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ABSTRACT

ASPECTS OF NONRELATIVISTIC STRONG GRAVITY

We carry out the leading order (LO) large c expansion to GR in the presence

of odd powers with the tools provided by Newton-Cartan (NC) gravity. As a result, a

set of diffeomorphism invariant LO equations are found. The odd power term is shown

to be U(1) vector field that appears in the equations through its field strength. We

finally show that the LO equations covers the stationary sector of GR entirely where

the rotational degrees of freedom are provided by the U(1) field.
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ÖZET

RELATİVİSTİK OLMAYAN GÜÇLÜ YERÇEKİMİ

Genel relativiteye (GR), Newton-Cartan (NC) yerçekimi kuramının sağladığı

araçlar kullanılarak ve tekil terimleri de göz önünde bulundurularak ilk mertebe (LO)

yüksek ışık hızı açılımı (c) yapılacaktır. Sonuç olarak, difeomorfizmalar altında değişmeyen

ilk mertebe denklemler bulunmuştur. Tekil mertebe teriminin U(1) vektör alanı olduğu

ve ilk mertebe denklemlerinde kendi oluşturduğu güç alanı altında ortaya çıkışı gösterilecektir.

Son olarak ilk mertebe denklemlerinin genel relativitedeki durgun alan denklemlerini

tamamen kapladığı ve bu alanın dönüşünü tanımlayan serbestlik derecesinin bu U(1)

vektör alanı tarafından sağlandığı gösterilecektir.
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1. INTRODUCTION

The theory of Newton-Cartan gravity was originally constructed by E. Car-

tan [1,2] – hence the name Newton-Cartan – in an attempt to write Newton’s equations

of gravity in a covariantly in the language resembling general relativity. It was revis-

ited in a further work by Dautcourt [3] to covariantly formulate an approximation to

general relativity. The ultimate aim of the initial works [3, 4] was simply to provide a

manifestly covariant version of the post-Newtonian expansion. There it was realised

such approximation amounts to an expansion of the relativistic metric in inverse powers

of the speed of light c and as a result it is referred as the large c expansion.

The original work in [3] has recently been revisited in [4–7, 9–12]. To give a

brief summary that is relevant in this work, in [5] it was pointed out that the large c

expansion naturally allows the inclusion of strong gravitational effects which are not

present in the post-Newtonian expansion. This is no surprise as the post-Newtonian

expansion [13] is not only nonrelativistic, but also a weak field approximation. This

feature of effectively describing some strong gravitational effects suggests the large c

expansion could have interesting phenomenological applications, although this remains

largely unexplored.

Previous work on the large c expansion was based on assuming an expansion of

the metric in inverse powers of c2. Under the weak field assumption, together with

consideration of some physical constraints on energy-momentum and an appropriate

coordinate choice, one can show that odd terms in the relativistic metric can appear

only at next to leading order [3, 13]. This is not case when one does not assume weak

field, for which the presence of terms with an odd power of c has to date remained

unexplored. Its study is initiated in the work [8].

In addition to the inclusion of odd powers, the main difference between the ex-

pansions in [8] and in the previous works [3–6] is in the former we let the leading order

temporal metric component – will be denoted as
(−2)

A – free. It is further noticed that
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the previous choices of setting
(−2)

A = −1 is simply a gauge choice. Moreover, this has

the implication that one does not need the torsion to describe the strong gravitational

effects of the leading order theory that can be taken care of by
(−2)

A as opposed to [5].

The Kerr solution explored in [8] – as well as in this thesis – shows that there are

real world gravitational phenomena that find themselves in the strong field nonrela-

tivistic regime that is well approximated by the large c expansion. Still, the expansion

is only of real practical use for phenomena that are too complicated to describe analyt-

ically in general relativity and at the same time require high orders, or a break down in

the post-Newtonian approximation. For such phenomena the large c expansion would

be an efficient and an analytic tool to compete with numerical relativity.

The main result of [8] was to identify the large c expansion as an expansion around

the stationary sector of GR and as will be pointed out it generalizes the post-Newtonian

expansion to include metrics that are not nearly flat. Thus, the possible practical

applications of the large c expansion concern phenomena where gravity is strong and

that are almost stationary. If one chooses the leading order stationary metric to be

Minkowski space the large c expansion reduces to the standard post-Newtonian one.

