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ABSTRACT

SHAPE OPTIMIZATION OF BUMPER BEAM UNDER
LOW-VELOCITY IMPACT

Bumper beam is an important part of vehicles providing protection from colli-
sions. Its main function is to prevent damage to the rest of the vehicle in low-speed
collisions. For this reason, it should absorb the energy of collision at low speeds without
undergoing large deflections and large plastic deformation. Weight, cost, and perfor-
mance are important factors in the design of automotive parts. The objective of this
study is to obtain an optimum shape that improves the performance of a bumper beam
without increasing weight. The impact phenomenon is simulated in ANSYS LS-DYNA
according to ITHS low-velocity impact standard, in which the full-width of the bumper
beam hits a rigid barrier by 10 km/h. The objective function to be minimized includes
the maximum intrusion as well as the weight. The cross-sectional profile is defined
by spline curves passing through key points. The coordinates of the key points are
chosen as the optimization variables. The bumper beam is optimized for a steel and
an aluminum. Different optimum shapes are obtained for different materials. The two
optimum designs and some benchmark shapes are compared in terms of maximum in-
trusion of the bumper beam, peak transmitted force, maximum plastic strain, weight,
and cost. Significant improvements are observed in the performance of the optimally

shaped beams compared to the benchmark beams.



OZET

DUSUK-HIZLI CARPISMA ALTINDA TAMPON
KIRISININ OPTIMUM SEKIL TASARIMI

Tampon kirisi, araglarin carpigmalardan korunmasini saglayan énemli bir parcasi-
dir. Asil gorevi, diigiik hizhi carpigmalarda aracin kalanina olugsacak hasari engelle-
mektir. Bu sebeple, diigiik hizlardaki carpigmalarin enerjisini, biiyiik sehimlere ve
plastik deformasyona ugramadan emmelidir. Agirlik, maliyet ve performans, otomo-
tiv parcalariin tasariminda onemli etkenlerdir. Bu ¢aligmanin amaci, tampon kiriginin
agirhigini artirmadan performansini iyilestirmektir. Carpismanin benzegim modeli, AN-
SYS LS-DYNA’da, ITHS diisiik-hizli ¢arpisma standardina uygun olarak gelistirildi;
bu standarda gore tampon kiriginin tam-genigligi rijit bir bariyere 10 km/sa hizla
carpmaktadir. Azaltilacak gaye fonksiyonu, maksimum girme miktarinin yani sira
agirhigi da icermektedir. Enine kesit profili, kilit noktalardan gegen egrilerle tanimlandi.
Kilit noktalarin koordinatlar1 eniyileme degiskenleri olarak secildi. Tampon Kkiriginin
eniyilemesi bir celik ve aliiminyum malzeme i¢in yapildi. Cesitli en iyi sekiller farkl
malzemeler icin elde edildi. Iki en iyi tasarim ve bazi kiyaslama sekilleri, tampon
kiriginin maksimum girme miktari, en yiiksek iletilen kuvvet, azami plastik gerinme,
agirlik ve maliyet acisindan karsilagtirildi. Diger kiriglerle karsilagtirildiginda, en iyi

sekilli kiriglerin performansinda 6nemli iyilesmeler gozlemlendi.
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1. INTRODUCTION

A collision or crash is a sudden occurrence that may cause damage to a vehicle
or injury to the occupants. In order to reduce damage to components during collisions
and decrease the likelihood of injury, determining the response of the components and
designing them to increase their impact resistance and crashworthiness of vehicles are

important subjects that draw the attention of researchers.

Low-velocity collisions of vehicles that may occur in a traffic jam and parking
lot may cause high damage cost. The main requirements for the vehicle design in
low-velocity collisions are limited damage to the front and rear parts of vehicles and
low repair cost [1] Unlike low-velocity collisions, in a high-velocity crash, the cost of
repairing the car is ignored; survival of the occupants becomes critical. Accordingly,
the requirement for the vehicle design in high-velocity impact is to reduce the likelihood

of injury to the occupants.

Bumpers are vehicle parts that play a vital role in reducing the effects of accidents.
They have to fulfill both low-velocity and high-velocity impact requirements to provide
protection from collisions. As could be seen in Figure 1.1, a bumper system contains
stiff and flexible components that serve different purposes. Fascia and energy absorber
are flexible components used to reduce injuries to pedestrians at low- velocity impacts.
The main function of a bumper beam is to prevent damage to the vehicle in low-speed
collisions. For this reason, it should absorb the energy of collision at low speeds in
the elastic range with limited plastic deformation [2]; it should also not suffer a large
deflection so as not to cause damage to the parts behind the bumper beam like radiator
and hood. At high-velocity collisions, stiffer parts behind the bumper beam take the
main burden of absorbing the impact energy. Bumper beam, on the other hand, while
collapsing in the initial phases of crash helps reducing peak transmitted force, thereby
preventing neck injury of the occupants. As an additional requirement in bumper-beam

design, it should fit the allocated spacing and should not interfere with other parts [3].



Bumper beam

Fascia

Energy absorber

Figure 1.1. Common bumper system. [2]

Another concern in vehicle design is the weight of components. Reducing weight
is a way of reducing the material cost, but more importantly, reducing fuel consump-
tion, which means reduced operational cost of vehicles and release of smaller amounts
of harmful exhaust gases. For this reason, reduced weight is considered as a design
requirement for bumper beams besides high impact resistance. In a bumper design, all
the requirements should be satisfied so that satisfactory performance is obtained with
limited cost and weight. The important design parameters for bumper beams affect-
ing their energy absorbing capacity are thickness [4], cross-sectional profile [5], overall
dimensions [6], longitudinal curvature, strengthening ribs [7], and material. The best

way of designing a vehicle part is to conduct an optimum structural design procedure.

1.1. Literature Review

There are a number of studies focusing on the design of bumper beams considering

various materials and different shapes.



Zhang et al. [6] considered a rib-reinforced thin-walled steel beam that could
have a potential use as a bumper beam. The simply supported beam had an impact
at its middle with 36 km/h speed. They optimized the shape of the rib by defining a
spline curve for its cross-sectional profile. The optimum beam had a lower initial crash
force and higher energy absorption characteristics compared to the empty square and

foam-filled beams.

Hosseinzadeh et al. [8] and Marzbanrad et al. [9] compared the impact perfor-
mance of bumper beams made of glass-mat thermoplastic (GMT), sheet molding com-
pound (SMC), aluminum, and steel. In their FE model, a rigid steel impactor collided
the bumper with 4 km/h. They considered the maximum deflection, the maximum
impact force, and material failure as performance criteria. Based on the results, they
recommended use of SMC, which had advantages like ease of manufacturing due to its

simple shape without ribs, use of low-cost composite materials, and lightweight.

Wang et al. [10] proposed a lightweight bumper beam design made of carbon-
fiber reinforced composite (T300/5208) in order to decrease the weight without com-
promising on impact resistance. They compared the impact characteristics of steel and
composite bumper beams according to low-velocity impact standard ECE R042 [11]
the results of that study showed that up to 50% weight reduction is possible using

composite materials.

Kokkula et al. [12] experimentally and numerically studied the performance of a
bumper beam together with crash boxes made of different aluminums alloys in 40%-
offset collisions with a speed of 36 kTm Numerical predictions and test results correlated

well.

Farkas et al. [13] considered 40%-offset impact against a rigid barrier at 16 £ as
well as impact against a rigid pole at 15 kTm They optimized the shape of a bumper
beam for minimum mass and maximum energy absorption using DoE (design of experi-
ments) and RSM (response surface model). They imposed constraints on the maximum

intrusion and the maximum impact force.



Cheon et al. [14] estimated cross-sectional dimensions and thickness of a compos-
ite bumper beam from the strength requirements. In their FE model, they applied an
equivalent static force evaluated based on deceleration curve obtained from frontal col-
lision test of a car. They also performed tests on bumper beams under static bending
load to validate their model. They concluded that a composite bumper beam with a

weight of about 30% of steel one had about the same bending strength.

Belingardi et al. [15] considered central-frontal impact of a bumper beam on a
rigid barrier at 15 kTm They compared various cross-sectional profiles, different beam
curvatures, and different materials including composites and steel in terms of failure,
peak impact force, and maximum displacement. The results showed that E-glass/epoxy
pultruded bumper beam had better progressive failure behavior with reduced peak load

compared to other materials.

Li et al. [16] studied the maximum intrusion and the energy absorption ratio of
bumper beams considering central-frontal collisions at 4 kTm and 8 kTm and oblique colli-
sion at 2.5 kTm The authors verified their FE model using a drop hammer impact test.
They selected a suitable thickness so that the bumper beam satisfied the performance

requirements of the tests.

Fuhao Mo et al. [17] investigated the effects of an impactor colliding a bumper

km

5+ simulating central-frontal collision and a legform impactor at 40 kTm

system at 8
simulating pedestrian impact. They optimized the geometry of the bumper using design
of experiments considering both pedestrian safety and low-speed impact resistance of

the bumper.

Yim et al. [18] considered collision of a steel bumper beam on a rigid wall and
also a rigid pole at 5 kTm They optimized the cross-sectional dimensions to minimize
the weight without violating the maximum intrusion constraint. They used response

surface modeling (RSM) to reduce the computational time.



Wang and Li [10] investigated the effects of a rigid impactor colliding on a bumper
at 4 kTm They chose a suitable thickness for the bumper beam so that it satisfied
the requirements for the maximum intrusion, the maximum Von Mises stress, and
energy absorption. They found that the bumper beam made of carbon-fiber-reinforced

composite had better impact performance compared to steel beam with 50% less weight.

