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ABSTRACT 

In this thesis, pole assignment problem, one of the 

most commonly used control schemes, is considered and 

special emphasis is given on the application of available 

pole assingment algo~ithms in multi-input systems. 

Various methods such as Ackermann's Procedure, 

Moda I Contro I, Direct Design Procedure and Phase-Variable 

Canonical Form are explained for determining the 

r~quired feedback gains for arbitrary pole assignment in 

single-input systems. Chapter II whi~h includes also the 
.. 

methods developed for the multivariable systems. 

In Chapter I I I, the squeeze film-bearing theory is 

.presented. Squeeze-f i 1m bearing equations, oil-film 

coefficients and the coordinate transformations are derived. 

In Chapter IV, the se 1 ected models and 

their characteristics are discussed. State feedback 

control is applied to a rotor bearing system and the 

computer program is dev,e'loped. 

In Chapter V, the general conclusions· of thesis 

are given. 
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6ZET 

Bu tez· call,maSlnda , en cok kullanllan kontrol 

yontemlerinden biri olan durum degiiKen geri beslemeli kutup 

y~rle'tirilmesi yontemi incelenmi$tir. Call$manln bOyOK bir 

klsml Kutup .yerle$tirilmesi yOnteminin girdili 

sistemlere uygulanmaslna ayrllml~tlr. 

BOIOm II' de tek girdili sistemlerin kutupl~rlnln 

yerle$tirilmesinde gerekli besleme kazanclarlnl belirlemek 

ic;in kullanllan Ackermann's YOnteml, Modal Kontrol, Doi5rudan 

Dizayn YOntemi ve Phase-Variable Canonical Form gibi 

kullanllan yontemler incelendi ve genelleitirilerek c;ok 

girdili sistemlere de uygulanabilecekduruma getirildi. 

BOIOm III' de squeeze-film bearing teorisi sunuldu. 

Squeeze-film bearing denklemleri, ya~-film katsaYllarl ve 

BO 10m IV' de sec;ilen modeller ve bunlarln 

Ozellikleri tartlilldl. Gepi beslemeli kontrol rotor-yatak 

sistemine uygulandl ve bilgisayar 

yaplldl. 

I programlnln aClklamaSl 

BOIom V'de tezin genel sonuc;larl verildi. 
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1. INTRODUCTION 

1.1 General Background 

The study of rotor dynamics has in recent years 

become of increasing. importance in the engineerlng design of 

power systems. With the increase in performance requirements 

of high-speed rotating machinery in various fields such as 

gas turbines, process equipment, auxil iary power machinery 

and space applications, the engineer is faced with the 

problem of designing a unit capable of smooth operation 

under various conditions of speed and load. 

At the turn of the century, Jeffcott (1) developed 

the fundementals of dynamic response of the single-mass 

unbalanced rotor on a massless elastic shaft mounted on the 

rigid bearing supports. The Jeffcott analysis of the 

Single-mass model showed that operating speeds above the 

first critical speed were POSSible. 

Any increase in the rotational speed causes the 

bUild-up of the vibration amplitude untiL the system fails. 

This new inSIght led to the need to cons1ider the effects of 

the oil-film bearings on the rotor dyna~ic. Stodola (2] was 

~he fi~st to attribute stiffness cnefficients to the oil

film bearings but neglected the damping properties. Since 

then a number of researchers have investigated the dynamics 
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of the oil-film bearings. Th~ most usual approach is to 

repr'esent the oi 1 f Un journal bearing -by eight 1 inearised 

stlffness and damping coefficients, 

In 1963 Cooper (3J· was given the patent for the 

design of the squeeze-film bearing which is a spec.ial type 

of oil-film journal bearing. In the squeeze-film ~earing 

applications the shaft is usually mounted in a roller

bearing whose outer race is prevented frbm ~otating. The 

statiC load is supported by retainer springs, figure 1. 1 . 1 . 

The clearance region between the bearing housing and the 

outer race of the roller-bearing is filled with oil. In the. 

case of squeeze- film bearing the four stiffness 

coefficients disapp~ar and the bearing is· ~haracterised by 

the four damping coefficients which are a function of the 

bearing dimensions (I,R, c), the 0 i I . vi sc 0 sit Y ('Tl), journal 

static eccentricity ratiD (Eo) and the film extend along the 

journal. However, the effect of the oil supply pressure on 

the linearized coefficients does not appear in the 

theoretical relationships. 

Oil-film journal bearings are frequently employed 

in turbomachinery. The stiffness and damping properties of 

the oil-film was examined by Smith [~J in 1969. This 

properties were used to provide an effe~tive method for the 

passive control of vibration by correct'selection of bearing 

parameters by Morrison [5J in 1976. However, these bearings 

may also cause rotor instability. ·The various types of 

unstable vibrations excited in the bearings are discuss~d by 
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Smith [Il). 

Bearing-indu~ed lnstabilty ~an often be remedied by 

introducing a different .design for the bearing, but Smith 

has noted that no single design provides a universal 

solution to the problem. This limitation is common to all 

passlve forms of vibration 

interesting techniques for the 

vibrations. The instability 

control and has led to 

active control of rotor 

associated with oil-film 

bearings can be avoided if they are replaced by magnetic 

bearings. These elements can be used for the active control 

of vibrations and this is particularly significant in 

machines which are required to operate in excess of one or 

more critical speeds. These are examined by Schweitzer [6) 

in 1975. 

The characteristics of a magnetic bearjngfor the 

active control of rotor vibrations were examined by 

Schweitzer and Lange (7) in 1976, who derived. a multi-

variable representation for these elements' relating the 

output c~ntrol force vector to the input vector. Bleuler 

and Schweitzer (8) in 1983 examined the use of two magnetic 

bearings to support a rigid shaft. 

Stanway and Burrows (9) have evaluated the relative 

merits of ~arious passive and active schemes for controlling 

the lateral vibrations of flexible rotor. The worK was 

extented by Burrows and SahinKaya (10) to consider the open

loop' cbntrol of multi-mode rotor-bearing systems. They 

highlighted the problems of designing close-loop control 



systems for multi-mode rotor-bearIng. 

1.2 Object 01 The Work And Presentation Of The 

Thesis 

The purpose of the work is to investigate 

possibility of being a state-feedback manner for multi~input 

systems which could be a~Plicab!e to rigid rotor supported 

on squeeze-film bearing while the shaft rotates at a 

constant angular velocity and computer simulation program 

of selected manner. 

The thesis consist of two parts. c 

In the first part ( chapters II and III), the 

pole-placement problem of multi-variable systems in state

space representation is discussed in detail and basic 

methods developed in this field are introduced. 

The second part of the thesis ( chapter III and IV ) 

deals with. the squeeze-film bearing dynamics theo~etically 

and simulation of state-feedback control to a~igid rotor 

supported on squeeze-film bearings. 
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II. STATE-FEEDBACK CONTROL 

2.1 Introduction 

One of the most popular techniques for altering the 

response characteristics of a control system is the 

application of linear state feedbacK. In the past decade, 

considerable effort has been made to understand exactly what 

feedbacK has offer and what its limitations are. 

The fact that, one can use state feedbacK to assign 

the closed- loop system any desired self conjugate set of 

eigen values, provided that the open-loop system is 

controllable, is a well Known and commonly used result [11). 

For single-input system, this result is simple to derive and 

has been Known for some time. Eigenvalue" placement in 

multi-input systems was studied by Lagenhop [12), Wonham 

"[13), Simon and Mitter (14), and BrunovsKy [15]. Wonham was 

the first to prove the property of state- feedbacK and he 

applied to controllable multi-input systems. 

Numerous eigenvalue-assignment algorithms have been 

devised for controllable multi-input time invariant linear 

systems. However, most of these algorithms proceed by 

reducing multi-input systems to equivalent single-input 

'systems in the interest of computational 
--' 

tractability but 

thus unfortunately introduce diffuculties (such as the need 



to consider 

associated 

the 

wi th 

cyclicity of 

the original 

I) 

plant matrices [ 1 6) ) not 

multi-input system. It is 

accordingly the purpose to present an assignment algorithm 

which deals directly with multi-input systems and which also 

relates eigenvalue-assignment directly to the fundamental 

structural properties of controllable multi-input time

invariant linear systems [17]. 

2.2 Some Aspects OiState-Feedback Control 

2.2.1. Dei initions 

System ~ A 'system is a combination of components that act 

together and perform a certain objective. A system is not· 

limited to physical ones. The concept of the system can be 

applied to. abstract, dynamic phenomena such as those 

encountered in economics. The word system s.hou I d the ref ore, 

be interpreted to imply physical, 

etc., systems. 

bioI iogical, economics, 

Disturbance: A disturbance is a signal which tends to 

adversely affect the value of the output system; Ifa 

disturbance is generated within the system, it is called 

internal; while an external disturbance is genarated outside 

the system and is an input. 

State: The state of a dynamic system is the smallest set of 

variables (called state variables) such that knowledge of 

these variables at t:t o ' together with an input for t~to' 

completely determines the behavior of the system f·or aqy 

time t~to' 
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Thus, the state of a dynamic system at time t is 

uniquely .determined by the state -at .time to and the input 

for t?to and it is independent of the state and input before 

to' 

State Variables: The state variables of a dynamic system 

are the smallest s~t of variables which determine the state 

of the dynamic system. If at least n variables 

xl(t),x2(t), .... ,xn(t) are needed to completely describe the 

behaviour a dynamic system and then such n variables 

Xl(t)'x2(2), .... ,Xn(t) are a set of state.variables. 

State Vector: If n state variables are needed to describe 

the behaviour of a given sy~tem, then these n state 

variables can be considered to be the n component of a 

vector x(t). Such a vector is called a state vector. A state 

vector is thus a vector which determines uniquely the system 

state x(t) for any t~to' once the input u(t) for t~tOI is 

specified. 

Feedback Control Feedback control is an operation ·which in 

the presence of disturbances, tends to reduce the difference 

between the output of a system and the reference input ( or 

an arbitrary varied, desired state) and which does so on the 

basis of this difference. Here only uhpredictable 

disturbances (L e., those unknown beforehand are 

designated for as such, since with predictable or known 

disturbances, it is always possible to include compensation 

within the system so that measurements are unnecessary . 

Feedback Control Systems: A feedback control system is one 
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which tends to maintain a prescribed relationship between 

the output and the reference input by comparing these and 

usIng the difference as a means of control. 

Open-Loop Control Systems Open-loop control systems are 

control systems in which the output has no effect upon the 

control action. That is an open-loop control system, the 

output neither measured nor feedback for comparison with the 

input. Figure 2.1.1 shows the input-output relationship of 

such a system. 

Closed-Loop Control Systems: A closed-roop control system 

is one in which the output signal has a direct effect upon 

the c6ntrol action. The actuating error si~nal, which is 

the difference between the input signal and feedback signal 

(which may be the output signal or a function of the output 

signal and its derivatives), is fed to the controller so as 

to reduc~ the error and bring the output of the system to a 

desired value. In'other words the term closed loop. implies 

the use of feedback actiori in order to reduce system error. 

Figure 2.1.2 shows the input~outputrelationship of the 

closed-loop control systems [18J. 

2.2.2 Eigenstructure Assignment Via Linear 

State-Feedback Control. 

Consider the state space representation of a multi-

variable system 

X : Ax + Bu 
y : Cx ( 2 . 1 ) 
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here and in the following, all vectors and matrices have 

real valued elements and all matrices are constant. In 

equation (2.1) A and B are matrices of dimension nxn and nxm 

respectively; x is ann-dimensional vec~or denoting the 

state and u is an m-dimensional input vector. Hence the 

matrix C is of dimension (pxn) where y is a p dimensional 

output vector. From now on, we will assume· that all .the 

states of system {2.1} are available and therefore the 

output equation will not be used. 

The free response of the uncontrolled plant, 1. e., 

when uCt} is equal toa zero vector, is given by a linear 

combination of the dynamlt~l modes· of the system, where the 

mode shapes are determined by the eigenvectors and the time 

domain characteristics by the pole locations of the system 

[19 J • It is possible. that for some reason or another the 

response of the uncontrolled plant isuns~tisfactory. The 

system response may be too slow for a particular purpose or 

it may even be unstable due to positive real parts of its 

poles. 

However, if contr'ol loops are introduced which 

generate the input vector by linear feedbacK of the state 

vecto~ of the plant then the response characteristics of the 

resulting closed-loop system will no longer be determined by 

the eigen properties of A matrix, but by those of some new 

closed-loop plant matrix whose eigenproperties and its 

values will depend up~n the precise nature of the feedbacK. 

loops. It transpires that, by introducing appropriate 
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feedback loops, it is ~rissible to design a closed- loop 

system whose plant matrix is such that those of its 

eigenvalues which correspond to the contfollable modes of 

the uncontrolled system can be assigned new values which 

lead to the closed-loop response characteristics that are 

superior to the corresponding characteristics of the 

original uncontrolled .plant. If all the elements of the 

state vector x(t), somehow can· be ~easured then it is 

possible to modify the external input u(t) such as ; 

u (t) .= Kx ( t) + v (t ) (2. 2 ). 

where vet) is a new external input an m-dimensional vector 

and K is a (mxn) feedback matrix, such· that the closed-loop 

system equation becomes 

x = (A+BK)x + Bv (2.3) 

The main concern of the modal control theory is to choose an 

appropriate feedback gain matrix K so that the new dynamic 

matrix (A+BK) has a desired set of eigenvalues. 

c~apter we wint to answer the following questions: 

In this 

i) Under which conditions is it possible to find an 

appropriat~ K matriX, such that a desired closed-loop 

characteristic polynomial is obtained? 

ii) What are the possible approaches to pole 

assignment problem if all of the state variables are n~ot 

aCGesible ? 
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The procedure used to deter~ine the K matrix will 

be discussed in .the next chapter. Equation (2.3) indicates 

that the effect of the in~ut variable defined by equation 

(2.2) is to change the plant matrix A to a new matrix 

(A+BK). 

2.2.3 Controllability of Linear Systems 

It is shown that the controllability of an open

lOOP system is equivalent to the po~sibility of assigning an 

arbitrary set of poles to the transfer matrix of the closed

loop system, formed by meaps of suitable linear feedback of 

the state. As an application of this result, it is shown 

that an open-loop system can be stabilized by linear 

feedback if and only if the unstable modes .of its system 

matrix are controllable [13). 

When one thinks about the conditions which have to 

be satisfied, so that the existence of K is guaranteed and 

one is immediately led to the. idea, that t.he possibility of 

existence depends upon the controllability of the state x 

with respect to the external input u. The property of pole 

assignability which is shown to be equivalent to 

controllabil ity of (2.1) in the usual sense. 

To b ep r e cis e, consider the following. Let be an 

arbitr~ry set of n complex numbers Ai' 

(2.4) 
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such that any Ai with 1m Aito appears in A in" a conjugate 

pair. The" necessary and sufficient condition for the 

existence of an (mxn) real matrix K, such that the closed

loop system matrix (A+BK) has the set A as its eigenval'ues 

is the controllability of the pair (A, B), i.e., the 

existence of K implies that the 

matrix of the system (2.1) 

(nxmn) controllability 

Q-:: { B, AB, ••....••• An-1B} (2.5) 

is of f~ll rank n. Then the main result to be proved is the 

foIl owing. 

THEOREM (2.1 ): For the n-th order dynamical system given 

in (2.1), let A (2.4) be an arbitra~y desired set of complex 

numbers Ai' such that any Ai with 1m Aiio appears in as a 

conjugate pair. The 61osed-Ioop system (2.3) has A for its 

set of eigenvalues if andont"y if (A,-B) is controllable. 

Linear state variable feedback is an important 

compensation technique in the synthesis of lineaf dynamical 

systems. However one should be aware of one important 

factor concerning linear state variable feedback, which 

can in many cases prevent its direct "employment for closed

loop pole assignment. 

In particular, on closer inspection of figure 

(2.1.3), it is appearent that the feedback path from the 

state xlt) through the gain matrix K crosses the boundary 

which encloses the original system. This clearly implies 
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the ability to directly measure the entire internal n-

-dimensional' state vector. In genera 1, however, ·on 1 y the 

external input u(t) and output yet) are directly measurable 

so that the control scheme given in figure (2.1.3) is not 

directly realizable. Since all the states of the system are 

required to implement the control law, we can introduce a 

state estimator (ob~erver) into the system, such that the 

states are ~stimat~d using only the external input u(t) and 

output yet). Hence in the realization of the control law 

(2.2) the ndimensionaf estimated ~tate vector x(t) will be 

used in place of x(t). Obviously this idea of using a state 

estimator to reconstruct the unavailable states at the 

output, requires the ~ystem to be completely observable. It 

has been shown (20) that complete observability of the pair 

(~C) is hecessary for the realization of an estimator. 

C~rtainly the convergence rate of the estimator must be fast 

compared to the time constant of the system, such that no 

significant delay is added to the system performance. The 

block diagram of the system with an estimator causes a 

slight modii ication on figure (2.1.ll-). Under these 

conditions we can modify the statement of theorem (2.1) as 

f 01 lows: 

THEOREM (2.2): Consider the n-th order system in (2.1) and 

assume that initially not all the states are available. Let 

A, (2.ll-) be an arbitrary desired set of n complex number Ai'. 

such that any Aiwith 1m AilO appears in A in conjugate pair. 
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The closed-loop system (2.3) has for its set of eigenvalues 

e.i., complete and arbitrary pole·placement is 

if . and only if (A, B) is controllable and 

observable. 

realizable, 

(A, C) is 

However, estimating the unavailable states via a 

state estimator has the di&advantage of considerably 

increasing the system 

placement is primarily 

order. Let us assume that 

used for plant stabilization. 

pole 

The 

plant, however,may not need as many feedbacK as ~here are 

s~ates for its stabilization, since the response to the 

normal range of input is often determined by a few dominant 

poles of the system. Therefore one may try to construct 

feedbacK-loops only fro~ the available output variables. 

Pole· placement using onlY output feedbacK is certainly an 

alternative approach to using an estimator to establish the 

necessary state-feedbacK law. For pole placement using only 

output feedbacK the external input vector u (t >. wi 11 be 

modif ied, and then it is equal to, 

u(t):Koy(t)+V(t)· 

u(t):KoCX(t)+V(t) 

the closed-loop system becomes: 

x: (A+BKoC)x + Bv 

( 2 • 6 ) 

(2.7 ) 

the output feedbacK matrix Ko must be chosen such that 
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det(A+BKoC) will be equal to the desired characteristic 

polynomial to the discussed. However determining Ko' such 

that arbitrary pole placement. is aChieved, is not easy. It 

has been proved [21,22) that it is always possible t.o locat.e 

exactly p (p is the ranK of the output mat.rix C) of t.he 

closed-loop poles to arbitrary locations. If s orne other 

additional constraints are also satisfied then all of the n 

closed-loop poles can be arbitrary placed using only output 

feedbacK (23). 

2.3 State Feedback Control Methods 

The theory of multivariable control system is well 

advenced and several methods exist for choosing a feedback 

law to achieve desired design objectives in choosing 

feedbacK law for crintrollable multivariable systems to 

achieve a desired dynamics for the closed-loop system poles 

to particular locations. 

2.3.1 AcKermannls Procedure .For Pole Assignment In 

Single~Input System 

It is assumed that the process to be controlled can 

be described by the model 

x = Ax + bu (2. 8 ) 

where u(~).represents the control v~riable, xCt) represents 

-
the state vector. A and b are system and input matrices 

resp~ctively. When a feedback law of the form 
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u ( t ). - Kx( t ) (2. 9 ) 

i sap p lie d s.u c h t hat I 

det[ )d-(A+bK)] ': A (>-) (2 .. 10) 

where the roots of A(A) are the desired poles of the closed-

loop system subject to complex pairing. Then the feedbacK 

gain vector K is given by the following equation, 

K ': -(0 ..... 0, 1).Q-1. A(A) (2.11) 

Here Q is a (n~n·) controllability matrix of the controllable 

pair (A~ b) and is defined as 

Q ': (b,Ab, ....... An- 1 b) (2.12) 

and A(A) is the characteristic polynomial evaluat~d at >-=A. 