But more generally one can choose any stationary metric as the starting point for the

expansion, extending it into the strong gravitational regime. We will illustrate this

explicitly using the example of the Kerr metric in Chapter 7.

This thesis is mainly based on the paper [8] and in a sense it mainly serves

the purpose of demonstration on how each of the intermediate steps and the tedious

calculations work. The structure with brief summaries of each chapter goes as follows:

In Chapter 2, we will briefly introduce the basic tools in differential geometry.

In doing so, we will mainly follow the sources [18–21]. The chapter mainly serves the

purpose of introducing the notation and the formulae that will be used throughout the

thesis. They will quite often be referred back when needed. We begin with the defi-

nition a tensor and its transformation rules that allows us introduce diffeomorphisms.

Further on, we define an inner product by introducing the metric that will help us
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to describe the space-time. We then introduce a general connection to describe the

curvature and provide the general identities.

In Chapter 3, we make the first contact with gravity by initially imposing the

metric compatibility conditions. This will allow us to introduce the Levi-Civita con-

nection and its curvature. Upon introducing the matter in the form of the conserved

energy-momentum tensor and using the Bianchi identities of the curvature, we will

present the familiar Einstein equations. We use trace-reversed equations that will form

the basis of our work.

In Chapter 4, we will provide a brief introduction to Newton-Cartan domain and

give the covariant form of the Newton’s equations, for which, we mainly follow the

sources [3, 14, 17]. While doing so, we will introduce the concepts such as Newton-

Cartan structure, Newton-Cartan split, Newton-Cartan connection, twistless torsion

condition and boost symmetry that will be applied when performing the leading order

expansion. In doing so we introduce a convenient dot notation for spatial tensors that

will be used throughout this thesis.

Chapter 5 is the point where we combine general relativity and Newton-Cartan

theory. Here, we reformulate Einstein equations by splitting it in the temporal and spa-

tial directions using the Newton-Cartan structure and the Newton-Cartan connection

introduced previously. In a sense providing a Newton-Cartan description of general

relativity that will ease up the messy intermediate calculations of the leading order

large c expansion.

Chapter 6 serves as the highlight of this thesis where the final leading order equa-

tions are provided in Section 6.4. It is the point where we perform the infamous – odd

power including – large c expansion under the twistless torsion condition on the previ-

ously introduced split metric and energy-momentum tensor variables and with it on the

Einstein equations. This results in a set of leading order Einstein equations subjected

to the conservation laws that are not invariant under diffeomorphisms and rescalings.

We redefine the initial fields (
(−2)

A ,
(−1)

A µ̇,
(0)

Aµ̇ν̇) to introduce manifestly symmetry invariant
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– in a sense stationary – variables given as (Ψ, Cµ̇, k
µν). These new dynamical variables

bringing us closer to the stationary solutions of GR as well as having the advantage

of cleaning up the leading order equations while allowing us to writing them in a final

symmetry invariant form.

Finally, in Chapter 7, we discuss the possible gauge choices on the solutions of

LO equations and illustrate how they relate to the original works [3]. It will also

be shown that one does not really need the existence torsion in order to describe

the strong gravitational effects in such a regime. We then proceed by showing how

the stationary relativistic metrics provide exact solutions to the LO equations and

conclude the discussion with three different limits of Kerr metric. In this section it is

realised that the newly introduced variables form a more natural candidate for further

expansion to the higher orders where the formulation seems to be more natural.

The appendices will contain technical results that will be referred to when neces-

sary. Finally in Appendix E, in addition to the leading order equations, we also explore

the dominion of relativistic and nonrelativistic gauge theory formalisms. We first begin

with a discussion of Lie algebras and general gauge theories. We move on with the

Poincare algebra formulations of general relativity. Finally we discuss the Bargmann

algebra formulation of Newton-Cartan gravity which motivates to the more general

nonrelativistic gauge theory formulations. There, the degeneracy in local translations

occurring in nonrelativistic gauging procedures as discussed in Appendix E.5. This

served as the motivation for the formalism employed here.



2

2. DIFFERENTIAL GEOMETRY

In this section, we will briefly present the objects that will often used be in this

work. To do so, we will roughly follow the sources [18–20]. As we will not go into

most of the derivations, a good knowledge in differential geometry is assumed for the

readers.

We will restrict the discussion in this thesis to 1+3 dimensions and work with

the spacetime coordinates xµ, µ = 0, 1, 2, 3.