Sonawane and Shelar [19] used a full car model to simulate central frontal impact
on a rigid barrier at 10 kTm and corner impact at 5 kTm They tried different values of
thickness and different shapes for a steel bumper beam to increase absorbed energy

and limit maximum intrusion.

The previous studies on bumper beam design considered central-frontal [20], offset
frontal [13,21,22], pole [3,23,24] and corner [25] collisions. They chose different types
of materials, steel [10,26,27], aluminum [25, 28], carbon-fiber reinforced polymer [10],
glass-fiber [28,29] and reinforced polymer [30]. Some studies[8, 9, 25] compared the
impact resistance of bumpers made of different materials. A number of researchers
[3,13,31-33] optimized bumper beam under low-velocity impact conditions. However,
the past studies mainly concentrated on size and thickness optimization except for a few
topological [23,32] and shape [3,31] optimization studies. Some other researchers used
cross-sectional dimensions [12,34] [13, 38] as optimization variables. As performance
criteria for bumper beams subjected to low-velocity impact, they used the maximum
intrusion [10, 16, 19,35-39], energy absorption [29,40-42] and peak impact force [3,15,
43].

1.2. Problem Statement

In this study, a methodology is developed to optimize cross-sectional shape of
bumper beams considering their mechanical response in a standard low-velocity cen-
tral collision test. A multi-objective function is formulated that includes the weight of
the bumper beam and the maximum intrusion. The cross-sectional profile is defined by
spline curves passing through key points. The coordinates of the key points are taken

as design variables in the optimization process. The optimum values for the coordi-



nates leading to minimum objective function value are obtained using a hybrid search
algorithm, which is a combination of Modified Simulated Annealing and Nelder-Mead
algorithms. Peak transmitted force during collisions is another performance parameter
for bumper beams. This is not considered during optimization, but comparisons are

made between the optimum shape and benchmark shapes regarding peak force.

1.3. Thesis outline

In chapter 2, starting with a brief introduction to the standard collision test, the
requirements on the performance of the bumper beam in this scenario are explained. In
chapter 3, the theories used in this study about failure criteria and impact phenomena
explained, also, focuses on the materials and the type of analysis used in this project.
The modeling and simulation of the impact scenario, which are done by developing
codes in ANSYS-APDL, are described in chapter 4. The optimization process and the
objective function is explained in detail in Chapter 5. In chapter 6, The validation
of the FEM model is described and the results and discussions comes in this chapter.
In the end the chapter 7 and 8 are covering the future work recommendation and the

conclusion respectively.



2. LOW-VELOCITY IMPACT STANDARD

The collision scenarios considered in the design of vehicles are frontal impact,
rear impact, side impact, and roof impact. Frontal impact is considered in this study,
because front bumper beam is affected only in this test case. There are three types of
frontal impact; Full frontal collision, offset frontal collision, and pole frontal collision
as shown in Figure 2.1 [44]. In this study, the bumper beam is design for the loading

conditions in full frontal collision.

Frontal collisions

Full frontal collisions

Offset frontal collisions

Figure 2.1. Types of frontal impact. [44]

There are a number of standards for low-velocity collision tests. Among them, the
low-velocity impact standard of the Insurance Institute for Highway Safety (ITHS) [45]
is selected. The response of the bumper is simulated considering the impact conditions
in the standard and the requirements for bumper beams in this standard are taken as

the quality requirements for the design of the bumper beam. The rigid obstacle made



(@) (b)

Figure 2.2. Bumper Barrier and Backstop. (b) Barrier and Backstop with Rounded
Corners. [45]

of A-36 hot rolled steel used in this standard as shown in Figure 2.2.

The ITHS impact test is used to determine the behavior and energy dissipation
capacity of the various vehicles in low-velocity collisions. There are some limitations
for the design of bumper beams. IITHS encourages all the manufacturers to follow those
limitations in order to produce more stable bumpers and solve the drawbacks like
under-ride and over-ride phenomenon [46]. These phenomena occur when two vehicles
do not have an in-line bumper beam to hit each other. Hence, one goes under or over
the others. The risk of under-ride/over-ride in low-velocity crashes will be decreased
by using standard heights for bumper beams in order to make it in alignment with
other vehicles to avoid high repair costs [46].

According to the ITHS, the test conditions are as follows:

e The height of the installed barrier from the ground to the lower edge is 457mm.
(Figure 2.3)
e The impact velocity is 10 kTm

e The barrier height is 200 mm.



e The radius of the rigid barrier is 3404 mm.

Tested vehicles should not suffer any serious damage

(b)

Figure 2.3. (a) Right view of the barrier. (b) Top view of the barrier. [46]

Bumper Beam

Acceptable region
~€—— Crash-box Crash-box ——p

7 I —

Critical region . Crltlcal region
Rest of the vehicle

! |

Figure 2.4. The acceptable region beyond which bumper beam should not deflect.

according to the low-velocity impact standards [8,9,20]. In order to avoid damage to
the components behind the bumper beam, the deflection of the bumper beam should

be limited so that it will not penetrate into the critical region shown in the Figure 2.4.
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3. THEORETICAL BACKGROUND

3.1. Impact theory

There are two types of impacts: Elastic impact and plastic impact. These two
types of impacts differ in their energy dissipating capability. In an elastic impact,
there is no permanent deformation due to the energy transferred between the two
collided bodies. In contrast, a plastic impact occurs with permanent deformation, if
the transferred energy exceeds the energy absorbing capability of the material in elastic
range. In a case of frontal collisions, the impact type is elasto-plastic depending on
the speed of collision. At the beginning, there is just kinetic energy in system which
depends on the mass and the velocity of the vehicle. As can be seen in Eq. 3.1, the
general forms of energy includes kinetic energy (E), gravitational potential energy

(U,), elastic—plastic—strain energy (Us), and heat (Epy).

EKi—i-Ugi:EKf-f—Ugf-i—Usf—FEHf (3.1)

in which, Fx; and Ex denote the initial and final kinetic energy of the vehicle, and
the subscript i and f indicate the initial and final situations of the mentioned energies.
In this study, the thermal energy and other types of energies like sound energy are not
considered. Assuming the remaining elastic strain energy of the vehicle is small, most
of the energy absorption of the system is done by plastic deformation . By subtracting
the initial and final kinetic energy of system, F,, plastic strain energy can be expressed

as follow:

1
E,= sm(V7 = V{) (3.2)
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3.2. Maximum Distortion Energy Failure Criterion

This failure criterion says that the yielding failure occurs when a distortion energy
exceeds or be equal to the maximum distortion energy of the material in the tensile
test. The strain energy is composed of two distinct forms — volume changes and dis-
tortion (angular change). Normal strains cause a change in volume, shear strain cause

distortions. The total stain energy is the sum of distortion energy and volume energy:

Utot(zl - Udistortion + Uvolume (33)

where:
Uiotar = total strain energy
Udistortion = strain energy due to distortion

Uspotume = strain energy due to volume change (a.k.a hydrostatic strain energy)
We will develop equations for total strain energy (Ujpq) and volume energy
(Upotume), and determine the distortion energy (which is really what we are interested

in) from:

Udistortion - Utotal - Uvolume (34)

Remember, for uniaxial loading, the strain energy per unit volume is the area

under the stress-strain curve (Figure 3.1), for general (3D) loading, the total strain
energy is given in terms of principal stresses and strains:

1
Utotal = 5[6101 + €202 + €303] (3.5)

Using Hooke’s law e;=+[01 - (02 + 03)] ete. the total strain energy Eq. 3.5 can be
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Stress-Strain Curve

—

Stress

Elastic limit

/\/ Strain energy

Strain
Figure 3.1. General stress-strain curve. [57]
written in terms of stress only:
1
Utom[ = —[0’12 + 0'22 + 0'32 — 21/(0'20'3 + 0103 + 0'10'2>] (36)

2K

Remember that hydrostatic stress causes volume changes and that it is invariant (hy-
drostatic stress is a scalar — it is not directionally dependent — therefore it does not vary
depending upon axis orientation). “Invariant” means “does not vary.” The hydrostatic
stress can be determined from the average magnitudes of the three principal stresses:

_0‘1+Uz+0‘3 (37)

O hydrostatic — Oave = 3
Ohydrostatic 1S the stress condition that causes volume change.

Uv@lume - (3(1 - 2”)/2E)0hydrostati02

= (3(1 — 2v)/2E)((0y + 042 + 03)/3)? (3.8)

= ((1 = 2v)/6E) (07 + 05 + 05 + 20903 + 20105 + 20103



13

By substituting Eq. 3.6 and 3.8 into Eq. 3.4;

1
Udistortion = E(U% + 05 + 05 — 2v(0203 + 0105 + 0103)—
3.9)
1—2v (
( 5 )(0F + 05 + 03 + 20903 + 20102 + 20103)
Simplifying Eq. 3.9 gives:
1+v
Udistortion = 6—E[(01 - 0'2)2 + (0'2 - 0'3)2 + (0'3 — 0'1)2] (310)

So, If the distortion energy be equal or exceeds the distortion energy of the material

in uniaxial test, failure occurs:

(3.11)

Udistortion,part Z Udistortion,uni—am’al

Equating the distortion energy in general 3-dimensional stress condition in part (Eq.3.10)

and distortion energy in simple uniaxial loading (Eq.3.12):

Udistortion,unifaxial = 1;—EUU§y (3-12)
from equations (3.10) and (3.12) into equation (3.11):
1+v 9 2 oo 1L HV 5
op (01— 02)" 4 (02 = 03)" + (03 — )] 2 -0, (3.13)
Simplifying equation (Eq. 3.13) gives the von Mises failure criterion:
Iy %[(01 o) 4 (02— 0w 4 (05— )] 2 02, (3.14)

then yielding will occur.