The equation (2.11) is called AcKermann's formula [24). 

Under the feedbacK law as given by (2.9) the 

closed-loop system equation becomes, 

x ': (A+bK)x(t) 
= F.x(t) 

where F=1A+bK). Let A (>-) be the desired 

(2.13) 

closed-loop 

ch~racteristic ~olynomial of the closed~loop system matrix 

(A+ bK) 
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A(") = det (U-(A+bK» 

(2.14) 

Since the pair (A, b) is controllable, the controllability 

matrix Q, as given in (2.12), is invertible. It is possible 

to write the basic definition of the inverse of a matrix. 

Let h denotes the last row of Q-1. Then, 

h ( b, Ab, . . . . . An - 1 b) = ( 0, 0, . . . . . . 1 ) 

which is equivalent to the following equalities: 

h. b = h. (Ab) 

h(An- 1b) = 1 

- -- ........... -

using (~.17)· we obtain the set of equations, 

hF = h(A+bK) = hA 

hF2 = (hF)F = ( hA ) (A + b K ) = 

(2.15) 

(2.16) 

(2.17) 

Furthermore, from the Cayley-Hamilton theorem, we Know that 

every matrix satisfies its own characteriitic equation, 
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i. e., 

Fn Fn-1 .. AF: + a 1 + ...... + a n I : 0 (2.19) 

Multiplying (2.19) byhand using (2.18) we get, 

h A(F):h(An)+h(a1An-1 )+ ...... +h(anl)+K:O (2.20 ) 

solving for K we obtain, 

K : - h A (A) (2.21) 

we have to note also the fact that h, the last row of Q-1, 

can be ·written as, 

h = (0, ..•... 0,1 )Q-1 

hence 

K = - (0, . . . . . 0, 1 ) Q - 1 A (A ) (2 . 2 2 ) 

In the computation of the feedbacK gain vector K, it is only 

, . d t I I t the I ast row of Q-1, requlre 0 ca cu a e which saves much 

from computation time. Furthermore, even if there are 

multiple open-loop or closed-loop poles, the same theorem 

can be again a~plied without any modification which is not 

th~ ,case in most of the othe~ pole assi'gnment algorithms. 
~ 

Although AcKermann's original procedure can only be 

applied to single input and completely state controllable 
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system,the procedure is later modified (25), so that it ca.11 

also be applied to partially controllable systems. 

2.3.2 Modal Control For Single And Multi-Input 

Systems 

In the continious-time domain consider multi-input 

system equation 

x = Ax + Bu (2.23) 

where A,x, Band u were defined previously. 

The free response of the uncontrolled plant is 

'given by linear combination of the dynamical modes of the 

system, where the mode shapes are determined by the 

eigenvectors and time-domain characteristics 

eigenvalties 6f the appropriate plant matrix A. 

by . the 

However, if the control loops are introduced which 

generate the input vector by linear feedback of the state 

vector of the plant, then the response characteristics of 

the resulting closed-loop system will no longer be 

determined by the eigen properties of A, but by thos~ of 

some new closed-loop plant matrix whose eigenvector~ and 

eigen values will depend upon the precise nature of the 

feedbacK loops (19). 

The equation describing the dynamics of the system 

is given by equation (2.23). If a new stat.e vect.or z{t.) is 

introduced into equation (2.23) by the transformation 
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x(t) :: Mz(t) (2.24 ) 

where'M is the modal matrix of A, then the new state 

equation has the form 

Mz :: AMz + Bu (2.25a) 

it follows from equation (2.25a) that 

(2.25b) 

and therefore that 

(2.26) 

in view of equation (2.23)., A:: M- 1 AM i sad i ago n a I ( n x n ) 

matrix of A, its ranK is nand Bn ::M-1B is the normalized 

input matrix 

0 1 
0 I 

r A 

I 
1 

0 

o 

I :: d iag ().. , A , •••• A J (2.27 ) 
1 2 n 

A :: M-1AM :: I 
0 o 0 

0 A 
L. nJ 

and Ai's are the eigenvalues of matrix A. The importance of 
. 

equation (2.26) as compared with equation (2.23) is that A 

is a diagonal matrix whereas A is, 'in general, non-diagonal. 

Notice that, the transformation matrix M, defined 
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by into (2.2l!), modifies the coefficient matrix of z into 

the diagonal matrix. Notice also that the diagonal elements 

of· the matrix M-1AM in (2. 25b) are identical with the 

eigenvalues of A. It is important to note that the 

eigenvalues of A under a linear transfor~ation, we must show 

that the characteristic polynomials I U-AI and I XI-M-1AMI 

are identical [18). 

Since, the determinant of a product is the product 

of the determinants, we obtain, 

I U-M-1AMI =1 XM-1M-M-1AMI 

= I M- 1 ( AI - A ) M , 

= ,M-1." X I - A" M 

= ,M- 1 I I M I I U - A I 

not i ng t hat the product of determinants ,M-1 I and I M lis the 

determinant of the product IM-1.M,. We obt~ln, 

Thus, 

I U-M-1AMI = IM-1MII AI-AI 

= I U-AI 

it has been proved that the eigenvalues of A are 

invarientunder a linear transformation. 

Since, let's apply control law (2.9) into equation· 

(2.26) 
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z = (2.28 ) 

The equation (2.28) gives the open-loop poles of system. 

Suppose the desired closed-loop poles are specified by 

(A = A). Then 

I 

Z = A z (2.29) 

in the equation (2.29), A contains the closed-loop poles 

which isa diagonal (nxn) matrix. Then by combining 

equation (2.28) and (2.29), we obtain 

-1 / 
K = Bn ,( A ~ A ) M-1 (2.30) 

In equation (2.30) Bn is not a square matrix, hence its 

inverse can not be calculated. In order to determine K, the 

so called Pseudo-Inverse method is used, 

K = (2.31 ) 

Meanwhile, it is possible to obtain canonical form 

using modal 'analysis for single input systems which is 

developed by Wonham and Johnson [2&). It is not mentioned in 

this chapter. 

In the modal analysis" M is the modal matrix of the 

sys'tem, usually in complex form. In this case, it is 

required the more computational effort to obtain inverse of 

the complex modal matrix M. At the same time the desired 
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closed-loop eigenvalues must be in the same form with the' 

open-loop eigenvalues for obtaining feedbacK matrix which 

only contains real part. This is the ~nother restriction 

for modal analysis. 

2.3.3 Direct Design Procedure For Single-Input 

Systems 

The method proposed is based on the equivalence of 

the closed-loop characteristic polynomial of a multi-input 

and a corresponding single-input system. The latter is 

first designed using the previously established direct 

design method for single input system arid the result is then 

transferred bacK to the multi-input case. 

The method has a number of attractive features. It 

is computationally very fast and is well suited to the 

computer-aided design of control system. It provides the 

designer with complete freedom over the relative tightness of 

the feedbacK to each input and hence also allows the design 

with feedbacK to 6nly some inputs, 1. e., incomplete input 

feedbacK. A further important feature is that it permits 

design with incomplete state feedbacK, 

states are not accessible. 

when some of the 

Since the method involves the use of the existing 

procedure for single-input systems, this is first summarised 

[2'7). 

Consider 

described by 

a. controllable 

equation (2. 8) . 

single-input 

The transfer 

system 

function 



representation of equation (2.8) is 

Xes) = G(s)U(s) (2.32) 

i = 1, .... fl, G(s) is the 

nx1 open-loop transfer-function matrix where F(s) the 

characteristic polynomial of the open-loop s ys tem, 

F(s)= lsI-AI. 

If . the fee db a c K I a w ( 2 . 9 ) is a p p lie d , then the 

transfer function representation of the closed-loop system 

becomes 

Xes) = Gc(s)V(s) (2.33) 

where Gc (s)={SI-A-bK)-1b={gi(S)l/H(S), i=1, .... n, is the nx1 

closed-loop transfer function matrix from V(s) to Xes) and 

H(s) is the characteristic polynomial of .the closed-loop 

system, H(s)= I sl-A-bK/. 

i. e., 

It has been shown that 

n 
E K·g·(s) = H(s) - F(s) . 1 1 1 

1= 
(2.3Ll) 

the scalar product of the feedbacK and the numerator 

transfer function vectors is equal to the difference of the 

characteristic polynomials of the closed-loop and open-loop 

system. This direct rel~tionship between the/ feedback 
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ve~to~ and the closed-loGp poles establishei a direct design 

method whereby the feedbacK required ~o shift the open-loop 

poles to desired closed-loop positions can readily be 

calculated. 

The feedbacK vector K is simply calculated by 

equating coefficients of ,liKe powers of s in equation 

(2. 3.q.) . 

2.3 .• Direct Design Prricedure For RultivariabJe 

FeedbacK Systems 

Consider a controllable multi-input system 

described by equation (2.23). The design problem is to find 

the mxn state-feedbacK matrix K such that the closed-loop 

system described by equation (2.23) and the f~edbacK law 

u=Kx has a prescribed behaviour characterised by ~ given 

c los e d - I oops y stem poles " 1'. "2' . . . . .. "n. 

Now, the closed~loop system poles are the roots of 

the characteristic equation 

H ( s) = I s I - k- BK I . (2.35) 

If we set K=qp, where q is an m-column vector and p is a n

rowvector, equation (2.35) can be rewritten a·s 

or 
I sr"-A-Bqp I :; 0 

IsI-A-bPI = 0 (2.36) 
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where.b=Bq is an (nx1) matrix. 

Comparison of equation (2.35) and (2.36) yields th~ 

f 0 I low i n g s: 

The closed-loop poles of a mUlti~input system which 

has a plant matrix A,a control matrix B and a feedbacK 

matrix K are coincident with those o~ an equivalent single-

input sy~tem which has the same plant matrix A, a control 

matrix b and the feedbacK vector p, where b=Bq and K=qp. 

MaKing use of this equivalence, the design problem 

can be solved in the following' steps: 

i- Choose an m-dimensional vector q. In general, 

q is arbitrary except for special cases. 

ii- Find the n-d1mensional feedbacK vector p 

required to position the poles of the equivalent single 

input system (A, Bq) at the desired location Ai', A2' .... An' 

using the single-input direct design precedure based on 

equation (2. 34 ). 

iii- For the multi-inp~t system (A, B) the required 

state feedbacK matrix K=qp. 

2.Q Phase-Variable Canonical Form For Eigenvalue 

Ass igmnent 

2.Q.1 In~roduction 

The development of the phase-variable c~nonical 

form for single-input linear controllable systems has been 
/ 

an active area.'of research (14], (15). Partly this is because 

the phase-variable form has proved to be an extreme,ly 

, ' 
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convenient starting point for certa{n control design 

problems and partly it is because canonical forms are 

mathematically intriguing in their own right. 

QnliKe the single-variable case, the corresponding 
, 

canonical forms for multivariable systems are not unique. 

This lacK of uniqueness not only tends to maKe their 

derivations more difficult but also forced the design 

engineer faced with a practical application to determine the 

best form from the several possibilities. 

Now in this chapter, we are going to introduce a 

transformation which is examined in (21) to (23),[26] and 

(28) to [30), so that the transformed state equations will 

be in phase-variable canonical fOrm. The use this form in 

pole assigment problem will be discussed and illustrated in 

detai 1. The derivation given here, however, is more general 

and notationally simpler since the computations are 

expressed in terms of matrix algebra whenever possible. 

2.4.2 Time Variable Controllability Matrix ln 

Canonical Form For Single- lnput Systems. 

Consider th~ problem of transforming to equivalent 

canonical (phase-variable) form of the system 

X : Ax + bu (2.38) 

where !{ is a n dimensional state vector, u is a scalar input 

fun'ct ion, A and b iime variible matrices of appropriate 

order. 
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The phase-variable form is one of the several 

usufuf canonical system represeniations and it is defined as 

x = Ax +bu ( 2 . 39) 

where x is a n dimensional state vector. 

0 1 0 . .0 0 

0 0 1 . . .0 0 

A A 

A= b= (.2. LJ,O ) 

0 0 0 . 1 0 

-a -a . . . .-a 1 
L· n n-1 1J L J 

The coefficient ai (in feneral time-variable) 

completely characterizes (2.39) and will be represented by 

the n vector whose i-th element is ai' 

The system described in (2.38) is said to be 

equivalent to a system of the form (2.39) if and only if, a 

non-singular continuously differentiable matrix T exists 

such that z. = Tx. In the fi:{ed case the nec'essar'y and 

sufficient.condition for suchan equivalence to eXist is 

that the system of equation (2.38) be com~letely 

con t r 0 1 I a'b 1 e [ 3 0) . 

Before we obtained the system equivalence 

prQblem, several pr~perties of the controllability matrix. of 

atirne-variable system will be reviewed. The cont,J"ollaJ)ilit.y 

matrlx of the system in (2.38) is defined as 
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(2.41) 

where 

.p 0 :: b 

the controllability matrix Q of the sys·tem of (2.40) is 

defined similarly and the system of (2.38) is uniformly 

controllabl~ if Q has ranK n everywhere is proved at theorem 

(2 . 1 ) . 

Matrices Q and Pn will now be examined more 

closely, for it will be shown that they serve to determine 

the transformation form (2.38) to (2.40) when it exists. It 

can be verified by direct construction that 

o 

where 

o 

o 

"':1 

o 

q 
n-2,2 

q fl ..... . q 
n-2, 1 

qiK::":'qi-1, 1<:-1+ Qi-1, I<: 
. i-2 

:(-l)l a _. 1-· E 
. n 1+ j:O 

:(-1)i an 

(- 1 ) n -11 

~n-', n-'I 
I 

q 
n-l, 2 

q 
n-l, 1 I 

J 

1<I<:<iSn 

an - j Q i - 1, j + 1 + Q i - 1, 1 l<::l<iSn 

(2.42b) 

from the form of Q it is clear that any system of the form 

(2.40) is uniformly controllable. A more informative 
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rela-tion or qik can be easily derived from (2.112b)as 

k - l' +E (-l)J+ q-- - ~- - 1 j=O 1 J, n J+ 

and 

- qii=(-l)i an 

it follows by a simple introduction argument that 

fterms involving only the 1 + 
coefficients a • ... a l::i::kSn 

L n_ n-j+k+l J 

l~I{<Un 

( 2. l!3 ) 

( 2 . llll ) 

For notational convenience, the bracketed expression in 

(2.l!l!) will be represented by the symboISi-k' That is, any 

function that can be expressed solely in terms of the 

coefficients ah' ... an - r +l will be replac~d by the symbol Sr 

wherever no other information about the function is 

needed. With this notation equation (2.1111) becomes 

( 2 . 115 ) 

THEOREM ( 2. 3 ) : The system in (2.38) is equivalent to a 

system of the form in (2 .l!O) if and on I y if (2.38) is 

uniformly cont~ollable. 



·31 

The necessity of the ~c.ontrollability condition is. 

easily established, since if the equation (2.38) is 

equivalent ~o the equation{2.~O) where z = Tx, 

Q = TQ (2 • ~6 ) 

But Q and T have ranK neverywhere, therefore Q must have 

ranK n everywhere, which implies that the system (2.38) is 

uniformly controllable. 

If the system (2.38) is uniformly controllable, the 

matrix 

T = Q.Q-1 (2 • ~7 ) 

is non singular when Q is the controllability ma~rix of any 

system of the form (2.~O). Moreover, (2.~5) shows that 

(2.~7) must be the form of the transforming matrix if it 

exists (30J. Thus, to prove that-the uniform 

controllability condition is sufficierit, let z=Tx ~here T is 

given by (2. ~7). In other words, the nxn matrix T is 

obtain~d from controllability matrix Q by set~ing t1, the 

first row of T, equal to the last (n-th) row of Q-1·an d 

recursively computing the remaining rows of T by succesive 

post mul~iplication of each preceding row of T by A. In 

p'art i cu 1 ar, 



T : 

1 
I 

J 
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(2.ll-8) 

where t1 is the n-th row of Q-1. it is thus I"eadily apparent 

that 

but ( 2 . ll-9 a ) 

which immediately implies the relation 

Tb: [0,0 ........ 1]T (2. ll-9b) 

if z i s de fin e d as Tx, it is seen that the first element of 

z, name 1 Y z l' when differentiated with respect to 

time, yields the relation (dropping the time al"guments fop 

convenience) 

(2.50a) 

which in turn equal to z2:t2x. Furthermore, 

(2.50b) 

and so forth, or in genara 1 

i:1, 2, ..... (n-1) (2. 50c) 

tne.ref ore, it follbws that the equivalent single~input 

system representation. (A, b) or z: AZ (t) + bu (t)/ where 

A:T.A.T-1 and b:T.b is in a particular structural canonical 
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form (2. 40 ) . 

Some immediate benefits are derived from the 

reduction of (A,b) to controllable canonical form. In 

particular the characteristic polyn.omial, det( ).I-A), of the 

system is apperant from the last row of A. Expanding the 

det( AI-A) along any but the last row, we obtain the 

characteristic polynomial of the pair (A, b) or (A, b), i.e., 

~(A) : det( AI-A) : det( ~I-A) 

n-1 A + ••••• an -1 ~ + an (2.51) 

f urherrnore, the input u on I y ef f ects the I as t pow of b , due 

to its special ~tructure obtained th~ough the transformation 

Z : Tx. 

2.4.3 Extension Of Controllable Canonical Form To 

Multivariable System. 

Consider a system governed by the set of first 

order differential equation: 

X : Ax + Bu (2. 52 ) 

where 

X (t) is a (nx1) state vector, u (t) is a (mx1) input 

vector, A is a (nxn) matrix and B is an (nxm) input matrix. 

The notation of controllable canonical form is not 

confined only to scalar systems andean be extended to more 

genera'l multivariable cases. 

completely sta~e controllable 

In particular, 

system pair 

consider any 

(A, B)' with B 



assumed to be of full ranK m5n. This later assumption 

implies that all m available inputs are mutually 

independent, which usually is the case in practide. 

The fundamental assumption imposed on the systeci is 

that of system controllability i.e., it is assumed that the 

(nxnm) controllability matrix 

Q = ( B, AB, .•...•.•. An - 1 B) (2 . 53 ) 

has ranK n. In addition, it is generally assumed that the m 

columns of b are linearly independent. 

The controllability index ~c of the system (2.52) 

is defined as the smallest positive integer for which the 

matrix. 

(2.5l!) 

has ranK n.Generally, ~or multivariable controllable systems 

~c$n. 

Canonical forms for the system (2.52 ) are 

constructed by. transforming to state vector to a new 

coordinate system in which the system equations taKe a 

particular form. The transformation employed to affect the 

coordinate change is essentially always constructed from 

independent columns of the controllability matrix (2.53). 
. . . 
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The f'irst step in the d,evelopment of a canonical 

form of the classdisdussed in this part, is the section of 

n linearly independent vector from the n.m columns of this 

controlla~ility matrix (2.53). It will be 'required that the 

selection procedure be so devised that the n chosen linearly 

independent vectors comprise the columns of a matrix P of 

the form. 

[ . 
1-1 . P= b ,Ab •... AP b, b ,Ab , 

1 1 1 2 2 
. . 

(2.55) 

The esssential restriction, then, is that no vector 

of the form AKbj is selected unless all lower powers of A 

times bj are also selected. 

2.Q.Q Selection of Independent Vectors Controllable 

Canonical Form 

As wi 11 be shown be low, it is possible to maKe a 

ielection of the.req~ired form, but in general, it is not 

unique. The real difficulty is in determining which of many 

possible P matrices leads to the best canonical form. 

The selection of the vectors comprising the P 

matrix is straight forward (but still somewhat arbitrary) if 

i~ is done accordin, to the following precedures. '. 
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Scheme I: Search the 1 inear independent vectors. 

1- Select on~ of the columns of B (without loss of 

generality be assumed that b1 is selected). 

