gT) ) . (1.2)

In both cases, the asymptotic formulas are valid under the restriction g < log® T and

1 is a non-effective constant depending on j and A.

As obvious corollaries of Theorem 1.2 for j = 0, we can write

lim 27 S {L(pu) — 1} = —

Tooo T =) ?(q)

) L\ )

which was proved by Fujii (Under the R.H.) [3], and

. 1
Th_fgoﬁ > Lipy) =1,



i.e. the average value of L(p,) is asymptotically 1. However, for j = 1, we have

0<;T Hied) _M(qwgz(ﬁ(_ql))T(w % {L (1,4) = L' (1,%) — L (1,%) log %}

n % (%)l(Llp) + 04, <Texp (—u\/@)) )

and so

1 : _ M (=D7()
dn w2, e =T )

By the facts that ¢(q) > L, |7(¢)| = /g and L (1,7) < logg (see Proposition 4.1),

log g’

we can say that the average value of L'(p, ) is asymptotically very close to 0 for large

q.

We now determine the exact order of the sum Z LY (p,1)). We first note that
N 0<y<T
by Proposition 4.1 we have L") (1,1#) <, (logq)"™*, k € N. In addition to this, we

!/

- L (%)
need a lower bound for L (1,1/)) and an upper bound for (f) (1,4), k € N. Tt
easily follows from (2.17), the equation (11.7) in [4], and Proposition 5.2 that

I/ (4) ; o 1
(_) (Ld}) <<A,j q% and L (171/)) >4 T
L ¢

So, in the range ¢ < log” T, we have

I/ () A o
(7)) <astog™ T and £(17)

L logT"

In the range considered for ¢ using these estimates in Theorem 1.2 gives

T T loglog T’
L =—log— (1 N
Z (P %) 27 Og27r( +OA( logT ))’

0<y<T



and, if u(q) # 0, i.e. ¢ is square-free,

OggT L9 (p, ) = (—1)7+ /‘(QW;S(_(;)TW)L (1,9) % (log %)J (1 + O (%)) .

If ¢ is not square-free, then (1.2) becomes

> 19w = - (%’)m (1,6) + Ons (Texp (-uy/logT)) . (14)

0<~y<T

/

L (4)
The main handicap of (1.4) is that <f) (1,%) can be too close to 0 for some values
of ¢ in the range ¢ < log” T so that the O-term in (1.4) can dominate the main term in

(1.4). If this is the case, then we lose the asymptotic fomula. We need a lower bound
/

NG )
(f) (1,%)], but we do not know even whether (f) (1,) is 0 or not. So,

in this case, we can only say that

for

Z LO(p, ) <ja T (1.5)

0<y<T

in the range ¢ < log" T

Finally, we mention two points on the above formulas. First, comparing (1.3) and
(1.5) shows the effect of the modulus of the Dirichlet character on mean values. Second,

(1.3) expresses a connection of the distribution of p with the important arithmetic

quantity L ( 1, @) .



1.1. Outline for the Proofs of Theorem 1.1 and Theorem 1.2

The basic idea of the proofs of our main theorems is to interpret the sums of

¢Y)(p) and LY (p,7)) as a sum of residues. By Cauchy’s theorem we have

S 0= [ 195 (16)

0<y<T

where f(s) is ¢¥)(s) or LY)(s,9) and R is the rectangle joining the points a + i, a +

T, 1 —a—+14iT and1l —a+ i, a is a fixed number > 1.

In chapter 2 and 4, we give some estimates of (V) (p), LY (p, 1)) and Cé(s) Using
these estimates, in both cases of f(s), the horizontal integrals and the vertical integral
from a 4+ ¢ to a + ¢T' can be bounded trivially and the contribution of these three
integrals are very small and the main terms of the formulas in Theorems 1.1 and 1.2

come from the vertical integral from 1 —a +i to 1 —a + iT.

The next step is to obtain the main term from the remaining integral. Using
certain exponential integral estimates, Lemmas 3.11 and 3.15, we convert this integral
to a finite sum, but in this case, summand of this finite sum includes more elemen-
tary factors, not like ¢¥)(p) or LY)(p,1)). Finally, applying standard techniques of
analytic number theory, such as Perron’s formula, Dirichlet hyperbola method, partial

summation formula and so on, we complete the last part in chapters 6 and 7.



2. SOME FORMULAE and ESTIMATES

Before we develop the basic idea of the proof of the Theorem, it will be useful
to set down certain formulae and estimates. These are given without proof, the proofs
can be found in most classical books on Analytic Number Theory, see, for example,
[5], [6], [4] or [7]. Throughout this paper s = ¢ + it denotes a complex variable,
T = |t| +4 and p = [+ iy denotes nontrivial zeros (i.e. complex zeros) of the Riemann

zeta-function.

2.1. y-Function

The functional equation of the Riemann zeta-function can be expressed in the

asymmetric form

¢(s) = x(s)¢(1 = s), (2.1)

where
x(s) : = 2°7 5 sin (%sw) (1 —s) (2.2)
_ o0 =9 [%F%;) il (23)

Firstly, we state two well-known asymptotic formulas involving the I" function:

1 1 1
logI'(s) = <5 — 5) logs — s+ 3 log 27 4+ O (H> , (2.4)
F/

ls) = logs + 0 (ﬁ) | (2.5)



These formulas are valid as |s| — oo, in the angle —7+ 0 < args < m— 9, for any fixed

0 > 0. By using the above formulas, it is easy to show that

T(s) = |t|7**2 (27)7 exp {sgn(t) {”TT" - %r - Zﬂ - it} {1 +0 (i)} ., (2.6)

|t
x(s) = <|217|T) . ( it 1ogﬂ + ngn(t)) <1 L0 <%>) | 2.7)
%(s):—lo |2| +O(|¢|) (2.8)

uniformly in @ < o <  and [t| > 1, for any fixed real numbers « and 3, where

1 if t>0
sgn(t):=< 0 if t=0
-1 if t<O.

2.2. Estimate for %

The Riemann-von Mangoldt formula states that

T T T
N(T)=—log— — — logT 2.
(T) = 5-log o — 5— + O(log T), (2.9)
where N(T') is the number of nontrivial zeros p =  + iy of ((s) with 0 < v < T.
So, we have N(T'+ 1) — N(T) < logT. In other words, there are at most O(logn)
non-trivial zeros p = f+ iy withn <y <n+1 for n = 2,3,.... Among the gaps
between the ordinates of the zeta zeros there must be a gap of length > (logn)™'.

for all zeros

Hence, there exists a T, € (n,n + 1] such that |T,, — v | >

logn — logT

p. Thus, we get a set F := {TG]R:EIn22,n<T<n+1, T —~| > logT Vp}
with # N (n,n + 1] # () for any n = 2,3, .... Consider the standard formula
!/

%(a—i—iT)— Z %+O(logT).

[T—~I<1



This estimate is for large T and uniformly for —1 < ¢ < 2 and the sum is limited to

those p for which |T'—~| < 1 (See [7], §9.6). Since there are at most O(logT') terms in

the sum of the above formula and each term is < log T if T' = .%, we have the estimate

/

%(0+iT) < (logT)?,  (for —1<0<2).

2.3. Some Laurent Expansions

(2.10)

The Riemann zeta function is a meromorphic function with a simple pole with

residue 1 at s = 1. So, it has a Laurent expansion in the neighborhood of s =1

((s) = S%+70+71(s—1)+72(s—1)2+...

1
_ Sil+0(1), (s — 1).

By differentiation of the above Laurent series, it is easy to see that

and then

2.4. The Order of ((s) and Its Derivatives
We have, for £k =0,1,2,... and |t| > 1
|t|2—ote if ¢<0

(Wo+it) <en { Jt]20-% if 0<o<1

|t]¢ if o>1,

(2.11)

(2.12)

(2.13)

(2.14)



with an arbitrarily fixed € > 0. (See Gonek [8], section 2)
2.5. Dirichlet’s L-Functions

These are the most common zeta functions besides ((s) and are defined by
L(s,) =) wmpn™  (0>1),
n=1

where for a modulus ¢ (> 1), 1(n) is the arithmetical function known as a Dirichlet’s
character modulo ¢ [for ¢ = 1, taking ) = 1 we retrieve the Riemann zeta-function].
Each character ¥ (n) is a totally multiplicative function (i.e. ¥ (nm) = 1 (n)w(m) for
all m and n) which is complex valued and satisfies |¢)(n)| < 1. It also has the following
periodic property: 1(n) = ¥(m) if n = m (mod q), while ¢)(n) = 0 if (n,q) > 1 and
(n) # 01if (n,q) = 1. There exists ¢(q) distinct characters modulo ¢, and they
form an abelian group (under pointwise multiplication) which is isomorphic to the
multiplicative group of the reduced system of residues mod ¢. A special character is
the principal character, denoted by y(n), defined by ¥y(n) = 1 if (n,q) = 1 and zero

otherwise.

Let 1)(n) be any character to the modulus ¢ other than the principal character.
We know that ¢ (n) is a periodic function with period ¢. It is possible, however that
for values of n restricted by the condition (n,q) = 1, the function ¥ (n) may have a
period less than ¢g. If so, we say that ¢ is imprimitive, and otherwise primitive. We

note that if ¢ is a primitive character modulo ¢, then ¢ > 3.

For any character 1(n) to the modulus ¢, the Gaussian sum 7 (1) is defined by

T (1) = ;wm)e (%) ,

where e(a) = e*™*. We have
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- For any primitive character 1) modulo ¢, |7(¥)| = 1/q.
- For any character v» modulo ¢, [7()| < /q.

- |7 (W)l = pl9)-

2.6. The Zero-Free Region for Dirichlet’s L-Functions

There is an absolute constant ¢; > 0 such that if ¢ is a complex Dirichlet character

modulo ¢ and L(5 + i7,%¢) = 0 then

[ —

T (2.15)
If ¢ is a quadratic character, then (2.15) holds for all zeros of all L(s, 1), ¥(mod q),
with at most one exception. The exceptional zero, denoted by 3, if it exists, is real,
simple and may only occur for at most one quadratic character (See [6], §14). Of
course, by the Generalized Riemann Hypothesis, all nontrivial zeros of the L(s,) lie
on the critical line and no such exceptional zero exists. However, we have two versions
of a theorem due to Siegel (See [6], §21), which establish an upper bound for 8; and a
lower bound for L(1,1)):

For any € > 0, there exist positive numbers C(€), Cy(€) such that

b <1 A (2.16)
q
and
L(1,%) > CZEE) (2.17)

The disadvantage of these bounds is that we are unable to compute the value of C(€)

and Cs(€), i.e. these constants are non-effective.
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2.7. Functional Equation for Dirichlet’s L-Functions

Let L (s,%) be a Dirichlet L-function, where 9 is a primitive character (modgq),
g > 3. There are two symmetric forms of the functional equation for L(s,)(See [6],

§9), depending on the value of )(—1):

i r | Lam | - s 0)

_ ?w) T e (%) L(s.0) i p(—1) = 1;
7329 g3 @-9) T B (2 - 5)1 L(1-s,v)

= S aesemgienr (Lo | Lo fvn =1

Using the following functional relations involving I'(s)

I(s+1) = sI(s),

PP =s) = sin7(r7rs)’
['(s)T(s + %) = 21721 31(2s),

we can convert the above symmetric forms into the unsymmetric forms:

L(s,¢) = T;f)w s 4275 2%gin <7$> [(1—s)L(1—s,)
_T<w) —% s % SF[%(l_S)} _ n
ST gy M
if (—1) = 1; and
Lis.0) = ")
1q>

r
N [N =
|
VA
—
~
—
[a—
|
\.Co
=
N—

—
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if ¢(—1) = —1. It is possible to put together the two unsymmetric forms of the

functional equation and we have

()