14

3.3. SMALL AND LARGE DEFORMATION

3.3.1. Small deformation theory

Figure 3.2 shows a rectangular element with initial dimention of dx*dy where,
the dotted shape indicates the deformed shape of it. The point A is a point on unde-
formed rectangle which located at (x,y), then, after deformation the displacement of

corresponding point are u(x,y) and v(x,y). The displacement of point B are u(x+dx,y)

Ju P
_dy—b—\ | f— —_— -
| : - - 4]
_________________ }_/________}__4. -=-" Dl
T 1 C !
— T l
Vx.y+dy) Ao 1
,
Y y :
LAY C D }: \ B-;l__}
Ip’ - - 1
I __J.{\z—_::_":_'_'_______?'____:L___
v(x.y) | X
{'— ,A ax Bl u(x+ax,y) —!
- U(X)y) —
> X

Figure 3.2. 2D geometrical strain deformation. [57]

and v(x+dx,y), and the displacement of the other points are defined in a same manner.
The statement u(z + dz,y) ~ u(z,y) + (%)dm follows small deformation theory [47]

with similar expansions for all other terms. The normal strain in x-direction can be

defined by

I R/
AB

€x
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Accordingly, the length of the A’B’ calculated as,

Ju v ou ,Ou v
A'B = - 24~ 2 — /14922 Ay A Y
\/(da: + aIdx) + (E)xdx) \/ +25 ((%) + ((%) dx 5.16)

ou

where the higher-order terms dropped in order to consistent with small deformation
theory. By substituting Eq. 3.16 into Eq. 3.15 and taking AB= dx, the strain in

x-direction reduces to,

= — 3.17
= .17
similarly, in y and z direction becomes,

ov

€y = — 3.18

Y ay ( )
ow

-2 3.19

€= (3.19)

As shown in Figure 3.2, changing in angles leads to make another types of strain called
shear strain. In small deformation, o =~ tana and § = tanf, so shear strain can be

expressed as

%dm g—zdy _Ou v

fnd ___|__
dz + 2dx dy+g—1y’dy dy Ox

Yoy (3.20)

By considering similar behaviour in the y-z and x-z planes, the results extended to

general 3D case as,

ou ov ow

- - - 21
ox’ “ oy’ € 0z (3.21)

€p =
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_8u+8v _8v+8w _8w+8u (3.22)

Ty = oy Ox’ T T 5, oy’ T = s T 0z '
These six independent components of strain, completely describe small deformation
theory. These results are written in engineering strain components where the finite
element method prefers to use the strain tensor e;;. As there is only a minor change

because the normal strains are identical and shearing strains are one-half; using the

tensor strain, the strain-displacement realations expressed as,

ou v ow
P ey = — e, = — 3.23
c oz’ dy ¢ 0z ( )

10u Ov 1ov  Ow 10w  Ju
oy = ety = e,y = ——— + — 3.24
Cay 28y+8x v 28z+8y c 28x+87; ( )
the general form of tensor strain will becomes to
1

eij = 5 (Uij + ;) (3.25)

3.3.2. Large deformation theory

On the other hand, when the strains in a material exceed more than a few percent,
the changing geometry due to this deformation can no longer be neglected. Analyses
which include this effect are called large strain, or finite strain, analyses. It is also
important to note that the plastic strains in a solid depend on the load history. This
means that the stress-strain laws are not just simple equations relating stress to strain.
Instead, plastic strain laws must either relate the strain rate in the solid to the stress
and stress rate, or else specify the relationship between a small increment of plastic
strain de?;; in terms of strain, stress and stress increment do;;. While a solid underwent
a large deformation, the yield stress may increase during plastic straining, so in section

3.6.1 will see that the yield stress is a function of a measure of total plastic strain.
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3.3.3. Equivalent Plastic Strain

The equivalent plastic strain gives a measure of the amount of permanent strain

in an engineering body. The equivalent plastic strain is calculated as,

Ceqv = 1 —i v \/(%)(61 —€)?+ (62— )+ (5 — €1)? (3.26)

where v/ is effective Poisson’s ratio, which is defined as 0.5 for plastic strains.
3.4. Method

There is no analytical solution for many engineering problems, such as problems
with complex geometry or loading conditions. Therefore, analytical methods have
limited applicability. However, problems with complex geometry and loading condi-
tions can be analyzed numerically. To solve such problems, there are many numerical
methods, such as finite element method (FEM), boundary element method, finite dif-
ference methods (FDM), non-mesh methods, and so on. Among the existing numerical
methods, finite element method is the most commonly used method for solving com-
plex problems. Among the large variety of FE software, ANSYS can be used to solve
problems of highly nonlinear and transient nature. Accuracy and precision are the

requirements for achieving acceptable results using finite element software.
3.5. Types of loading

The type of loading is one of the most important factors in structural problems.
The loads are mainly classified as static and dynamic. In problems with static loading
condition, the sum of all applied forces and moments are zero so the structure is under
equilibrium. On the other side, there are problems involving dynamic loads; as the
name implies, the load is dynamically applied and unlike static loading, it is depending
on time. Vehicle collision tests pose a dynamic problem. In such problems, static

approach does not make sense, because velocity and inertia of the vehicle considerably
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affect the behavior of the whole structure, so the problem should be treated as fully
dynamic. The equation of motion for transient dynamics in FEA can be written as

MI{GEY + O + [K]{u) = (F(0) (3.27)

where [M] is the mass matrix, [C] is the damping matrix and [K] is the stiffness matrix

[48].
3.5.1. Linear vs Non-Linear Behavior

As both static and dynamic problems can be treated as linear or non-linear, after
knowing the types of loading, it is important to evaluate whether the deformation
behavior of the structure is linear or nonlinear. Linear behavior of structure means
that stresses are proportional to strain and deflection of the structure is small enough to
consider the change in geometry insignificant. The linear behavior should only be used
in problems with small deflection. Non-linear behavior of structures always comes up
in problems involving contact of deformable parts and plastic deformation. In a crash
analysis, due to existence of contacts and possible plastic deformation, the material

model is highly non- linear [48].
3.5.2. Implicit vs Explicit Analyses

After recognizing the behavior of the structure, one may need to find the best
numerical formulation to solve the problem accurately. Both implicit and explicit
solvers can solve the problems with non-linear behavior (Figure 3.3), none of them
has the priority to other, it means that there are some limitations for both of them.
About the suitability of implicit and explicit methods for the problem at hand, Table

3.1 presents some criteria.



Table 3.1. Explicit and implicit choice criteria (adapted from [48])

Implicit Non-Linear Analysis

Explicit Non-Linear Analysis

Long events (few seconds)

Short events (milliseconds)

Small deformation

Large deformation

Less number of contacts

Complex and large number of contacts

Simple material models

Wide variety of material options

Non Linearity

Rupture

Damage

Buckling

Plasticity

Elasticity

Static

D .
ynamie Velocity

Figure 3.3. Range of application of implicit and explicit analysis. [48]
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In this study, the total time of the impact is less than 80 milliseconds, the defor-

mation is large within an acceptable region, the contacts are complex and the material

is selected to behave non-linearly. Considering the criteria mentioned in Table 3.1, the

obvious choice is to use an explicit non-linear analysis which can accurately simulate

the real collision.
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3.6. MATERIALS

3.6.1. Material

In recent years, reducing the weight of vehicle in order to reduce greenhouse
gases and fuel consumption has gained significance. There is considerable research on
finding feasible material and shape for bumper systems. Some researches were inter-
ested in finding a composite material to be used in bumper beams, e.g. glass-fiber
reinforced plastics [2,7],carbon-fiber reinforced plastic (T300,/5208) [10], thermoplastic
olefin elastomers denoted with TPO [3]. This is because composites have a poten-
tial to significantly reduce the weight of vehicles. Hambali et al. [7] compared three
types of thermoset matrices by applying the TOPSIS method. The materials such as
epoxy resins, polyester and vinyl ester are chose as the candidate for the hybrid bio-
composites. Among them, vinyl ester resin was the best thermoset matrix to be used

in the development of hybrid bio-composite automotive bumper beam component.

Hernandez et al. [49] used inverse characterization technique to understand the
behavior of the selected test material, low carbon steel AISI 1018. Table 3.2 shows
the mechanical properties of the selected material. For ensuring the homogeneity of
results, the test specimens they used in their study have the same cold drawn rod of
4.75mm in radius. In low-velocity impact, it requires to evaluate the plastic behavior of
the part so plastic kinematic model selected as a constitutive material model with only
kinematic hardening [50]. This elastoplastic model shows the stress-strain behavior of
the material via a bilinear model, which is dependent on strain rate, having its basis
on Cowper-Symonds constitutive model, [51], within which Elastic Modulus E outlines
the slope up to the initial yield point. In this material model, yield stress o, calculated

using Equiation 3.28 as:

=

()

Oy = 00

] (3.28)
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where, g denotes the initial yield stress, € signifies the strain rate, and C and P are
representing the Cowper-Symonds strain rate parameters. Additionally, the tangent
slope of the stress-strain curve after elastic portion stands for the strain hardening
behavior as Tangent Modulus, Ej,,. Consequently, this constitutive model requires
six parameters to be characterized. These six parameters, as mentioned above, are:
the modulus of elasticity E, the initial yield stress oy, the tangent modulus FEy,, , the
Cowper-Symonds parameters C' and P and at the end the Poisson’s ratio which are
defined in Table 3.2 [56]. According to the low-velocity impact standards, the model
should not undergo too much plastic deformation, so we need to investigate the plastic
deformation and put some penalty in the objective function. Therefore, nonlinear
plastic kinematic material 1018 Steel is defined for the bumper beam. The material

properties of 1018 Steel are given in Table 3.2.