2-Select ·either another column of B (say b2) or the 

vee t. 0 r Ab 1 . If the selected vector is linearly 

independent of b1, 

the selection. 

retain it, otherwise omit it from 

3- At any stage of the process, select the new vector 

to be of the form Ajbk where all lower powers of A 

t imesb k have. already been retained. If the new 

vectors is linearly independent of all previously 

selected vectors, 

the selection. 

retain it, otherwise omit it from 

4- The selection process terminat.es when n linearly 

independent vector are found. Arrange then vectors 

in their proper order to form the mat.rix P [27). 

Scheme II: Search the crate by columns. 

We first select bl and indicate this by putting an x 

in the AO b1 cell. Now if Abl is linearly independent 

we put an x in this cell as well and continue 

down the first column of the crate until we either 

put x in all the cells or we find a vector, say Allb, 

that is linearly independent. on the earlier vectors 

in the column.[31). We denote this fact by putting 0 

in the corresponding (ll' 1), then note (by a now 

familiar argument) that when this 



Table 2.l!.1 

x x x D 

X X D A 

X D 

X 

D 

Typical crate diagram 
searching by columns. 
12=2, 13=1, ll!=D 
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filled in by 
We have 11 =4, 

happens all the r~maining vectors in those columns 

wi 11 be 1 inear 1 y independent on the previously 

selected vectors. We indicate this by leaving the 

corresponding cells blank. If we have not found n 

linearly independent elements in the 'first column, we 

go to the second column. If .. b2 is I ineal""l y 

independent of all previously selected vectol""S 

rbi' Ab1' ... AP1-1b11. we put an x in the corresponding 

cell. Now repeat this procedure with Ab2 and 

continue in this way with succesive columns if 

necessary until n linearly independent vectors have 

been found. With this scheme, the crate diagram will 

have the general form shown in table (2.1). The cell 

with D's corr.espond to the vectors (Alibi' i=1, ... m}. 

The pattern depends on the order in which the Jinputs 

are arranged, since the tendency is to have a few 
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.long chains Of x's and ~ot all inputs may be called 

upon. A more uniform treatment of the system inputs 

is provid~d by another natural search procedure. 

Scheme III: Search the crate by rows. 

Now we search the rows unti·l we find a Vector. say 

that is linearly dependent on all the 

previously selected vectors. We put a 0 in the 

corresponding cell and note agai~ that all vectors 

below it in the same column will also be linearly 

dependent on the already-selected vectors. Therefore 

we leave all the corresponding cells blanK and go on, 

if necessary to the next linearly independent vector 

encountered in the row search (18). (We may remarK 

that searching the crate by rows corresponds to 

searching the columns of the controllability matrix 

from left to right). A typical crate diagram produced 

by this scheme will 

x X X ·0 

X 0 X 

X X 

0 0 

Table 2.4.2 Typical crate diagram filled in by 
searching by rows.· We have k1=3, k2=1, k3=3 . 
The set of len g t h {3, 1, 3 1 w i I I bet h e s am e eve n 
if the order of the (b1l is permuted. 



39 

ippe~r as in Table (3.2). The tendency now is to have 

several chains of nearly equal lengths • 

('K1' ...... , Km!. It can be shown that the 1 ength we get 

here will remain the same, even if the columns are 

permuted. 

Scheme IV: Search the possible indices 

Let us define the controllability matrix (2.53) as 

the (nxn) matrix obtained by selecting from left to 

write as many as n linearly independent columns of 

the controllability matrix (2.53). Since the system 

(2.52) is assumed to be controllable if Q (2.53) has 

full ranK n, we can construct the nonsingular (nxn) 

matrix P (2.55) by simply reordering the n(=n) 

columns of Q (2.53), beginning with a power ofctering 

of the first P1 columns of Q (2.53) which involves bl 

is first column of ,B, and then employing those P2 

columns of Q (2.53) which involve b2' next and so 

forth (32). Now we can define the m integers Pi as 

the controllability ,indices of the system and denote 

by 1.1, Max (Pi) for (i= 1, . "'"',, .. , mJ, which we further 

define ~s the controllabilify of the system i.e., 

max Cd i ).:: IJ • It should now be' noted that all m columns 

of B are pres~nt in P since we assumed that B was 

full ranK m. We now set 

i 
K1 :: E ,PJ', j=1 

i = 1, ....... m (2.56) 
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which implies that 

(2.57 ) 

'1<:3 -= P +p + 1 2··········· + Pm-=n 

It is shown in Appendix I that this process does 

not terminate before R independent vectors have been 

selected. It may happen that, as a result of the selection 

scheme I • not all columns of the original B matrix oCcuping 

the p matrix. In this case, the corresponding input 

components play no special ,role in he associated canonical 

forms and will appear in an arbitrary fashion in the final 

result. The other input components enter the canonical forms 

and will input components enter the canonical system in a 

special way. 

Although there is a certain amount of freedom in the 

selection process. there are two specific plans for 

selection that have special interest. In the first plan, one 

starts with the vectors bl and then proceeds to Ab1' 

2 'n-l A b1' .......... A bl is obtained. In this case the system 

is controllable from the first input alone. or until a 

dependency arises. If more independent vectors are required. 

one then selects b2.Ab2" ..... until a dependency arises. 

The prodecure continues in this manner through 

until n linearly indep~ndent vectors are obtained. The 

tendency is to develop a few long chains in this ~ase./ The P 

matri~ (2.55) obtained in this fashion has the property that 
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APl<:bl<: 'is linearly dependent on vectors of the form Aib: with , . I 

i51<: in the scheme I. 

The crate is a table with m columns in table (3 ~ 1 ) 

and table (2.40), representing the columns of input matrix B 

and n rows corresponding to the power of A matrix; the 

(i, j )-th ce 11 of the crate then represents the co I umn of 

vector Ai- 1bj, and choosing n linearly independent columns 

of Pmatrix (2.55). 

Scheme IV is us~d to solve our problem which is 

very convenient in multi-in~ut system for computer 

computation. It will be discussed in detail. 

2.~.5 Canonical Forms Of The System Matrix 

In apart (2.4.4) it has been concerned about 

development of transformation to put the system under 

consideration into controllable canonical form. This 

particular canonical form was then used to develop a simple 

design prodecure by many authors [26)-[32). A construction 

prodecure· for the required transformation,' for the general 

case wIll be pr~sented in this part. 

A change of the ~oordinates from state vectcir x to 

z defIned by z : Tx transforms the system (2.52) which 

becomes. 

Z :. T.A.T-1 Z +~Bu (2.58 ) 

Approp~iate ch~ices of T lead to canonical forms 

of the system (2.52). 
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" 

Two basic canonical forms are developed from the 

matrix P (2.55) constrticted in ~his part. Of course there 

are possible variations within each of two basic forms since 

there are possible variations -in the choice of P. Each 

choice of P, however, leads to two basically different 

canonical forms. 

Scheme r-

The fjrst canonical form is produced by setting 

T=p-1 simple matrix booKKeeping verifies that the system 1s 

then transformed to the form 

z = Az + Bu (2.59) 

0 O ... x x x 1 0 ... 0 

1 O ••• x x x 0 0 

'. 

0 .. 1 x 

x 0 o ... X 1 

x 1 O ... x 0 

0 •. 1 x 
A A 

A= :< B= (2. 60 ) 

x 
x 

x 

O •••• x 
1 

1 ...• x 0 

O .. 1 x 0 
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The system may be considered as composed of 

fundamental companion matrices located in blocKs along the 

diagonal. The x's in the matrix represent possiple nonzero 

elements and except for the indicated l's, these occur only 

in the columns corresponding to the right-hand edge of a 

fundamental companion matrix. 

Different choices of P lead to different sizes and 

number of companion matrices as well as different values for 

the nonzero elements. If P were chosen according to the 

fi~st special plan of the last section, the x's in a given 

column of A would be zero below the companion matrix 

corresponding to the'column. Each of the companion matrices 

can be considered to present a subsystem coupled to other 

s ys tems . For the spec ia I c ho ice of P ment i oned above. the 

coupling between two subsystem is in one direction only. 

Sc heme I I 

The second Kind of canonical form is more useful 

than the first but is somewhat more diffuciult to derive. 

Again start with a P matrix of the form (2~55); 

Write p-l in terms of its vectors. 

r e 11 1 
le 12 I 

p-1 = (2.61) 

e 

le

1P1

\ 21 

e 
L. mpm..l 



Actua 11 y, only the m's' o·f these rows playa direct· 

role in the canonical form. These are the last rows of each 

of t.he m· groups of rows, 1. e., t.he (row) vect.ors eipi' 

1=1,2, ... m. For simlicity of notation these vectors are now 

labelled as 

(2.62) 

The vectots~ . '. 
are used to construct the 

;,," .. 
transformatio~~~atrix. 

T" = e AP1-l (2. 63 ) 

Ie 1 
2 

Ie A 
2 

. 
e Apm-1 

L. m .J 

It. is shown in Appendix II that T defined by (2.43) is 

nonsingular. 

It. is again a simple matt.er of booKKeeping t.o 

v.erify that. the t.ransformation T defined by (2.43) reduces 

the system (2 .. 52) t~ the form (2.43) where now, 



r ,. ,. ,. 1 
I A A t t. 11 1I ••• A I 11 12 1m 

I 
. 

I A-T A T-L - .. - (2. oJ!) 

,. ,. ,. 

I A A .".11 11 11 1I •• A I 
L m1 . m2 mm. J 

010 0 

001 0 

1 

x x .. x x x x 

0 1 0 0 

0 0 1 0 ,. 
A= (2.oSa) 

1 

x x x ... x x ... x x ," . . 
x .... .. x x x x x 

o 1 ... 0 

1 

x x x x x .. x 

___ I 
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o 0 .••.. 0 

00 •.... 0 

1 x · ... X 

0 0 · .... 0 
... 
B= 0 0 · .... 0 (2.65b) 

o 1.x .. x 

o 

o .... 0 1 

The m diagonal blocKs Aii of A are each an upper right 

identity companion matrix of dimension Pi while the off 

d i ago n alb 1 0 c K s , Ai j for i = jar e e a chi de 11 t ic all y z era 

except possibily for their respective final rows. We 

therefore note that all information regarding the equivalent 

state matrix A can be derived from Knowledge of the m 

ordered controllability indices Pi and m ordered K rows of 

A. The same can also be said of B, since we note that only 

these same ordered K rows of B are nonzero. 

2.4.6 Extension Of Controllable Campanion Form 

To P~rtiallY ·State Controllable Systems. 

We can consider certain implication and extensions 



of the p~oceding results when the ~ultivariable system is 

only state controllable. In particular," we still assume 

that ranK (B)=m<n but we consider the case when ranK 

(Q)=n<n. Note that it is still possible to define the (nxn) 

ma~rix Q Consisting of the first n linearly 1ndependent 

columns of Q, as well as the (nxn) matrix P as given by 
m 

(2.55) but with K·=E p" = n instead of n. The n linearly 1 . i J 
J = 

independent columns of P clearly form a basis of some 

subspace W of En. 

complement of i.e., 

If we define W1 as the orthogonal 

the subspace of En consisting of all 

vectors in the sense of a zero lnner product, it follows 

that the any vector v in En ~an be expressed as a linear 

combination of the same vector w in W and ~ome vector w1 in 

In particular, v=aw+~wi for all v 1n En which implies 

that En can be defined as the direct sum of Wand Wi' It is 

thus clear that the dimension q of Wi is n-n, since En is of 

dimension n. We let ~i' ~2"" .,.l3 q be ~ny basis of Wi and 

consider the extended state representation 

(2.66) 

where Be is the n~(m+q) matrix obtained by appending to "B 

the q basis vectors of Wi' 1. e, Be= (B, /31' ... , I3 q l while u e is 

an ((m+q)x1) input vector obtained by appending to u, q 

additional input elements i.e. u e =(u1'···' um' um+1' ... ' um+ql T . 

The extended system (3.39), thus defined is clearly a 

controllable one and i~ therefore possible to employ the 

.algorithm presented earlier. to ob~ain a n-dimensional 



equivalence transformation which reduce the extended system 

to controllable companion form. We denote the appropriate 

transformation matrix Te and utilize it to ~educe the 

original system to 
-1 

where A=Te.A.Te 

. 
be equivalent represen~ation z =Az+ Bil, 

and B=Te.B. Due to the specific choice of 

Te , it follows that the equivalent pair (A, B) partially 

resembles the multivariable companion form. In particular 

r ... ,. 1 r,. 1 
IA A 

cc l 

lIe I ,. I e ,. . 
A= 

/ ... ~ B= (2.67 ) 

1° A 
L C J 

where the pair (Ae, Be) is the n dimensional controllable 

companion form, i.e., the pair (Ae , Bc) assumes the structure 
m 

indicated by (3.38) with Ki= E Pj = n. Furthermore the 
j=1 

lower. left (q:<n) blocK of A as well as the final q row of B 

are ideni{ically zero. On closer inspection it becomes 

apparent that the controllable and the completely 

unconttollable portion of the system have been separated. 

Mo res p e c if i c a I I y, the n dimensional subsystem defined by 

is clearly controllable, since Ae~z~ can be treated as a 

Known disturbance. Furthermo~e, the q-dimensional subsystem 

def.lned by the remaiI)ing row·s. of (A, B), 
. 

namely Ze=AcZc is 

completely' uncontrollable. We further note that in view of 

'(2.51) and (2.67) the characteristic polynomial det(hI-A) of 

A (and hence of A) can be written as the product of the 
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charact.eristic polynomials of the controllable and 

completely uncontrollable port.ion of the system, i.e., 

det( AI-A) det ( XI-A) = det ( XI-Ac )det ( U-Ac). (2.68 ) 

2 .. l:l. 7 Pole Assignment. Via The Controllable 

COkDpanion Form 

We will now consider the general .employment of 

linear state feedback for arbitrary assignment of the 

closed-loop of the multivariable system as given in (2.52). 

In part.icular if the linear state variable feedbacK cont.rol 

law 

u(t) = Kx(t) + vet) (2.69) 

is employed to alter the pole configuration of the open-loop 

syst.em, we can readily obtain a state space represint.ation 

for dynamical behaviour of the compensation system by simply 

substituting (2.69) for u into (2.68): 

x = (A+BK)x + Bv (2.70) 

In general it. is not all clear what effect the control law 

(2.69) has on the system (2.68), since consider any 

arbitrary unst.ructured open-loop system pair (A, B). 

However, if the open-loop system is in controllable 

c ompan-i on form, the effect of the feedbacK law in (2.69) on 

-
pole locations can be eisly clarified. Let us give a_ main 
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result- of this section as a theorem. 

THEOREM ( 2 . II ) : Consider the system (2.52) and the linear 

state variable feedback law (2.69). All n controllable 

poles of the closed-loop system (2.70) can be completely and 

arbitrary assigned via linear state variable feedback while 

the n-n uncontrollable poles of the system are uneffected by 

(2.69). 

PROOF Assume that we have already transformed the given 

system into controllable ~ompanion form (2.67). The pair 

(Ac. Be) is an n-dimensional controllable companion form. 

while Ac represents the completely uncontrollable portion of 

the state matrix. As we have previously noted all 

rows of Ac+BcKc can be completely and arbitrarily altered 

via K. K is the required feedback gain matrix in the 

transformed coordinate system and Kc is the portion of K 

corresponding to the n-dimensional controllable system 

(AC.BC)· We can choose the first n columns Kc of K I such 

that 

r 
0 1 0 ....... 0 

1 0 0 1 ....... 0 

A +BK :; I I c c c 
(2.71) 

0 0 0 , • f •••• 1 

-a :-a ...... ' .. . -a 
L. n -n-1 1 .J 

is an n-dimensional companion matrix. where the scalel"'s 
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a1' .. , . an represent the coefficients of the desired 

characteristic polynomial, i. e., the coefficients of the 

polynomial det(lI~Ac-BcKc)' Since the remaining n-n columns 

of K affect only Ac~' the final n-n rows of A are completely 

uneffected by K, which implies that the n-n eigenvalues Ac ' 

or e qui v a.l en t I Y the uncontrollable poles of the 

s ys tem, rema in una 1 tered by 1 inear state feedback. Thi s 

follows formally from the fact that all the n poles of the 

closed-loop system are equivalent to the zeros of : 

det( lI-A-BK) - det( lI-A-BK) 

(2.72) 

In order to explicitly determine a K which yields the 

controllable part of the closed loop system matrix as 
II 

represented by (2.71 ), we let Am denote the m ordered ki 
" .... 

rows of Ac+BcKc as given by (2.71) and define Aero and Bcm as 

the same ordered ki rows of Ac and Bc ' respectively. It 

therefore follows that 

(2.73) 

t t t I law ( ? ~9) wl·th t-he first n columns of or tha he con ro 1'-. V , 

K given by 

-1 II 

Ke = Bern (Am - Aem) (2.74) 

yields the .desired n-dimensional closed-loop system 

submatrix (2.7.1). 
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The final n-n column of K play no part in closed

loop pole assignment, since they affect only .Ac~ which in 

turn, has no effect on the eigenvalues of the closed-loop 

system matrix. We can therefore say the final n-n columns 

of K equal to zero in order to complete our assignment of 

all (mn) entries of an appropriate. The state feedback gain 

matriX K, aSSOCiated with the original system is given by 

u = Kz+v = KTx + v: Kx + v (2.75) 

where 
K : KT (2.76) 
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III. THEORETICAL ANALYSIS OF OIL FILM BEARINGS 

3.1 Introductirin 

The technical and industrial growth in the 19th 

century led to the widespread development in turbo~achinery; 

The use of oil-film journal bearings to support the rotors 

led many people to investigate the characteristics of oil 

f i I ms, and their effect on the dynamics of rotor/bearing 

systems. 

In 1886, Reynolds (33) published his classical work 

to establish the well Known Reynolds equation. This defines 

the hydro-dyn~mic pressure distribution in an oil-film. 

In 1925, Stodola (2) modeled a shaft supported on a 

journal bearing as a mass-spring system and he investigated 

the effect of the oil-film stiffness on the critical speed. 

This model was used to show the discrepancy betweent~e 

observed critical speed and that predicted by assumin~ the 

bearing as a point support. However, because the damping 

ab iii ty of the bear ing was ignored, he was unab 1 e to pred i ct 

the amplitude of vibration ~t the critical speed. Later 

investigations in this field have shown that it is 

convenient to represent the shaft and the oil-film as a 

mass-damper-spring system are represented by four stiffness .. 
coefficients. 

, . 
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Theoretical wor~s to determine these coefficients. 

have produced for~ula which are valid under certain physical 

cond'itions and assumptions [I!). 

In 1963, Cooper [3) performed a series of 

experlments ona rigid shaft supported in oil-film bearing. 

The smooth running of the rotor was limited by the on set of 

the so-called 'oil-whip' ~henomenon. The shaft was then 

supported using rolling element bearings whose outer races 

were preven~ed from rotating. He observed that the oil-whip 

phenomenon disappeared. This configuration where the 

Journal does not rotate is termed a squeeze-film bearing. 

These devices are commonly used in conjuction wlth 

a roillng element bearing. A ring is firmly attached to the 

outer race of the roller bearing and the annulus between the 

outer diameter of the damper ring and the bearing housing is 

fliled with oil in Figure 1.1.1. Although squeeze-film 

bearings have a relatively' short history they are now being 

extenslvely used in appl'icatio~s where it is necessary to 

limit rotor vibration and their effect on the supporting 

structure (e.g. turbine engines). 

The dynamiCS of the" squeeze- film bearing are 
'IlR ( 1/ c ) 3 

dependent upon the bearing parameter and the 
mW 

supply pressure. These factors eff ect the extend of the 

oil-film in the annulus. 

Squeeze-f i 1m bearings can be designed to 

incorporate en~ seals and in many applications re~ainer 

springiareused to support the static load. In many 

~articular configuration, the Reynolds equation is modified 
, 
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accordingly and solved to obtain the oil-film coefficients 

[34] : 

Most of the literature concerning squeeze-film 

b ear in g sis devoted to the ide n t if i c at i on of 0 i 1 - film 

coeff ic ients and to their des ign, when they are used to 

support rigid or flexible rotors [35]. 