Lis,p) =" gi= 2 sin [ +a)| TU-9) L0 -50)  (218)
1%q 2 2
_r@) e a Thetl-s)
- q* F e ] L(1 — 5,7)) (2.19)
where a is defined by
0 ifw(-1)=1
a=
1 if h(=1) = 1.
Now, we define a new function
X (s,9):= .T—wfﬂ_lﬁq 279 2% gin [Z(S + a)] I'(l—ys) (2.20)
z‘lqi 2
_ (@) LT+ 1—9)]
= iaq%ﬂ' q T [ (ot S>] . (2.21)

Then, we have

Lis,%0) = x(5,0) L(1 = 5,%). (2.22)
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2.8. x(s, ¥ )-Function

Now, we want to get an asymptotic formula for x(s, ¢»). We insert the equation

(2.6) into the equation (2.21) and we get

X (s,0) = ZE;? G)%H {1 o (I%IH

exp {Sgn(t) [3

() vl (5) (4 -) o) o)
() oo (5) ()} o)

(2.23)

uniformly in @ < ¢ < § and |t| > 1, for any fixed real numbers o and 3. Here the

constant of the above O-term depends on « and (3.
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3. LEMMAS

The essential results in this chapter are Lemmas 3.5, 3.9, 3.15 and 3.17. We’ll use
these lemmas in the proof of Theorem 1.1 and 1.2 to calculate the integrals involving
the zeta, a L-function and their derivatives. In general, proofs of the lemmas are

simple, but we’ll give all proofs for completeness.
Lemma 3.1. Forx > 1 and k € Z,
Iy = /x log® udu = x Z(—l)”k—' log" ™"z 3 4 (—1)F1EL
1 — (k—n)!

Proof. The proof goes by induction on k. If £ = 1, then
I = / logudu = [ulogu —u]] = zlogz —x+1 =2z (logz — 1)+ 1.
1

Assume that the lemma holds for each positive integer < k, k > 1. By partial integra-

tion, we have

xr . T d
fier = / log"" ! udu = [(ulogu — u)log" u]| — k/ (ulogu — u)log" ™' u =
1 1 u

= xlogkﬂx—xlogkx—k/ logkudu+k/ log" u du.
1 1
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Then induction hypothesis gives

Iy = xlog"™ o —aloghs —k [x {Z(_1)" = logh™" x} n (_1>k+1k!]

n=0

k
* —1—n)!

T { _ (—1)”% logk_l_”x} + (=DF(k —1)!

n=0

!
= xlogkﬂx—a:logk:r—k[xlogkx+x{2(_1)n(k ! )‘logk—nx}+
n):

n=1

x {Z(—m-l ((: - :L;" logk_”x} + (=1)*(k — 1)!

n=1

(=DM R + k

= zlog"'z — (k+ Dalogbz — ka {Z(_l)nl((;g__;; (k! + (k — 1)!)}
—k(=D)F R + k(=1)F(k — 1)! )

!
= zlog"z — (k+ Daloghz —z {Z(—l)”% logk_":v}

n=1

+(=1)"2(k + 1)!

k+1
= zlo kE+1 .. k Dl k - -1 an k+1—n
- g x—(k+1zxlog"z+x Z( )(k:—l—l—n)' og x
n=2 :

+(=1)"2(k + 1)!

k+1
- oSl e o .

So mathematical induction completes the proof. ]
Lemma 3.2. Forx > 2 and k € N,

Zlogkn =2z {Z(—l)“(kﬁ—'n)' logk":c} + Oy (log* z).

n=0 ’

Proof. If k = 0 then } __ logkn = Yon<a L = [2] = 2 — {z} = 2+ O(1) since

{z} €[0,1) for any x € R. The case k = 1 is a version of the famous Stirling’s formula



16

( [6], p. 56). If £ > 1 then, by partial summation, we have

v d
Z loghn = [z]log"z — k/ [u] log"* u o
. u

= (z—{z})logtz — k /1m (u— {u})log" ' u %
du

= zloghz — k/ log" tudu — {x}log" x + k:/ {u}log" ' u—.
1 1 u

Since {z} € [0,1) for any = € R, we have

x x d
Zlogkn = zlogh z — k/ log" ' udu — O (logk x) +0 (k/ log" ' u _u) .
1 u

n<x 1

In the right-hand side of the above equation the second O-term is
< logFu f = log" .

After this using Lemma 3.1, we can write

=zloghz — k |z i(—l)" (k(f Ii);)' logklnx} + (=DF(E = 1) + O(log* z)
—zloghz — k |z {Z(—l)"1H logk"a:} + (=Dk(Ek = )] + O(log* z)

(&
=zlog" x4+ {Z(—l)"% logh™" x}] — k(=1)*(k — 1)! + O(log" z)

n=1
S N
=zlogtz +x {Z(—l)”mlogk_”x} + O (logk 2)
L Ln=1 ’
=z (=" —logk™™ x} + O (log* z).
— (k—n)!

Hence the proof is completed. O]
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Lemma 3.3. For s > 1 and k € N, we have

* log" u b k!
d — 1-—s
/m w Tt Z:: (k —m)l(s — 1)m+1

m=0

logh~™ x. (3.1)
Proof. The proof is by induction on k. If k£ = 0, then

/oo dU B u—5+1 OO_ xl—s
. ut | —s+1] s—1

xT

Suppose that the lemma is true for some k € Z, k > 1, then integration by parts gives

/°° logk+1udu: logh 1w OO+ k—i—l/‘x’ 1ngudu
- u® (=s+1)(uwsY)], s—1J, wu*

B loghtt & . k+1
C(s—=1)(zs7)  s—1

k

k!
1-s k—m
> o= m)i(s — )i %8 I]

m=0

_longrl r k+1 S k!

_ .1—s k+1—m

- s—1 +8—1m2:1(k+1—m)!(5—1)m10g ’
_logk*'1 O (k+1)!

_ 1-s k+1—m

- s—1 +mzzl(k’+1—m)!(s—1)m+1 log™" "2
k+1

1-s (k + 1)' k+1—m
= 1 .
‘ mX::O(/’{;—i-l—m)!(s—l)mJrl o8 v

Thus, induction completes the proof. O

Lemma 3.4. Let Rs > 1, then for any k =0,1,2, ..., we have

n>x n=0 ’ m=0

logk n 1—s 1" k! 1 k—n — (k B n>‘ 1 k—n—m
2 T =TT ) k—n) | ® x_sz(lﬂ—n—m)!(s—l)m“ e

+ O (Js|z™7log"z), (2 >2).

Proof. Let y € R with y > x > 2, then by partial summation

logkn _ . B N y . o
Z > :ySZIOg n—xSZlog n+3/ {Zlog n}u31du,

r<n<ly n<ly n<x n<u
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Using Lemma 3.2, we have

Z loisn =y° [y {Z(—l)"<k f!n)! logk"y} + Oy (logk y)]

_ —s : n k! k—n k
—2% |z go(—l) = log" ™"z ¢ + Oy, (log* z)
+ s/zy [u {;(—1)”(1{:5—;)!10gk_"u} + Oy (logk u)] u”*du.

Since Rs > 1, letting y — oo gives

k |
Z log n _ ZL’I_S Z(_l)n% logk_"x + Ok (ZE_U logk I)

ns —n)!
n>x n=0

k k—n k
. K > log" " u > log" u
+§(_1) (k_n)!s/z ——du+ Oy (|s|/x T )

We now use Lemma 3.3 and have

log" k! -n —c
Z og n :—Qfl_s Z(_l)nmlogk $+Ok (|S|ZL‘ logk$)
=0 ’

ns
n>x n=
k k—n
k' _ (k - TL)' k* _
—i—sZ(—l)"— {xl SZ —— log" " "o
et (k—n)! — (k—n—m)l(s—1)m+!
Hence, we get the lemma . O

Lemma 3.5. Let a and 3 be arbitrarily fixed real numbers with o < [3, then

09 =yx - [re0 (D) (2) (s ) "o,z

k=0

uniformly for o € [a, f].

The proof follows from differentiating the functional equation (2.1) j times and
using estimates for y(s) and its derivatives. The proof follows the lines of the proof of
the formula (3.22). For exact details see the proofs of Lemma 3.7, 3.8 and 3.9. Also

this result can be seen in Conrey - Ghosh’s paper [9] (See the equation 16).
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Lemma 3.6. Let n be a positive integer then

d\" T 1

This is valid for |s| > % and |arg s| < m — 0, where 6 > 0 is arbitrary but fized.

Proof. Firstly, we have ( See [10], p. 47)

1 1 1 * By (z — [x])
logl'(s) =|s— =1 - —log2m + — — ———=2d :
ogT'(s) <s 2) ogs — s+ 5 log2m + oo /0 STEESE x, (3.3)
where By is Bernoulli polynomial defined by
1 2
By(x) = 6 + 2" —x, x€0,1), (3.4)
By(z) = Ba(x—[z]), for z€R. (3.5)
Differentiating the equation (3.3), we have
I 1 1 * By (z — [z])
—(s) =1 - —— = dx.
r (s) = logs 25 12s? /0 (s+x)3 v
It is easy to see that
d\" 1 1 1
— 1 - — = n - 3.6
(ds) { R 1252} < |s|™ (36)
Now, it is enough to show that
d\" * By (z — [z]) 1
— ——=d n ) 3.7
(&) U e <o &7

to get the result. Firstly, we have

ORI e e e =

ds
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From (3.4) and (3.5), we have

1
|Ba(z)| < 5 Vr € R. (3.9)
So,
* By (z — [z]) 1 /°° dx

————Fdr < - _ 3.10
/0 Gra)mts =6 f, st (3.10)

From the substitution = = |s|y, the inequality (3.10) becomes

* By (z — [x 1 o d
/ Q(—Hd;ﬁ < / R (3.11)
o (s+ux) ] o |s|s|7t+y]

|s|s]_1 + y‘ represents the distance from the point —y to a point of the unit circle.
Since |s| > § and |args| < 7 — 4, it is easy to show that geometrically this distance at

least |e™=%) +y|. So

00 d
/0 G| (3.12)

|s]s|~1 + |

Combining (3.8), (3.11) and (3.12), we have

(%Y {/ooo BQ(SZ—_x[)[Z’U]Ddx} Ko ys|vlz+2 S ﬁ (3.13)

Hence, we are done. O

Corollary 3.1. Let n be a positive integer and s = o + it then, ast — oo

d\" T 1
— | =) Kapn T (3.14)
ds) T |t]

uniformly in a < o < (3, for any fized real numbers o and (3.

The result obviously follows from the above lemma.



21

Lemma 3.7. Let ¢ be primitive character modulo q¢ > 3, then for large t

! t
%(S,d)) — _log ﬂﬁ' + Ouyp (-) (3.15)

uniformly in a < o < (3, for any fized real numbers o and (3.

Proof. Taking logarithmic derivative of the equation (2.21) gives

/ 1F/
X;(Sﬂﬂ) = logm —logq — 5= {

2 1(a+1—s)} _ 1 F(aJrs)} (3.16)

2

Using the formula (2.5) in the above expression, we have

X B g 1 a+1—s 1 a+s 1
b () () c0(2). o

where |t| > 1. In a fixed strip a < 0 < 3, as t — 00, we can neglect the variable o and

(3.17) becomes

N ¢ 1, [(—it\ 1, (it 1
X N P A Ty L N (L RSN G 1
X(S’Tm 8 T 2 og( 2 ) 2 og(2) <|t]) (3.18)

Using
: , 7r
log(it) = log |t| + 4 sgn(t)§

in (3.18), we get the result. ]

Lemma 3.8. Let ¢ be primitive character modulo ¢ > 3 andr € Z*. Ast — oo,

O (s,9) = x(5, ) (— log q2|—fr|> [1 + Ougr (#)] (3.19)

|t| log g

uniformly in a < o < 3, for any fized real numbers o and (3.