We first begin by introducing tensors and diffeomorphisms on some arbitrary

manifold M. Then move on by introducing the metric and a general connection on a

manifold M that is used to define the curvature.

2.1. Tensors and Diffeomorphisms

A (m,n)-tensor is defined to be the object that transforms under the change of

coordinates xµ → x′µ(x) as

T ′ν1...νnµ1...µm
(x′(x)) =

∂xρn

∂x′µn
. . .

∂xρm

∂x′µm
∂x′ν1

∂xσ1
. . .

∂x′νn

∂xσn
T σ1...σνρ1...ρm

(x) (2.1)

We indicate an object in a different basis using primes. For clarity it should be un-

derstood that the indices indicating the coordinate functions will be suppressed i.e.

T (x) := T (xν). We also employ the Einstein summation convention here and through-

out in which repeated indices are summed.
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Considering the infinitesimal change of coordinates such that

x′µ(x)− xµ = −ξµ(x) (2.2)

results in

∂x′µ

∂xν
= δµν −

∂ξµ

∂xν
∂xµ

∂x′ν
= δµν +

∂ξµ

∂xν
(2.3)

Combining Equation (2.1) with Equation (2.3), one finds transformation of a tensor

under the infinitesimal change:

δξT
σ1...σν
ρ1...ρm

:= T ′σ1...σνρ1...ρm
(x)− T σ1...σνρ1...ρm

(x)

= LξT
σ1...σν
ρ1...ρm

(2.4)

The transformations under the vector fields ξµ and Ξµ are defined to be the diffeomor-

phisms. Such transformations define the Lie derivative of a tensor as the rule acting

on both upper and lower indices:

LξT
σ1...σν
ρ1...ρm

= ξλ∂λT
σ1...σν
ρ1...ρm

+ T σ1...σνλρ2...ρm
∂ρ1ξ

λ + · · · − T λ...σνρ1...ρm
∂λξ

σ1 − . . . (2.5)

We say that an object is a tensor if it transforms as a Lie derivative under diffeomor-

phisms.
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2.1.1. Metric Tensor

The metric gµν is a symmetric (2,0)-tensor that transforms under diffeomorphisms

as:

δgµν = Lξgµν (2.6)

that is used to take the inner product of two vectors:

〈V,W 〉g = gµνV
µW ν (2.7)

Through this, one can lower the index via:

gµνV
µW ν = V µWµ such that Wµ = gµνW

ν (2.8)

The metric determines a unique inverse metric gµν via the equation

gµρgρν = δµν (2.9)

that transforms as

δgµν = Lξg
µν (2.10)

It can be used to raise indices as follows:

ωµ = gµνων (2.11)
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2.1.2. Differential Forms

A differential form or a n-form is a (n, 0)-tensor that is fully antisymmetric in its

indices:

ωµ1...µn = ω[µ1...µn] (2.12)

One can construct a (n + m)-form by taking the wedge product of a n-form ω and a

m-form η defined through:

(ω ∧ η)µ1...µn+m =
(n+m)!

n!m!
ω[µ1...µn...µn+m] (2.13)

A n-form ω can be differentiated to give a (n + 1)-form via the exterior derivative d

defined by the rule:

(dω)µ1...µn+1 = (n+ 1)∂[µ1ωµ2...µn+1] (2.14)

Application of this operation twice results in the closedness identity

d(dω) = 0 (2.15)

that applies to any differential form. This result follows from the symmetry of the

partial derivatives. A n-form ω is said to be closed if dω = 0 and exact if dω = φ for a

(n− 1)-form φ. Consequently, it follows from Equation (2.15) that all exact forms are

closed. Furthermore, the differential of the wedge product of obeys the modified form

of the Leibniz rule as:

d(ω ∧ η) = dω ∧ η + (−1)nω ∧ dη (2.16)
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Additionally, a vector V can act on the first index of a n-form to give a (n − 1)-form

through an operation called interior product

(iV ω)µ1...µn−1 = V ρωρµ1...µn−1 (2.17)

obeying the very same Leibniz rule:

iV (ω ∧ η) = iV ω ∧ η + (−1)nω ∧ iV η (2.18)

It then follows that the Lie derivative of any form field can be written in terms of the

introduced operations in the following manner:

LΞω = iΞdω + d(iΞω) (2.19)