In this thes is, a squeeze-film damper without end 

seals and supported by retainer springs is investigated for 

state feedbac~ control. 

3.2 Dynamic Equations and Transfer Function Models 

A squeeze-film bearing can be regarded as a special 

case of a journal bearing. The dynamic equationi governing 

the dynamics of squeeze-f.ilm bearlrig are given in the 

fOllowing section. 

3.2~1 Squee~e-film Bearing Equations 

Assuming that the journal does not l"'otate. the foul'" 

stiffness terms which are a function of the journal angular. 

velocity, disappear. The static load capacity may then be 

provided by an external spring. Neglecting the cross-

stiffness effects, the dynamic equations of motion for a 

squeeze-film bearing beCome 

mx + cxxx + ~sx +cxyy = fx 

( 3 . 1) 

my + cyxx + ~sy +Cyyy = fy. 
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Where x and y represent the displacements in x and 

y direction respectively.It is assumed that the stiffness ks 

is equal in both x and y directions. 

The damping coefficients in local coordinates and 

the coordinate transformations are derived in [36]. 

In practice fx and fy are the components of the 

mass unbalance iorcealong the x and y axis. Howeve~ the 

dynamics of the squeeze-film bearing can be simulated by 

applying external perturbations without the rotation of 

rotor. 

3.2.2 Squeeze-iilm Bearing Oil-iilm Coeiiicients 

The. journal bearing is chiracterised by eight 

linear oil-film coefficients which were derived by Holmes 

(37] . The dynamics of the squeeze-film is characterised by 

considering the jo~rnal bearing when the jotirnaJ rotation is 

suppressed. Then the four' stiffness terms in oil-film 

disappear. 

Assuming that the oil-film exists over an arc of 

180 0 in Figure 3.2.1,the linearized damping terms in the 

local r-s coordinate system may be written as 

IT 

'l'j13R 
= --IT 

2 
(1+ 2E o) 

(1-E;)5/2 

(3. 2 ) , 
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. 1 
Cgg = 11 

The coefficients in equation (3.2) are expressed in 

dimensional form and they may be non-dimentionalised by 

dejining nbn-dimensional terms such as 

etc. (3.3 ) 

Then the non-dimensional coefficients may be expressed as 

2 
(1+ 2E o) 

1 

(3.4) 

However it is normal practice to operate the 

squeeze-film bearing with afull 360 0 film in the annulus. 

Under these circumstances, the cross-damping terms crs~ and 

C sr vanish, wh·Ue the two direct terms double in value, such 

that 
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'r]13R 2. 
(1+2. EO) 

c I = IT 
rr360 c 3 (1-E;)5/2 

'r]13 R 
.( 3 . 5 ) 

1 
c I = IT 

SS360 c 3 (1-Eg)3/2 

Then the non-dimensional form of ·the coefficients 

in equation (3.5) may be written as 

2. 
(1+ 2E o) 

Crr = 
(1-E~)5/2 

(3. 6 ) 

1 
CSg = 

(1-Eg)3/2 

3.2.3 Coordinate Transformations 

The oil-film forces are genarally derived in the 

. lOC~1 axes coordinate system which is related to the 

attitude angle .0' Figure 3.2.1 When formulating the 

equations of motion of a rotor supported in Oil-film 

bearings,it i~ convenient to write the eqUations in the 

fixed axes (X, y) coordinate system. 

From Figure 3.2.1 the displacements along r-s axes 

may ~e written as 
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r = ysin ~o + x cos ~o 

s = y cos ~o - x sin ~o 

and the velocities are 

r = Y sin ~o + x cos ~o 

. (3. 8 ) 
s = y cos ~o - x Sln ~o 

The 6il-film forces along the x-y axes are resolved along 

the x and y axes as 

f . x = fr cos ~o - fs sin ~o 

fy = fr sin ~o + fs cos ~o 
(3.9) 

The squeeze-film bearing forces along the local 

coordinate r-s can be expressed in terms of the linearized 

damping coefficients as 

(3.10) 

and for the x-yaxes they may be written as 

(3.11) 

fy = cyxx + CyyY 
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By . algebraic manipulation of equations (3.8) to 

(3.11) the oil film coefficients in stationary x-y axes may 

bebbtained in te"m·s f th • 0 e original coefficients in r-s 

coordlnate system. 

c xx = crrCOS 2 tV o + css sin 2tVo - (c rs + CSr ) cOs<l>osintVo 

CXy = . 2 - · 2 crscos <1>0 csrsln tVo + (crr - c s s ) COS<l>osi~<I>o 

Csrcos 2<1>o · 2 
(3.12) 

-c yx = - crssln <1>0 + (c rr - CSS ) Cos<l>osin<l>o 

Cyy = csscos 2<1>o + · 2 CrrSln <1>0 + (c rs + c sr ) cos<l>osin<l>o 

As described before, for 360 0 film in the annulus, 

Crs and c sr become zero and crr andc ss double in value. 

However, from equation (3.12) it is seen that the cross 

damplng terms. in x-y axes are non-zero. To explain the 

circumstance under which cxy and Cyx tend to zero, a second 

constraint lS considered. When the journal is centralised 

in the bearing, or when the displacement is along the 

vertlcal or horizontal axes, then coefficlents cxy and c yx 

tend t.o zero (38). This situation occurs when the at.titude 

angle tVo lS set to 0° or 90°. In this case the cross 

.damping terms in x-y axes disappear and horizontal and 

verti.cal mot.lons of the journal centre are coupled. 
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3.2.Q Rotor - Bearing Transfer Functjon Models 

For convenience equation (3.1) can be non-

dimensionalised and the transfer functions can be derived as 

follows (39): 

Rewriting equation (3.1) in non-dimensional form 

.. r . 1 
X' I x y 

I 
x 

+ L Ie -- + C + K =u 
cw2 L xx cw . xy cw J 

s c x 

(3.13) 

" r 1 
y' I y x 

I 
y 

+ L IC yy -- + C + K =u· 
cw2 cw yx cw J 

s c y 

L 

where ux = fx/mcW 2 

u y = f y/mcw2 

Ks = Ks/mw2 

and L = ll'nR (lie )3/mW 

By introducing a suitable set of state variables, 

for example 

= x/CW, x3 = y I c I x4 = y I cW 

then equation (3.13) can be written in the state space as 

x = Ax + Bu (3.14) 

where 
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I 0 1/L 0 0 

1 -k IL -c 0 -c 
A = WL s xx xy 

0 0 0 ilL 

0 -c -k IL -Cyy 
L yx S .J 

is the system dynamic matrix, 

x = r x x x x IT is the state vector 1 2 3 L .!! .J 

w o 

o o 

1S the input transducer matrix, and u = u 
x 

input vector. 

The corresponding output equation may 

y = C:{ 

where y :: r y Y2 Y Y IT is the output. 
L 1 3 .!! .J 

u 
y 

is the 

be written as 

(3.15) 

vector. 

The output transducer matrix C, may be taken as the 

identity matrix since all elements of the state vector x are 

directly available for measurement. 

Taking. Laplace transformations of equations -(3.1.!!) 

and (3. 15), and assuming zero initial condit1ons, the 

transfer function matrix can be obtained as 
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y (s ), 
G (S) = = (3.17) 

u (s ) 

where 

The characteristic equation is 

s4 3 2 s s 
A (s ) = + -- + (C + C . ) + -- IL2(C C -C C)+2KI 

Wi! W3 xx yy W2 xx yy xy yx s 

s 
+ -- L(CXX + Cyy)I<S + 'I<S = 0 (3.18) 

W 

Denoting an element of G(s) as giJ (s), the response 

of the four states when a force is applied sequentially to 

each 0-£ the two lnput channel is, 

gij(S) 

A (s) 

(3.19) 
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where Tij is the transfer function between the Jth input, 

j :: 1, 2 and ith output, i::1, 2,3,4. 

The transfer functions relating the vertical and 

horizontal displacements to horizontal forcing are, 

y 1 (s ) 

U (s ) 

Y3(S) 

U (s ) 

- ( s/W ) LCxy 

a (s) 

(S2/W2)+(S/W)LCXX +K S 

A (s) 

(3.20) 

(3.21 ) 

When the journal lS 'centralised in the bearing, or 

when the displacement is along the vertical or horizontal 

,ax lS, then coefficients CXy and Cyx tend to zero [38). 

Under these conditions the coupled model redu~es to second 

order uncoupled model as follows 

1 
T32 :: for 1P0 :: 0 0 (3.22) 

s2 + sLCss + Ks 

1 
T32 for' 1P0 :: 90 0 (3.23) :: 

s2 + sLC rr + Ks 
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IV. STATE-FEEDBACK CONTROL 6i SQUEEZE-FILM BEARING

ROTOR SYSTEM AND COMPUTER PROGRAMMING 

11. t State-feedback Modelling of Squeeze-film 

Bearing-Rotor System 

It is well known that the state variable feedback 

can be used to control system modes of vibration. The object 

in eigenvalue assignment in rotor-bearing system would be to 

stabilize an unstable system or to obtain a better operating 

system which would be physically difficult to design. 

In this work, the equations used are in dimensional 

form. Th~ dynamic equations of motion for a rigid rotor 

supported at the ends by squeeze-film bearing are given by: 

M x + Cxx x + Ks x + Cxy y = Ux 

M Y + CyX x + Ks y + Cyy y = Uy (ll.i) 

By introducing a suitable set of state variables, 

for example 

then the equation (4.1) can be written in the state space as 

x = Ax + Bu (l! . 2 ) 

where 
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B = 
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0 1 0 

1 
0 

-K 1M -C 1M 0 -C 1M s xx xy 
0 0 0 1 

0 -C 1M -K 1M -C 1M 
L yx S yy -.I 

l 0 11M 0 (I 

1 0 0 0 11M 

l!.1.1 Selection of Models For Squee2e-film Rotor

Bearing System 

For the simulations four types of models are 

selected which have different configurations of ~igenValues. 

Datas of these models are given in Table l!.1.1. These models 

are tabul ated in tab 1 e l!. 1.2. The e i genva lues. of the 

uncontrolled models are shown on Figure l!.1.1 and given in 

table l!.1.3. 

As it is seen in Figure l!.1.1 all the eigenvalues 

of each model are located at th~ left hand side of the s-

plane .. Hence the original (open-loop) models are stable. 

Obv ious 1 y, their behaviour in the time domain are dependent 

. upon the eigenvalues. 

In Mode I I. the ~irst two eigenvalues are complex 

conjugates and the other two ?re d{stinct real .. It is 

possible to find out the eigenvalues corresponding to the x 

and y-directions respectively. ConSidering the system 

equations it is obs~~ved that the displacements in x andy-
~ 

d i rec ti ons are weaKly coupled by the cross-damping 

coefficients CXy and .Cyx which are equal and sma 11. 
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Theref ore, it is Possible to t~eat the system as uncoupled. 

In this case, the system can be reduced to two uncoupled 

second order models in x and y-directions. Fora second 

order model, general characteristic equation is of the form 

s2 + a1 s +a2 = 0 in which a1 represents the addition and a2 

is the multiplication 6f eigenvalues respectively. 

For Model I, we can find the coefficients· of the 

characteristi~ equations in x and y-direction as aXl=20000 , 

ax 2=85.532 aY1=20000 and. aY2=429.840. First, let us 

consider two poles from Figure 4.1~2, name I y, )..1,2 = -39 ± 

i135 and try to find out to which direction these poles will 

correspond. It is clear that, the multiplication of these 

poles 1S 19746 and the addition is 78. These numbers are 

very close to ax 1 and ax2 and therefore these poles are the 

eigenvalues of the displacement in x-direction. 

It is also possible to reach to the same conclusIon 

for the y-direction. LiKe the multiplication of the other 

two poles is 20228 and. the addition is 441. Therefore, 

there is enough proof that these poles lie. in the y-

direction. 

In order to maK~ a time domain analysis we .can maKe 

use of the dominant root concept. The time constant, 

is the reciprocal of the distance from the root to 

the imaginary axis. All roots lying on a given vertical 

l.ine in the s-plane have th~ same time constant and the 

greater the distance of the line from the imaginer~ axis, 

the smaller is the time constant. This leads us to the 
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concept of the ,dominant root. For a given characteristic 

equat ion, this is the root that lies nearest to the 

imaginary axis. theref ore, if the system is stable, the 

dominant root is the root with the largest time constant. 

The usefuln~ss of the dominant root is that it allows us to 

approximate the speed of response for the system. 

The free response curves in x and y directions of 

the uncontrolled Models I, II, III and IV are given in Figure 

~. 1.2 to ~.1.9 respectively. In Mo del I, 0 sci I I at ion 0 c curs 

only in x-direction and not in y-direction, because in x-

direction the eigenvalues have imaginary parts whereas in y

direction, they are distinct real. 

If eX settling time criteria is used, then the 

s'ettllng time (ts) is approximately four times the time 

constant of the system. In Mode I I, the settling times of 

the x and y-directio'ns are calculated as 0.102 sec. and 

0.076 sec. respectively. When these are compared with 

Figures ~.1.2 and ~.1.3, it is seen that the results' are 

reasonable. 

models. 

Similar results can be obtained for the other 

In order to apply the state-feedback control to the 

rotor-tiearing system, a set of desired eig~nvalues should be. 

chosen. The choice should be such that the motion in x and y 

directions are overdamped. However, for the sake of 

apRlication two set of desired eigenvalues given below 

chosen. 

are 
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1 st set ofdes1red eigenvalues 

}'1:: -1 + 10.5 A2.::' -1 - iO.5 

2 nct set of desired eigenvalues 

The response of the closed-loop system for the 

first set of desired eigenvalues is given in Figures 4.1.10 

-4.1.11 and for the second set of desirect eigenvalues in 

Figure 4.1.12-4.1.13 for x and y-directlons r'espectivel y. 

From these figures, it is seen that the assignment of a 

complex conjugate palr of eigenvalues causes oscil.latory 

motion in x-direction in Figure 4.1.10, but a smooth 

response in y-direction in Figure 4.1.11. For the second set 

of distinct desired eigenvalues, the expected displacements 

ar'e smoother than those of the original uncontrolled system. 

The~e~ore these ~esults verify ihe correctness of" the ph~se-

varlable canonical ~ethod for eigenvalue assign~ent and also 

the correctness of the computational wOr'K. Hence tl1e 

performance of any given system can be improved using state-

feedback cO!'1trol. State-feedbac\( matrlces fOI' first and 

second desired elgenvalues are obtained as 

r 500:)00.00 5.86 25.00 3. 12 

1 K' 
I 

:: I 1 I -339.84 -589.05 499634.00 89.26 J j 
L 
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f 
500000.00 5.86 25.00 3.12 1 F: :: 

2 
L --3000.00 -38l!6.87 l!98225.00 -'320.0~. J 

~.2 Computer Programming 

In thl~ thesis, the phase-variable canonical method 

i s pro gr' amm e d for s tat e - fee d b a c k con t r 0 I a p p lie at ion. The 

program named THESISl is written in FORTRAN language 

according to the mathematical models presented in section 

4.1. 1he computer program is listed in Appendix III. The 

computer program THESIS1 is modular and user friendly. In 

ma 1n pro gram t here are 18 subrout ines, some of them being 

called IHSL library. The flowchart of the programmi.ng logrc 

is given in figure l!.2.1. The program after asKing for the 

inputs intel~actlvely, creates the dynamic matrix of the 

system using bil-film coefficients which are given in 

Chapter III and then finds its eigenvalues. Followingly, it 

lmtegrates the system e~uations using Runge-Kutta method and 

then draws x-y displacement re~ponses of the system. Then, 

it computes the controllability mat~ix of the system and 

subsequently it continues for calculations of obtaining 

phase-variable canonical-form. At the end of these 

calCUlations, THESISl computes the state-feedbacK gain 

matrIX WhICh are t6 satisfy for· the desired. elgenvalues. 

·Flnally. THESIS1 computes the closed-loOP dynamic matrix and 

It solves th~ new state-space equations for the controlled 

responsesare drawn on the screen. 
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~.2.1 Subroutines 

The main subroutines which are used are given 

be low: 

Subroutine INTER This subroutine asks interactively for 

. parameters which are necessary to design rotor bearing 

coefficients. 

Subroutine ABMAT This subroutine computes the state-space 

representation matrices A and B after calculating the oil

film damping coefficients. 

Subroutine TRANS This subroutine renamed the A and B 

matrices for following steps. 

Subroutine EIGEN: The eigenvalues of dynamic matrix A are 

comp~ted using subroutine EIGRF in IMSLlibrary. 

Subroutine RUN1 This subroutine solves the open-loop 

system equations using Runge-Kutta method using subroutine 

DVERK in IMSL library. The.subroutine FeN1 is called in 

subroutine RUN1 is used for writing system equations which 

are to be solved. The subroutine GRAPH in RUN! draws 

graphics using the pOints obtained with the Runge-Kutta 

rf!ethod. In. addition, there are two more subroutine in GRAPH 

called as AXIS and G which are used for plotting purpose. 

Subroutine COM This subroutine computes the time variable 

controllability matrix in canonical form using the method 

explained in part 2.~.3. 
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subr'out ine INY : This subroutine~ computes the inverse matrix 

of a given input matI" ix us ing subrout ine LINY1 Fin IMSL 

library, 

Subroutine TTRA : The transpose of matrices are computed 

using TTRA subroutine. 

Subr'out ine TMAT 

transformation 

This 

matrix in 

subroutine 

X : Tz 

computes the T 

using the inverse 

controllability matrix. 

Subroutine ATRA This subroutine computes the transformed 

matrices A and B in phase-variable canonical form. 

Subroutine SEIG This subroutine computes the 

characteristic coefficients of the system in matrix form. 

Subroutine DEIG This subroutine arranges the desired 

matrix respect to desired eigenvalues and computes the 

coefficients of desired characteristic equation in matrix 

form, 

Subroutine GAIN: The state-feedback gain matrix is computed 

using the ~ransformations which are explained in Chapter II. 

Subroutine COE This subroutine computes the closed-loop 

dynamic matrix after state-feedback control. 

Subroutine RUN2 : This subroutine ·integrates the closed-loop 

system equations. using Runge-Kutta method using subroutine 

DVERK in IHSL library. The subroutine FCN2 in RUN2 is used 

for writing equations which are to be solved. Then it is 

ca~led to subroutine GRAPH. for graphics similarly as in 

sU.brout ine RUN1. 
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V. CONCLUSIONS 

In this study various approaches to pole assignment 

problem and its application to a rigid rotor supported on 

squeeze-film bearings have been discussed. However, there is 

not a unique state-feedback control method due to the 

ambulguity of the problem in multi.,.input -multi-output 

systems. Furthermore most of the avail~ble algorithms 

proceed by first transforming the system equations into a 

canonic.al form in the interest of computational 

tractability. The most attention deserving part of this 

study is the generalization of Ackermann's [2q) procedure to 

multi~ariable systems. A t~ick is. used to generalize 

Ackermann's procedure to multivariable. systems of lnterest 

into an equivalent single input system which was given 

direct design procedure in chapter II. Direct deslgn 

procedure i~ extremely convenient to use with multivariable 

systems, since it requires no explicit transformation of the 

system equa"".ions into a canonical form and. it considerably 

reduces the number of computations required in determining 

the feedback galn matrix K. As explained in detail ln the 

sec9nd thapter, this transformation into an equivalent 

slngle lnput system lS establised by choosing the feed~ack 

matri:<: K, namely by setting K = qp, where q is arbitrary 



chosen, witj the -only restriction of preser'vingthe system's 

contr'o 11ab it i ty characteristics. However, additional 

fleXlbll1t~ can be introduced into the control system design 

1f q can be chosen appropriately. Th . erefore, an inter-est.ing 

point. which still deserves speCial attention is the way in 

which q mus~ be chosen. 