Proof. We proceed by induction on r. The case r = 1 is true by the above lemma.

Assume the statement holds for each i < r, r € Z with r > 1. Taking (r — 1)
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derivative of the identity

we obtain

O sp) = 5 (7 s (2) Y e

=0

By the induction assumption, we have

(r) — ;)}
X (57 1/1) _X($7 w) |:1 + Oa,ﬁ,r (‘t’ IOg qT

S (GOTAN )l RN

1=

Combining (3.16) and Corollary 3.1, we have

d\" ¥ 1
@)X s — 3.21
(%) L) <om 1 321
for i > 1. Using Lemma 3.7 and (3.21) in (3.20), the result follows. O

Lemma 3.9. Let ¢ be primitive character modulo ¢ > 3, then for j = 0,1,2,... and

large t we have

L(s,4h) = (—1) x(s,) {i <‘l7€> <10g %)j‘k L® (1 - s,@)}

k=0
1
1 (P 22
{ * Oapy (Itllogqf)l (3.22)

uniformly in a < o < 3, for any fived real numbers o and (3.

Proof. Differentiating j times the equation (2.22), we find

L9(s,0) = 3 () P -0k (1= 5.7).
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By Lemma 3.8,

| i e\ " L
L9(s,0) = > (/jg) X(s, ) (— log %) {1 + Oapjk (m)}
k

(—1)FL® (1 - s,9) .

Then the result easily follows. O

Lemma 3.10. For m =0,1,2,..., A large, and A <r < B < 2A,

B a—1 m
t t 2 t
/ exp |itlog—| | — log— | dt
A re| \ 2w 2m

= (2m) et e R (log %)m + E(r, A, B) (log A)™,

while forr < A orr > B,

B N\ £\ .
/A exp {zt log E} <%) <log %) dt = E(r, A, B) (log A)™ ,

where

: Ats Bts
E(rAB) =0 (A3 10— )r0 "] (323)
|A—r|+ Az |B —r|+ B>

Lemma 3.11. Let {b,} 5>, be a sequence of complex numbers such that for any

e >0, b, <. n Leta>1 and m be a nonnegative integer, then for T sufficiently

large,

1 T t+t\"" ° by, 1
Py X (1 —a—it) <log2—) Z 7 At = Z b,log™n + O (T“’ﬁlong)
us s neTt

1 n=1 1<n<T/2n

Lemmas 3.10 and 3.11 have been proved in Gonek’s paper [8]. We want to extend

Lemma 3.11 to Dirichlet’s L-functions to estimate integrals containing x(s, v).
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Lemma 3.12. For m =0,1,2,..., A large, and A <r < B < 2A,

B t £\%2 t
/ exp [ztlog } < ) <log q_) dt
A 2 2

_ l—a,.a —ir+=t ﬁ m m
= (2m) " Mrte T (10g 27r> + E(r, A, B) (log qA)

while forr < A orr > B,

B E1 N g\
1 log — = E(r, A, B) (log gA)™
/A exp [zt og } (27) (Og 27r> dt (r, A, B) (loggA)™,

Proof. From the binomial expansion

it follows that

B afé m
/ exp |itlog L log a dt
A re| \ 2w 2

then the result follows from Lemma 3.10. ]

Lemma 3.13. For an arbitrarily fived number a > 1, we have

(€ > 2). (3.24)

<a 7 >
“C

; (\C’ 27m|—|—\/_>
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Proof. Firstly, we divide the infinite sum in (3.24) into five parts,

> D SRS

a
n=1 T (’C - 27.(77/‘ + \% ) 1§n<% 4£<7’L<CE\/6 C’;\/a<n< Cn;\/é
™ — ™ ™ - ™

1
DR
C4VOpc20 n>3C ne <|C — 2mn| + \/6>

:Sl+52+53+54+55,say.

If1<n< £, then |C —2mn|+vC > C and so

By integral test, the above sum is

i dx
<1+ —.
1z

Since a > 1, the above integral is < 1. Hence,

&<é. (3.25)
If —<n < , then
R (3.26)
ne Ca
So,
1 1 1 1 1 1
o Zf 0 2ml+v0 = T <Zf gt f%; "
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Noting that

Z 1_ logz +70+ O (1> : (3.27)
n x

n<x
we can conclude

log C < 1
ce C’

Sy K (328)

since log C/C® — 0 as C' — oo for any b > 0. We shall estimate S3 and S;. By (3.26),

we have
1 1 1 1 1
$<zm 2 <o 2 l<a@<g@
¢ CoVC <y CHVT O =2m| +vC RO CovC <y CHVT @ c
(3.29)

similarly, by (3.26),

1 1 1 1 1 1
<=0 > K= Y < Y =
O g 102+ VO O o om e O gl o™

By (3.27), the sum in the last statement is < log C' and so

log C' 1

Si <o < & (3.30)
For the last case n > 2, we have |C — 27n| + VC > C and so
1 1 11 1
<Y —< =Y —< (3.31)
C ng;c n C nzg n C

since a > 1. Finally, combining (3.25), (3.28), (3.29), (3.30) and (3.31), we get the
result. O

Lemma 3.14. Let E(r, A, B) be as in (3.23), where A is large and A < B < 2A.

Assume {b,} >~ | is a sequence of complex numbers such that b, <. n® for any ¢ > 0.
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Then for any fived a > 1,

= b, 2
S e <ﬂ A B) < Av3
n=1 nt q

uniformly for ¢ > 1, where the implied constant depends on a and e.

Proof. Choose € so that 0 < € < a— 1. Then

b 2 - 2
S lp (M an) «nrr (A 5)
ne q q

n=1 n=1
o 00 1
<<Aa—% n—a—&—e_’_Aa—&-%
2 2 e (A= 4 )

o

1 1
+Ba+§ )
; no=e (|B - 22| + VB)

The proof of the lemma is completed by noting that

oo
Sone
n=1

and, by Lemma 3.13,

[e.e]

- q 1
; < 27m|+\/_> <<;”ae(}CCI—27rn|+\/C’_q) <c

]

Lemma 3.15. Let {b,},~, be a sequence of complex numbers such that b, <. n for
any € > 0 and v a primitive character modulo q € Z*. Let a > 1 and m a non-negative

integer. Then for T sufficiently large,

Z b e ( )log n+0(( T)a %(1oqu)m),

1<n <qT
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Here, the implicit constant of "O” depends on €, a and m.

Proof. By (2.23), we have
1 [T by , gt \"
I {Znaﬂt}x(l—a—zt V) (log%) dt
1
Y)exp { ==} t\" 2 , qt gt\"
= — tlog— (log— | dt
27Tq1 a / {Znaﬂt} (27r) P {Z o8 27‘(’6} (og 27r>

n=1

+0 ('T(f_bfb' T (log qT)m/T {i |Z’;| } %) . (3.32)

q T

Since b, <. nc and a > 1,

Thus, the error term in (3.32) is

< (¢T)* 2 (log gT)™

by noting that [7(¢)| = /g for any primitive character 1. Then, the right hand side
of (3.32) becomes

exp{ ”} , qt
27rq1 a Z ne /2 <27T> P {Zthg 2mne

+0 ((qT)a—% (log qT)m> , (3.33)

the inversion of summation and integration being justified by absolute convergence.

Now the integral in (3.33) is of the form estimable by Lemma 3.12 with A = %, B=T
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and r = 2”7”. Thus, (3.33) is equal to

Ty
T(1) exp{T“} 10g£ " - b OB 2mn TT
2mq e 2 ot g 2’ '
né¢ Q,Q—T

By Lemma 3.14, we can conclude that

o ; {i . } (1 —a—it,¢) (log %)m it
:T(@Z)) Z b, e(q)lOg n—i—O(( T)" %(loqu)m) (3.34)

<n<g-

Am

for T' > Ty, say. Now let [ be the unique integer such that Ty < % < 2Ty. Adding the
result of (3.34) for the ranges [L, 3| (j = 1,2, ...,1), we find that

271 27-1

= . gt \"
{Z a+it } ]' —a- Ztv W (10g %) dt
( b, e (—_n) log™n + O, ((qT)a_% (log qT)m> : (3.35)
il <n<£ q
2l+17r — 27
We have
2 n . q _1

= 4 1—a-— log — =3 ]og™ ‘
o ), {;naw})‘( omit) (g ) e <o tioghe (330

since the length of integration is < T'/2! < 2Ty, i.e. < 1, and, by (2.23),

NI (2';')
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Also, we have

T(¢) (_ﬂl) m 14
bpoel — | log"n <« g2™°. 3.37
. > ) ) los q (3.37)
1§”§21i1,r

This follows from trivial calculation and the fact that |7(1)| = /q. Finally, combining
(3.35), (3.36) and (3.37) gives the lemma. O

Lemma 3.16. Let k be a nonnegative integer. For x > 2, we have

A(n) k log"*! x k
E —1 = 1
— log'n F 1 +O(og a:),

n<x

where A is the von Mangoldt Lambda function which is defined by

lo if n = p¥ for somek € 77,
A(n) = gp ifn=p"f

0 otherwise.

Proof. The case k = 0 follows from (3.14.2) of [7]. If £ > 1 then by partial summation

formula, we have

Z %n) loghn = {Z#}logkx—k/x{zw}logk_lu%-

n<z n<z n<u

Using the result for k = 0, we can write

A x xT
Z ﬂ loghn =log"*' 2 4+ O (logk :zc) — k/ log" ud—u + 0 (k/ logh™! ud—u) :
oon 1 u 1 u

Then the proof is completed by noting that

’ log™ ™ &
=1 (m=0,1,2...).

T d 1 m+1
/ logmu—u — e U
1 U m+ 1

Lemma 3.17. Let (W (s) - %(S) = Z b’zi—?)for Rs > 1, where k € N. Then for

n=1
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T > 2,
1)k+1
Z br(n zlog"™z 4+ Oy, (x log" :U) .
n<z 1
= (=1)*logk ' A
Proof. Firstly, we note that (% (s) = Z w and g( )= — Z (n)

ns C ns
= =1
for £k =0,1,2,... and Rs > 1. Then by multiplication of Dlrlchlet series, we can

write
be(n) = > (=1)*" A(d) log* r. So,
dr=n
Zbk(n) = Z Z DM A(d) loghr = (—1)F! Z A(d) log"r
n<lx n<x dr=n dr<z
= (=1)M! Z A(d) Z log" r.
d<z r<g

By Lemma 3.2, we get

L (ZW <1og§)’“)

n<x d<z n=0 d<z

The above error term is

<y, logh Z A(d) <y 2 log" .
d<z

The last asymptotic inequality follows from the prime number theorem which says that

> A(d)

d<zx

Noting that
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we have

k—n
Zb’f 1)kt Z(_l)n(k fln)! (_1>h(1€;n> log 2)" " hZ o' d

n<z n=0 h=0 d<z
+ Oy (:Elogkx).
We now use Lemma 3.16 to obtain
k k—n h+1
k! k—n —neh |log"™ " x
= —1 k+1 —1\)" -1 h 1 k—n—h
St = (1S s S () o |
n<x n=0 h=0
O(loghx) + Oy (Jclogkx)
1 k AN
- creSen(l)e
h=0
. i o < (k= n)log" e
+ (1) x;(—) (k—n)! h—O(_ ) ( h ) h+1

+
Q
VRS
S
]~
-~
| =
S
T™M7T
LM
N
oyl
> |
3
N~
o
o9
~_—
+
Q
Enl
—
S
o}
oo
S
SN—"

The second and third parts of the right hand side of the above equation is trivially
<L, T log’C x,

and this gives

k
Zbk 1) 2 (log x) k+1z < )h;—i—l + Oy, (xlog a;)

n<x h=0

We now make some calculations on the coefficient of the main term of the above
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asymptotic equality;

() R - E (e

h=0

_ (k_j)l {(1 )R 1} _ e (3.38)

and this completes the proof.
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4. THE ORDER OF A DIRICHLET L-FUNCTION AND
ITS DERIVATIVES

We need an estimate for L(s,) in the critical strip, 0 < o < 1, where ¢ is any

primitive Dirichlet character. We first give an integral representation for L(s, ), ([6],

p. 82),
sy =s [ Sp)e s (o>0),
1
where S(z,¢) ==, ., ¥(n). Since [S(z, )| < g, it implies that
L(s,v) < gt <Uo >0 2 %) ; (4.1)

where oq is an arbitrary number > 1/2. For o < %, corresponding results follow from

the functional equation (2.22). In any fixed strip a < o < 3, by (2.23), we have

v o= (27 oz (42)
Hence
L(s,v) < (q7) " (4.3)
for oy <o < % and [t| > 1, where o0y is an arbitrary number < 1/2.