Table 3.2. Material Properties of 1018 Steel. [56]

Parameters Values | Units
Elastic Modulus, E 210e3 Pa
Poisson’s Ratio, v 0.27 -
Density 7800 | Kg/m?
Yield Stress 370e6 Pa
Tangent Modulus 7636 Pa
C(Cowper-Symonds strain rate parameters) 40 S™1
P (Cowper-Symonds strain rate parameters) 5 -
Failure Strain 0.27 -

Beside the steel material, the same material model applied to Aluminum A6061-
T6. The material properties and the Cowper-Symonds parameters of A6061-T6 is given
in Table 4.2 [52].



Table 3.3. Material Properties of Aluminum A6061-T6. [52]

Parameters Values | Units
Elastic Modulus, E 70e9 Pa
Poisson’s Ratio, v 0.33 -
Density 2700 | Kg/m?
Yield Stress 252e6 Pa
Tangent Modulus 600e6 Pa
C(Cowper-Symonds strain rate parameters) | 25000 S™1
P (Cowper-Symonds strain rate parameters) 0.95 -
Failure Strain 0.17 -
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4. NUMERICAL SIMULATION OF IMPACT

Numerical methods along with analytical and empirical ones help to solve engi-
neering problems by simulating physical systems. In this study, the structural analysis
of the bumper beam is carried out using commercial finite element software, ANSYS,
which is a powerful CAE software that can carry out complex engineering analyses by
its variety of contact algorithms, time-based loading features, and nonlinear material
models. ANSYS is capable of analyzing the problems in the field of impact, explosion,
and transient loading at various speeds. With the help of this software, one can analyze
linear, geometrically non-linear problems including large displacements, and materially
nonlinear problems including plastic deformation. The finite element model of the

bumper beam is constructed in following order:

e Initialization of the program

e Defining the material properties

e Defining the geometrical parameters

e Defining the key points

e Constructing the geometry of the bumper beam and the barrier
e (Creating the FE mesh

e Coupling the mass point with the bumper beam

e Applying the boundary conditions

e Obtaining the solution

To begin with, the type of analysis is selected as “structural with LS-DYNA Ex-
plicit.” The properties of the material like the modulus of elasticity, Poisson’s ratio,
and density are defined (given in Table 3.2 and 3.3). After generating the key points,
the spline curves are defined passing through them. Since the model in this thesis is 3D,
by extruding the lines through drag lines, the areas of the geometry are created. Then,
the areas are meshed with the user-defined mesh size which is determined by mesh
convergence analysis. Subsequently, the boundary constraints, the types of contact,

and the initial velocity are defined and the slave nodes are coupled to master one
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(mass point). The following sections discuss the details of the aforementioned steps.

4.1. FEA of the Bumper Beam

In this section, the modeling of the bumper beam is explained. Two different
materials are chosen for the beam, which are 1018 Steel and AA6061-T6 Aluminum
having the material properties given in Chapter 3.6. The cross- sectional profile of
the bumper beam is defined using spline curves passing through key points (Figure
4.1). The geometry of the beam is symmetric about X-Y and X-Z planes. Accordingly,
the key points are positioned symmetrically. The areas of the geometry are created by

extruding the lines defining the cross-sectional profile through drag lines (Figure 4.1).

Cross Sectional Profile

Figure 4.1. The cross-sectional profile and area of bumper beam.

After areas are created, finite element meshes are generated using a shell element,
Shell163. This is a 3D explicit thin structural 4-node element with both bending and
membrane capabilities. The nodes are indicated as I, J, K, L. as shown in Figure

4.2 [53]. Each node has three translational and three rotational degrees of freedom.
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Shell elements are used to model the structural response of the bumper beam, because
its thickness is much smaller than the lateral dimensions. The main advantage of
using shell elements is reduced computational cost compared to solid elements due to
the reduced number of finite elements. Besides, the post-processing is faster in large

models. The barrier is also created using Shell163 element.

Note: x and y are in the plane of the element

Figure 4.2. Shell163 element. [53]

Figure 4.3 shows the rigid wall and bumper structure. Energy absorbing capacity of the
soft parts like fascia and energy absorber is assumed to be negligible in low-velocity
collisions. While bumper beams are subjected to transverse loads, crash boxes are
mainly subjected to axial loads. As a result, deformation is much larger in bumper
beam compared to crash boxes in low-velocity impacts. As one study [61] indicated the
bumper beam underwent significant plastic deformation while deformation in the crash
boxes mainly remained elastic in a velocities under 10 K—hm For these reasons, in this
study, the whole impact energy is assumed to be absorbed by the bumper beam in low-
velocity collisions. Neglecting the effect of other parts in absorbing the impact energy
is a conservative assumption in bumper beam design, because the bumper beam will
absorb less energy in collision tests and suffer less deformation compared to simulation
results. The rest of the vehicle including crash boxes is modelled as mass points

attached to the bumper beam. The element used for mass points is Mass166. This
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is a point element which has three translational degrees of freedom with concentrated

ForcexTime?

mass components ( Tongth

) in the element coordinate directions about the element
coordinate axes. In this study, according to the standard, the whole weight of the

vehicle is 1100 Kg; accordingly 550 kg mass is defined for each of the two nodal points.

v 1123mm %

1154mm

Rigid Barrier

Mass Point

Bumper Beam

o V.5
& % Mass Point

Figure 4.3. The lumped model of bumper beam and rigid barrier.

4.2. Boundary and initial conditions of simulation.

In the FE model, the barrier is rigid with all degrees of freedom constrained at
each node. Rigid bodies do not undergo any deformation. The bumper beam moves
at an initial speed of 2.78 = (10 kTm) and hits the barrier with this speed. The mass
points are constrained in all degrees of freedom except translational movement in the
x direction. The contact between the barrier (rigid wall) and the bumper beam is

defined as automatic surface-to-surface. Accordingly, contact and target surfaces are
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Top View

Target (Nodes)

Contact (Nodes) \f

Figure 4.4. The contact and target nodal components.

defined as nodal components (Figure 4.4). Also,there is another contact defined for
bumper beam known as self contact (single surface contact) where the both contacts

are penalty based with friction coefficient of 0.2.

4.3. ANSYS Parametric Design Language(APDL) commands used to
generate the FE model

Key points and lines are created by APDL codes. The descriptions of the com-

mands are given in table 4.1.

Table 4.1. APDL commands for creating key points and lines

Command Description

Xrip = vall The x coordinate of key point, rkp is the number of

related key point, vall is the value of the x coordinate.

Yiip = val2 The y coordinate of key point, rkp is the number of re-

lated key point, and val2 is the value of the y coordinate.

K rkp, Xykp, Yrk The key point, rkp, is created.
P 7 Y

bspline, rkpl, rkp2,rkp3 | Spline curves through key points rkp1-3 created.
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Figure 4.5. Cross-section of the bumper beam.

After the cross section of the bumper beam created using key points and spline

curve commands, the areas of the model are created using the commands in Table 4.2.

Table 4.2. APDL commands for creating areas

Command Description

adrag, P1,,,,,, P2 P1 is the selected lines to extrude, P2 is the drag line of

the extrusion.

aglue, all Merging the non-contacted areas together.

After creating the areas, SHELL163 elements are generated on the areas using
free-mapped quadratic elements. The results of the FE analysis depend on the size of
these elements, so, mesh convergence applied to the model to find the best size fit to

the model. Besides, the regions which are important in the results should accurately
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meshing using Mesh Refinement. The commands used for mesh are given in table 4.3.

Table 4.3. APDL commands for creating mesh

Command

Description

Lesize, all, elemsize

Size of the elements defined by “elemsize”.

Amesh, Bumper

“Bumper” is the area components to be meshed.

Lsel, s, line, , 11,1,

Mesh refinement applied on lines between l;andl,,.

Lrefine,all,,,qr

14 99

qr” is the quantity of mesh refinement, takes a value

between 1 and 5 (minimum to maximum refinement).

As explained Table 4.4, transitional and rotational constraints are imposed on

some lines and nodes using boundary condition commands. Velocity is defined for the

nodes of the bumper beam and mass points as initial condition.

Table 4.4. APDL commands for initial and boundary conditions

Command

Description

DL, Lbr,all

Constraining all DOF of the all lines of barrier.

D,massr,, ROTY 0

The rotational move of node,massr in Y direction

is fixed to zero.

D,massl,, ROTY,0

The rotational move of node,massl in Y direction

is fixed to zero.

D ,massr,, ROTZ, 0

The rotational move of node,massr in Z direction

is fixed to zero.

D,massl,, ROTZ,0

The rotational move of node,massl in Z direction is

fixed to zero.

EDVE VELO, BumpB,Vin

Initial velocity of bumper beam, Vin, applied to

the bumper beam.

EDVE,VELO, MPN,Vin

Initial velocity of Mass Points, Vin, applied to the

mass points.
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5. OPTIMIZATION PROCEDURE

5.1. Introduction

The aim of the design optimization is to find the best acceptable configuration
according to the constraints and requirements of the problem. In each problem, there
are many different solutions; comparison of them and selection of the optimum are
done using a function called objective function. The choice of this function depends
on the nature of the problem. For example, weight or cost is one of the main goals
of structural optimization of vehicles. Selecting an appropriate objective function is
one of the most important steps in optimization. In this thesis, a hybrid optimization
used to find the optimum shape and weight for the bumper beam. To speed-up the
optimization process, combination of Modified Simulated Annealing (MSA) and Nelder-
Mead algorithms are used. First, the region within the solution domain that is likely to
contain the globally optimum design or a near-global optimum design is found using the
global search algorithm MSA | then to find the global optimum shape, the optimization

process is continued using a local search algorithm called Nelder-Mead.