Another pOint which is still open for- further 

research is the modification of Ackermann's original 

procedure such that it will also cover pole assignment 

thr'ough only output feedback, Use of the output 

controllabll ity matri:-:, to derive a formula similar' to 

Aclcermann's original one will be a logical step to start 

this further research. 

Finally, it is concluded that the phase-variable 

canonical method is successfully applied for eigenvalue 

assignment in rotor bearing systems. The performance of 

these systems can be improved in certain cases .or they can 

be stabil ized if they are unstable. For example, it is well 

known that journal bearings becom~ unstable when the 

operational speed is twice the first critical speed (2). 

Such theoretically a system 'has been stabilized using state-

feedback control approach [40). 

However, the proof presented in this study mal{e use 

of the canonical system equations and is general enough to 

include all possible systems. 
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APPENDIX I 

Lemma 1 

Unless n vectors have already been selected (and 

retained in the process (2 15) (2 . . - .18) in chapter 2, there is 

a vector of form Aj b.", whe 11 
n re a lower powers of A times bl{ 

have been retained, which is linearly independent of all 

previousli selected. vectors. 

Proof: Suppose that the selected vectors are: 

(A1 a) 

and that each of the vectors 

is linearly independent on the selected vectors,so that the 

process terminates.' It then follo.ws by the induction 

argument sKetched below that all other vectors. in the 

controllabllity ·matrix (2.16). This in turn implies that 

either the controllability matrix is less than n or there 

~re n independent ~ectors in the selection (Ala). 

A sKetch of induction proof is as follows: The 

linear combination of A times the selected vectors. 



.16 

is the same linear combination of A times selected 

vectors. H6wever, by hypothesis, A times any selected vector 

is also a linear combination of selected vectors, thus 

A~1+2.bl is a linear combination of selected vectors. 

proceeding in this fashion one proves that all remaining 

vectors in the controllability matrix are depend on the 

selected vectors. 
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APPENDIX·II 

It i,s shown that the matrix T def ined by (2.26) is 

nonsirigular. To .this and it is sufficient to show that the 

rows of T are linearly independent 01" equivalently that any 

nUll.· lineal" combination of the rows must be the linear 

combination consisting of zeros. 

Suppose there are constants aij such that 

m Pi 

E E aijejAj-1 :0 

i:l j:l 

(A2a) 

TaKing the inner product of both sides of the this 

equation wi~h bK produces 

(A2b) 

Since by definition of the ai'S each term in the inner 

linear product is zero except the one involving eKAPK-l.bK 

which is unl~y. 

In view of (A2a), (A2b) can be written equivalently 
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m . Pi-1 

I:! I:!. aijejAj-1 =0 (A2c) 

i=1 j=1 

Taking the inner product of both sides of this with 

Abk produces 

ak, pk-1 =0 (A2d) 

continuing in tis manner, by induction, it is proved that 

each aij=O which completes the proof. 
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APPENDIX III 

TH:~ !::: PF~OCiI:;:f\l·t AI='PL I E:::: THE :::T:3TE -FEl::DE:ACK CONTROL 
TO A RIGID ROTOR BEARINCi SUPPORTED ON SQUEEZE-FILM 
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PROGRAM CONT(INPUT,OUTPUT.OUT1,OUT2,OUT3,OU1'4,TAPE5=INPUT, 
~3 . T /.I.PE6:=C!UTPUT 1 T AF'E::::=OUT 1, T AF'E'~I=OUT2, T (--\PE 1 O=OUT::::, TAF'E 11 =OUT t~ ) 

REAL AXNV(10,10),WKAREA(lO),D(10,10) 
F~i"::(\:._ U.J ( 10, 10) T D 1, D2 r EG!U I 1._ ( 1 (:) ,I-JA 
FY:,'::'.L .(,\.; 10, 1. 0) , (',1. ( 10, 1 en , r.'::~ ( 10

7 
1 I) , A~: ( 10, 1 (I ) 

PEr;L E: U (I, 10) , B 1 ( 10 , 10) , 1::2 ( 10, 10) , B:::: ( 10, 10) 
m::M. ::-:;Pl (10,10), I\P2( 10,10), f.,P::::(1(:o, 10) 
r~Ef\L c :' . .: 10, 1 I) , C~ ( 10, 10) ~ C:::: ( 10, 10) t C4 ( 1 (I, 10) 
m:AL ceo ( 10, 10) , COEX ( 10, 1. 0) ,CON ( 1 U, 1. 0) , CO I NV ( 1 (I, 1. 0) 
F:E:l",L 'rn ( 10 , 10) , TTO ( 10, 10) , TON ( 1 (I, 10} 
r·:[p-,L.. r~ ( 10, lO ) , TI ( 1 (l, 1 (» , TB ( 1 (I, 1 (» , TC ( 1 0, 1. 0 ) 
REAL AT(10,10),BT(10,10),AMT(1(l,10) 
REAL SA(10,10),SB(10,10),BTINV(lO,10) 
REAL NAD(10,10I,AD(10,10) 
REAL KK1.(10~10),TA(10r10) 
REAL CC(10,10},EI(10,10),ElCi(10,10) 
F:E,c.L ~'H:: ( :'24·) , Fa (32) , F~~J ( :::) 
REAL C(24),W1(4,100),T r TOl,TEND 
REAL X,10(0),Yl(1000) 
r-,r; ',1 '.f,! (.1000) , X2 ( 10(0) , x:::: (1000) , XLI ( 10(0) i"\L:_h •. _ • 

F~EI;L LE 7 1"1l~ 7 ~<!:: 

I'NTECiEH I ND r N~'~ r ~< 
INTEGER N,IA,IDCiT,lER 
T NTE:GEn IP\'T (4) 

COMPLEX W(S).ZCS,S',ZN 
r::G!Ult)l",LENCE (~J(l),R\t·J(l», (Z(l,l),RZ(l» 
COMMON!QWER/CXX,CXY,CYX.CYY,MA,K::: 
COMMON/COEF1/CA11iCA12,CA13,CA14 
COMMON/COEF2/CA21,CA22,CA23,CA24 
COMMON/COEF3!CA31 i CA32,CA33,CA34 
C:Ol'lt'1ON/COEF4/C.0.41 rC;\l\·2, Ct-14:;:, CALIA 
C: .. l:':'.Fi:f\CTER:c; 1 CH' 
F::E~H ~m :::: 
nE:.hl I \\ILl ,~, 

r~E\tJ I nD1 0 

r-:::EH I ND 11 E - - LIlT 1 fiN 1:3 8EAFt:CHED 
SPECIF~C VALUES GIVEN FOR WHICH TH ~u - -
[IX 1::::·-1, 
[lX~~:~=" :~~~.~ 

DX:::::::-l , 2~i 
DX4=::--1 . ~5 
L .. E:>: • 00':' 
R::::.09 

. \) I::::" 0:::: 

F 1 :::IJ·~:i 
IV II\::::2::; • 
. ~::: ~:::: ::::: ~::: t:: +. () 5 



I:: '~';: .:,~. til ::;:::;~ 
C~: 1",lOUT::::I~. 
C ,'. ID1::::} D2::::2 

, CALL INTER CLE,R,CL,FI,EP-KS MA VI .. L M I[J'l I[I~ 
d:f\Vl [IX~' rtV~' [X'I - ," " " , "<:'1 "":,"" ',~:~'''''I''':', J 'T,NUUT, IGRA, IPLT,CHI':::) 

t..f1LL , .. ,,[.1'1I>,T U'1, e, LE f-:;' f'l I!I EP FI l t1' r-'AI L "'-l-' A 1\11-' .... "M ; '1 \ 7 -' - 7 T "J" - , '1"'; , " 

-' ,- 1['.1"',,<,:, (M, 1::, h 1 r:: 1 ':\':' r:":' ~':' r:":' L t1) 
.. , 7 1 "'-I_'';;'''''_', .. h_I, " 

CALL EIGEN (A3,L,M,NOUT) 
F'n I NT "'" ", ;<:ENTEF{ 1 TO CCtI\lT I NilE ", 
READ(5,~)CONTI -
CALL RUN1(L,CL,FI,IGRA,IPLT,NOUT) 
CALL POWA (Al.A2jAP1,AP2,AP3,L,M) 
Ci\LL 1~:m1 (Bl,AP~,AP2,AP:~:,COEX, 101, ID2,L,M,Nrtll'n 
CALL INV (L,COEX,COINV,NOUT) --
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CALL TTR~ (COINV'T~rID1,ID2,L,M,NOUT) 
Ci\L.L TI'1,c) I ( TR, AF'l r (~,F'2, p,p::::. TX 1 I D 1 1['1':' 1" I '''1:' ·l"r' L M h,lrtll,") . ~. '··1 "--7 r .,1 7 -"7 -7 ,I ~--

1
_, 

-' 

CALL INV (l,TX,TINV,NOUT) , 
CALL ATRA(TI.Al,TINV,AT,Bl,BT,L,M,NOUT) 
CALL SEIG (AT,8T.8A,8B,ID1;L,M,NOUT) 
CALL DEIGCNAD,ID1,L,M,DX1.DX2,DX3,DX4,NOUT) 
CALL INV (M,8B,BTINV,NOUT) 
CALL GAIN (NAD,SA.BTINV,Cl,TC,KK1,L,M,NOUT) 
CALL COE (A2,B2,KK1,EI,L,M,NOUT) 
CALL EIGENCEI,L,M.NCtUT) 
PRIN1~,~~WHICH ARE SAME AS DESIRED ONES~ 
PRIN1~r/~IF YES ENTER ,1' 
PRIN1~,'~IF NO ENTER 0' 
REp,It ~ ~i, ~: ) CONT I 
IF (tONTI.EQ.O.O) GO TO 50 
CALL RUN2(L,CL,FI,IGRA o IPLT,NOUT) 

~50 ~::;lOF' 

[ND 

C THIS SUBROUTINE ASKS THE VALUE OF VARIABLES INTERACTIVE~Y 

SUBRCUTINE INTER (LErR,CL,FI,EPrKS,M~,VI,L,M, 1D1,ID2, 
$DX1~GX2,DX3,DX4,NOUT,IGRA,IPLT,CHK) 

PE,'\L LE, 1"1,,:,,), K:::: 
nl,6,F\,~,CTEF::": 1 CI-'I 

, " 

IF(C~K.EQ.l)GO TO 50 
1 PRINT~r~ l~ENTER THE LAND LENGTH OF BEARING 
$~ (MT)~ 

F~t::tlD ( 5, ;c, ) LE 
IF(C~K.EQ.llGO TO 50 

2PRIN1~.~ 2-ENTER THE RADIUS OF JOURNAL BEARING 
$~ (MT)~ 

", 

", 

IF(C~K.EQ.l)GO TO 50 
3 PRIN1~r/ 3-ENTER THE CLEARANC~ BETWEEN HOUSING AND JOU~, 
$~RNAL BEARING (MT)' 

r::E,c,D ( ~:;, ~ ) CL.. 
1 F ( ci-il<. 1::':1) • .1 ) GO TO 5() 

IE- h-I--I·'I-I·ll~IE A~lf_il,,,E IN COORDINATE SYS1'EM' ~ Pf~T~I"I·~ ~ 4-ENTER T~: n ~ I' 
·t _. . ". I "' T.' 

FH:I-\D (!3, :c,) r:I 
IF(C~K.EQ.l)Ga TO 50 

5 PRINT~,~ 5-ENTER THE STATIC ECCENTRICITY RATIO' 
RE~D(5,~)EP • 
IF ( CTI< ., E:G!. 1 ) GO TO ~)() 
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,:;:, PFd I'IT;:;:, ", iE,-'ENTEf:: THE FIET p, HIEf~\' - F 
'~: ,"H=.:!'IT (N/t1) ," ~ !:: '-'fU NG :::"\" I FFNE!::::::: COEFF Ie'" , 

RE.6JI ( ~; 7 ,:, :> 1<::: 
IF(CHK.EQ.l)GO TO 5ci 

7 F'HHIT;o,, ", 7--aHEFI THE ~lA!::!:: F'EF: L/\ND DF THE BE,6,F\ING'" r 
',!:; ", (t:::C) ", 

F~I:::MI ( !:' T ;:; ) IVIA 
IF(CHK.EQ.l)GO TO 50 

8 PRINT~r~ 8-ENTER THE VISCOSITY OF OIL', 
'$'" (NM/!::~""~"2) ", 

F<E.t"LI ( ~;, ;--..; ) \) I 
IF (Cl-W:.EG!.1 )00 TO 50 

';I PFnl"iT:'~, ", ':"--ENTEF( THE F([.o.L P:\F\T OF DE:::IRED DCIr'llNANT POl.E:::'" 
HEf\f: ( ~5; ~'; ) DX 1 
IF«(:HI<. [G!.1)130 TO 50 

1. 0 PF< n:T 7'.~, .,' 1 (l--EI\nER THE !t'lAG I NEF( F'f,Fn OF DOlvl I NAI\(T POLE::: ", , 
'~:i ,.' I I'-! (+) !:: I GN ," 

F::E'C'[I (~5 T :r-7) DX2 
IF(CHK.EQ.l)GO TO 50 

1. 1. F'I~~ HiT :!': r ,,' ll-"ENTEF~ THE TH I RD F:t:::/~L DC::: I F,ED POLE ", , 
F~EMI (5 r ~) DX:~: 
IF(CHK.EQ.l)GO TO ,50 

t;;: PI::: nn ~:~, ", t;;:'-F,JHEI:::: THE FOURTH RE{!,;L DE!:: I RED POLE" 
F<i:::'''':',I! ( ~:'i 1 ;:; ) [IX 4, 
IF (CHK. EG!.l )00 TO 50 

1. :~;: F'r-~: I I'-IT ::-;, ", 1. :~:-'-NUt;IEF~ I C,;L OUTPUT::: REG!U I F:ED ? ", 
f- ~ 'II'I-r" '''[ 1'- \/1--"-' EIo.,'-I-(=_F,' ,~," .~IJ'''~ \. ~ r .. - I :~_.:. , I"i ,_, 

F'r~: I 1\1"1":<>: r ,,' I F NO ENTEF\ ::::" 
F:E,6,D ( 5 r ;-..; ) NOUT 
IF«(:Ht<.EC!.l)CO TO 50 

14 PI::': HiH" ", 1 Lj.-GRAF'H I C{-'iL OUTPUT F(EC!U I RED ? ", 
PF( I I\IT ';;:, ", IF VE!:: ENTEF( 1 ", 
PPHIT:c" ", IF NO E~rrER 0'" 
::;:E,6,[I ( 57 ;0; ) IORt:, 
IF' ( CI,tt:::. EC!. 1 ) 00 TO 50 

1'5 F'F~I~IT:C;1"'l5--PLOTTEn, OUTF'UT FI~:c!Ulr;:ED ?< 
PI:::: nIT~, ", IF YE:::: Et'.rn:::r:: 1 ", 
F'F~ I \\IT ;'.:';" ", I F NO ENTEF~ (I ," 

F:El,[1 (5, ~:;) I PLT 
IF ( CHI< ~ EC!. 1 ) GO TO ~;O 
SPECIFIC VALUES FOR SYSTEM 
L=DlCREE OF SYSTEM 
r1::::D[Gr~EE: OF INPUT ~1r:',TF:L:< __ 
I D 1. :::L!FC;FIEE: OF FIR!:;"\" [I I ~,CiOj\tI:iL MP"TF~ I X IN ,..\OURDAt,.1 FI~I~\1~1 
I D:2:::DECFlE:I:: OF !:::I::COI\IT D I AOONj~.L t'1ATR I X IN ,JOUF:DAN F UI-.:IVI 

l...::o4 
1'1<~ 
II) 1 ::::~~ 
1D2:::2 

<50 F'I:::: I 1\1"1" ;'" r .,' 

PF<:It'iT:o;, ", 
PF:HIT;.::, ", 
pr~ I t'IT:<>"; ,: ", 
F'F:li'IT~" ", 
P~~II'lT;.r.:, ", 
PFnl'll~""~ ", 

i-LAND LENGTH OF BEARING 
2-RADIUS OF JOURNAL BEARING 
::::C'-CLE,6,F\I~NCE . _. _, , __ , ,_ , 
4"-I~TTITUDEANGL.E IN COORDINf->olE !::{:::II:.l'i 
~-S-I-~TIC ECCENTRICITY 
- - 1 (_~r_II~_-I=F-'Ir_:II',:_-I"-r A-RET~INER SPRING STIFFNESS ~ 
~-MASS PER LAND OF BEARING 

: ", 1 LE 
: ." 7 R 
: ;" 7 CL. 

": ", , r= I 
: ,,' 1 EP 

/ 



! .... 

C: 
c 
c 
, ... 

PRINT~.~ 8-0IL VISCOSITY 
~~~N!~.~ ~-~EAL PART OF DESI~ED DOMINANT POLES 
~~~N!~,:lU-~~~GINER PART OF D.DOMINANT POLES 
F~lNI~,' l1-RlAL THIRD DESIRED POLE 
PRINT~r~12-REAL FOURTH DESIRED'PO~E 
PRINT~,~13-NUMERICAL OUTPUT 
PRINT~r~14-GRAPHICAL OUTPUT 
PRINT~r~15-PLOTTER OUTPUT 

8~ 

: .. ' , V I 
: "', [IX 1. 
: .. ' ,DX2 
: ,.' , [)X:::: 
: ",DXLj· 
: .,' , NOUT 
: "', IC;Rl.>, 
:",IPLT 

PRINT~.~~DO YOU WANT TO CHANGE ANY VARIABLE? YIN" 
liEi;D ( 5, ::::0) CH 

::,:0 FCIF~I"'II\T (1\1 ) 
IF ( CH. Ee!. "'I"'~ .,' ) GO TO 1'::0 

'::::0 ~,m I TE ( 6, .. ' ( II ~vJF.: ITE THE t'-lUI'1BER OF' VAFn ABL.E THAT YOU lrlANT II 

'~; n TO CHAt,ICE II ) ,.' ) 

F~Et-'1D ( 5, ;c:, ) NU 
IF(NU.GT~15) GO TO 85 
CHK==l 
GO TO (1.,2,3,4 7 5,6,7,8,9.10,ll,12,13,14,15)NU 

::;!5 V·Hi I l'E ( .~. 1 ,.' ( ":t; Tr1EF~E I:;. l'1I) \.,JAF< I t\f::L_E TI-1f-\ T 1'11~ l"C:I"~E!=; YCIIJR C=l-lCt I !~:E II 1 / / / r 

130 TO :::0 
:':'0 CONT I N!.JE 

PETUF,N 
t:';'·,jD 

THIS SUBROUTINE COMPUTES THE STATE~3PACE REPRESENTATION 

SUBROUTINE ABMAT(A,B,LE,R,CL,VI,EP,FI,L,M) 
m::,<\L ,6,(10,10),[:(10,10) . 
F,:Ei'~,L U::, t1p,,. ~:::::; 

COMMON/QWER/CXX,CXY,CYX,CYY,MA,KS 
PI=3.1415927 . 
CRR=VI~(LE~~3);c:,R/(2;c:,(CL;c:,;c:,3»;c:,PI;c:,(1+2;c:,(EP;c:,*2»1 

$«1-(EP*~2»~*2.5) , 
CRS=VI~(LE**3)~R/(2*(CL**3}}*4;c:,EP/«1-(EP;c:,;c:,2)~;c:,;c:,2) 
~SR=~R~ , 
~~S=0I;(LE**3)*R/(2;c:,(CL;c:,;c:,3»*PI;c:,1/«1-(EP**2»;c:,;c:,1.5) 

CXX=(CRR~(COS(FI);c:,;c:,2»+(CSS*(SIN(FI);c:,*2»
$«CSR+CRS)~COS(FI)~SIN(FI» 

--~ (~·~I(F'I)~V~'+ C::XY::"CR::;*(CO:::(FI)~:*:;'~)-V:;rO:' ::.11' •. ,..;:-;"" , 

$(CRR-CSS)~COS(FI)*SIN(FI) 
CYX=CXy _ 
,-"!'" 1-'"·''-''''' { 1-'1-1':' (F I ) :,;::c:.') ) ·I·r:m~;c; ( :::; I t,~ ( F I ) ;:;;;:;:,! ) + 
~~.' '1 \':::::. _' .: •. ::. ';:~ , -' - '-' • '.' • - -

$(CRS+CSR)*COS(FI)*SIN(FI) 
~~F\ l'rE ( i'WUT , 75 ) 

, klfU TE ( l'lOt.rr r 7:~~:) 
WF~ I TE (hIOUT ,7~i ) 
~~JP I TE( I~OI...I:r r 79 ) 
~'Jr::I TE (IKJl.JT, :::0) , _ _ -, \ -... -. -'YX-,,:,,:, cvy 
~,mITE (I·"IOUT r 1!"3 }um, CXX, 1 •• ::::Rr L.X (, I_.E.:" L., , l ... _ .. _, , " 

~,m 1 TE ( I~OUT , eo) 



{::, ' 'II ., -..\ (1 ,-.) ". , ' 

. :~:: ~ ::i:: ~.; :~:~ (:~:: ~) :~~ ~ :~:: :~;; :;.~ i ~7 :i: ~ ~:::. ::: 
Pi ( 1. 1 :.0 ::,\ ( :~:, 1.1- ) :: 1. • 0 r - • -

{; .C;!, 1 ) ::::: +:: ~::; / t'll; 
r\ (2,:2) ::"_·'C:XX!!·'!.'\ 
/.:., (',::;!, Lj,) ::'-CXY /i"li~. 
,c\ ( LI, r :~~ ) ::: ··'c:Y)\/ ~,1t!j 
,; ("'+, :~:) :::'+::~:;/I'1A 
1\ (LI, r !·I,) ::;;:·"·C:VY /~lIA 
E: ( ~;~, 1 ) ::::1:: ( If 1 ~~!)::: 1 /~lP, 
E: ( 1 7 1 ) ::: E: ( 1 " ,2 ) :::: B <:2 r 2 ) ::: B (:::: ,1 ) ::: I:: <:::: :2)::: I:: (:1 1)::: Cl 'n 
LIt:;. ]' "I",:::, (.~ 71::') , " l' 7 •• -
"'.'IJ',. _.. '_I ;.' , .. .I . 