This is called Cartan’s formula which will prove useful when discussing the Poincaré

algebra formulation of general relativity.
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2.2. Connection and Curvature

One can define a general connection ∇̃ with coefficients Γ̃λµν on a manifold M

that will transform non-tensorially under diffeomorphisms as:

Γ̃′λµν(x
′(x)) =

∂xλ

∂x′ρ
∂x′σ

∂xµ
∂x′α

∂xν
Γ̃ρσα(x) +

∂x′λ

∂xρ
∂2xρ

∂x′µ∂x′ν
(2.20)

Or infinitesimally:

δξΓ
λ
µν = LξΓ

λ
µν + ∂µ∂νξ

λ (2.21)

following the rule for each space-time index

∇̃µT
σ1...σν
ρ1...ρm

= ∂µT
σ1...σν
ρ1...ρm

+ Γ̃σ1µλT
λσ2...σν
ρ1...ρm

+ · · · − Γ̃λµρ1T
σ1...σν
λρ2...ρm

− . . . (2.22)

Note that the symbol ∇̃ refers to the connection itself and Γ̃λµν refers to the connection

coefficients. In most cases however – as in here – Γ̃λµν is referred as the connection and

∇̃µ is referred as the covariant derivative. Throughout this thesis, as we will define

different types of connections and coefficients and label them with various symbols, we

will always denote a new connection as a pair (∇̃µ, Γ̃
λ
µν). It is clear from the definition

that the connection coefficients are not tensors. However, the covariant derivative of a

tensor is a tensor:

δξ(∇̃µT
σ1...σν
ρ1...ρm

) = Lξ(∇̃µT
σ1...σν
ρ1...ρm

) (2.23)

In fact the very definition of connection coefficients in Equation (2.20) follows upon

demanding this result.
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An important consequence is that the covariant derivatives of vector fields in

general do not commute:

2∇̃[µ∇̃ν]V
ρ = R̃ρ

σµνV
σ − T̃ σµν∇̃σV

ρ (2.24)

It allows us to introduce the Riemann curvature tensor:

R̃ρ
σµν = ∂µΓ̃ρνσ − ∂νΓ̃ρµσ + Γ̃ρµλΓ̃

λ
νσ − Γ̃ρνλΓ̃

λ
µσ (2.25)

As well as the torsion tensor:

T̃ λµν = 2Γ̃λ[µν] (2.26)

The Riemann tensor obeys the so called Bianchi identities:

R̃ρ
[σµν] = T̃ λ[µνT̃

ρ
σ]λ − ∇̃[µT̃

ρ
νσ] (2.27)

∇̃[λR̃
ρ
|σ|µν] = T̃α[λµR̃

ρ
|σ|ν]α (2.28)

and enjoys the antisymmetry in its last indices

R̃ρ
σµν = −R̃ρ

σνµ (2.29)

Using the Riemann tensor one then defines the Ricci tensor by contracting the first

and the third indices:

R̃µν = R̃λ
µλν (2.30)
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3. GENERAL RELATIVITY

In this chapter we will briefly formulate general relativity in the standard dif-

feomorphism invariant metric formulation equipped with the Levi-Civita connection.

Doing so allows us to introduce the objects that will be used for the rest of this thesis.

Note that a gauge theory formulation of general relativity is also provided in

Appendix E which we did not include here for the sake of continuity.

3.1. Metric Formulation

To formulate general relativity we first begin with a Lorentzian metric gµν and

requiring it to be metric compatible and torsion-free:

∇ρgµν = 0 T λµν = 2Γλ[µν] = 0 (3.1)

This is called the Levi-Civita connection which will be denoted as a pair (∇µ,Γ
λ
µν).

The Levi-Civita connection coefficients are famously given as:

Γλµν =
1

2
gλρ(∂µgνρ + ∂νgµρ − ∂ρgµν) (3.2)

which will admit the Riemann tensor

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ (3.3)

obeying the torsionless Bianchi identities

Rρ
[σµν] = 0 (3.4)

∇[λR
ρ
|σ|µν] = 0 (3.5)
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while enjoying the symmetry properties:

Rρσµν = Rµνρσ Rρσµν = −Rρσνµ Rρσµν = −Rσρµν (3.6)

The Riemann tensor of the Levi-Civita connection can be used to define the symmetric