Now, we'll show that (4.3) is also valid in the bounded region oy < o < 3, [¢| < 1.
Combining (2.20) with the basic fact |7(¢)| = \/q, we get

X(s,9) < ¢z 77
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in the region considered. Using this in (2.22), we have
L(s,v) < ¢z ?|L (1—s,¢) | (4.4)
for oy <o < 1, [t] < 1. By (4.1), (4.4) becomes
L(s, %) < q27° (4.5)
for oy <o < 3, [t] < 1. Tt easily follows from (4.3) and (4.5) that
3_4 1
L(s,v) < (qr)2 (01 <o< 5) : (4.6)

In addition to (4.1), in any in any half-strip o > 1+ 9, § > 0, we have

| L(s, )| =

Z@‘ <C(146) <5 1.
n=1

Now, we’ll prove the following theorem that gives a better estimate near the line

o=1.

Proposition 4.1. Let i) be a non-principal character modulo q > 3, then for j =
0,1,2,... we have

LO(s,9) <ja (loggr)' ™, (4.7)

uniformly for 1 — 1%:% < o <2, where A is an arbitrarily large positive constant.
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Proof. Let R(u,v) := Z ¥(m) log’ m. Then

m<u

R(u, ) = > [S(m, ) = S(m — 1,4)] log’ m

= 3 S(m,v) [log? m —log/(m + 1)] + S ([u], &) log’ ([u]) -

m<[u]—1

Using the trivial estimate S(u, ) < ¢, we have

R(u, ) <<QZ ’10gjm—10gj(m+1)‘ + qlog’ w.

m<u

Since log x is a strictly increasing function, we have

R(u,v) < ¢ Z (log’ (m + 1) — log’ m) + qlog’ u < qlog’ u. (4.8)

m<u

For 1 — IL < o0 <2, we can write
ogqTt

19(s,0) =(-1p 3 Lo

ey 3 Aoy g vl

n<qT n>qr

log’ . 1 1
“o( ) o oo (- )

1

- (—1)jR(ﬂqTﬂ7¢)W-

(4.9)

By (3.27), we have

log’ n , 1 .
Z 1_g — <4 log’ g1 Z - <4 log’ttgr. (4.10)
n log q1

n<qr n<qr
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Using (4.8) and (4.10), (4.9) becomes

L(j)(57 ¢) :(_1)j Z R(n, '(ﬁ) (% — (nTll)S> + OA (10gj+1 QT)
n+1
=(=1)'s Z R(”ﬂ/’)/ u(fi + 04 (log’™ q7) . (4.11)

By (4.8),

. . ntl g .
L(J)(s,w) =0 (qT Z log’ n/ ufle) + O, (logﬁrl qT)

J
=0 <(]7’ Z 120g :l ) + Oy (longr1 qT) : (4.12)

n>qt n ~Togar

By Lemma 3.4, the sum in (4.12) is

A log’ g7
<j,A (q7’) H_logxfjlq‘r logJ qT <4 quq . (413)

Combining (4.12) and (4.13), we get the result. O

We can improve the estimate for L(s, ) over the region o < 0. Proposition 4.1

implies that
L(s, 1) <c (q7)° (4.14)
for o > 1. Combining this with (4.2) and (2.22), we obtain
L(s,p) < (qr)2 ™% (0 <0, [t] > 1), (4.15)

By (4.4) and (4.14), the above estimate is valid in the region o < 0, [t| < 1; so we

conclude that

L(s, 1) <. (qr)2~ 7t (0 <0,t€R). (4.16)
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Proposition 4.2. Let ¢ be a primitive character modulo ¢ > 3, then we have
L(s,9) <. 7077, (4.17)

uniformly for 0 <o <1, [t| < 1.

Proof. 1t follows from (4.7) that
Lo +it,¢) < ¢° (4.18)

uniformly for 1 — @ <o <1, [t| <1. In the right half-plane, we have

[e.9]

L(a+z’t,¢):2@: 3 @+ 3 @
n=1 n<,/qlogq n>,/qlogq
1 ! 1 S (Iyqlogql, v)
=0 — S(n, —— — 4
ng%ogq ne + n>%ogq ( ¢) (ns (n + 1)5) ([[\/alog Q]] + 1)

:Sl + SQ + 83, say.

By integral test,

\/alogq

\/alogq l1—0
ﬁ T < q%(l*ﬂ')‘i’e (419)

S K 1+/ <
9 i 1—-0

for 1— 10# > o > L. To treat S, we use the Pélya-Vinogradov inequality (See Theorem
g q 2

9.18 of [4])

Z P(n) < /qlogyq

N<n<M

for any primitive character ¢. (This inequality holds for any non-principal Dirichlet’s
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character.) In the bounded region 1 <o <1 — @, |t| <1, we have

n+1 dx
2 </qlogg Z |S|/n zot1

n>,/qlogq
> dx
< \/ﬁlogq/ K q%(l_")JrE. (4.20)
\/ﬁlogq T
Finally, it follows from the Pdlya-Vinogradov inequality that
Sy < q2(m9Fe, (4.21)

Combining (4.18), (4.19), (4.20) and (4.21) completes the case 3 < o <1, [t| < 1. The

other case 0 < o < 3, [t| <1 easily follows from (4.4). O

Summarizing our results, |L(s, )| has the following upper-bounds:

Gtk W e

L(o+it,Y) <qr (0>34,teR)

L(o+it,) < (qr)z~° (0 <3teR)

L(o+it,)) <. (qT)%_”Jre (0 <0,t €R) (4.22)
L(o+it,) <. (q7)° (c>1,teR)

Lo +it,p) <, qz-o)te 0<o<1,t] <),

Now, we improve the first and second estimates in the above list. For this, we

give a Phragmén-Lindeldf type theorem with slight modifications. (See, for example,

Titchmarsh [11], §5.65)

Proposition 4.3. If ¢,(s) is reqular and O, (7)), q € 7™, for every positive ¢, in the

strip o < 0 < 09, and

¢q(o1+1t) =0 ((qT)]’“) , Og(og +it) = O ((q7)k2) (t € R),
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and

6q(0 + it) = O(¢"),

for o < o < oy, |t| <1, k(o) being the linear function of o which takes the values

ki, ko at 0 = oy, 09, respectively, then

¢q( +it) = O ((qn)"”)

uniformly for o1 < o < 09.

Proof. Let

U(s) := (—igs)k®) = ekls)los(—ias),

O(s) = Q;q((j)),

where the logarithm has its principal value. This function is regular for o1 < o <

09, t > 1; also, if k(s) = as + b, which takes the values ky, ko for s = 01, 09, then

R {k(s)log(—igs)} = R[{k(0) + iat}log(qt — iqo)]
= k(o)loggqt + O(1).

Hence

U (s)] = (q7)* eV,
So, there exists M > 0 such that M does not depend on ¢ and is the upper bound of
®(s) on these two lines 0 = 0y, 0 = 09 and on the line segment between the points

o1+ 1 and o9 + 4. Let € > 0, put

g(s) = e P(s), (0, <0 <09, t > 1),
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then

l9(s)] = e™"[®(s)] < |@(s)] < M
for 0 = 01, 0 = 09. Also |g(s)|] — 0 ast — oo for oy < 0 < 0gy; and so, if T is large
enough, then |g(s)] < M ont =T, 01 < o < 09. Hence |g(s)| < M at all points of the
rectangle with vertices oy + T, o9 + i1, 01 + i, 05 + 7. Then the maximum-modulus
theorem implies that |g(s)| < M at all points in the region 0y < o < g9, t > 1, i.e.

|D(s)| < e M (01 <o <oy t>1).

Making e — 0, it follows that |®(s)| < M. So ¢,(0 + it) = O((q7)*)) for 01 < o <

09, t > 1, and similarly for the region o1 < 0 < g9, t < —1. O]

Since L(s, 1)) satisfies the conditions of Proposition 4.3, we can apply it and so
L(s,¥) < (q7) 2=

uniformly in 0 < ¢ < 1. Summarizing all these results, we have

(qr)2—ote if 0<0
Lo+ it,¢) < § (qr)zt=ote if 0<o<1 (4.23)
(q7)° if o0>1

where € is an arbitrarily small positive number. By Cauchy’s integral formula, we have

L(j)(s,w) = ]—'/C —( Lis.¥) dw

270 w— )it
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where C' is an arbitrarily small circle with center s and j = 1,2,.... Using (4.23) in

the above integral, it easily follows that

(qT)%_CH'e if o0<0
LYo +it, ) <o { (qr)30-orr  if 0<o<1 (4.24)
(q7)° it o>1

where € is an arbitrarily small positive number and j =0,1,2,....
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5. NOTE ON LU)(1,4) AND (%)(‘” (1,%)

Proposition 5.1. Let ¢ be any non-principal character modulo ¢ > 3. Then, for

7 =0,1,2,..., we have

=0y %logjn = L2000 +0; (10%533) |

n<x

Proof. Put f(u) = %, j =0,1,..., then by partial summation, we have

y vmloen {Z w<n>} 1ty) - {Z ww} f@) - [ {Z W} f(wdu.

z<nly nly nlx nlu

We use the Pélya-Vinogradov inequality and make y — oo in the above equation to

obtain
5 YL (ongl ) + 0 (Vitona [ irjan).
If 7 =0, then

ZM:O(M)_

n>x

It easily follows from the Dirichlet series representation of L-function that

Z%M:L(l,x)JrO(@).
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Otherwise, 7 > 1, we have

J 1 log? © 151009 9, — loo?
Zw(n):log n:0<\/§ ogxq 0g x) +O<\/§logq/ |jlog’ ™" u —log’ u| du)'

u?

n>x

J

1
By Lemma 3.3, the integral in the O-term is < . This gives

L1, p) - (-1p 30 L (s vm o s JTlogglog’s

X
n<x n>x

Hence, the result follows. ]

Proposition 5.2. Let ¢ be a non-principal character modulo ¢ > 3 and j =0,1,2,.. .,

then we have

N () —1)i4 .
(7) 00 =G o+ 0 ttomm™)

uniformly for o > 1 —cy/(4logqr), t € R, where

E() = 1 if By exists,

0 otherwise.