~,.JF{ I TE:: ( 6 ' I' ::.. ) 
I;JF~I'rE(6 75) 
DO 1 1::::'1." .q. 

1. \;4 F.:.I T E: ( 6 ,. 1 0) ({; ( I r • ...1) 1 '.J == 1 , 4) 
~'Jt=~ I TE: ( I.:" 7~ ) 
t·m I 'fE ( .. S .. 77 ) 
~'·m I TE ( {,' 75 ) 
DO '2 I:: l, 4 

~:~ t··J F~ I 1" E~: ( .. ~:.:, "1 ()) (E: ( I '! .J ) 7 .J:: 1 7 2 ) 
10 For:;:1'1p,T (,~ (1 X T 1::15. :::) ) 
]~ FnpMAT(~X 'rRR' 4X Fl~ 0 oX 'rxx' 'lX F"l~ ~ / . -. ... ~ . . 7 -' . 7 I 7 '- <I '_1.7 I ... ' 1 _' i ~. 1 , ... 1 •• :) 1 7 

~7Y '~RC" ~y r::'lJ::' ° ov 'I~X\t"4X 1-11::' n ' 
T. '.7 ... ,_I r t'''r . "_I. ' ... "'_1/\.,.... T \7 - ,_I. I:', / r 

$7X,'CSR',4X,F15.8,8X,'CYX',4X,F15.8,I, 
':J;; 7 X r ", c:~::s" r £'1: X ; F 15 . :;:-" \:\X r "'CYY'" r 4 X r F 15 . ::: J 

83 

75 FORMAT(8X,/----------------------------------~--~-------------. 
'7 (:. FORI'1,-\T U::>:, ", :<,:::,~ DYI\lAM I C t'lATR I X ;0;;0=' 

77 Fom'1AT (:::~~\ 1 ", ~?.:;~ INPUT 1'1,6,Tfn X ~:<>:' 

/::;: FOF~i'''I{;T (::::X r ", ~"';~ DAI1PING COEFFICIENT~:: :<:;:<:=: 
79 FORMAT(8X,'~~POLAR COORDINATES~~',6X7'~*CARTASIAN COORDINATES~' 
80 FORMAT(8X,'-------------~-------',6X,'~--~-~---------~--------

FE:TURN 

C THIS SUDROTINE RENAMED THE STATE-SPACE MATRICES 

SUBROUTrNE TRANS ~Ar8,A1rI::1,A'2,B:2,A3,83,L,M) 
REAL A(10710),Al(10,10)7A2(10710),A3(10710) 
FE/\L Be 1.0,10),1::1 (10,10), B2( 10,10) r B:~:( 10,10) 
F\BHND :::: 
DO 1 I:::: J. r L 
[)O 1 .J::: J, T L 
:~,1 ( 1

1
.,.1) ::f\ ( I ,.J) 

,t:.l~~(I ,.J):;:t~( I,·J) 
1 t,}.:~: ( 1: r • ..1 ) ::t~ ( I, .j) 

DO ~;~ I:::::. 1 L 
DO '2 .J::;} r Ivl 
B 1 ( I 7 .J ) 0: E: ( I , .J ) 

. B2 ( I , . ..1) ==B ( I r .J ) 
do f:::::: ( I , .J ) :: E: ( I 7 .J ) 

DO,51 I::: 1, l 
~"m I 'fE ( ::::, 10) (,; 1 ( I T .J) r .J:::: 1 ; L) 
l.JF\ITE(:::~ :lO) (,<~2( I,.) ,.J:::1,L) 

51 l'JF( I TE ( :::, 1. 0) {t-l:::: ( I, .J) 7 .J:::: 1. L) 



t', .... 

DO ~5·: I::: 1 , L 
\~)F([TE(:::,lO)<B1(I I) 1--1 tl'
WRITE(8,1n)(R~(·I·'~1\7~I=lrl~l~ 

.. -'-- 1 1_'r'- ~I 

~:i ;? ~ .. J Fi I T E. ( :::, 1 0) , F: :"".:: (,. 1 ) -1-- J ' 1'1; 
10 FORMAT(10(ix:~1;:~};~-·' 

nETUFI\1 
EH[t 

DO 2 1<::::1, L 
~ AP2(I,J}=AP2(I,J)+A1(I,K)~A2(K,J) 

DO 52 1::::1,L 
WRITE(8,10)(AP2(I,J),J=l,L) 
DO :;: 1:::1 T L 
DO ~.:: ,J::::1, L 
f~F':;:( I r ,..1):::::0. 0 
DO :::: t:;:::::1,l... 

3 AP3(I,J)=AP3(I,J)+Al(·I,K)*AP2(K,J} 
DO 5~~· I::: 1 , L 

53 WRITE(8,10)'AP3(I,J),J=l,L) 
1 (._.j ·r-I·-I-'M"· -r ' ·l -. , 1 y. [-1"" _.) roo J'"\ r. \. (1\, .\1::' ._1.:::) 

·F:E:TUf<1\1 
I:=':ND 
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C THIS SUBROUTINE CALCULATES CONTROLLABILITY MATRIX OF SYSTEM 
C ~~~**~~~~~~*~~**~~~*~**~~~******~*~**~****~~~*~~~*~*~~~~* 

~::UE:I:::OUT I t···1E:: COI'1 (B 1, p,p 1 , AF'2, AP::::, COEX, I D 1, I D2, L, 11, NOUT ) 
REAL B1(10,10),AP1(10,10},AP2(10,10),AP3(10,10) 
r:::E/:,L . C 1 ( 10 r 1 (> ) ,. (:2 ( 10 , 10) , (:3 ( lOr 10) , (:4 ( 10, 1 <) } 

REAL C(:O(10,10),COEX(10,10),CON(10.10) 
liElHND ::: 
DO 1. ):=1, L 
DO 1 .J=1. t'1 

1 C1.(I,J)=Bl(I,J) 
DO 5i 1""--=1,'- . 

::.~: J ~,m I TE ( !::, 1. G) (C 1 ( I , .J) , J=: 1. , t'l ) 
DO ;! 1:::1:, l-
DO 2..10'::: J. :, r'i 
(:2 ( I r ,J ) :::(> • 0 
DO 2 ~::::::1, L 



(: 

,-, 
..... 

c 

;~~ i::~~ \. I 7 oJ) =C:: ( I 7 J) +AP 1 ( I , f:::) :o:t: 1 ( f::" I) 
Du 52 I:::: 1, L ' " "-

52 ~~J~E(8,10)(C2(I,J),J~1,M) 
Uu :,:! 1:::::1, L 
DO :::;: ,..1:::::1, M 
c:::: ( I , .J) =0. (> 

DO 3 :<::::1, L.. 
:::;: r":' (I I) -1-"-' (II' " -~~ c: v -~0, r~I+AP~(I,K)~Bl(K,J) 

Du J.:! 1=1', L 
53 WRITE(8.10)(C3(,I,J),J=1 M) 

DO 4 I:::::1,'L ' 
DO 4 .J== 1 , t'l 
C4 ( 1 , .J) =0. 0 
DO 4 f:::==:l, L. 

L!- CA(I,.J)=I-A(I .I)+'·'F'·':·{I V)>;.I:'l ll,- I) - 1- rl '-'\ 11"·· .. ··_, "C·"7' ... 

DO !5 1+ I=l,L 
54 WRITE(8,10)(C4(I,J),J=l,M) 

DO ~5 1=1, L 
DO 5 .J::::1, r1 
ceo ( 1 r • ..\ ) =C 1 ( I , oj ) 

[CO(I,J+2)=C2(I,J) 
CCQ(I,J+4)=C3(I,J) 

5 CCO(I,J+6)=C4(I,J) 
DC) ~5~:; 1=1, L 

55 WRITE(8,10)(CCO(1,J),J=l,L.*M) 

f:::K=--l 
I<:::-L, 
'DO !~, I TEFi::: 1. , M 
t<K=KI<+l 
K=K+L 
DO "7 1:::1, L 
[10 "7 J::=1.,L 
U_:=2;:,.J- (2-1) +f:}:: 

7 CONCI,J+K)=CCO(I,L.L) 
6 CC!t\H I NUE 

v,lnI TE (NOUT , 75) 
liJR I 'rE t NOUT , 7 IS ) 
~mITE(NOUT,"75) 

DO ::: 1::::1, t.:.. 
WRITE(8,10) (CON(I,oJ),J=l,L:o:M) 

8 WRITEtNOUT,10)(CON(I,J),J=l,L*M) 

DO 9 .J=" 1 , I D 1 
DO 9 1:::1, L 

9 COEX(I,J)=CON(I,J) 
DO 11 .J::: 1 , I D2 
DO 11 I=l, L 

11 COF: 'I. ( I , .J'+ 1 D 1 ) =COI'I ( I , .J+4' ) 
~J1:;: I TE ( NOUT , 7~i ) 
lrJj':;: I TE (NOUT r 77) 
~'JF([ 'r[ (NOUT , T:i) 
DO L~ 1=1, L 
I JF' I -'," [ (.=. j n) (r:nE X ( I , . ..1 ) r ,..I::: 1 , L ) 
,'\ \ .. "\ I_I 7 ... - -

8S 



c: 

1 ;2v·;r;; 111::' ( l\lOUT, 10) (COEX ( I, . ..\) , .~I~ i , L) 
10 FORMAT(10(lX,E15.8» 
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7'~:: ~:=C!F\~I,.c,;,·r.( 12>": 7 ,," ~~'''-~'''M''''' __ ''·''"·,,----,, ___ ,, _______ ,, __ ,,_,,,, __ ,, ____ w ______________ .? ) 

"? IS FOliiVIAT ( E~>: , " ;,*~,;:;c;CONTROI.,.L.t.,I::r L!TV 1'"1 A nu X (B, BA, •• (B 1 , £:2) :c:;c;:c:"') 
7"7 FCIF"{til,i:"T (. J. ~~>:. 7 " ~i::.<":' :::ELECTED CONTF<OLLAr::I L I TY MATF: I X ;,;*:c;'" ) , 

RETur':::N 
ENf..i 

**~~*~;c;;c;~~;c;~**********~~**~~~~**~~***~*~******:c:~*:c::c:***~***:c:;';****:: 
TIoOn:::: ::::UBP.CUTINE cm'lPUTE::: THE HNER:;::E t1ATRIX U::::ING BY IM::;:L 
SUBROUTINE LI~V1F 

*~<~*****~**:c:~*~~~***********~***~***~~*******~*******~***~;,;*~*** 
SUBROUTINE INV (NN,A,AINV,NOUT) 
INTEGER NN,IA,IDGT,IEF< 
REAL.A(10.10),AINV(lO,lO),WKAREA(lO),O(10;10) 
.1: ;\::: 10 . 
I I:n::n" ::;: :::: 
~·JF\ I 'r ;::: ( NOUT ,'7::i ) 
t·JF::r 'fE (t\10UT r '7.-:'. ) 

. ~m I T[ (, t·.!CHJT , 7~;) 
[101 I co:: 1 , I'.~f~ 

:I. ~·JF:In:(I'-~CJUT, 10) (1-\(I,.J),.J==l,NN) 

CALL LINV1~(A,NNrIA,AINV,IDGT,WKAREA,IER) 
\,JF: I '"1 E ,; I···.IOUT , "75) 
~··.JF\ I TE:. (I\IOUT , 7"7) 
(;'JRI 'T'E ,; NOI. . .!T , 7~:i ) 
DO' 2. I:::: 1 r t·~;\~ 

WRITE(I\IOUT,lO)(AINV(I,J),J=l,NN) 
2 WRITE(8,10)~AINV(I,J).J:l,NN) 

10 FnpM~T(4(lX El~ 8» 
t:"I::IF~I· .. tl::'T ( 1'-'V' ~. ~~ .... ~: .. ~.~ ....... ---.- .. " ... , ... -.-- ...... ".--.. ---.------.-.----:..-------.---.... ) 
I' - \ In .7. ,\ • I ~'I:.I_IT l'lATR I X ;<,~:;o;.' ) 