Ricci tensor

Rµν = Rλ
µλν = ∂λΓ

λ
νµ − ∂νΓλλµ + ΓλλσΓσνµ − ΓλνσΓσλµ (3.7)

Contracting Equation (3.5) twice results in:

∇µ

(
Rµν −

1

2
gµνg

ρσRρσ

)
= 0 (3.8)

This result defines the Einstein tensor Gµν as:

Gµν := Rµν −
1

2
gµνg

ρσRρσ such that ∇µGµν = 0 (3.9)

The Einstein equations are then given by equating the Einstein tensor of the Levi-Civita

connection to the energy-momentum tensor :

Rµν −
1

2
gµνg

ρσRρσ =
8πGN

c4
Tµν such that ∇µTµν = 0 (3.10)

These equations follow by varying the Einstein-Hilbert Lagrangian with respect to gµν

given as

L =
√
−ggµνRµν + LM (3.11)
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For the rest of the thesis, we will work with the trace reversed Einstein equations,

as it allows us to split the curvature in a simpler way. We first define the trace reversed

energy-momentum tensor as:

Tµν = c−4

(
Tµν −

1

2
gµνg

ρλTρλ

)
(3.12)

where the speed of light parameter c is introduced to match the orders of both sides.

This can be used to cast the equation into the following form

Rµν = 8πGNTµν (3.13)

The Bianchi identity satisfied by the Ricci tensor Rµν in Equation (3.5) guarantees the

conservation of energy-momentum, which is equivalent to

Cµ = ∇ρ

(
Tρµ −

1

2
gρµg

λσTλσ
)

= 0 (3.14)
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4. TWISTLESS TORSIONAL NEWTON-CARTAN

GRAVITY

In this chapter we will introduce the structures that will be used throughout this

thesis while demonstrating the formulation of Newton-Cartan gravity. The discussion

will mostly follow from the sources [3, 14,17].

Further in this chapter, we will first introduce the Newton-Cartan structure con-

sists of a 1-form τµ and a (0, 2)-tensor degenerate metric hµν . Then proceed by introduc-

ing the non-unique inverse fields τµ and hµν that can be fixed up to a boost symmetry

by an introduction of another 1-form mµ. Then follow up by introducing the torsional

Newton-Cartan connection and introduce covariant form of Newton’s equations.

4.1. Newton-Cartan Structure and Split

We introduce the Newton-Cartan structure (τµ, h
µν) as a positive semi-definite,

symmetric (0,2)-tensor hµν together with a zero eigencovector τµ that is unique up to

rescaling:

hµνων = 0 ⇔ ωµ ∼ τµ . (4.1)

The one-form τµ is often referred to as the clock form as it sets the direction of time,

while hµν encodes a purely spatial metric [1, 2].

Given a Newton-Cartan structure one can introduce additional fields τµ and hµν

such that

τµτ
ν + hµρh

ρν = δνµ τµτ νhµν = 0 . (4.2)
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which also implies that

τµτµ = 1 τµhµν = 0 (4.3)

Equations (4.2) can also be read as the definition of two complementary projectors:

τ νµ = τµτ
ν hνµ = hµρh

ρν (4.4)

Equipped with this projector structure, any tensor index can be decomposed into a

temporal and spatial part, something we will refer to as a ’Newton-Cartan split’. For

an arbitrary 1-form Uµ for example, such decomposition reads

Uµ = τµτ
νUν + hνµUν (4.5)

Since we will perform such a Newton-Cartan split on essentially any tensor we will

encounter it will be useful to introduce some more compact notation. We’ll write the

temporal part of Uµ as

U = τµUµ (4.6)

and we will indicate the spatial projection by putting a dot on the projected index:

Uµ̇ = hνµUν (4.7)

In this notation the decomposition Equation (4.5) then simplifies to

Uµ = τµU + Uµ̇ (4.8)

Note that dotted indices contracted with τ vanish, while the spatial components can
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be lowered and raised by h

τµU
µ̇ = 0 τµUµ̇ = 0 hµνU

ν̇ = Uµ̇ hµνUν̇ = U µ̇ (4.9)

This notation can be safely extended to higher rank tensors as long as they are either

fully symmetric or anti-symmetric. For example for a (1,2)-tensor that is symmetric

in its upper indices we get

Vµ
νρ = V τµτ

ντ ρ + 2V (ν̇τ ρ)τµ + V ν̇ρ̇τµ + Vµ̇τ
ντ ρ + 2Vµ̇

(ν̇τ ρ) + Vµ̇
ν̇ρ̇ (4.10)

Only when there is no ambiguity in the notation, the dotted indices will be raised and

lowered with h as in Equation (4.9). For example, note that in the split of Vµ
νρ above

we have V µ̇ν̇ = τ ρhµσh
ν
λVρ

σλ and Vµ̇
ν̇ = τρh

σ
µh

ν
λVσ

ρλ and thus V µ̇ν̇ 6= hµρVρ̇
ν̇ .