Proof. First of all, we quote from Theorem 11.4 of [4]:

Suppose that ¢ > 1 —¢;/(2logqr). If L(s,1) has no exceptional zero, or if 3; is
an exceptional zero of L(s, ) but |s — (1| > 1/logq, then

!/

2 i) < o -

Alternatively, if ; is an exceptional zero of L(s, 1) and |s — 31| < 1/logq, then

I/
f(‘g? ¢) =

L+ 0lloga) (s £ ) 5.2
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Since [, if it exists, is a simple pole of L'/L with residue 1,

_ L E(i))
f<57¢) T f(saw) - 5 — 51 (53)
is an analytic function in the region
(&1
>1-— : A4
7= 2log gt (54)
Combining (5.1) and (5.2), we obtain
C1
1 >1- : :
fo) <togar (021- 50 o) (5.5)
By Cauchy’s integral formula we have
1l
O (s )= I [ Fw) 5.6
f (87 w) 27TZ L (w o 8)j+1 w7 ( ° )
where D is a small disc centered at s = o + it and with radius < 1/loggqr, and
o>1—c¢/(4loggr). Using (5.5) in (5.6) gives
G) (log q7)"* >1- L i=01,2..). .
Ps,0) < o™ (o2 1= 0 -0, (5.7
Differentiating (5.3) j times gives
LY (CWREW) |
— = SR ©)
(L) (s, ) R + [9(s, ). (5.8)
Combining (5.7) and (5.8) completes the proof. O

Proposition 5.3. Let ¢ be a non-principal character modulo ¢ > 3 and A an arbitrarily

large fized number. If ¢ < log™ z, then

> MM e (P11 0, (e (eavoe)) =01

n<x
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where ¢y 18 a non-effective positive constant depending on j and A.

Proof. We first state a general form of Perron’s formula (See [12], A.3):

Let A(s Zan ~% converge absolutely for 0 = Rs > 1 and |a,| < C®(n),

where C' > 0 and for x > xy, (z) is monotonically increasing. Let further

[e.e]

Z lap|n™ < (o0 —1)7¢

n=1

as 0 — 17 for some @ > 0. If w = u+iv (u,v real) is arbitrary, b > 0, T > 0, u+b > 1,

then

b+iT
Z apn”" = (2mi) ! / A(s +w)a®s s + O (2"T (u+b—1)"%)
b

—iT

+ O (T7'®(2z)z' “log 2z) + O (P(2z)z™"),
and the estimate is uniform in x, T, b, and u provided that b and u are bounded.

Since |¢)(n)A(n)log? n| < (logn)’™ and, by (2.12),

R el | (£)"

as 0 — 17, we use Perron’s formula to obtain

W(n logn (_1)j+1 ez T/ 1\ @) e
> : / (f> (s + 1) —ds

2m
n<zx log = —iT

+0 (T og?2) + O (loix> (5.10)

1
(o — 1)t

<5

and the estimate is uniform in z and 7.

The next step is to replace the vertical line of integration in (5.10) by the other
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sides of the rectangle with vertices

1 1
—iT, —— 44T, =6 +iT, —6 —iT. (5.11)
log x log x

We should choose § so small that there are no zeros of L(s,) inside and on the

rectangle above. The zero-free region theorems on Dirichlet L-functions (see §2.6)

suggest the choice 6 = B(logqT)™!, B will be determined later. But when v is a

quadratic character, then the region considered may contain the exceptional zero f3;.

For this reason, some condition must be imposed on ¢ in relation to that of 7. In the

light of Siegel’s Theorem (see 2.16) we should guarantee the inequality
C1(e) B

1—-—=<1

_ 5.12
q¢ log qT ( )

to make the region considered zero-free. Suppose ¢ < log? T, A is an arbitrarily
large fixed positive number, then the above inequality is valid, i.e. there are no zeros
inside and on the rectangle determined by (5.11), if we choose ¢ = 1/A and B <
min {c¢;/4,C1(1/A)}. Thus s = 0 is the only pole of the integrand of the integral in
(5.10). Then the theorem of residues gives

@-HT L (4) s L (4)
@myﬂ/l_” (E) @+4ﬂm%ds=(z> (1,4)

log x
1 —§—iT —§+iT sz HiT
b / +/ +/ . (5.13)
271 it i —5+iT

It remains to estimate the contribution made by the integrals in (5.13). We first
remark that the condition B < min {¢;/4, C1(1/A)} makes Proposition 5.2 applicable.
We start with the horizontal integrals in (5.13). On the line segment between the
vertices 1/logx + 4T and —0 + i7", we have

I/ (4) -
(3) a+s0) < togary.
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The above estimate follows from Proposition 5.2. So trivial estimation of the horizontal

integral from 1/logx + T to —d +iT gives

<
1 J T
log = +iT

—6+iT log o T)i+!
(277-@)_1/ (qu ) .

. : : o (log gT)7* :
The second horizontal integral in (5.13) is similarly <; A We now deal with
—6+4iT
the integral (274) ! / . For any s € [-§ —iT, -6 + ¢T] we have
—6—iT

1 1 1 . |a 1
- _—. B 2o =
3+1—ﬂ1<<1_ 5 _{1_01(5)} (6 rk <m1n{4, 1<A)}>

log qT q°
B q‘logqT
Ci(€)log T + (Ci(e) log ¢ — Bye)
<LalogT (5.14)

if ¢ <log® T. Tt follows from Proposition 5.2 and (5.14) that

I/ (4) '
(f) (S + 1, w) <<A,j (log qT)]—H

on the line segment [—d — T, —0 + iT]. So we have

(2mi) ! / T, T (log TP / L
T . ogq F—
s M &4 VL2

<A, o woeam (log gT)I 2. (5.15)

From the above results, (5.13) becomes

@JriT L/ () s L/ (4)
(27rz')1/1 . <f) (s—i—l,zﬂ)%ds: <f) (1,7)

log x
(log gT)*!
+ Oj (—

) + 04, (x—ﬁ(log qTW) . (5.16)
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Inserting (5.16) into (5.10) gives

> b(n log n o (qy (%)U) (L¥) + 0O, (M)

n<zx

: , 1
+ 04, (afﬁ(log qT)J+2> +0 (T log’2) + O ( 0§x> .

(5.17)

Suppose T' = exp (\/log ;1:) Under the restriction g < logA T= log% x, the error terms

in the above equation can be absorbed in

030 (e (-envio27))

where 0 < ¢o < min {1, B} and ¢, is a non-effective constant which depends on j and

A. So this completes the proof. n

Proposition 5.4. Let v be any character modulo q and A arbitrarily large fixed pois-

itive number. If ¢ < log? x, then

Z@D n)log’ n

Oja (zexp (—cp\/log)) if ¥ # o,
230 o () (17 (j — ) log” 2 + Oja (wexp (—e5y/Togx)) 1 = vy,

where c¢5 is a non-effective positive constant depending on j and A.

Proof. As in the proof of the above theorem, we can apply Perron’s formula and we

have

, )it plb e T I (4) s
S vt ogn = 1 [ () s

1 .
n<x + log @ —iT

+ O (2T " log* z) 4+ O (log’*' z) (5.18)

and the estimate is uniform in z and T. Let R denote a closed contour that consists
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of line segments joining the points

1
14+ ——+dT, 1+
log log

+iT, 1 —6+iT, 1 -6 —iTl. (5.19)

Case 1. Suppose 1 is a non-principal character. As in the proof of the above
theorem, we choose 6 = B(logqT)™, 0 < B < min{c;/4,C;(1/A)} so that inside and
on R there are no zeros of L(s,v) if g < log® T'. Since v is a non-principal character,

L(s, 1) is an entire function, so

I/ (4) e
(f) (Sﬂﬁ);

has no poles inside and on the contour. By Cauchy’s theorem we have

(2m')—1/R (%)m (s,@b)x—sds =0. (5.20)

S

It follows from (5.18) and (5.20)

le( )A( )1Ogj (_1)j+1 /1+loéz+iT+/1§+iT+/1§z’T <L/>(j)( w)xsd
n)A(n n = - — S, P)—as
2mi 1-§+iT 1—§—iT 1+ t—r ) \L s

n<x log @

+ O (27 ' 1og’ ™ z) + O (log’ ' z)

if ¢ <logT. As we did in the proof of the previous theorem, the three integrals in

the above equation can be bounded by

, 1 TY)i+1
O, (a;_longT(log qT)’ % + %)

Again we put T = exp (\/log :L'), then under the constraint ¢ < logA T = logA/2 x, the

proof of Case 1 is completed.

Case 2. Suppose 1 is the principal character modulo ¢, 1 = vy. Firstly, we note
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two well-known identities involving Dirichlet’s L—function with the principal character

o:

Ls.) =) T (1 ;). (5.21)

pS
plg

L ! 1
o) =4 (0) + > (522

Equation (5.21) implies that L(s, ) has a pole at s = 1 with residue ¢(q)/q, it has all
the zeros of ((s), and it also has zeros of the form 27ik/log p where k takes integral
values and p|g. Thus, we can use the zero-free region theorems for ((s); there exists an
effective numerical constant ¢ such that ((s), so L(s, ), has no zeros in the region
o >1—c3/logT. Hence, put 6 = —c3/(5logT) in (5.19). However, by differentiating
(5.22) j times it is easy to see that the j' derivative of L'/L has a pole at s = 1 of
order j + 1. By the theorem of residues, (5.18) becomes

N (9) 5
3 volm)Aln) g’ n = (1) Tes, { (7) <s,w0>;}

n<x
1)+ 1 i T 1—6+iT 1-6—iT I (4) e
+—( ). / ’ +/ +/ (—> (s,%0)—ds
2mi 1—6+iT 1-6—iT I ot —iT L S

+ O (zT 'og’ ™ z) + O (log/ ™ ) . (5.23)

Next, we calculate the residue at s = 1;

7\ W s 1 &/ ' I\ W s
Res,—1 { (f) (s, wo)%} = dsi {(S — 1)t (f) (s,wo)%} _
s=1

By the generalized Leibniz rule, the right side of the above equation is

1 ] dil L/ (4) i+l di2 . dz’g 1
ﬁ Z . (ila i2a Z3) ds™ { <f) (87 ¢0)(5 - 1) =1 ds* {x }8:1 E g s=1 ‘

11+i2+13=]
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Since (’/C has a pole at s = 1 with residue —1, we can easily deduce from (5.22) that

N () _1)\j+1,
(%) (s,10) = % +A0(J,0) + A, @) (s = 1) + ... (5.24)

If 47 > 0 then it easily follows from (5.24) that

- { (2)" s - 1>f+1} -0

s=1

Then we obtain

R{(%)“ (S7¢0)§}:(—1)j+1$ > (,),) C0atoge

ioFiz=j 2,103

The last part is to estimate the three integrals in (5.23). For this, we need an
/

L
estimate for the j* derivative of f(s, p). From Theorem 6.7 of [4] we deduce that

¢’ 1 C3
> (s)=—— 1— -2 ¢ 2
C(S) s_l-l—g(s) o> STog 7 eR), (5.25)
where ¢(s) is an analytic and
g(s) < logT (5.26)

throughout the region ¢ > 1 — ¢3/(2log7), t € R. By Cauchy’s integral formula we

have

gV (s) = L!/D%dw, (5.27)

2

where D is a small disc centered at s = o + it and with radius < 1/log7, and o >
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1 —c3/(4log7). Then trivial estimation of the above integral gives

g9 (s) <; (log )7 <0 >1-— I “_teR,j=01,2 ) : (5.28)

log 7’

It follows from (5.25) and (5.28) that

\ () _1\i+1 '
(%) (s) = % + 0 (log* 1) (0 >1-— 412;, te ]R) (5.29)

Differentiating (5.22) j times gives

(%>(j> o) - (%>m " % 5 logp | (5.30)

pr—1
plg

Since (logp)/(p®* — 1) < 1 for 0 > 1/2, the above sum over p is < w(q) < log g, where
w(q) denotes the number of distinct prime divisors of g. Then by applying Cauchy’s
integral formula in an arbitrarily small e—disc centered at s = o + it with 0 > 1/2 4 ¢,

we have

a’ log p
i ;ps = (<o logg. (5.31)
plq

Combining (5.29), (5.30) and (5.31), we get

N () Vit |
(%) (5,0) = % +0; ((log 7)"*) + 0;(log q) (5.32)

for o >1—c3/(4logT), t € R.