)' :.:. F'OI::;:lvlf-,T \. 1. ;";!.X, .. ' ?-:,;c;;c; t'-l 

E tlATF' I X ;:;~~~ 0'· ) ",'"/ FOF:I'It-.T ( 1 ;~!.X •.. ' ;0;*,:, 1 NVEFr:::.' ., 
F:ETUI::;:I\~ 

~~~~~~~~~~.~~~~;o;~~~~~~****;o;**~~;o;**;o;~*~***;o;*~**~**~*;o;****;O;~***~~*** 
·'1~1:'1 :[. :~; .. !;:;;.~;i:;,~~!:;,";·:r I' t~E 1'1ATCHI;:::: I NVER:::E OF COI'frROLLAE: I L! TY rlATR! /.. WI rH 

:::~~~~~~~~*~:!~!!*******;o;;o;;o;*~**~~~~**~*****~****~~**;o;*;o;~*;o;*****;o; 
SUBROUTINE TTRA (A,TR,ID1,ID2,L,M,NUUT) 
F:E::~'1L.. ("i( 10, :.0), TF( 10,1.(;), 
Fd:: l/JI 1\1 [I :::: 

I:::: I [i 1. 
DO i. . ..!::::l,L 

1. n~: ( 1. ,. .j .i ='''\ ( J , .J) 
1=ID1'1-1[1:2 
DC: ? .J:-.:: 1, L.. 

... TF< ( :2, ".1) :::'{~" \. :~ r .J) 
~·lr:~ I 'TE (!'-IOUT, "7~) 
l,JH 1 'n:: (t,ICtUT, "7 i':. ) 
~··m I TE (I'!OUT) 7~i) 
nn !=; 1 I ,.:: 1 . ['1 
L~JI~ I ~r r: \. ::: 7 1. (~):. (T F: ( I , . ..1) , . ..1:::: 1 , L ) ') 

~1 WRITECNOUT,10)(TR(!,Jl!J=l,L 
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10 FORMAT(4(lX.E15.8» 
:~ FORMAT(12X.~-----________________________________________ ~} 

76 FORMAT(12X.;~~~ 
F:E'rUF~N 

TRANSPOSE MATRIX 

EI\ID 

C THIS SUBROUTINE COMPUTES THE T TRANSFORMATION MATRIX 
c ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

SUBROUTINE TMAT (TR.AP1,AP2,AP3,TX,ID1,ID2,TI,TB,TC,L,M,NdUT) 
REAL TR(10,10),AP1(10,10),AP2(10,10),AP3(10,10) 
REAL T1(10,10),T2(10,10),T3(10,10),T4(10,10) 
REAL TtO(10,10),TON(10,101 
1::;~t:::PJ .. TX (10,10)."I"I (10.10). 'rB( 10,10). TC( 10,10) 
REWIND 8 ' 
DC :l 1=1.1'1 
DO 1 . ..1::0 1 r L 

:t 'T 1 ( I , ,.J) =TR ( I , . ..1) 

rio ~i 1 I :::: 1 •. 1"1 
~:'1 IrJR I TE (:7::, 10) (T 1 ( I r ,J) • d:: 1, , L ) 

DO 2 1=: 1 ! 1"\ 
DO :2 .J:::1 r L 
T::;'~ ( I " . ..1 ) =~(). <) . 

DCi :2 ~:::::: 1 , L 
2 T2(I!J)=T2(I.J)+TR(I,K)~AP1(K,J) 

DO 52 I=1,t1 
52 WRITE(8,lO)(T2(I,J),J=l,4), 

DO :::: I ~-:: 1 , 1'1 
['!O :::: . ..I'=' t 1 L. 

, r::: ( I r • ..\ ).:::0 • 0 
[In ::: K":: 1. " L. 

:::: -i':~: ( 1, ._i) ,:::-j-::;: ( L .J) +TFn I, n ;"'AP2 (K,.J) 
oCt 5::::1::: 1 , I'i 
WRI1E(S.10)(T3(I.J),J=1.LI 
DO 4 1:= 1 , 1'1 
DO iJ, ,J:::: l, L 
T ,q. ( I , ,..I) :::0.0 

DO ,q. K:::: t 1 L . -I"F" (I V) X "F":' (t.·· !'J 4 '1" ':\' ( I 7 • ...\ ) :::.1" 4 ( I , . ...1) -I-- -:. ,r·,. '-'r'l '-' p •• , ,-

DO 54 I~l.M . 
<51.1, ~',J nIT E ( :::, 1 0) ( T 4 ( I , . ...1 ) •• _l= 1 • L ) 

DO ~5 1:::: '~ , rl 
[10 ~i ,J::: ~ , L., 
TTO(I,J)=Tl(l.d) 
., .. -.- I-I .. I' ..1_ .,:, ! ) =" 1" .::. (1 .J) , 'I. \ .... _ "f ' MO • _... 7 

"r'-r':: : '[ 1.'1 I) -"r':' q . \ , .:..1', . "Ml,,1':, 1_ _.. ._1,\ 1 _ , 

5 TTO(I+6J>=T4(I.J) 
n r! !::~ ~'5 I :: 1 • U~"vi " 

~~ ~;T;~(O 10)(TTOCI,J),J=1,L! ._...... v'-Jt I,.z. I .... _ \ ..... . ... 

DC.! S K:::::!. 7 L." 
1=2, .. ,1< "-1 
DO :;: . ..!:: .. : .. , i_ 

6 TO~(KrJ~=TTO(I,J) 



I.::: 

,-, 
'-' 
C: 
c 

no -; (:::::1, L., 
X :::::;2;c;!< 
[!CI ~l IJ:.: i 7 L. 

7 'ro~,,1 (I<+l_, ,J) ::::TTO ( I •. J) 
;'JI:~ I TE: ( l'lOUT r 7:':, ) , 
WI:::': I TE ( NOUT , 7 IS ) 
~i,m ITF (1,11'11 11- -il::!') ~_\l~ __ ' rl .... 1 

DO 5:':' ::: :::: 1, L ;';1"1 
LJ I::',' 'I -I" c: (,', 1 (-" . -I" ' •. 
v' \ I ,,,. \ ,::0, ,L .. J .! { UN ( I , ,J) • ,...I ':: '1 L) 

56 WRITE(NOUTrl0)(TON(I~J):~=lrL) 

[It) ::! I :::: 11 I It 1 
[10 :::: ,..I:: 1. J L 

d TX(I.J)=TON(I.J) 
DO'~' I::: 1. , I D:=:: 
DO .:;> .J::: 1, L 

~ TX(I+ID1,J)=TON(I+L,J) 
~,JP ITF.: (!'lOUT, 75) 
~·m I TE (NOUT , 77) 
~JH l'rE ( I'.IOUT , 7~3 ) 
DO ~::7 j'.:::1,L 
WRITE(8,10)(TX(I,J),J=1,L) 

:;:i? I,.)r:n TE: (I'IOUT 7 i 0) nx (I· .1) .1= 1 1 ' . . 1- 1- 1L-1 

LtO 11 :~ -':".L , L, 
UCI 1 1 ,.1::-= 1 , 1.., 
T 1 ( I, J; =:TX ( I , .J) 
TC ( I, .J; :=TX .; I, .j 1 

11 TB(I,J:=TX(I,J) 
DO !:i:::: 1 =1, L 
~~FnTE(:::,:r.;) (TI(I"J)"J=l,U. 
WRITE(8,~)(TC(I,J),.J=l,L) 

L\!PITE: (;:',;:;) nBC I, ,J), ,..1=1, L) 
10 FORMAT(4(1X,E15.8» . 
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75 FORMAT(12X,~----------------------------~----------------.~) 
76 FORMAT(12X,~;:;;:;;:;TRANSFORMED MATRIX (T,rA) CT1,T1A FORM)~**~) 
77 FORMAT(12X.~;:;;:;;:; T-MATRIX ~~~~) 

F:ETUF~N 

END 

THIS SUBROUflNE COMPUTES THE TRANSFORMED MATRICES IN 
PHASE-~ARIABLE CANONICAL FORM 

SUBROUTINE ATRA(TI,Al rTINV rAT,Bl,8T rL,M,NOUT) 
REAL TI(10,lO),Al(10,10),TINV(10r 10 ),AT(10,10) 
REAL B1(10,10),BT(10,10),AMT(10,lO) 
h:[::lrJ I I~D :::: 
DO ). I::: 1. L 
DO 1 . ..1:: 1, L 
o'-\l'iiT ( I 1 ,J ) ::::0. O. 
DO 1 ~<::::1,L . 

1 .. ' \"'1-( ;'r i ) -.. c' t'11" (I ,I) + T I ( I , ~::' ) ':-~ P, 1 ( K, ,..I ) 
I. r"l l '. ~ 'I 1_' --,', ., 7 -' • 

C F>F\ I t·rr ,:!:, ,.' A;:,T ,.' 
Dei !:::1 1:::1,L 

51 WRITF.:(8.10)(AMT(I,J),J=1.4l 
DO 2 l. ,,: 1 • L 
:C:C) '.2 .. ..1::::' 1 .L 



P', r \. 1 7 .J) :::0" (> 

f!O ;:: f:::::::: 1, L 
2' ,cl'T (T, . ..1) ::::,6,T ( 17 0..1) +AI'1T ( I 7 f<) ~'TINI)\ K .1) 

WRITE(NJUT,75) .,-
I;JPI TE (N)UT, 76) 
hIP I TE ( NOI...IT f 7~:5 > 
DO ~i:::~ 1:::1., L .. 
t··.lP I TE ( ::::, 10) (Xr (I, .J) T oj::::: 1, L ) 

,. .... -, IjF··'rT'····{I·.I .. ·III-I·' 1'-')' ·-r·(I .::. ... 7.. 't·. -"., ,;.:: .... ,'~- -. '.' '.) \ t-;, 7 • ..1 ) , 0..1=:: 1 , L. ) 
DO :;:: 1:::::1, L 
':-:!,:';::: . ,..I =-": 1. y 1"\ 
DJ ( I r • ..1 ) ::::(;.0 
DO :::: 1<>-" 1. , L. 

3 BT(I,J)::::BT(I,J)+TI(I,K)~81(K,J) 
~Jn I TE ( I\I:)UT , '75 ) 
~··m I Tf::: \. !'-.IJUT 7 77 ) 
\;JI:::.: I 'fe ( 1\1::I1...IT , I::; ) 
fJU :5:::: I:::: 1 , L. 
WRITE(8,10)(BTCl r J)rJ=lrM) 

~5::': l~\IF\~ I 'rE:: ( r--.~ )IJor 7 1 (») (E!'r ( 17 .J) 7 .J::: 1 T 1"'1) 
10 FOPMAT(~(1XrE15.8») 
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75 FORMAT(!2Xr'-------------------------------~----~--------~) 
76 FORMAT(12X,'~~~ A-TRANSFORMED MATRIX (A~T~AINV) ~~~~) 
7"7 F(!:-::I'\:\ T ( 1. ~;,~ X, .. ' ~"::,,~:, B-··TF;!;I\I:::FOF(I'IED 1'1t\ TfU X :c,*~ .. ' ) 

r:..:E:TIJF\:N 
EI",ID 

C THIS SUBROUTINE COMPUTES COEFFICIENTS OF CHAR~CTERISTIC 

:;:::!..IBI::;:OUT I NI::: :::E I Ci (~iT, In, :::{;, ::::B, 101, L, 1'1, NOI..F) 
REAL ·AT(lO,10),BT(10.10),SA(10,10),SB(10,10) 
F~E \,.J no,: D ::: 
[10 1 .J::" 1 , L.. 
::::::-\ ( 1 , 0...1 ) :::(:., T C I D 1 , .J) 

1 SA(2,J)=A~(L7J) 

DO ',:;;: .J::::: i , 1'1 
88(1.J)::::BT(ID1,J) 

2 SB(2,J)=BT(4,J) 
1!~F~ I TE: ( I"DUT -; 7::i ) 
V)F~ I n:: ( I'.\::IUT , 76) 
~~n I TE ( NOUT , 75 ) 
DCI 51 I::::l, 1'1 
WRITE(S,10)(SA(I,J),J=l,L) 

51WRITE(NOUT,10)(SACI,J),J=l,L) . 
':;:'I::,'r ''-'-1-:'-;' .' I "'IF.'!!l- f:- NI,6,H: I X OF :;::Y:;::TEM " 
j I ' ... 1-' .• r 1-' _. . I' 

DO ~52 I:::: 1 ; f"l 
"~-,-.• 1"'-' .,. "I"c" , ,-, j -)o, I o:·r.:o ( I ,., 1= 1 M) .... ;:.:.~ .v·~:I·\t L:.l .. :., ,\"1,,_,1::' ',:;\_1,.;,- , 

1 (; FCq::::I'1;; T (~. ( 1 X , E 15. :3) ) . . .' .. ' 
. 75 F0P~~T(1~X ~--------------------------------------------- ) 

1=~;I~I:-r;I'~X' ~'~~~I-I'EI=F- OF CHARACTERISTIC MATRIX(SYSTEM)~*~') 7 .'~. '_IJ··... i"', " . t.';.. '1 ...... . -' - .- • 

F,['rUF:I\1 
E:I"~D 



,-. 
'-' 

I .... 
I'" 

L..::ifH ; :::>:[i Xl +1 nx') I '\!'1':'-L'-I" '-'. .. .... ....n '-'- ".-. L .. AM:':=DX4 
Pl=-2~DX1-(DX3+DX4) -
c· .... ,_ .... \'''1''' j ...... - r"'" 
" ":..-.. \ ~. i\ ,>:",,,,.~ .. ! .. ",I A :,:~;o;:<::2 ) +2~':DX i;o; ( [IX ·:·,,' .. nx II H D v .-•... [IX LJ 
F·:·~::-:-·"· (I"I) '::"I-DX II) !t .• (r- X l' .... _ _. ...... .. .. 1\.; . .,.., . 

... . ... "- -r·~ J :<:''''',-:!+DX··';;;:~i.··.:J) -':',<:'DX 1"'DX'J"D)'4 
F··q:::: (, OX j ;o;~~:~+DX2?-~:"2) :::;DX:;:~-':DX4 --..... .., ._.:<, \ 
DO 1 1:: 1 T :;: 

1 ,0,D ( 1 , 1·1·1 ) ::: 1. 
f-'iD ( 4· T 1 ) :::"-P4 
/\[1 ( i.!. y 2) :::-p:::: 
(.::,[1 ( !j., :~: :? ::: .... P:;: 
,::.n < i·l· ,.q. ) ::::-F' 1 
\")17;: ITt:: ( !\!OUT r 7~:, ) 
~··JF;: I TE (nOUT T "7 :~. ) 
~'JI:;: I TE: ( !\IOI .. rr , 7~5 ) 
DO ::'1 ] :01, L .. 
~JF~: l"rE ( :::, 10) (r\D ( I r .J) , .J::: 1 , L ) 

!:; 1 HF\ I -CE (r,!DIJT 1 l. 0) (,6,[1 ( I, .J) , . ...1::: 1, L) 
DC)::::: . ...1:: 1 r L .. 
:';':::'[1 (1, . ..1) ==(.',[1 (ID1,.J) 

2 NAD(2,~):::AD(4,J) 

~·Jn 1 TE: ( 1\:01..1"1" , 7:;) 
klF~ 1 TE (HOUT r 77 ) 
~··JI::;: I T~:: (!\!CIUT , 75) 
DO ~5;2 1::: 1 ; 1"1' . 
VHH TE (:::; 10) (NAD( I, .J) r • ...1= 1, L) 
WRITECNOUT,10)(NADCI,J),J=l,L) 
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i 0 FOF\ti!i\T ( 4 ( 1 \ t E 1. 5. :::) ) 
FORMAT(12XT'-------------------------------~-------------') 

. ..,. " 
/"i:'. 
-., .. ··1 

./ / 

FORMAT(12X,~~~~ DESIRED MATRIX ~~~~). 
FOF-:lv!,t,T( 1.-;;~X, .. ,?::~~-~ COEF'FICIE~H DF DE:::IF:EU 1'1ATRIX :::~~"') 

iiF:TUPt··.\ 

SUBROU1'INE GAIN (NAD,SA,BTINV,Cl,TC,KK1,L,M,NOUT) 
F~:;::::.';L. Nt,DC 10,10), ::::),( 10,10) 7 Hi( 10,1.0), C1 (10,10) 
REAL TC(10,10),KK1(10,10),BTINV(10,10) 
nE~·J H~D :::: 
DO :l 1:::1,1'1 
DO 1.' .-'=:1, L 

:l T / .... c. L r .J;' ::::NAD ( I , . ...\) ·-:::A ( I , .J ) 

~'Jf( I "IE: (~'IOUT 7 7~:') 
lJI::;.: IrE ( I'IOUT 1 '76) . 
J..'H~ I 'fE ( I'IOUT , T5 ) 
DO ~;:l 1:::: 1 r: 1'1 
i"jF, I T [ ( ::: 1 10) (, T A ( I 7 .J) , .J::: 1. r L ) 

~5:l ~41:;: I TI:: ( 'r'IOUT , 1 (;) (T r; ( I , .J) , .J::: 1 , 1-; 



:::10 2 1":::1,1'1 
DO ~~ . .J"-"1,i... 
C 1. ( I ~ . ..1 ) :::0 
DO ;~ Y=l r IV! 

':) (,:1 (I, .. J) ~'C:l (I, ,..!)-i-E:TINV( I f01n~'\ (l~' I) 
I,.!o::~ '1' ",de:' (1\1-111-1- -7':C-) 'r, . r·., '-
\\1." I.... • ...... , .... 1 

~·.;F·: J 'r~~ ;~ ~····l ~.!!.J·f 'I '7'7 ) 
vn~: I . IT': .; 1\1') 1..1";.. i ~:: ) 

n C! L:::A I:: 1 , til 
t"JP I TE .; :;:!, :l 0) ( C 1 (I . I) I=: 1 I \ 
1.1 ~ ... " .. " ,0_, 1._ .... ,... 1 '- ., t - J 
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::.:4 ".' .. :.1. IE." r-.. JU I , 1. 0 ) i I":! \' II'} 1-1 I ') . ._- ,~,~- r~ 

i.:. U:, LL Ci i\ I ~.! 

C: 
,-. •... ' 

UC! :::: I :~: 1 , 1"1 
[t Ci :~:; .. J:= 1 r L 
I<t< 1. ( I T .J ~. =::0 
Ct.:" :;: I<.:::."t, L 

.-. V'V'I .. ,. i \ -"""'V'I 'T I" -'1' I .. ..-.. ;:. '··.r·· .. ,. '. .'." .~., i -·-,·.r··.J. ~ J., ,_ ) -1-1. .. ',., f:: .. ) ;:"11_: (f::·,.I) 
WRlfECNOUT r 75) . -
\:::~: J. -fE ( N)lyr' 7 "7::::) 
t.:;:':: I 'fE ( 1\1')UT , 1~5 ) 
DC! ~?5 I" 1. , ;'1 
VJh:i: T::: (::::,1.0) (Kfn (I t ,J), .J=l, L) 

5~:, ~·mITE(t\I:tUT, 10) (Kf:::1(!,.J),.J:::l,L) 
10 FORMAT(1(1X.E15.8» 
!~:; FCtf::.;·i\/\·r ( I. :;:~x,. .. ' ---... --.---.----... --.--.---.-... ----.-.--------.-.----------.-------- __ . ___ .. ___ . ______ . __ ._.- ) 
76 FORMAT(12X,~~~~· DIFFERENCE OF EIGEN VALUES ~~~~) 
--:)' f: CiF:i''4lr\ or.: t:;,: x 7 ,,' ::;7~':7:!;; Cii\ I t,~ t"l/~ l"F< I X ::; *~o: .. " ) 
"/':::; r:'!=!F\!":ii':,T ( l:2X. "';C"";;": Tli{\N::::r=OI"\t1ED GAIN t(l,t>.tl~IX X:<:;:>7") 

F:E'rUF::N 

. . 
.:~~. ~<".:.;.:. >:. :,;.; 1-:~ ~:; ',i; .:c;;::~ ~::~;:-=~ :t.; ~(:; ~;?.:~ i~~("~ ~r.:~: ~ ::.; :.:; ~:;~~;;, ?:-:. :~~ :r:.~ :.:; :~~;~; ~c: ~:; ~ ~ ~;:c; ~;t;~:,-:; ~ ~~:~; 

TH I :::: :~::!..J:::nOUT I NE CO\'lPUTE:::: THE CL,):::ED-LOOP l'lATR I X 

SUBROUT(NE CDE (A2,B2,KK1,EI,L.M,NOUT) 
r-~.:E,c"l... 1\2: 1 0, 1 (> ) 1 E:2 ( 1 (;, 1 (» , CC ( 1!), 1 (1) ,1<1::: 1 (1. (I, 1 (I) 
nEI\I_ [I: 10,10) 
COMMON/COEfl!CA11.,CA1.2,CA13.CA14 
COI'H1Ctl\j,! (:OEF~;:/ Cfl,;;: 1 .. c.~~~:~, CA23, C/~\2.t.1 
c.: 0 1'1 1"1 CJ 1'.1 / C: clI::r :;: ! C A :~: 1 r C{~i :~: ::.~ , C A:::: ::::, C A :~: f~. 
COMMON/COEF4/CA41iCA42,CA43,CA44 
PEJH !\m :::: 
no 1 1:=:. r l... 
DC: 1. ,..J=:: 1, L.. 
C::: ( I ,. .J) ::0 • 
!"I "-1 j f··· .. ·· t.1 

'1 I::;:: ( :: '" ."j .;:. ;;I=:;:~ ( :r 7 .J ) +B;;~ ( I , f:::) ~f:JO ( r::: t .J) 

DO 5 I:::::: .. , L 
::; 1.,)F"; I 'rE ( :::, 10) (CC: ( I , .. J) T • ..1:::: 1, L) 

t:~ I ( I r .J ) :.: 0 , 
. DCI 2 I ::"::i. , L.. 

DO ;'2 .J:::: :: .• L . 
.... , . r:: I { I 7 • ...1 ) : :t:',2 ( I ; . ...1 ) +C:C: ( I 1 .J) 

C/:.:l:! :::!::I l :~.- ~) 

C~ . . ::<':::: II 1 ,.2 ") 



CP, l::::::::EJ (1, :::: 
C{\ l'::I·::::E l ( 1 r 4 
C .. \:~:l:-.:ET ("2, 1. 

cr.~~<::::::E 1 '( 2, :::: ) 
1-" A':' ;;to ,~:: i="1 \' '", II' 
... ·1 ...... "'I __ . J ... • •• 1 "1' ) 

C(~,::::: 1 ::::E I (::::, 1. ) 
Ci\:~::::;'.'-:::E 1 (:::!, :?) 

CI;:~:::::::::E I < :::: 1 :::: ) 

C::~:3LI·::::E: I ( :;:, /.~ ) 
C .. \ '::1· 1 =.E] (4, 1 ;. 
C;t','1·2=EJ (,1-,'2) 
C/-\4::::=I::] (4, :::: ) 
Cp;Llll·::::E] (4, 1.1, ) 

l,·n::: I TI:: ( NOUT 1 7!'::,) 
~~F~ I 'fE <flOUT, 7 is) 

'IrJH 1 T'E (NOI...I'T , 7~'t) 