5.2. Objective function

In this study, a multi-objective function is adopted. The objective function in-
cludes both the weight of the bumper beam and the maximum intrusion. The search
algorithm tries to minimize the objective function by trying different values for the
design variables. The main requirement from a bumper beam undergoing low-velocity
collision is limited deflection, or intrusion, to prevent damage to the components behind
the bumper beam like radiator. For this reason, the extent of intrusion is also included
in the objective function. As shown in Figure 5.1, the intrusion is defined as the change
in the distance between the displacements of the middle backside of the bumper beam
and the mass points (representing the rears of the crash-boxes) and calculated as Eq

o.1.
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@ Mass points

Undeformed Bumper Beam

Deformed Bumper Beam

Figure 5.1. Definition of the intrusion.

[=6 — & (5.1)

where 9, and 67 are the initial and last distance between the rear of the crash boxes
and the back of the bumper beam. Accordingly, the objective is formulated as
I

W
Fobj = ClWO + C2E (5.2)

where W and I are the weight and the maximum intrusion of the current configu-
ration generated by the search algorithm. W, and I, are the weight and the maximum
intrusion of the beam with rectangular cross-section, where the weight is calculated as
Eq 5.3. Because these two variables have different units, they are normalized. ¢; are
constant weight parameters. In this way, a multi-objective optimization problem is de-
fined. The optimization procedure minimizes both weight and intrusion. By choosing

different values for ¢;, one may give more importance to one of the terms.

W = Pg ts Ab (53)
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where, p is the density of the material (%), g, gravitational acceleration (Z”—g),
ts is the thickness of the bumper beam (m) and A, is the cross-sectional area of the

bumper beam (m?).
5.3. Optimization Variables

In this thesis study, the metal bumper beam is considered to be manufactured
by a process like extrusion; for this reason, the shape of the cross-section is taken as
constant along its length. The curvature of the bumper beam, despite its effect on
intrusion, is not considered in this study. Only the cross-sectional shape of the bumper
beam is optimized. The cross-section of the bumper beam is defined using spline curves
passing through key points. Accordingly, the coordinates of the moving key points are

taken as optimization variables.

60 mm
—£
KP4
—Z 1 1A
* KP3

Search domains fKF’Z
S

KP1

ww g/

Figure 5.2. Search region of the moving key points.
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Figure 5.2 shows a dome cross-section with seven optimization variables. The
key point one (KP1) is restricted to move only in x-direction because of the symmetry
about x-z plane; where, other six points are free to move in both x and y directions.
Each of the points are allowed to move in a defined region which called search domain.
As the coordinates of the key points are changed, a new shape is generated. The key
points in the symmetric part of the cross-section have the same coordinates as their
counterparts. The optimum shape for the bumper beam is obtained by determining the
optimum positions of the key points via the optimization process. Only the front part
of the cross-section is optimized, because the back end of the bumper beam is attached
to the rest of the vehicle through crash-boxes and those parts have specific designs.
Moreover, the thickness of the wall is not considered as an optimization variable, but
optimum shapes can be obtained for different values of thickness to achieve desired

weight reduction.

5.4. Modified Simulated Annealing (MSA)

The optimum shape of the metal bumper beam is found using Modified Simulated
Annealing (MSA) which is proposed by M. Akbulut and F. O. Sonmez [54]. Considering
that x and y coordinates of the moving key points are optimization variables, the

number of design variables is given as

n=2(n;—n) (5.4)

where ny and n, are the number of free key points and the number of restricted
key points, respectively. Because there are four moving key points and only key point
1 is restricted to move in the x direction, the number of optimization variables is
seven. The new shape is obtained, whenever the positions of the moving key points
are changed. By randomly changing the values of x and y coordinates of the moving
key points, a new configuration is generated. In each iteration, first a configuration
is randomly selected from the set of current configurations.The X, and Y, are the

coordinates of the Kth moving key point ofthe selected configuration, their new values
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are calculated as

{( =Xy + CrRmaxCOS(9r> (55)

Y] = Yi + C:RunaxSin(6;) (5.6)

where X} and Y}, indicated the coordinates of the Kth moving key point of the
randomly selected configuration, C,., randomly takes a value in (0,1), R4, is the maxi-
mum distance that key points can move, 6, is a randomly selected value between 0 and
2mw. At least one moving key point is needed for shape optimization. The precision of
the optimization depends on how the design variables defined in optimization system.
The number of key points used in an optimization process is important such that a low
number of them quickly leads to an optimal solution, whereas, using a high number of
key points leads to a more precisely defined optimal shape, but at the expense of more
computational time.
There exists a set of current configurations updated in each iteration during the opti-
mization process. Their number, NV, is selected based on the number of design variables,

n , as

N=8x (n+1) (5.7)

Unlike the standard simulated annealing (SA), this algorithm keeps a set of cur-
rent configurations instead of just one. Good configurations are kept in the set; if a
newly generated configuration is accepted, it replaces on of the worse ones.
After initial configurations are randomly generated, their objective function values are
calculated after carrying out finite element structural analysis, where, the weight and
the intrusion of the bumper beam calculated. The intrusion is calculated in all the

time points and the maximum value is selected among them as the maximum intrusion
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of the generated configuration.

The objective function value of a newly generated configuration, F,; is calculated

using Equation 5.2. Its acceptability is evaluated according to the following criterion:

1 , Fopy < Fj
A= ox (Fh_Fobj> F.o.>F (58)
P T}, ) obj > I'p

where Fj, is the objective function value of one of the worst current configura-
tions (the configuration indicated by “c” in Figure 5.3). If a new configuration has a
lower objective function value than Fj, it is accepted. Otherwise, acceptance of the
configuration depends on the acceptability, A;, which is calculated using Equation 5.8

and compared with a randomly generated number (R;) between 0.0 and 1.0

a: Best configuration (1)

b: Worse configuration (N-3*n)

c: Worstbest configuration (N-3*n+1)
d: Worst configuration (N)

Figure 5.3. Order of the objective function values

Accepted if Ay > R
R, = pted if A= Iy (5.9)
Rejected if Ay < Ry

If the trial design is accepted according to Equation 5.9 it replaces a randomly selected

current configuration having objective function value larger than the worse configu-



36

ration (the configurations between the worst-best and worst configurations, indicated
as “c” and “d” in Figure 5.3). The configurations between best and worse configura-
tions (indicated as “a” and “b” in Figure , thus, remain in the current configuration.
In each iteration, the current configurations are ordered, accordingly, the objective

function values of the best, worse, worst-best, and worst configurations are updated.

The probability of acceptance is controlled by a temperature parameter, Tj.In
the beginning of the optimization, while 7}, has high values, a worse configuration
having a higher cost is more likely to be accepted. At the initial stages of optimization,
a high value is assigned to the temperature parameter Tj, so that almost any new
configuration regardless of its cost is accepted (as implied in Equation 5.8). Using
high temperature for starting the optimization process leads to the search of the entire
domain. The set of configurations that are generated at a given temperature is called
Markov chain (inner loop). Minimum length of Markow chain depends on the number

of design variables as

Lt = 3n (5.10)

Lt. = nint (Lt (1 + 2 (—

) (5.11)

I'Sin

According to Equation 5.11, the length of Markow chain depends on the step size
ratio, which indicates that as the step size ratio approaches to 0, the length of Markow
chain becomes equal to Lt, while at the start it is equal to 3n. where Lt is the length
of current Markow chain, nint is an APDL command which finds the nearest integer
to the value within the parenthesis, rs and rs;, are the current and initial step size
(0.008 m), respectively. The selection of the initial step size, rs;,, depends on the
search domain. If the Fi;; is less than the best configuration (Point “a”) during an
inner loop , the current loop is closed and a new one starts. If the F,; is less than the

worse configuration (point ”b”), this means that there is an improvement in the part of
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the current configurations that are not replaced after a new configuration is accepted.

The number of the improvements is counted according to

Nipy = Niy + 1 (5.12)

where N, is the number of improvements in an inner loop. If N, is less than 10% of

the number of trials, the step size, rs, is reduced as

rs =0.9x*rs (5.13)

As a final stage of Markow chain, the temperature is decreased using the following

criterion :

R, =" (5.14)

In which, R, is the ratio of the accepted movements and A,, is the number of the

accepted point.

rs

R, = 0.01 5.15
(=) + (5.15)
That R, is the step size ratio,
O = Qmyn, Zf Ra > RS

(5.16)
O = Qmax Zf R, < R
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where, « is the decrement constant for temperature and «,,;, and a,,., are 0.9
and 0. 9999, respectively. There is only one condition for the temperature to remain
constant, which means that Lt, is not equal to Lt., in that case « = 1. At the end, the
worse and the best configurations will be compared, if the current temperature is less
than a very small value 5e-04 and the difference between the objective function values
of the worse and the best configuration is less than 5e-08, the optimization process is

stopped; otherwise the temperature is again decreased as

ck =alfaxck (5.17)

After finding an acceptable shape that is follows all the criterion and limitations,
the iteration of optimization process continues with Nelder-Mead algorithm to ensure
that the optimum value is global. As the Nelder-Mead algorithm is a well-known opti-
mization algorithm, the optimization process does not included in the thesis contents

and just the flow-chart of the algorithm comes in Appendix A.
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6. RESULTS AND DISCUSSIONS

6.1. Mesh Convergence Analysis.

In this study, the finite element method which is an approximate solution tech-
nique used to obtain the results, so, the resulting errors should be less than an ac-
ceptable limit. One of the ways to ensure that the results have acceptable accuracy is
mesh-convergence analysis. The deflection of front node of bumper beam selected to
compare with Tanlak’s results [62]. As shown in Figure 6.1, the element size of 5*5
mm? shows a nearest results to Tanlak’s result. So, a suitable size for the finite ele-
ments in the grid structure determined. In the explicit analysis of the impact, quadratic
elements are used. The shape of the element is chosen as rectangular, but the software

generates triangular elements in areas where quadratic mesh cannot be generated.