Now, we return to the estimation of the three integrals in (5.19). Using (5.32),

we have

Wz +iT 7 7\ @) o 4
/ 5 (f) (s,iﬁo)?dé‘ < 2T~ {(log T)"™ + log ¢} (5.33)
1—6-4iT
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and, similarly,

1-6 I/ () e '
/ (f) (s,zﬂo)?ds < xT " {(log T)’ ™ +log ¢} . (5.34)
14+ —iT

log x

We have

(—=1)7*1 5!

N I 1 ]+1T
(s — 1)t < o8

for any s € [1 — 0 — 47,1 — 0 4+ ¢T]. On this line segment, by (5.32), we have

I/ J 4
(f) (s,%0) < log’ ™' T+ log q.

So

1-6+4T L b)) s .

— s,00) —ds <; xt/GleD) L(log TYVH 4 logq) . 5.35

j
1sir \ L s

If we choose T' = exp( log ZL’) and ¢ < log" T, A an arbitrarily large fixed positive
number, then, by (5.33), (5.34) and (5.35), the sum of the above three integrals can be
bounded by

Oja (x exp (—c;;@)) : (5.36)

where 0 < ¢4 < ¢3/5. Combining the above results, (5.23) becomes

27’% n)log’ n =x Z (12,23) 1) i4! log™ JZ—I—O]A(ZEGXp( @)),

n<zx i9+i3=j

(5.37)

where 0 < ¢5 < ¢4. O
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6. PROOF OF THEOREM 1.1

Let R denote the closed rectangle in the complex plane with vertices at a + 1,
a+iT,1—a+iT and 1 — a + i, where a = 9/8 and T is a sufficiently large number.

Then, consider the integral

1 .
I=— . C9(s) E(s) ds = Z I,

where j is a fixed integer > 1, OR is the boundary of R, the integral is taken in the

counterclockwise sense and

1 a+i () C/
L = o= 1_a+¢C](S)Z($)dS’
ho- - ) S5y s
b= o [ e e
I, = % 1;:2 C(j)(s)%/(s)ds.

Assume T € % (at the end of proof this restriction will be removed), then no
zero p of ((s) lies on OR and all zeros with the condition 0 < v < T' lie in R, since all
complex zeros are in the critical strip and the ordinate of the first zero of ((s) above

the real axis is > 14. By Cauchy’s theorem from complex analysis, we have

S ) =1=-2 [ ) (s ds (6.1)

2w
0<~<T OR ¢

Since () (s)and Cé(s) are analytic functions on the complex plane, except at

s = 1, their modulus are bounded by a positive constant, which does not depend on
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T,ontheset {c+i€ C:1—a<oc <a}. Hence, by trivial estimation, we have

Il<<j 1

For s € [1 —a+ T, a+ ¢T] we have

!
%(S)C(J)(S) < 10g2T1 m<ax< | C(j)(o- + ZT) | <<j,e Ta—%-i—e 10g2 T <<j,e TG_%'H

by (2.10) and (2.14). So trivial estimation gives
13 <<j,e Ta—%-i—e

Now, we’ll estimate the integral I5. To do this, we use the Dirichlet series repre-

sentations of (V) (s)and %(3):

1 a+iT o) C/
- J 2
ho= o) O6)6)ds
- /T (Y (a+ it) C,( +it) dt
- . a+1 c a—+1
I (—=1)7 log’ n A(m)
- 27T {Z natit o Z moatit dt
m>2
]+1A )logjn
- _/ n;Q nm ‘H‘Zt “

B Z J“A )logjn/T dt
a 1 (nm)®

n,m>2
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where the inversion of the order of summation and integration is justified by absolute

convergence. Since n,m > 2, we have

T » T
dt —itl
/ — = exp ( , itlog nm) < 1. (6.2)
1 (nm)® —ilognm
Thus,
A(m)log’n
I Lm o8 7 ‘ 1,
2 K Z (nm)e ISUGIES
n,m>2
since a is fixed. Hence, we can conclude that
=1+ 0 (T4, (6.3)

Our problem is reduced to estimating I, . We write directly from the definition

of I4 that

/

I, — _i TC(j)(l_a—i—it)C—(l—a—Ht)dt
4 27T 1 C .

Taking the complex conjugates of both sides of the above equation we get

T
I, = —%/1 Q(j)(l—a+it)%(1—a+zt)d

= _—I/T C(j)(l—a—i-it){%(l—a—i-zt)}d

= __/ (W (T=a+it) > (T—a+it) dt

¢
¢
= ——/ Q”l—a—zt)%(l—a—it)dt (6.4)
By logarithmic differentitation of the equation (2.1), we have

(1-s) = X;a —5) — >(s). (6.5)
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We insert the expression of (U

(1 —s) in Lemma 3.5 and the above expression of
% (1-s

), with s = a + it, into (6.4) and we then get

(~1y

o KTXﬂ—a—%ﬂ{L+O<%)}{§5(£><bg%)f%GMw+¢w}

{%uau>§%a+m}2:

4 =

{%u—a—ﬁy-%m+uﬁdt

From the asymptotic formulas (2.7), (2.8) and the facts that

(P (a+it)] <1¢CP(a) < 1,

(a +it) < 1,

C‘/
< E(a)

it easily follows that the above error term is

T

dt
< T2 (1ogT)]+1/ 7 e T3t
1

Thus, I, becomes

( 1)j+1 J j /T - +\7F . % ‘
I, = l1—a— log — (k) l—a—
A o kZ:O k) X(1 —a—it) | log 5 ¢"(a+1it) . (1 —a—idt)dt
(-1 N~ (i / ' ' EN ™ g it o
+ 2. \x) ), X(1 —a—it) ( log 5 CW(a+it) >(a+ it)dt
+0;. (Ta*%“)
—SI+SQ+OJ6< %JFE),S&y
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Firstly, we deal with S;. By (2.8), we have

(—1)7 <= [\ [T ¢\ Ikt
S| = 5 Z <k) / x(1—a—it) (log %> (™ (a +it) dt
1

dt
E

t

j—k
x(1—a—it) (log %> ¢® (a + it)

The above error term is, as in the estimation of the error term in I,
Ta—%-i—s
Lje :

Since (B (s) = Y07, % for Rs > 1, we can write

j . T j—k+1 0 k1o
' N 1 . ¢ —1)"log" n
5= 03 (1) o [ e (g ) S
1

k=0

+0;. (Ta—%+f) .

For the integral in the right hand side of the above equation we apply Lemma 3.11 and

we get

+0;. (Ta*%+€>

Si=(-1)") (2) [Z (=1)* (logn)’™ + 0O (T“*% log? ~F+1 T)

J
= T
k=0 n< L

~ Y (D)0 X w0 (),

T
n<5n

Using Lemma 3.2 in the above equation gives
i, j+1 - j+1—m
(), Ty, T (-1
Sy =(-1) -1 — —— | log — O, | T ,
1= >{kzzo<k)< )}zw{; Gri—m) \""®2r AR

but, in the above result the main term disappears since

i (2) (—-1)=(1-1F=0.

k=0



So, we can conclude that

Sl <<j,e Ta— %—I—e

Next, we shall estimate S,. Firstly, recall from Lemma 3.17 that

(¥)(s) - %<s) =y B sy,

ns
n=1

where £ =0,1,2,.... Then

k=0 n<T/2n
= <_ Z( ) Z bk log n —+ OJE< a—7+e>
k=0 n<T/2n
j—1
=X (1) X moore e (12 S b+ 0, (7).
k=0 n<T/2m n<T)2n
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For £k =0,1,..,7 — 1, we have by partial summation,

T\ "
> Yog/ Fn =4 > log —
br(n)log’ " n br(n) (og 27r)

n<T/2m n<T/2m

Lemma 3.17 implies that

5" bun) < ulogt™!

n<u

Using this in the above integral and again by Lemma 3.17, (6.7) becomes
(_1)k+1 T T k+1 N T Jj—k
be(n)1 = — | log — Tlog"T log —
2 buln)log { P12\, ) T Ox(TlogT) o (log o

n<T/2m
22
+ 0, (/ logjudu>
1

—1)k+1 T Jj+1 '
= %% <log%) +0;(Tlog’T).

Substituting the last result into (6.6), we have

e () {E () o)

1 T T\’ .
— = = (log — Tlog! T
j+ 127 (Og27r> +0; (Tog’T)

e (S QST & () o

Combining the results of S; and Sy gives

Iy = (1)1 {ZJ: (i) (k:_i)f } ;T (1 g%)j+1 + 0, (Tlog’T) .

k=0




Since the main term of the above statement is real-valued, we have

A L= e e}

k=0

By (3.38) we have

:ﬂT(l T

Jj+1
— 0. (Tlog’ T) .
J+1 2r Og27r> +0;(Thog'T)

It follows from (6.1), (6.3) and (6.8) that

i+1 Jj+1
§ G (p) = (=17 r 1 xr O.(Tlod’ T
0<7<T< ) == o \l8gr ) i (Tlog’T).
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(6.8)

We have proven Theorem 1.1 when T € % . Now, we want to remove this

restriction on 7. Increasing (or decreasing ) T by an amount < 1 means addition

(or deletion) of < logT terms to (from) the sum in (6.9) and this produces an error

< Tzt by (2.14). However, the right hand side of (6.9) changes by < log’™ T as

a result of this change on T'. But, these errors can be absorbed by the error term in

(6.9). So, this means that (6.9) holds for all large T
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7. PROOF OF THEOREM 1.2

Let 7 be a fixed integer > 0 and v a primitive character modulo q. We consider
the following integral I around the rectangle R joining the points a+4,a+¢T,1—a+iT
and 1 —a+ 4, where a =9/8, T € % and T sufficiently large,

L PN
12—m L9 (s,0) & (5)ds

a+iT l1—a+:T 1—a+2 a+1 ) C/
—|—/ ) LY (s,4)=(s)ds
27” </ /a+zT /l—a—i-iT 1—a+i ( ) ¢ (

:Il —+ IQ =+ [3 + 147 say.

Cauchy’s theorem implies that

I= %" LY(p,y). (7.1)

0<~y<T

We'll start with the estimation of the integrals I, I and Iy. By (4.24) we have

I e (1900 +1,0)] e g™+

In estimation of [y, since a > 1, the functions in the integrand can be represented by

Dirichlet series, so

o 1 a+iT L(]) C/ J
1= 5 " (5,9) E(S) s
T ¢
= & LY (a + it ) > (a +it) dt
™ J1 C
1 T (—1)74(n)log’ n A(m)
=3 1 {; natit - ;2 matit dt
17 G em)Am) g n
=3/ Z (m)e+i dt.

n,m>2
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By the absolute convergence of the series in the integrand, we can interchange the order

of summation and integration, i.e.

I = 1 (—1)7 A(m)(n) log? n /T dt

s s (nm)®

By (6.2) we have

log n ¢’
L < Z :‘C (a)} =(a)] <5 1
n,m>2 C
since a is fixed number > 1.
To treat Iy we write
1 1—a ) C/
I, = o ). LY (g +iT, ¢)Z(0 +iT)do.