DC! :::: I'": 1, L 
\",!R I TE ( ::::, 10) (E I ( I , .J i , .J::::: i ,L ) 

:~: ~~H:;~ I TE: (~!CIlJ'T 7 10) (t::. I ( I 7 ,J) T ,J= 1, L) 
10 FOHMAT(4(lX,E15.8» 
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75 FORMATC12X,'---------------------------------------------') 
76 FORMAT(12X,'~~~CLOSED LOOP MATRIX AFTER FEEDBACK(A+BK)***~) 

C: 
c 
,-, 
'~.' 

C: 

F:ETUF:I\I 
E:I'~D 

THIS SUBROUTINES COMPUTES THE EIGENVALUES 
USING IMSL SUBROUTINE EIGRF 

SUBROU1INE EIGEN(EIG,L,M,NOUT) 
REAL EIG(10,lO),WK(24),RZ(32),RW(8) 
COMPLEX W(8),Z(8,8),ZN 
EG!U I VAL ENCE (~.J ( 1 ) , R~J ( 1 ) ), (Z ( 1 , 1 ) , I=< Z ( 1) ) 
f~:E~H ND :::. 
t'-lN:::::L 
11\:::: Hi 
l···JI:::: I 'rE (NOUT ,75 ) 
~·m I TE ( t\!OUT , '7:;:. ) 
\rJl~ l'rE: (I\IOI..IT , P3 ) 
i) C! I':, I ::::: 1 ,~H"l 
WRITE(NOUT,101)(EIG(I,J),J=l,NN) 

(. CONTInUE 
tOl FORMAT(4(lX,E15.8» 

C COMPUTE THE EIGENVAUJES/VECTORS OF A 
:L 0 COt·'·ll I NI..!E: 

T IC!B::::';:' 
6~C~ ~lGRF(EIG,NN,IA,IJOB,W7Z,~A,WK,IER) 

C WRITE THE EIGENVALUES/VECTORS uF A 
I;)R I TE ( ii., 7:::) 
~·'Jr~ I TE (.~:., "17 ) 
qF~ I TE:: ((:., 7:::) 
~'JF\ I T I:: ( (;.., 150 ) 
FORMAT(14H EIGENVALUE NO,10X,2HRE,16X,2HIM) 



93 

WRITE(6,200)I,RW(I2-1),RW(I2) 
;;!o CCtNT I NUt:: 

200 FORMAT~10X712,2F18.6) 
,~ FORMAT;12X,'---------____________________________________ j) 

76 FORMAT(12X,'~*~ INPUT MATRIX ***') 
77 F-Of~~llt,T'-_l;;:.X, -';-;i;:,;c; EIOEN :::OUJTiON **~ .. -_) 
78 FORMAT~12X,'---------------_____________________ ~ ________ 'I 

PF~ I NT;:;, -- ---
PRINT*,'*CHECK THE EIGEN VALUES OF SYSTEM' 
liE:TURN 
END 

C TI--11::: :::I_.IE:liOUTINE :::OU,IE::: THE OPEN--LOOP ~::Y~:nEM EQUATION 
C USINO !MSl SUBROUTINE DVERK 

--..... 

S8BROU7INE RUN1(L,CL,FI,IORA,IPLT,NOUT.) 
F'/:-"F(AME":-ER (1(1:::= 1 (00) 
E:-<TEF,I\li-,L.. FeNl 
REAL C I 24),Wl(4,100),T,TOL,TEND 
REAL X(KK),Yl(KK) 
REAL Xl(KK),X2(KK),X3(KK),X4(KK) 
F:E~,6,L_ u: 7 1-"1 A 7 f::::;:: 
INTEGER L,IND,NW,IER,K 
COMMON/QWER/CXX,CXY,CYX,CYY,MA,KS 

OT:=O.O) 
1< 1"1.ci X=:: :::! i) 
T:::.O 

TOI:...==0.(l0001 
II\W::::1 

I t~ I -r I i\L. V:!-;UJE:::: FOR DIFFERENT I/-,\L EQUr"; T I ON 
X ( 1) :::::CI..~:::n,1 (FI) 
X (;~!.):::O. 0 
X ( :~!) =CU:iCO~:: (F I) 
X ( ·1- ) ::-;1), 0 
\,'H~ I orE ( I'IOUT r fl_) 

~'JF~ I TE ( rlOUT 7 5 ) 
\")1:::': I TE ( l'lOUT I- 4 ) 
iim I TE (riCiUT, ;"2) 

\' 1 ( 1 ) "=0. 0 
>:1( 1. )=:C:L~:::IWI:-I) 
X;2(l)=O"O 
:C: ( 1 ) ::::(:U'=CO::: ( F I ) 
)( it( 1 ) :::::( I. 0 '. _-, ( 1) X ,-;, ( 1) X 4 ( :I ) 
~'HUTEJI'lOUT,:::!)Yl(1),Xl(1)7X.:.. ,~. , -
1.)1:-']· --I--c (':. -:'0) Y 1 ( 1) Xl ( 1 ) 
v \- ~ u,_~ • _ 7V~(1' 
~'.n::· I T[ ( ';' 720) Y 1 ~ 1) 7 1\':" } 

W~ITE(lQ,20)Yl(1),X3~1) 
I J 1;-' T "I--!:~ Iii '::' Ij -, Y 1 ( 1 ) , X 4 \ 1 ) 
i\ \.t. ... .. ,,.; "" 1 .lo. •• •• I 



,-. ..... 

C 
C: 
C: 
c 

OCI 1 ~:::::::: 1 r t:::i'!I,\X .. 
1~ND=FLOAT(K)~DT 
roo' ... I I .- \ ) , .... !:. . 
•.. :"", ...... Liv;:: .• ·:I::'(L,FCN1;T X 'rEND rL -
l-JPITF(I\lnlrr '-:')"fE=t"[ (X"('I" . ' U , IND,t:,N~~,~I1, IER) • '-' .... ,'.' _',.1, ) 1:::1 L) 
Yl(!<+l)::::TEND " 
>: :I. (1<+ 1 ) :::X ( 1 ) 

l.:::: (1<+ 1) ·:::X (::::) 
/..4 (1<'1·1 ) ::\ (i!.) 
WRITE(8,20)Yl(K+1),Xl(K+l) 
i,.JF~ITE(9,::':~O)Yj (f:;+1 ... 'J X")(lo"~'l) . . . 1 ..... P-,' 

WRITE(10,20)Y1(K+1),X3(K+l~ 
WRITE(11,20)Y1(K+1),i4(K+l) 

i CONT 11\11 . ..1:: 
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'-, c· ... ·If:·'t''l '-I" , ':0 V :- '1" .' 11 X .' " . -..' , .~. : . .': _> .. ~. ~ :.~!.. ' . 7 • ;, ( 1 ) .' , 1:.:: X r .. ' X ( 2 ) .. ' , 1:;: X, .. ' X C;:) .. ' , 1 :;: X, .. ' X ( 4 ) ... ) 
:;: 1- Uhl'1M r ( ,- i.:,. :;: r 4 ( 4 X, F 1 ::::. 11 ) ) 
4 FORMA1'(12Xr~-------------------__________________________ ,0') 

"'. f'::nr:'1'1',T{ j"',X ....... ". -'--1\1-
'-' - 1"\ , .... , , . ,:. 'r X'S'c·, U:-'EI'I L.UOP :::T ATE::: raF :::Y::'TEt1 :e:;c~* .. ' ) 

20 FOF;:I·/I,t.';T(~'.Fl~:5.1.0) ... - - -' - ..... 

f';:E\:·J 1 hID ::: 
F~EIAII'ID ) 
I::;.'F:~J I I\ID 10 
FI!::UIND 1.1 

'" Ii::' ( I ORr~,Ec!. 0) 00 TO 2~::' 
CALL GRAPH (Yl,Xl,KK,KMAX,IPLT) 
CALL GR~PH (Yl,X2,KK,KMAX,1PL~) 

C~LL GRAPH (Yl,X3,KK,KMAX,1PLT) 
CAL~ GRAPH (Yl,X4,KK,KMAX,IPLTY 

2~:i Fi[rUHI"~ 

F::l'-.\O 

ll"H ::: !::U\;:r:::OUT I NE I!:: U!::ED FOR lrlF< I T I NO :::Y:::TEM EG!U~.T I ON 

SUBROUTINE FCN1(L,T,X,XPRIME) 
I r·rn::. CE F: N!'j 
r:::E:l>,L X (1_) r Xf'I=<I~1E (1_) r T 

COMMON/OWER/CXX,CXY,CYX,CYY,MA 7 KS 
X r:;R I \VI E ( .~ ) ::::: X (;:;~ ) 
::<Pf,: II"IE (:~)::: (-f::::::""X ( 1 ) -CXX~X (:~:) -CXY~X (4) ) IMA 

XF'R 1\"11:: (:';:)::::X (4') 
XPRIME(4):::(-CXY~X(2)-KS~X(3)-CYY~X(4»/MA 

I=<F~TURN . 
E: 1\1 [I 

?.:-: :,:;.; ::: ~ :.:~ ):~ :-::; ; .~. :~ ?:: ~; ~r.-:. ~~ ;::, * :0:' ,,; ;:.: ~: :=: ;:; ;,:- ;:; :c'; ~o: :{';;~; ~:-; ~:; ::: ;:: ~; ;:;;C::o: :c: :c; :c: ~: ==: ~ * ::: ;=* ~ ~..: ~ ~ ~; ~ ?:: ?;:; ::: :c: ;c; 

THIS SUBROUTINE SOLVES THE CLOSED-L.OOP SYSTEM.EQUATION 
U:;:: I NI:::; Hi!:::l. !::\JBFWUTINE lWERf:~ 

. ~::~ .. :-.::. ~{:;' ~c::: :c:. ~c: .:<. ~I ~. ~~. ~. ~( :c: .. :c.~. ~C; ~ * ~~; ~c:; :c;. :c.; ~c::c: 1::::C; :c:;:;:c;:;;~;:c: ;c:~:~;:w::c; :c: :c::c::c:~;~; :c: :c: :c: ;:::. ;t:; :::. ::: ;:; ;c;. :c; ;c:. ;c:. ;~;:: 

SUBROUTINE RUN2 (L,CL,FI,1GRA,IPLTrNOUT) 



I~" •.... 

x ( Lt· ) =:0 If () 

TOL::=(;. 0000 i 
[IT=O.l 
I r\H)= 1 
!tWo: I TEe NuiYr , 4 ) 
vJt-:;: I TE (NC)UT , 5 ) 
~,JF\ I TE ( ~'IIJUT , 4· ) 
1··JI~ 1 TE ( NOUT , 2) 
V:i. ( 1 ) :·:::0" 0 
X 1 ( 1 ) ==cu;~:n N (FI ) 
X:;.~(l)=O,O 

x :~: ( 1 ) =cu:;co::: (n ) 

DIFFERENTIAL EQUATION 

/·q·(l)'=O .. O 
WRITE(NOUT,3)Y1(1),Xl(1l,X2(1l,X3(1',X4(ll 
WRITE(8,20)Y1(1),Xl(i) 
WRITE(9,20)Yl(ll,X2(1) 
\,')F: 1 TE ( 10,20) Y 1 ( 1) , X:3 ( 1 ) 
WRJTE(1~~20)Yl(1),X4(1) 

T~ND=FLOAT(K)*DT 

.' 

ct,L.L. D\/Ef·~I< ( l., FCt'I:2, T, X 7 TEND, TOl., 1 ND 7 C, NW, ~~ 1, 1 ER) 
~·JI:;; I TE (NUUT';::::) TEND, (X (1) , 1==1, L) 
'f 1 ( 1<+ 1 ) ::TEr·m 
X1(1<+1)::X(:L) 
X2(1<+1 )"XU) 
X:::: ( K+ 1 ) ::~X c::: ) 
Xq·(I<+1 )::X(4) 

WRITE(8,20)Y1(K+1),X1(K+l) 
WRITE(9,20)Yl(K+1),X2(K+l) 
WRITEel0,20)Yl(K+1),X3(K+1) 
WRITE(1~,20)Yl(K+l),X4(K+ll 
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1 ,CCINTINUE 
".J C'\"'\ c, 1 .... 1 t·. ''1''.;' .. " .J •• ' '1- .. ' 11 X ." y (:!. ) .. ' t D X , .. ' x ( 2 ) .. ' , 1~! X , ." x ( :;: ) .' , 1:;: X, .' x < 4 ) .' ) 
~7 .. '_1\ rll .. · .. i\' 7 7 i\ 

,:::;: FOr~:rTlp,T(F·i.:,.::::,LI.(LlX,F1::::.11l) 
4 FORMAT(~2X7/-------:---::--:--~-~--:~-~-~--:~-::-:--::-~~:). 
5 FORMAT(12X.'~~ CLOSED LUUP ~TArE~ A~rER ~TAIE F~EDB~L~ A* ) 

20 FORMAT(~F15.10) . 



I'"· 
'_. 

c 
c: 

,-, 
'-' 
1·-' .... 

F: f:: \,j I 1\1 D :::: 
_ F\E:~'-J I ND ';1 
f;:ET-J I ND 10 
H~~~,j I ND 11 
IF(IGRA~EQ.O) GO TO 25 
CALL GRAPH CY1 7 X1,KK,KMAX,IPLT) 
CALL GRAPH (Y1,X2,KK,KMAX.IPLT) 
CALL GRAPH (Yl.X3,KK,KMAX.IPLT) 
CALL GRAPH (Yl,X4,KK,KMAX.IPLT) 

::;:. :::i f: E T U F: I"-~ 
EI·-·lD 
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THIS. SUBROUTINE IS USED FOR WRITING S~STEM EQUATION 

SUBROUTINE FCN2 (L.T,X,XPRIME) 
COMMON/COEF1!CA11,CA12,CA13,CA14 
COMMON/COEF2/CA21,CA22,CA23,CA24 
COMMON/COEF3!CA31.CA32,CA33,CA34 
COMMON/COEF4/CA41,CA42,CA43,CA44 
INTEGEF. L 
REAL XCL'.XPRIMECL).T 
XPRIME(1)~CA11~X(1)+CA12~X(2)+CA13~X(3)+CA14~X(4) 

XPRIME(2)=CA21~X(1)+CA22~X(2)+CA23*X(3)+CA24*X(4) 
XPRIME(3)=CA31~X(1)+CA32*X(2)+CA33*X(3)+CA34*X(4) 

XPRIME(4)=CA41~X(1)+CA42*X(2)+CA43*X(3)+CA44*X(4) 
r;:ETUF::N 
END 

TH I!:: :::UBROUT I NE DR A I-J!:: GRAPH I C!:: 

SUBROUTINE GRAPH(X,YrKK,KMAX, IPLT) 
DIMENSION X(KK),Y(KK) 
F~EI-JI ND ::: 
nEJHND 9 
F~E\;-JIND 10 
f:::E~\J I ~'m 11 
I PLT:::(l. 

Dr.) 1000 ,J::::l,I<M{~,X 

IF(XMAX.LT.ABS(X(J»)XMAX=ABS(X(J» 
IF(YMAX.LT.ABS(Y(J»)YMAX=ABS(Y(J) 

:I. (lOO cor',n' L I\IUE 
IF(XMAX.EQ.O)XMAX=1.0 
IF(YMAX.EQ.O)YM~X=1.0 

DT=SIZEX/XMAX*10~O 
DY=SIZEY/YMAX*io.o 
CALL INITID<.TRUE.,.TRUE.,4HNOF1) 
CALL AXISCSIZEX,SIZEY) 



,-, 
'-' 

C: 

.CALL G~DT,DYrX,Y,KKrKMAX) 
C,~LI._ F'fO)l'lPT( 1~3, ,"::::Tp,TE WiRIP,TION'-) 
C,o.LL F'('I::a::UF~ ( D, 4- ) 
C.cILL. F'HClr1F'T ( 1::':, ", ENTER MN KEY"') 
Cl-~',LL PfWt"IF'T ( 13 r ", TO CONT I NUE ", ) 
CALL AWTKEYC1,IJR,1,NC,IC) 
IF(IPLY.EQ.1)THEN 
C,'~L..L. UtlI ON 
tALL AXIS(SIZEX,SIZEY) 
CAL.l GIDT.DY,X,Y.KK,KMAX) 
C{~LL UHIOFF 
E!'m IF' 
C.o.!...L CL.f;::;::\.'F' 
CALL QUITIG(.TRUE.) 
RETURN 
END 

SUBROUTINE AXIS(SIZEX,SIZEY) 
DRAWING AXIS <X.Y) 

. CALL MOVEA(.Ol,.O) 
!::~',LL . DF:,t,.W~ ( .01 r • ';!~i ) 

CALL MOVEA(.Ol,.5) 
CALL DRAWA(.9,.5) 
DRAWING ARROWS ON X AXIS 
CALL MOVEAC.85,.S) 
CALL DRAWA(.83,.51) 
CALL DRAWAC.83, .49) 
CALL DRAWAt.85 r .5) 

C DRAWINC ARROWS ON Y AXIS 
C;\I..,L t'10VE(", ( . (11 , • 95 ) 
CALL DFAWA(.O •. 93) 
CALL DRAWAC.02,.93). 
CALL DRAWA(.01,.95) 

C WRITING VARIABLE ON X AXIS 
CALL MOVEA (.85 •. 5) 
CALL TEXT(10,10H TIME ) 

~ WRITINC VARiABLE ON Y AXIS 
CALL MOVEA (.01,.97) 
CALL TEXT(10,10H STATE 

C SCALING ON X AXIS 
DO 1 XX=.01,.80,.07 
CALL MOVEA(XX r .51) 
CALL DRAWA(XX,.49) 

i c:m'rr I NUE 
C SCALING ON +Y AXIS 

CALL MOVEA(.Ol,.S) 
DO 2 VY=.5,.90,.07 
CALL MOVEA(.O,YY) 
CALL DRAW~(.027YY) 
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;;! COI'rr I Nt.lI:: 
C SCALING ON -Y AXIS 

CALL 1'1i)')E{~,.(. 01 r .~;) 
DO 8 YY~.57.02r-.07 
C.<\LL 1;\O'.n:::,c, ( ; 0 r YY) 
CP,U... DF~i\I;J,ci ( • 027 YY ) 

:~: CO NT I NUt: 
c 

Cfll..L ::::I·'1:3TYL. ( 1 ) 
C RETURN THE AXIS ORIGION 

CALL MOVEA(.Ol,.5) 
F~ETUI:::N 

END 

C THIS SUBROUTINE DRAWS THE LINES 

SUBROUTINE GCDT,DY,X,Y,KK,KMAX) 
DIMENSION X(KK),Y(KK) 
I:::EV) I ND :::: 
r~n~IND ,) 
r~E\/J I ND ::.0 
F:t=J-J I ND 1 1 
DDY=[IY,,,,y ( 1 ) 
IJDT'":DT'::':::: C 1 ) 
CALL DRAWRCDDT,DDY) 
DO 7 ·-'=<i.,KM{~,X+l 

DDT=DT*!X(J)-XCJ-l» 
DDY=DY~(Y(J)-Y(J-l» 

CALL DRAWRCODT,DDY) 
7 COI\~"f' INU[ 

F~ETUF:N 
END 
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N 

Set system parameters 
interactively 

Compute bearing coefficients 
C I etc. us ihg equat ion 

xx (3. 12 ) 

y 

Form dynamic matrix A and 
CALL EIGEN to compute eigen 

values of system 

CALL DVERK to integrate 
system equations 

Display graphs on VDU. 

Compute controllability 
matrix of equation (2.55) 
maKe transformation of 

(2.58) 
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compute gain matrix K 
(2.76) 

Compute new dynamic matrix 
using (2.52) 

CALL EIGEN to compute new 
eigenvalues of controlled 

system 

N 

y 

CALL RUN2 Integration and 
plotting subroutines for 
the state-feedbacK case 

Figure 4.2.1 Flowchart of computer program. 
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Model I Model I I Model 

Land length of bearing (m) 0.024 0.009 0.024 

Radius of squeeze bearing (m) 0.0016 0.09 0.0016 

Clearance (m) 0.000126 0 .. 0004 0.0009 

Attitude angle in co.ord. system 45 45 45 

Static eccentricity 0.6 0.6 0.6 

Retainer spring stiffness coef. (Him) 500000 500000 500000 

Mass per- land of bearing (kg) 25 25 25 

Oil v is co sit Y (Hs.;m2 ) 0.103 0.03 0.103 
-

Table 4.1.1 Datas of selected models. 

I I I Model IV 

0.024 

0.0016 

0.000063 

45 

0.6 

500000 

25 

0.103 

, 

I 

I 

.... .... .... 
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MODEL I 

0.00 1. 00 0.00 0.00 

-20000.00 -85.532 0.00 -ll-5.622 

0.00 0.00 0.00 1.00 

0.00 -ll-5.622 -20000.00 -ll-23.8ll-0 

MODEL I I 

0.00 1. 00 0.00 0.00 
, 

-20000.00 -2.309 0.00 -1. 232 

0.00 0.00 0.00 1.00 

0.00 -1.232 -20000.00 -11 . 607 

MODEL I I I 

0.00 1. 00 0.00 0.00 

-20000.00 -0.23ll- 0.00 -0.125 

0.00 0.00 0.00 1.00 

0.00 -0.125 -20000.00 -1.179 

MODEL IV 

, 0.00 1. 00 0.00 0.00 

-20000.00 -68ll-.256 0.00 -36ll-.981 

0.00 0.00 0.00 1.00 

0.00 -36ll-.981 -20000.00 -3ll-38.723 

Table ll-.1.2 Dynamic matrices of selected models 
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Eigenvalue no Re. 1m. 

MOdel I 1 -39.794 135.706 

2 -39.794 -135.706 

3 -383.652 0.0 

4 -52.130 0.0 

MOdel I I 1 -1.074 141.417 

2. -1.074 -141.417 

3 -5.883 141.298 

4 -5.883 -141.2.98 

Model III 1 -0.109 141.421 

.) 
c:.. -0.109 -141.421 

3 -0.597 141.420 

4 -0.597 -141.420 

Model IV 1 -603.580 0.0 

2. -33.135 0.0 

3 -3480.518 0.0 

4 -5.746 0.0 

Table 4.1.3 Eigenvalues of selected models. 
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