Additional note is that in Section 6.2.4 we will switch to a convention where the

indices are raised and lowered with the metric k which is conformally related to h.

4.2. Milne Boosts

The additional fields τµ and hµν are not unique for a given Newton-Cartan struc-

ture. An equivalent set of solutions to Equation (4.2) is generated through the in-

finitesimal transformations

δχτ
µ = −χµ̇ δχhµν = χµ̇τν + χν̇τµ (4.11)

To keep these objects invariant under boost transformations, one can additionally

introduce a 1-form field mµ such that

δχmµ = −χµ̇ (4.12)
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This 1-form defines a field strength 2-form as

mµν = 2∂[µmν] (4.13)

Furthermore, mµ allows us to define the boost invariant inverse fields through

τ̂µ = τµ − hµνmµ h̄µν = hµν + τµmν + τνmµ (4.14)

and a boost invariant Newtonian potential:

Φ = −τµmµ +
1

2
hµνmµmν (4.15)

4.3. Newton-Cartan Connection

Defining the Newton-Cartan connection (
.
∇∇µ,

.Lλ
µν) to be compatible with the

Newton-Cartan structure (τµ, h
µν):

.
∇∇µτν = 0

.
∇∇µhνλ = 0 (4.16)

It should be pointed out that for the class of Newton-Cartan connections, we reserve

the notation with a slash inside the nabla. The simplest connection that solves these

conditions is

.Lλ
µν = τλ∂µτν +

1

2
hλρ (∂µhνρ + ∂νhµρ − ∂ρhµν) (4.17)

for which the shifts

.Lλ
µν →

.Lλ
µν − hλρKρ(µτν) (4.18)

preserve the compatibility conditions in Equation (4.16) for an arbitrary 2-form Kµν .

Note that Kµν is independent of the Newton-Cartan structure as introduced in Equa-
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tion (4.2). Its existence is mostly related to a higher order field mµ that is needed to

be introduced in addition to the Newton-Cartan structure to keep the connection in-

variant under the boost symmetry – see [14,17] –. There are various such connections,

see [15, 16] for a discussion of the possibilities. The simplest one is upon identifying

Kµν = mµν in Equation (4.13)

L̄λ
µν =

.Lλ
µν − hλρmρ(µτν) (4.19)

denoted by a bar on top. Combining Equations (4.14) and (4.19) it can be written as

L̄λ
µν = τ̂λ∂µτν +

1

2
hλρ
(
∂µh̄νρ + ∂ν h̄µρ − ∂ρh̄µν

)
(4.20)

For the rest of the thesis, we will work in the case where Kµν is zero as a boost invariant

connection is not necessary for the sake of our discussion. However, when presenting

the leading order Einstein equations, it will be discussed that such changes to the

connection will not affect the results.

4.4. Twistless Torsion

From this point and on we will assume that the 1-form τ satisfies ∂[µ̇τν̇] = 0 rather

than working with the more standard Newton-Cartan structure in which ∂[µτν] = 0.

The reason for this choice follows from the fact that the existence of torsion allows to

describe strong gravitational regime in a Newtonian manner. This condition can be

expressed in three equivalent ways:

τ[µ∂ντρ] = 0 ⇔ ∂[µ̇τν̇] = 0 ⇔ ∂[µτν] = τ[µaν] , aµ = aµ̇ (4.21)

Geometrically these conditions guarantee the existence of a foliation by spatial hy-

persurfaces. Another interpretation is that this condition restricts the torsion of any

connection compatible with the Newton-Cartan structure and for this reason Equation

(4.21) also goes under the name of twistless torsion. We make this assumption on

the Newton-Cartan structure from the beginning, anticipating compatibility with the
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expanded Einstein equations [5].