0.0922 -~ 4mm ——4.5mm 5Smm —— 5.5mm + 6mm - 6.5mm — 7mm - 7.5mm - 8mm - - Tanlak’s model

0.0902
0.0882
0.0862

0.0842 L

Displacement (m)

0.0822

0.0802

0.0782

0.0762

0.0742
0.03 0.038 X 0.044

Time (s)

Figure 6.1. The convergence result of several mesh size.
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6.2. Model Validation

In the absence of experimental data, the model developed in the present study
is validated by comparing its predictions with that of a previous study. Tanlak [34]
using ABAQUS, modeled the structural response of a bumper beam and crash box
in a standard low-velocity collision test, RCAR (Research Council for Automobile
Repairs [55]), which has the same test conditions as IIHS [56]. Figure 6.2 shows the
models of Tanlak and the present study. The rigid barrier is made of steel material with
100 mm =+ 2 mm height, 1500 mm =+ 25 mm width, and 3404 mm =+ 25 mm radius of
curvature cross its full width. The test is done at a speed of 2.78 ™ (10 kTm) AA6061-

. Tanlak’s model

Present model

_— -

1154mm

Figure 6.2. Schematic view of bumper beam for Tanlak’s model [62] and the present

model.

T6 Aluminum is selected for the material of the bumper beam. Its thickness is 2.5
mm and length is 1154 mm. It has a rectangular cross-sectional shape with dimensions
50x 76 mm?2. The mass attached to the rigid back end plates of crash-boxes are 550 kg
each (totally 1100 kg, representing the mass of the vehicle and the driver). The model
developed by Tanlak [62] includes crash boxes as well, while in the present model they
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are excluded to save computational time. The mass points are directly attached to the

rear of the bumper beam.

The model developed in this study is used to simulate the same impact conditions
for the same bumper geometry without crash boxes. Figure 6.3 shows the deformed
shapes of the bumper beams at a time when the velocity of the crash boxes becomes
zero. The deformed shapes and the displacements of the bumper models are quite

similar. As seen in Figure 6.3 the displacement profiles are very similar.

a)

U, U3 (mm)

+8.170e+01
+6.388e+01
+4.607e+01
+2.825e+01
+1.044e+01
-7.376e+00
-2.519e+01
-4.301e+01
-6.082e+01
-7.863e+01
-9.645e+01
-1.143e+02
-1.321e+02

b)

—.116001 092276 -.06855 044825 -.021099 002626 .026352 050077 .073803 087528 (m)

Figure 6.3. Displacement contour plots of bumper beam in velocity direction

obtained by a) Tanlak’s model [62], b) the present model.

Figure 6.4 presents the displacement of the same center foremost node of bumper
beams obtained by both models as a function of time. The first contact occurs at
0.0028 sec. The foremost points get separated at about 0.011 sec. The displacements
of both nodes reach their maximum value at about 0.04 sec. The bumper models
become separated from the barrier at about 0.075 sec, when the mass points start to

speed up in the reverse directions.
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Figure 6.4. The displacement versus time of the foremost nodes of the two models .

Figure 6.5 shows the undeformed configuration of the crash boxes, their final
plastic dissipation energy and strain energy distributions. Significant portion of the
crash boxes does not undergo plastic deformation; a small portion is plastically bent,
which may be avoided with a more proper design. Because crash boxes mainly deforms
elastically, compared to the strain energy absorbed by the bumper beam, the crash
boxes absorb a small amount of the impact energy. For this reason, one may assume
that neglecting deformation of crash boxes does not lead to an appreciable error in

evaluating the deformation behavior of the bumper beam.

Figure 6.6 and 6.7 show the energy results obtained by the two models. After
the kinetic energy becomes equal to zero, the vehicle springs back from the barrier. As
can be seen in the figures, the separation times obtained by the two models are close

to each other and the variations in the energy levels also correlate well.
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Figure 6.5. (a) Initial configurations. (b) Plastic dissipation energy magnitude at
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Figure 6.6. Energy diagram obtained by Tanlak’s model. [62]
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Figure 6.7. Energy diagram for present study.
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6.3. Results

The optimization problem is solved to find the best shape using a hybrid-optimiza-
tion algorithm. To begin with, the relative weights of the terms in the objective function
are decided by choosing ¢; =1 and ¢, = 5 in Eq. 5.2, which means that, ¢, coefficient
of intrusion is five times more important than that of weight. Then, the optimum
shapes for steel and aluminum bumpers are obtained using MSA algorithm. In order
to ensure the convergence of the optimum shape, iterations are continued with Nelder-
Mead algorithm. As shown in Figure 6.8, there are three benchmark shapes and two

optimum shapes for steel and aluminum materials.

BENCHMARKS OPTIMUM SHAPES
Rectangle Dome Currently in use Best Shape (St) Best Shape (Al)

Figure 6.8. The benchmark and optimum shapes.

The main design goal of bumper beam design according to the requirements for
low-velocity impacts is to reduce damage to the expensive parts of the vehicle behind
the bumper beam such as radiator. As there is no limitation and regulation for how
much the bumper beam can deform, as explained in chapter 5, the intrusion is defined
to check if the back-middle of the bumper beam deflects beyond the acceptable region
or not. In order to compare different designs of the bumper beam, the intrusion-mass
ratio (RIM) of the bumpers with different mass is defined as

I
= — 1
Rim - (6.1)
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where m is the mass of the bumper beam and I is the intrusion of the bumper beam
which is defined as the change in the distance between the mass points (back end of the

crash boxes) and the back-middle of the bumper beam. Figure 6.9 shows that a low

RIM
0.015
0.014
0.013
0.012
0.011
0.01
2
€ 0.009
@
@ 0.008
£
_§ 0.007
Z
£ 0.006
£
0.005
0.004
0.003
0.002
0.001
0
Best Shape (St) Rectangle Dome Currently in use

Cross Sectional Shape

Figure 6.9. The intrusion-mass ratio of the steel bumper beams.

value of Rj); indicates a safer bumper beam, because the intrusion value of the best
shape is 44.56mm lower than the best of the benchmark shapes in the same thickness

situation.

On the other hand, the intrusion of the same bumper beams is compared in
equal mass situation as shown in Figure 6.10. The results show that, the intrusion
of the best-shaped steel beam (54.86mm) is 28.45 mm lower than that of currently-
in-use model (83.31mm). Hence by decreasing the thickness of the best shape model,
the weight of the bumper beam will decrease without exceed the limiting of intrusion
which is 83.31mm. Figure 6.11 shows the intrusion of various thicknesses of best shape
(St). By selecting the 1.9 mm thickness, the intrusion value will be 81.13 mm which
is better than that of the currently-in-use model. So, the weight of the bumper beam

is reduced by 25.28 % in comparison to the currently-in-use model. As described in
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Figure 6.10. The intrusion of the steel bumper beams in a same weight situation.
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Figure 6.11. The intrusion of the steel bumper beams in various thicknesses.
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Figure 6.12. The contour of equivalent plastic strain of the steel bumper beams.

the standard of low-velocity impact, besides having a low intrusion and being in a
safe region, bumper beams should not undergo extreme plastic strain, which leads to
rupture in the bumper beam. Figure 6.12 shows that the best shape has the lowest

equivalent plastic strain among all shapes.

In Figure 6.13, the energy versus time curves of the total system is shown. The
total energy of the system, which is about 4.4e03 J is the same for all bumper beams
having same thicknesses. As the bumper beam hits the barrier, the kinetic energy of
the bumper beam transforms into deformation energy, which leads to an increase in

the absorbed energy of the bumper beam.

As seen in Figure 6.13, the absorption energy reaches its peak value at different
times for different shapes with the same thicknesses due to the differences in their
deformation behavior. The energy absorption capacity at time 8e-02 sec is about 3.7e3
J for best shape which is due to the permanent plastic deformation. This is larger
than that of the benchmark shapes. This means the energy absorbing capacity of the

optimum shape is better than the others.
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Figure 6.13. The energy absorption of the steel bumper beams in a same thickness

situation.

In the full frontal low-velocity impact, the middle of the bumper beam is con-
sidered as a critical region, where the first contact occurs with the rigid barrier. The
critical region of the bumper beam is a place where plastic hinge and the largest bend-
ing moment can develop. In the beams like rectangle and dome shaped cross-section,
which have low flexural stiffness, once the bumper hits the rigid wall, a plastic hinge
begins to develop. So, occurance of plastic hinge partly relates to the poor performance
of the beams. As can be seen in Figure 6.14, the optimum steel beam does not suffer

any plastic hinge and deformation is more uniformly distributed.

The bumper beam designed for low-velocity impact should also satisfy the high-
velocity impact performance criteria. Peak transmitted force at high-velocity impacts
is one of the parameters considered in vehicle design. The peak transmitted force
should be as low as possible to decrease the jerking effect felt by occupants during a
crash so that neck injury can be avoided. In this thesis, peak forces transmitted at
high-velocity impact are also compared. Impact velocity is 56km /h as in EURO-NCAP
standard tests [64]. Figure 6.15 shows that the best shape has peak force about 200kN,

which is the minimum value among all shapes.
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Figure 6.14. The presence of the plastic hing in steel bumper beams.
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Figure 6.15. The peak transmitted force at high-velocity impacts for different-shaped

beams having the same weight.
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Figure 6.16. The peak transmitted force at low-velocity impacts for same weight

situations .