By (2.10) and (4.24), we have

I < (logT)? max [LY (0 +iT,9)| < (qT)" 2+

1—a<o<a

Collecting the previous results, we obtain

[=1+0;. ((qT)“’%J“) . (7.2)
Now, we 'll estimate I3,
1 1—a+iT ) C/
L= — — L) > (s)d
1 T !

- —— [ LV —a+it,¢)<—

11— t)dt.
o c (1—a+t)dt
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It follows from the facts

L9(s,0) = LV (5,0) and - 7 (5) = (5)
that
o 1 [T /
I3 = “ /. L()(l—a—zt ¥) <%(1—a—mf)dt

By (6.5) and Lemma 3.9, we have

1—3:(—;7):“ /1T (1 —a—it J){ j (2) (log ;f_t>j_h L0 (a4 it, w)}

0 ()] [f0 -+ - v

/

Mi(]) X(1—a—it w)(o q—t>]_ LW (a+it, ) (1 — a — it)dt
o\ ’ ® 2 X
_(1)J+1a’<]) L (1 )LW oy & i
o — h /1 x(1—a zt¢ 0g — (a+zt,¢)c(a—l—zt)t
T o J
20, [ ha-a-ad) Z()(log ) L (a + it, )
1 h=
X ¢’

X(l—a—zt) C( —l—Zt)‘ Tog & )

2w
Since a is a fixed number > 1,

4

LM (a +it, 1)), %(a +it) < 1.

So, by (2.8) and (4.2), the above error term is

1
qT 2 / T dt a—Lte
< (g) (log g7y /1 7 e (qT)*—27
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Then
1)i+1 J T i—h N
L= / —a—it.d) (log &) Lw o
I3 = 27r <h> X(1—a—it, ) (log 27r> L™ (a +it, zb) . (1—a—it)dt
]+1 J T . " j—h ,
Z ( ) / X(I—a—ity) (10g §_> L™ (a+it, ) %<a + it)dt
m
—0
+ Oj,e ( q a %"‘E) (73)

t 1 !

By (2.8) we can write —log;]— +logg+ O (z) instead of &(1 —a—it) in (7.3).
m X

Then this equation becomes

__(_1)]- J j T o gt j—h+1 " .
I3 = 5 Z()(h)/l X(1—a—it, ) (log%> L™ (a +it, ) dt
(—1)""logq <~ (4 [T , =
+ o Z:;(h)/l X(1—a—it, )
J j T B
+0<Z(h) 1 IX(1 —a —it, )

, J j T o gt j—h o ' ¢ |
o Z(h>/1 x(1—a—it, ) (logg) L (a+zt,1/})z(a+zt)dt

/;\
O
0Q

The first error term in the right-hand side of the above equation is <. (¢7)* 2"

similar to the way the error term in (7.3) was obtained. Thus,

L=(-17Y" (2) [A1(j —h+1,h) — Ai(j — h,h)log g + Aa(j — h, )]

h=0

+0je ((qT )“’%“) : (7.4)
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where

/

>m L™ (a + it, 1) %(a + it)dt

n=1 ne
and we write
/ 00 br
L0, 0) % (5= Y 0, (7.5)
n=1

then Lemma 3.15 implies that

Ay(m,r) = (—1)T¥ 3 ¢(n)e(_7”) 10g™"" 1 + Oy e ((qT)a—%+f> (7.6)

1<n< 4L
—_ —_ T

and

We now calculate A;(m,r). Firstly, consider the sum

> wlne (T ) g )
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We convert the exponential factor e (—%) in the above sum into the character sum by

the following formula ([6], p.146)

n 1 _
; (_5> _ WX(;MQ>X<_1)T(X)X(”> (7.8)

if (n,q) = 1. Using this in (7.7), we have

—n A 1 - mtr
S wlme () e "= g SN0 S e ()

1<n< 4L 1<n< 4L
— =27 — =27

We note that (See [12], A.5):

Let {a,},~, be a sequence of complex numbers and {b,} -, a sequence of real

numbers. If 0 < b; < by, < ..., then

Z anb,| < 2bN MIES?N Z |- (7.10)
M<n<N M<m<n
If x # 1, then the inner sum in (7.9) is
< /q(log g) log™ ™" qT
by the Pélya-Vinogradov inequality and (7.10). Hence,
1 m-rr m-rr
— ) x(=D7(x) Y. (x) (n) log™" n < g(log q) log™ " qT. (7.11)
9(9) #i 1<n< 4L
— =27

This follows from the facts that |7(x)| < /g for any character x modulo ¢, and the

number of characters modulo ¢ is ¢(q).
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Otherwise, if x = 1, we consider the following sum

Z Xo(n)log®n,

1<n<z

where x( denotes the principal character modulo ¢ and ¢ € N. Consider the case ¢ = 0.

We have

= —1+0(¢(q)). (7.12)

Otherwise, if ¢ > 1, by partial summation, we have

> ><o<n>logen={ > X0<n>}10gex_e / { > XO<n>}aogu>e-1%

1<n<lz 1<n<z 1<n<u

Using (7.12) in the above equation gives

5 vontogtn = “Ws1ogtc 10 (6(g)tog'a)
—o [{M Dk 00t | gy
¢(q) 9(q)

= —“zlog’z + O (¢(q) log* ) — eT / (logu)* ! du.
q 1
By Lemma 3.1, we have

> vl ozt = “Latogts +0 (o) og' )

1<n<lzx

ZN SIS



70

Combining (7.12) and (7.13), for e = 0, 1,2, ..., we have

?(q)

Z Xo(n)logtn = Tl’ log®z + O (¢(q) log® x)
1<n<zx
e—Qe ‘
— ae@ T {Z(—l)ym(log x)e—ae—u} s (714)
v=0 ¢ ’
where

0 ife=0,

1 ife>1.

Then, it easily follows from (7.9), (7.11), (7.14) and the fact |7 () | = \/q that

_ am+r¢(—1)7(¢)2£ { Z (—1)i<m + 7’2! V)! (log %) —amgr— } |

(7.15)

Using the facts |7 (¢) | = /7, 7 (¢) = ¥(=1)7(¢), and (7.15) in (7.6), we have

Ai(m, ) :(_1)r£{ <log %)m T aerr[ S (=) (mAr)!

(m—+71— apyr — v)!
1 qT m+r—am+r—V
O —_—
& 2

v=0

} + Opre <(qT)“’%+E) . (7.16)

From (7.16), it is easy to see that the h dependence of

Ai(j—h+1,h) and  A;(j—h,h)
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is only the factor (—1)". So the sums
J . J j
Ai(j—h+ 1R d Ay(j—h,h
S (3)auneinmd ()G -k

i,
contain the factor Z (‘2) (—1)", which is 0 since j > 1. Thus, (7.4) takes form
h=0

— <_1)j gz:(] (i)AQ(j - h: h) + Oj,e ((qT)a—%—I—e) 1fj > 17

(7.17)
Liog L — L+ 4,(0,0) + O, ((qT)a—w) ifj = 0.

Next, we calculate As(j — h,h), h=0,1,...,7,

Ay(j— h,h) =

Z bn(n ( ) log? " n + O . ((qT)“_%JrE) . (7.18)

1<n< 4L

Consider the sum

Y bun)e <_7”) log’ " n.

1<n< 4T
— =27

From (7.5), we see that

ba(n) = (=1 3" 4(d) (log d)" (g)

din



72

We then have

Z bi(n < )log
1<n< 4L
=DM ST S e logdhA<d) (_7") log’ " n

1<n< 4L dn
- - 7\'

= (-1 h (j h) {S) + S, — S5}, say. (7.19)

3

d< qZ: mg%
(d,9)=1 (m,q)=1
—dm
+ A(m)e (—) log"m }
> p
mgh
(m,q)>1
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The error term in the right of the above equation is equal to

Z log’~"d Z logp Z (logp™)".

«a
d<+/dT pla T
=~V 27 p:prime pe< gqﬂd

(d,g)=1

The number of terms in the innermost sum of the above is

T
< log - < loqu.
logp — logp

So, the error term can be bounded by

log"™t ¢T Z 1 Z log’~"d

ple g<./dT
p:prime -V 2m

It is easy to see that

Z 1 < logg.

plg
p:prime

Using this and Lemma 3.2, the error term is

<<j77776 (qT) %—"_6 *
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o(q) s s

Y w@logd Y x(—D) xS A(m)X(m)log"m
gb(q) d< /2T X#X0 m< 4L

+ Ojme ((QT)%+€> (7.20)

Using Proposition 5.4 in (7.20), we obtain

)qT )1 =N q T\"
5 = 2§;q Z Uo7 Z()( 1 v) (mj;l)

v=0
1o qT log’~"d qT
+ Ojn.e ((qT)2 ) + Oua,y (@) ZT y ; |7(x)|exp | —cg logﬁ ,
d<y/ 5z
(7.21)

where ¢g = min (cg, ¢5). This holds uniformly with respect to ¢ in the range ¢ < log T.
Since the number of characters modulo ¢ is ¢(q), 7(x0) = p(q) and |7(x)| < /g for

any character y modulo ¢, we can conclude that

qT

51 = me(ﬂ; > %MZ(J(—U’H(U—V)' (logz—d)y

d< gT v=0
I

\ log’ " d | qT
+ Oj,n,e ((qT>§+€> =+ OAJ] q%T Z gd exXp <—C6 lOg 2q—d> . (722)

d<

27r
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Ifd< %, then we have

/ T
exp (—CG log %) < exp (—07\/10g qT) ,

where 0 < ¢7 < ¢g. So the error terms in the right of (7.22) is

<LAjn Q%T(log qT)’ ™" exp <—C7\/10g qT) Z

d< 2

&'I —_

™

By (3.27), since ¢ < log™ T, the error term can be majorized by

C(A, j)Texp (~esy/logT) |

where C'(A, j,n) is a non-effective constant and 0 < ¢g < ¢7. Thus, (7.22) becomes

S, = 27(r¢qT 3 Pld)log"d 1ng ndz<y>(—1)"‘”<n )(h)g%)

v=0
d< 27\_

+ O, (Texp (-Cg\/@)) . (7.23)

T V—K
In (7.23) replacing (log —) by Z ( ) —logd)" (log g—) gives
T

S=’;§i§?f)z V (Z) (:)<—1>"+ﬁ—”<n—y>! (1og§>”“d§7 w<d>1o§”“d

v=0 k= qT
27

+Oa (T exp (—c8 \/@)) (7.24)

if ¢ <log?T. By Proposition 5.1, we have

e Y(d) log"™ " d L log/tv =17 ¢T
—1)itrEmn E — [Utr=n)(1 O | oot ).
( ) d ( 7w> + Ot \/q_T

d< 27T
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Using this in (7.24), we get

for ¢ <logT.