Figure 6.16 shows the peak forces transmitted through different bumper designs
having the same weight. The peak force of the best shape is about 92 kN, which is the
lowest one compared to the benchmark shapes. In both low and high-velocity collisons,

the best shape shows a better performance regarding peak force.

The results show that the best shape obtained using steel material has better
performance in case of intrusion, equivalent plastic strain, energy absorption capacity
and peak transmitted force in comparison with the benchmark shapes. Besides, the
optimum shape is obtained for aluminum material. Since the benchmark shapes show
quite low performance, the optimum shape of aluminum is directly compared with steel
having the same weight to see which one is better suited as bumper material. Figure
6.17 shows that the optimum steel shape of steel absorbs about 3.91e3 J energy, while,

this value is 3.22e3 J for the optimum aluminum shape.

As can be seen in Figures 6.18, the optimum steel shape shows a better perfor-
mance in comparison to the optimum aluminum shape in case of peak transmitted

force which is about 90 kN.
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Figure 6.17. The Energy absorption of the best shapes in same weight situation.
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Figure 6.18. The peak transmitted force at low-velocity impacts for the best shapes

in same weight situations.
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Figure 6.19. The intrusion of the best shapes having same weight.

The comparison of the intrusion for best optimum shapes shows that, the opti-
mum shape of aluminum has better intrusion than optimum shape of steel. As can be

seen in Figure 6.19, the value of intrusion for aluminum is about 45mm where steel has

€ Best Shape (St)
E Best Shape (Al)

intrusion about S55mm.

0 .017798 .035595 .053393 .07119 .088988 .106785 124583 14238 .160178

0 012705 025411 038116 050822 .063527 076233 .088938 101643 114349

Figure 6.20. The contour of equivalent plastic strain of the steel and aluminum best

shapes.

Figure 6.20 shows a similar behaviour in equivalent plastic strain. The maximum
plastic strain of steel is larger, but concerning that low-carbon steel is more ductile
than the aluminum alloy, one can assume that both beams will preserve their integrity

during low-velocity impacts.
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Optimum shape of steel, despite having good performance in case of peak trans-
mitted force and energy, has intrusion higher than the optimum aluminum shape.
Since, optimum shape of steel successfully satisfied the limitation of the intrusion, and
having cost lower than aluminum material, it is recommended to be used as a bumper

beam material in this study.
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7. FUTURE WORKS AND RECOMMENDATIONS

In this study, by optimally designing the cross-sectional shape of a bumper beam,
improvements are obtained in impact performance like peak-transmitted force, intru-
sion, and absorbed energy. Despite having improved the bumper beam design, there
are potential improvements that can be done. The parameters like thickness, radius of
curvature of the beam, dimensions of the cross-section are important design parameters
affecting the performance of the bumper beam. Finding optimal values for these de-
sign variables may further improve the performance of the beam. Besides, the material
properties such as yield stress and elastic modulus significantly affect the performance,
so, selecting materials with high strength-to-weight ratio can help in a way to reach a
lightweight structure. Among those materials, carbon-fiber composites and the hybrid
materials can be mentioned. Besides the structure of the beam can be improved by

selecting a hybrid structural design.



26

8. CONCLUSIONS

This thesis study focuses on improving the performance of a bumper beam by
optimizing its cross-sectional shape. A standard low-velocity impact test, ITHS, is
simulated to determine the response of the beam during impact. In the optimization
procedure, the shape of the cross-section is defined by spline curves passing through
key points. Some of the key points are allowed to move in a limited region called
search domain. The coordinates of these key points are taken as optimization variables.
The barrier size, contact radius, and the collision velocity are taken the same as the
standards. The bumper beam is modeled as a deformable body; the rest of the vehicle
parts are taken as rigid and their effects are taken into account by defining mass
points. These mass points are rigidly coupled to the back end of the bumper beam.
In order to reduce the computational time of optimization, explicit dynamic analysis
is carried out with shell elements. Optimum shapes are obtained for two different
materials, an aluminum and a steel. A number of benchmark shapes are selected for
comparison, dome shaped and rectangular cross-sections, and a shape currently in use
in a commercial car. The performances of the optimum shapes and the benchmark
shapes are compared in terms of maximum intrusion, maximum plastic strain, peak-

transmitted force, absorbed energy, weight, and cost.

Different optimal shapes are obtained for an aluminum alloy and a low-carbon
steel. Therefore, optimization process should be repeated when another candidate ma-
terial is considered. Optimal shapes are expected be different for different thicknesses;
but within the scope of the thesis, optimal shapes for different thicknesses were not

obtained.

The optimal shapes show significantly improved performance over the benchmark
shapes in terms of all criteria. The maximum intrusion is less than at least 25 mm
compared to the benchmark shapes having the same weight. The maximum plastic
strain is much lower; so the structural integrity of the bumper beams with optimal

cross-sectional shape is expected to be preserved during a low velocity collision as
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opposed to the benchmark shapes. Because deformation is more uniform in optimal
beams, a larger portion of the impact energy is absorbed. Peak transmitted forces

under both low and high-velocity collisions are much lower.

Optimal aluminum bumper beam shows a better performance compared to the
steel one having the same weight in terms of intrusion, but a lower performance in
terms of absorbed energy. Considering that, the differences in performance are not
significant and aluminum is much costly, low-carbon steel is a better alternative as a

bumper beam material.



o8

REFERENCES

. Australian Transport Safety Bureau, “Road Safety in Australia: A Publication
Commemorating World Health Day 2004”, pp. 1-335.

. Sapuan, S. M., M. A. Maleque, M. Hameedullah, M. N. Suddin and N. Ismail, “A
note on the conceptual design of polymeric composite automotive bumper system”,

Journal of Materials Processing Technology, Vol. 159, No. 2, pp. 145-151, 2005.

. Luda, M. P., V. Brunella and D. Guaratto, “Characterisation of Used PP-Based
Car Bumpers and Their Recycling Properties”, ISRN Materials Science, Vol. 2013,
No. March, p. 12, 2013.

. Dange, M. V., R. B. Buktar and N. R. Raykar, “Design and Analysis of an Auto-
motive Front Bumper Beam for Low-Speed Impact”, IOSR Journal of Mechanical
and Cwil Engineering Ver, Vol. 12, No. 2, pp. 2320-334, 2015.

. Johnson, W. and A. C. Walton, “An experimental investigation of the energy dissi-
pation of a number of car bumpers under quasi-static lateral loads”, International

Journal of Impact Engineering, Vol. 1, pp. 301-308, 1983.

. Zhang, 7., S. Liu and Z. Tang, “Design optimization of cross-sectional configuration
of rib-reinforced thin-walled beam”, Thin- Walled Structures, Vol. 47, No. 8-9, pp.
868-878, 2009.

. A, H., S. M.S.a, I. N.a and N. Y.b, “Material selection of polymeric composite
automotive bumper beam using analytical hierarchy process”, Journal of Central
South University of Technology (English Edition), Vol. 17, No. 2, pp. 244-256,
2010.

. Hosseinzadeh, R., M. M. Shokrieh and L. B. Lessard, “Parametric study of au-

tomotive composite bumper beams subjected to low-velocity impacts”, Composite



10.

11.

12.

13.

14.

15.

16.

29

Structures, Vol. 68, No. 4, pp. 419-427, 2005.

. Marzbanrad, J., M. Alijjanpour and M. S. Kiasat, “Design and analysis of an

automotive bumper beam in low-speed frontal crashes”, Thin-Walled Structures,

Vol. 47, No. 89, pp. 902-911, 2009.

Wang, T. and Y. Li, “Design and analysis of automotive carbon fiber composite
bumper beam based on finite element analysis”, Advances in Mechanical Engineer-

ing, Vol. 7, No. 6, pp. 1-12, 2015.

ECE, Uniform Provisions Concerning the Approval of Vehicles With Regard To
Their Front and Rear Protective Devices (Bumpers, Etc.), Tech. Rep. March, 1980.

Kokkula, S., M. Langseth, O. S. Hopperstad and O. G. Lademo, “Behaviour of
an automotive bumper beam-longitudinal system at 40% offset impact: An exper-
imental and numerical study”, Latin American Journal of Solids and Structures,

Vol. 3, No. 1, pp. 59-73, 2006.

Farkas, L., D. Moens, S. Donders and D. Vandepitte, “Optimisation study of a
vehicle bumper subsystem with fuzzy parameters”, Mechanical Systems and Signal

Processing, Vol. 32, 2012.

Cheon, S. S., J. H. Choi and D. G. Lee, “Development of the composite bumper
beam for passenger cars”, Composite Structures, Vol. 32, No. 1-4, pp. 491-499,
1995.

Belingardi, G., A. T. Beyene and E. G. Koricho, “Geometrical optimization of
bumper beam profile made of pultruded composite by numerical simulation”, Com-

posite Structures, Vol. 102, pp. 217-225, 2013.

Li, M., Z. Xia and W. Shangguan, “Analysis and Simulation of Low-Speed Collision
of Car Front Bumpers”, SAE Technical Paper2018-01-1460, 2018, pp. 1-9, 2018.



17.

18.

19.

20.

21.

22.

23.

24.