To treat Sy we note that

Sy = Z Z d) (log d)’™" A(m) e <_de>log”m

m<

— 27rm

{m%d;ﬂ 5_”;1} ) (log d)? " A(m) e (_de>log"m

(m,q)= (m,q)>1

= 521 —+ 822, say. (726)

We first deal with Sy5. We rewrite Ssy in the form

—~

—md
Z A(m)log"m Z ) (log d)?~ "e(mI’q)>.

qT (myq)
mg 37 dg 2mm
(m,g)>1

In the sum over d each term with (d, ¢) > 1 vanishes, since ¢)(d) = 0, so we can assume

(d,q) = 1 and this gives (%, (—q)) = 1. Thus, we can use (7.8) and have
m,q) \m,q

e ZTA m)log"m Y (d)(logd)’ @X( > x(=Dr(x)x <m—d)

m< 37 dﬁzfn WZQ) mod (Wf,q)) (m7 q)
(m,q)>1
1 _ m _ -
= X Amtogmy— s 5 a0r0x () @0 @l
m<y/ 4 ¢ (m_q)> x(mod 25 ) ’ <3t
(m,q)>1
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Since 1 is a non-principal character modulo ¢ and x is a character modulo ¢/(m, q),
X is a character modulo ¢. If 1Y were principal, then ¢ (n)x(n) =1 for any n with
(n,q) = 1. So¥(n) = x(n), and since the period of y is equal to ¢/(m, q) < ¢, ((m,q) >
1), this would contradict the primitivity of 1. Hence, ¥ is non-principal for any x
modulo g/(m, q). Then the Pélya-Vinogradov inequality and (7.10) implies that

Z (¥X) (d) log’ "d < Vq(logq) log’~" (qT') (7.28)

qT
dg 2mm

for any x modulo ¢/(m,q). Combining (7.27), (7.28) and the following facts that

for any character x modulo ¢/(m, q), and the number of characters modulo ¢/(m, q) is

¢ (q/(m,q)), we obtain

S < Vallogq) log’ ™ (aT) 3 Am)(logm)"y [
m< % ’
(m,q)>1
By the prime number theorem, the last equation becomes
Soy Leja (T2 (7.29)

for g < logA T.

To estimate So1, as we did Sy, we use (7.8) to obtain

o(a) ot

d< T
> on —2mm

Sn=—= 3 x(=Dr0) Y Am)xm)log’m 3 (¥%) (d) log' " d.
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We separate the terms with y = ¢ and put

Sar = s 0 Dr(0) 30 Alm) ) log'm 3 xald) og? .

27 —27mm

So12 1= 591 — Sa11 (7.30)

- ﬁ ST x(=Dr0) Y Am)x(m)log"m Y () (d) log’ " d.
X7V mey/T o)

We first deal with the innermost sum in Ss15. Since x # ¥, ¥ is non-principal.

Hence, by the Pélya-Vinogradov inequality and (7.10), we can write

) T J—n
T 0@ log M Vitosa) T

Using this and the prime number theorem, we have

Sar2 K

qV'T (log q) log’ (qT) Sl

o(q) =

Since the number of characters modulo ¢ is ¢(q) and |7(x)| < /g for any non-principal

character Y,
1.
So12 Laej 12 (7.31)

for ¢ < log™T.
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To treat So11, by (7.14), we first note that

j=n ="
> xo(d)log’ " d = ¢(q) 2:m (10% 2(5”) +0 <¢(Q) (log an) )

1<d< L
) ajn(b(Q)%Ji:L:n(_l)y (j— 77(‘7__@;7—)7: —v)! <log erj;i)j_n_aj_n_u
sg 5 () (s ) g
| n:zzjon (o :j_n V)( 1)~ <log§) B ﬂlog m

Using this result in S511, we have

SIS (") (1%) 5 Al Tn) g™

" m<y/5

T iy T N
—aj_ (=17 () — ; I )

J=n ( )()27]_ VZ_O (j_n_ajfn_y)! ; K
g\’ " A(m) Y (m)log™ " m
“1)% [ 1oe 12
-1 (10827 ) > 2
m<\/ 4
T J—n

+O | |7y Z A(m) (logm)" <log 27rm) : (7.32)

m< 27r

It easily follows from the prime number theorem and the fact that |7(¢)| = /g that

the above error term is
Caje T (7.33)

in the range ¢ < log" T
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Combining (7.30), (7.31), (7.32) and (7.33) gives

521:1”(—1)7@)5%(‘7;")( 1y (1og£)” Ty AP log m

2m — 2 et m
K= m< 37

)l TS -,

RIS D e T D D R (&)

A A(m)Y(m)log™ " m 1
1 - €,] (T2+E> . .34
(og2ﬁ> ZT o O, (7.3
m<y/ L

27

if ¢ <log?T. It follows from Proposition 5.3 that

A(m)ip(m) log™*" AN 1. qT
(1)t Z (mW(mni og m_<L> (1,9) 4+ Oupsn (exp (—cg Qlogg?))

qT
m< o

(7.35)

under the same condition ¢ < log” 7. Then, using (7.35) and the fact |7()| = V/q in
(7.34), we have

Tjnjn qTJnH L (r+m) _
su= v 3 (e () (F) 09

k=0
- J—n—aj—p (_1)V+77(]' _ ’I])' Jj—n—aj_n—v ] —N = Qj_y—V
+aj—n¢(_1)7—(¢)% Z G—1—a;—v) Z ( K K )
=0 7= k=0

T Jj—n— Aj—n—V—K L/ (N+77) -
(log g—ﬂ) <f) (1, w) + 04y (T exp (—09\/10gT>> ,

(7.36)

where 0 < ¢g < 02/\/5 and ¢ < log"T.
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Combining (7.26), (7.29) and (7.36), we have

T in . qT VS FAN G
si=—uorog 3 () (esgr)(Z) 0
TS §YT (D =) Z j=n—asg—v
27 ( iy — )] K

—nN—a;_
v=0 J N =N k=0

T ]77‘1371’/"i L/ (’i+77) -
<log g—) (f) (1,1/1) + 04y (Texp (—09\/logT)> ,

(7.37)

3

+a; b (=1)7(¥)

for ¢ < log" T.

Finally, S3 can be treated as S;. In all steps in the estimation of S;, we should
replace the range 1 < m < % with 1 <m < \/% and then, it is easy to verify that
for ¢ <log" T

50 =T %fj(ﬁ)(—m—%n—u)! (1s2h) % w(oga

v=0 d< qr

—I—ij,e(( ) )—i—OAn \/q_T Z log’~ 77dz:h' exp(—cm/log—T> 7

d< zﬂ

(7.38)

which is analogous to (7.21). By Lemma 3.2, it is easy to see that the above error
terms can be bounded by T exp (—clm/log T ) in the range considered for ¢. This
upper bound is also valid for the first part in the right of (7.38) since

Z Y(d)log’ "d <« Vq(log q) log’~"(qT).

qT
d<+/ 3

Then, we have

Sy K a4y T exp (—clm/log T> . (7.39)
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Combining (7.19), (7.25), (7.37) and (7.39), we obtain

1<n< 4L
T j—h n v . h . V—K '
L0 ()
n=0 v=0 k=0
T J—h j—n J—h\(j—n qT J—n—kK I/ (k+n) o
SO 3 (e (o) (5) T 0w
T Jj=h j=n—aj—nj—n—aj—,—v j— h (] i n)!a‘_
_ah(—1 il i—n
w( )T(¢) o por Sl o ( n ) (] — =, — V)'
- i — ) T J—n—aj_n—v—~K I/ (k+n) -
<] n /j n—V (_1>h+ +n (log g_ﬂ_) (f) (17¢)
+ O (T exp (—cm/log T>> , (7.40)

where 0 < ¢17 < min{cg, ¢g, c10} and g < logAT. Since () = ¢(_1)T(@) and
|T(¢)| = \/q, combining (7.18) and (7.40) gives

Aol — o) = HOUDTET SRS 5 (o

(e ) () e

IR (1) ey
2 <=0 n )G =n=ajy =)

n

g R R YN = N
(j n /j] n V> (_1)h+ll+’l7 <log g_ﬂ) (f) (1, w)
+O0a;n <TeXp (—cn\/log T)) ) (7.41)
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So, we have

A5(0,0) = — M(Q)w;(_q;)T( >%L(1a¢) + % (%) (LE)

+ 04 (Texp <—011\/10gT>> )
Using this in (7.17), after this, taking complex conjugate gives

PR RV N 1) L G Vi Ca T

8 = T g L) F 5T (L) % Oa (Texp (—enViog T )

for ¢ < log®T. Combining this with (7.1) and (7.2) , we get Theorem 1.2 for the
case j = 0 under the restriction 7" € .%, but this can be easily removed, as we did in

Theorem 1.1.

In the case j > 1 we can deduce from (7.17) and (7.41) that

eSS ()

n

7 . iZhin g L . ' e JANL G VN
()00 te) (7)) e

2m h=0 n=0 k=0 h n K 2 L
LTSRS () ()G

27 — h ( !

n )(G—n—aj_,—v)

. j—N—aj_p—V—kK (k+m)
J=n=ajy—V j+htv+ qT\"™" L —
—1)} 1 (oo 12 = 1
( - (—1) ( og 27T) 7 (1,%)

+Oa,; (Texp (—cn\/@>> .
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Taking complex conjugate of the above equation and combining this result with (7.1)

and (7.2), we get

T J Iz N\ (—h\ (] —n ' T g=n=r 7\ (5+n)
i _1]+h+n1 - = 1
2 ()0 () (7)) e

0 n=0 k=0
S S o (Y[ 1) e
2m h=0 n=0  v=0 =0 h N (J—n—ajn—v)

- =g -v=k N ()
J—=Nn—0jmn—V j+htu+ g\’ L
1) 1 (oo L5 = 1

+04; (T exp <—cu \/@>) (7.42)

if j > 1 and ¢ < log? T. By the substitutions w = v — & in the first part, w = n + & in
the second part, and w = n + a;_, + v + & in the third part of the right hand side of
(7.42), we obtain

ot o(q) 27 ~ 2
T J qT Jj—w L/ (w)
+o- ;%(w) (log g) (f) (1,9)
T J qT J—w
2 log 1
e ot >(og 2W)

+ 04, (T exp <—011 @)) , (7.43)
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where

n

min(j—h,w) . X .
- i IN(J—h\(J—n (=1)itnth
“ « \h 7 w =1 ’

e RO

h=0 n=0 v=0

(w—aj—n—v)
J—n-— i+htvt L
_q)ithtrn (2 1)
T V)< ) (L) 1)

thf0) = ()LL) —sa ),

We now make some simplifications on U; (w, ). We have

ZZZ ( ) ( ) (Z) <V Y w) (=1)"" (n = W)ILIT=== (1, ),

n=w v=w h=0

<.

I
Since (‘7 h 77) (=1)" = 0 unless j = 1. Then, we get
h=0

Uy (w, ):i! j ﬂ[](vw)@,@)_

w! (v —w)!

V=w

We calculate Us(w). We have

=SS ()0
S (LS

The inner-sum of the last equation is 0 unless j = 1. Thus, Us(w) = 0 if w < j, and
Us (j ) =
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If w < j, then

min{j—h,w—1} w—n—a;_, j ] _ (] _ 7]>‘0J'
w ¢ — : J=n
hz (h>< n )(J—n—ajn—V)!

0 0 v=0

'y L (w—a;j—n—v)
1 Jj+ht+v4n 1
V) pesen(3) (1)
1 w—

Y e

n

<j =N = Gy — V)( )ity (g)(w_aj_n_y) (1,%).

w—n—aj,n—u

3
I

J
J—
w —

Since n < w — 1 < 7, the inner-most sum over h vanishes. So Us(w,?)) = 0 for any

w < j. For the case w = j, we have

Z ()0

V=

5 L (j—aj—n—v)
]+ +I/+7] (f) (1, w)
Jj o J=n—aj-—n j—n (]) (] _ 77) (] _ 7’])!&]-7,]
=0 v=0 h—o \1 h U =n—ajn—v)

- I/ (j—aj—n—v)
(st () (1.0).

Jj-n ,.
If n # j, then Y (J . ”) (—=1)" = 0; if = j, then a;_, = 0. Thus, Us(j, ) = 0.
h=

Combining these results on U;(w, ), Us(w) and Us(w, 1) with (7.43), and then

removing the restriction T € .%, we obtain Theorem 1.2 for j > 1.
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