60

Mo, F., S. Zhao, C. Yu, Z. Xiao and S. Duan, “Design of a Conceptual Bumper En-
ergy Absorber Coupling Pedestrian Safety and Low-Speed Impact Requirements”,
Applied Bionics and Biomechanics, Vol. 2018, 2018.

Yim, H. J., M.-s. Kim, J. Park, S.-j. Heo and D. K. Park, “Shape Optimization
of Bumper Beam Cross Section for Low Speed Crash”, SAFE International, Vol. 7,
No. 724, p. 2, 2009.

Sonawane, C. R. and A. L. Shelar, “Strength Enhancement of Car Front Bumper
for Slow Speed Impact by FEA Method as per ITHS Regulation”, Journal of The
Institution of Engineers (India): Series C, 2017.

Shin, M.-K., S. I. Yi, O.-T. Kwon and G.-J. Park, “Structural optimization of the
automobile frontal structure for pedestrian protection and the low-speed impact
test”, Proceedings of The Institution of Mechanical Engineers Part D-journal of
Automobile Engineering - Proc Inst Mech Eng. D-J AUTO, Vol. 222, pp. 2373~
2387, 2008.

Sampath Rao, P., “Design Analysis of Bumper Beam Subjected To Offset Im-
pact Loading for Automotive Applications”, International Journal of Mechanical

Engineering and Technology, Vol. 6, No. 5, pp. 976-6340, 2015.

Frank, T. and K. Gruber, “Numerical simulation of frontal impact and offset col-

lisions”, CRAY Channels, Cray Research Inc, pp. 2-6, 1992.

M. Patel, N.; C. Penninger and J. E. Renaud, “Topology Synthesis of Extrusion-
Based Nonlinear Transient Designs”, Journal of Mechanical Design - J Mechanical

Design, Vol. 131, 2009.

Zarei, H. R. and M. Kroger, “Bending behavior of empty and foam-filled beams:
Structural optimization”, International Journal of Impact Engineering, Vol. 35,

No. 6, pp. 521-529, 2008.



25.

26.

27.

28.

29.

30.

31.

32.

33

61

Agar, P. S. U. S. and D. R. K. K. Amalakkannan, “Performance Enhancement of
a Car Bumper using Crash Analysis”, Vol. 09, No. 06, pp. 769-772, 2017.

Doruk, E., “Steel processing effects on crash performance of vehicle safety related

applications”, Vol. 3, pp. 351-358, 2017.

Simon, P. and P. Beggs, “A numerical performance comparison of a dual-phase
steel and aluminium alloy bumper bar system”, International Journal of Crash-

worthiness, Vol. 15, No. 4, pp. 425—442, 2010.

Kashinath, K. S. and C. A. Balasaheb, “Review of Design & Analysis of Bumper
Beam in Low Speed Frontal Crashes”, International Journal of Industrial Elec-

tronics and FElectrical Engineering, Vol. 3, No. December, pp. 56-63, 2013.

Sun, G., T. Pang, C. Xu, G. Zheng and J. Song, “Energy absorption mechanics for
variable thickness thin-walled structures”, Thin- Walled Structures, Vol. 118, No.
April, pp. 214-228, 2017.

Norhidayah, M., A. A. Hambali, Y. M. Yuhazri, M. Zolkarnain, Taufik and H. Sai-
fuddin, “A Review of Current Development in Natural Fiber Composites in Au-
tomotive Applications”, Applied Mechanics and Materials, Vol. 564, No. October,
pp. 37, 2014.

Farkas, L., C. Canadas, S. Donders, H. Van Der Auweraer and D. Schildermans,
“Optimization study of a parametric vehicle bumper subsystem under multiple
load cases”, Recent Advances in Optimization and its Applications in Engineering,

pp. 481-490, 2010.

Duponcheele, G Tilley, D., “Topological optimization of a bumper beam via the
messy genetic algorithm”, ProQuest Science Journals pg. 133 Reproduced, Vol. 2,
No. 212, p. 133, 1998.

. Miillerschon, H., N. Lazarov and K. Witowski, “Application of Topology Optimiza-



34.

35.

36.

37.

38.

39.

40.

41.

62

tion for Crash with LS-OPT ®) / Topology”, 11th International LS-DYNA Users
Conference, Vol. 11, No. 2, pp. 39-46, 2010.

Tanlak, N., F. O. Sonmez and M. Senaltun, “Shape optimization of bumper beams
under high-velocity impact loads”, Engineering Structures, Vol. 95, No. October
2017, pp. 49-60, 2015.

Wang, D., S. Zhang, C. Wang and C. Zhang, “Structure-material-performance in-
tegration lightweight optimisation design for frontal bumper system”, International

Journal of Crashworthiness, Vol. 23, No. 3, pp. 311-327, 2018.

Enriquez, J., Body in white architecture for an electric vehicle concept, Ph.D. The-

sis, Chalmers University of Technology, 2016.

Deb, A.,; A. Naravane and E. C. Chirwa, “An offset rigid barrier-based test: Equiv-
alence to the Insurance Institute for Highway Safety frontal offset impact safety

test”, International Journal of Crashworthiness, Vol. 11, No. 4, pp. 281-290, 2006.

Park, D. K., “A development of simple analysis model on bumper barrier impact
and new IIHS bumper impact using the dynamically equivalent beam approach”,
Journal of Mechanical Science and Technology, Vol. 25, No. 12, pp. 3107-3114,
2011.

Kim, D. H., H. G. Kim and H. S. Kim, “Design optimization and manufacture
of hybrid glass/carbon fiber reinforced composite bumper beam for automobile

vehicle”, Composite Structures, Vol. 131, 2015.

C. Jacob, G., J. F. Fellers, S. Simunovic and J. Michael Starbuck, “Energy Absorp-
tion in Polymer Composites for Automotive Crashworthiness”, Journal of Com-

posite Materials - J Composite Material, Vol. 36, pp. 813-850, 2002.

Chen, H., Y. Yang and L. Wang, “Vehicle front structure energy absorbing opti-

mization in frontal impact”, Open Mechanical Engineering Journal, Vol. 9, No. 1,



42.

43.

44.

45.

46.

47.

48.

49.

20.

ol.

02.

63

pp. 168-172, 2015.

Jiang, L. and H. Hu, “Finite element modeling of multilayer orthogonal auxetic

composites under low-velocity impact”, Materials, Vol. 10, No. 8, 2017.

Xiao, Z., J. Fang, G. Sun and Q. Li, “Crashworthiness design for functionally
graded foam-filled bumper beam”, Advances in Engineering Software, Vol. 85, pp.
81-95, 2015.

The-Blueprints.com, FEvolution Graphics B.V, 2011,

https://www.the-blueprints.com, accessed at December 2018.

Insurance Institute for Higway Safety, ITHS low-speed crash test (goals of the new
program), Tech. Rep. May, 2006.

National Highway Traffic Safety Administration (NHTSA), Laboratory Test Pro-
cedure For New Car Assessment Program Frontal Impact Testing, Tech. Rep.

September, 2012.

Sadd, M. H., Flasticity, University of Rhode Island, Rhode Island Amsterd, 2005.

University, A., Crash Analysis with RADIOSS — A Study Guide, 2018.

C., H. and M. A., “Determination of constitutive parameters from a Taylor test

using inverse analysis”, Strain, Vol. 53, No. 6, p. e12249, 2017.

Canonsburg, T. D., ANSYS LS-DYNA User’s Guide, Tech. Rep. April, 20009.

Cowper, G. and P. Symonds, “Stain-hardening and strain-rate effects in the impact

loading of cantilever beams”, Distribution, pp. 1-35, 1973.

Abotula, S. and V. Chalivendra, “An experimental and numerical investigation of
the static and dynamic constitutive behaviour of aluminium alloys”, The Journal

of Strain Analysis for Engineering Design, Vol. 10, No. March 2016, p. 4, 2010.



23.

o4.

99.

26.

64

Ansys  Inc., SHELL163  Element  Description, Tech. rep., 2017,

help/ans_elem/Hlp E_SHELL163.html.

Akbulut, M. and F. O. Sonmez, “Design optimization of laminated composites
using a new variant of simulated annealing”, Computers and Structures, Vol. 89,

No. 17-18, pp. 1712-1724, 2011.

RCAR Low-speed structural crash test protocol, Tech. Rep. 2, 2011.

ITHS, Insurance Institute for Highway Safety Bumper Test and Rating Protocol (
Version VIII ), Tech. Rep. September, 2010.



65

APPENDIX A: HYBRID OPTIMIZATION ALGORITHM

Hybrid Optimization Algorithm
combination of
Nelder-Mead and MSA

Reverse initial variables
fi)=(xi_1.xi_2,yi_2,xi_3,yi_3.xi_4.yi_4)
i: Best to worse configuration of MSA algorithm
"xi"s and "yi"s are initial input of Nelder-Mead algorithm

Compare the f(i) values to
generate the BGW triangle

Calculate middle and
reflection points as:
M=0.5*B+G)
R=2M-W

f(R) < f(6) f(R) > f(6)

i

IF f(B) < f(R) No— IFf(R) <f(W)

- - Replace W with R
Compute Expansion point
E=2R-M and f(E)

Compute Contraction Point

Yes
- C=05*(W +M)
—‘ Replace W with R orC=05*(M+R)andf(C)

L

| IF f(C)<f(W) |
IF f(E)<f(B) IF f(E)>f(B)
| Replace W with E | | Replace W with R | N
Shirinking Operation Yes
Compute S=2R-M and f(S) Replace W with C
replace W with S |_4
replace G with M
Convergence
" if (f(worst) - f(best) < eps1
or
|f(best) - f(worst)| < eps

<_Ye SJ

Figure A.1. The flow-chart of the hybrid-optimization algorithm