As a consequence of Equation (4.21) it follows that

aµ̇ = 2τ ρ∂[ρτµ] = Lττµ (4.22)

where furthermore

∂[µ̇aν̇] = 0 (4.23)

so that locally

aµ̇ = ∂µ̇ψ (4.24)

The derivation of Equation (4.21) and the other formulae above is shortly reviewed in

Appendix D. Note that this implies via Equations (4.22) and (4.24) that

δχaµ̇ = τµχ
ρ̇aρ̇ δχψ = 0 (4.25)

where δχ(∂µ̇ψ) = τµχ
ρ̇∂ρ̇ψ + ∂µ̇δχψ.

We finally would like to point out that this constraint follows from the Lagrangian:

L = ehµνhρσ(∂µτρ − ∂ρτµ)(∂ντσ − ∂στν) (4.26)

where e = det eAµ = det (τµ, e
a
µ) with e0

µ = τµ. Together with the identifications hµν =

δabeµae
ν
b and hµν = δabe

a
µe
b
ν , the variation on the determinant can be computed as

δe = −e(τµδτµ +
1

2
hµνδh

µν) (4.27)

via the famous formula: ln (detM) = Tr(lnM). The variation on the Lagrangian can
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then collectively be written as

δL = Eτ
µδτ

µ + Eh
(µν)δh

µν (4.28)

Note that the spatial projection on the first equation and the temporal projection

on the second equation vanish by themselves. As a result they do not contribute to

the final equations of motion. Introducing Yµν = ∂µτν − ∂ντµ for now, one finds the

equations to be

ταEτ
α =

1

e
∂ρ
(
eY ρ̇µ̇

)
τµ −

1

4
Y ν̇σ̇Yν̇σ̇ = 0 (4.29)

hαλhβγEh
(αβ) = Y λ̇σ̇Y γ̇

σ̇ −
1

4
hλγY ν̇σ̇Yν̇σ̇ = 0 (4.30)

Taking the spatial trace of Equation (4.30) equals to Y ν̇σ̇Yν̇σ̇ = 0. Solution to this is

provided using the linear algebra result for an antisymmetric matrix M :

Tr(MTM) = 0 =⇒ M = 0 (4.31)

It then follows that this amounts to the twistless torsion condition

Yµ̇ν̇ = 2∂[µ̇τν̇] = 0 (4.32)
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4.5. Covariant Newton’s Equations

The connection introduced in Equation (4.20) admits a Ricci tensor

R̄µν = ∂λΓ̄
λ
νµ − ∂νΓ̄λλµ + Γ̄λλσΓ̄σνµ − Γ̄λνσΓ̄σλµ (4.33)

The covariant equation Newton-Cartan gravity then follows from the ansatz:

R̄µν = 4πGNρτµτν (4.34)

where ρ is the mass density. To show that this actually reproduces the Newton’s

equation, one can pick the adapted Newtonian coordinates:

τµ = δ0
µ hij = δij τ̂ = δµ0 (4.35)

Which will result in the Poisson equation

∇2Φ = 4πGNρ (4.36)
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5. NEWTON-CARTAN SPLIT OF GENERAL

RELATIVITY

This chapter serves as the intermediate point where we combine general relativ-

ity and Newton-Cartan theory where we establish the first contact between the two.

While doing so, we will reformulate Einstein equations by splitting it in the temporal

and spatial directions using the Newton-Cartan structure and decomposing curvatures

with the Newton-Cartan connection introduced previously. An advantage of such de-

composition and split is that it eases up the calculations of the leading order large c

expansion by explicitly separating the dynamical variables.

5.1. Reformulating General Relativity

We start with the regular old Levi-Civita connection (∇µ,Γ
λ
µν) and the all-

compatible Newton-Cartan connection (∇̂∇µ,
L̂λ
µν) derived in Appendix A. The two can

be connected via

Γλµν =
L̂λ
µν + Sλµν −

1

2
T̂ λµν (5.1)

T̂ λµν =
L̂λ
µν −

L̂λ
νµ = 2τλτ[µaν̇] − 2τ[ν

.
∇∇µ]τ

λ (5.2)

Sλµν = gλρ
(
∇̂∇(µgν)ρ −

1

2
∇̂∇ρgµν + gσ(µT̂

σ
ν)ρ

)
(5.3)

In fact any arbitrary connection of choice can be related to the Levi-Civita connection

through these relations. Plugging in relates the Ricci tensors of Levi-Civita connection

to the all-compatible Newton-Cartan connection as follows:

Rµν = R̂(µν) −
1

2
∇̂∇(µT̂

ρ
ν)ρ + ∇̂∇ρSρµν − ∇̂∇(µS

ρ
ν)ρ (5.4)

+
1

4
T̂ λρ(µT̂

ρ
ν)λ −

1

2
SλµνT̂

ρ
ρλ + T̂ λρ(µS

ρ
ν)λ + SλµνS

ρ
ρλ − S

ρ
λ(µS

λ
ν)ρ
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First decomposing all apearing objects in Equation (5.4):

Rµν = Rτµτν + 2τ(µRν̇) +Rµ̇ν̇ (5.5)

R̂µν = R̂ τµτν + 2τ(µR̂ν̇) + R̂µ̇ν̇ (5.6)

Sλµν = S τλτµτν + 2τλτ(µSν̇) + τ̂λSµ̇ν̇ + Sλ̇τµτν + 2τ(µS
λ̇
ν̇) + Sλ̇µ̇ν̇ (5.7)

T̂ λµν = 2τλτ[µT̂ν̇] + 2τ[µT̂
λ̇
ν̇] T̂µ̇ = aµ̇ T̂ ν̇µ̇ =

.
∇∇µ̇τ ν (5.8)

∇̂∇µ = τµ∇̂∇+ ∇̂∇µ̇ (5.9)

Note that identification of T̂µ̇ = aµ̇ and the choice of split in Equation (5.8) amounts

to working in a twistless torsional geometry as discussed in Section 4.4. One can also

check that T̂ ν̇µ̇ =
.
∇∇µ̇τ ν is in fact spatial on the upper index, a result that follows from

τν
.
∇∇µ̇τ ν = 0. We further apply a Newton-Cartan split to the rest of the relativistic

ingredients introduced in Section 3:

Tµν = T τµτν + 2τ(µTν̇) + Tµ̇ν̇ (5.10)

Cµ = C τµ + Cµ̇ (5.11)

To proceed with the split of the metric and its inverse, we reserve a different

notation:

gµν = Aτµτν + Aµ̇τν + Aν̇τµ +Bµ̇ν̇ (5.12)

gµν = Bτµτ ν +Bµ̇τ ν +Bν̇τµ + Aµ̇ν̇

This A vs B notation is introduced to indicate that we will treat the A variables as

independent fields, while the B fields are interpreted as fully determined in terms of
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the A’s through the condition that gµρgρν = δµν :

B = A−1(1 + A−1Aµ̇Aν̇A
µ̇ν̇)

Bµ̇ = −A−1Aν̇A
ν̇µ̇ (5.13)

Bµ̇ν̇ = Aµ̇ν̇ + A−1Aµ̇Aν̇

with Aµ̇ν̇ is the unique. Contrary to Equation (4.2), which has no unique solution for

τµ and hµν given τµ and hµν , Equation (5.14) has a unique solution for Aµ̇ν̇ given τµ , τ
µ

and Aµ̇ν̇ . solution to

τµτ
ν + Aµ̇ρ̇A

ρ̇ν̇ = δνµ (5.14)

This relation clarifies our initial choice of metric split by relating the A coefficients to

the Newton-Cartan structure.

The upshot of this Newton-Cartan split of general relativity is that, the dynamical

variables are:

A , Aµ̇ , Aµ̇ν̇ and T , Tµ̇ , Tµ̇ν̇ .

The split Einstein equations are:

R = 8πGNT Rµ̇ = 8πGNTµ̇ Rµ̇ν̇ = 8πGNTµ̇ν̇ (5.15)

C = 0 Cµ̇ = 0 (5.16)

The curvatures and the conservation equations are functions of variables introduced by

switching the conneciton. They are explicitly provided in Equations (B.7)-(B.11). One

can see the benefit of such a reformulation of Einstein equations is that when expanding

both sides of Equations (B.7)-(B.11), the only c dependent coefficients come from the

hierarchically constructed split metric and energy-momentum tensor coefficients. This

simplifies the computations by making everything more explicit.
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6. LEADING ORDER LARGE c EXPANSION OF

EINSTEIN EQUATIONS

A manifestly diffeomorphism invariant approximation to GR can be constructed

by expanding the relativistic metric and its inverse in inverse powers of the speed of

light [3–6]:

gµν(c) =
∞∑

k=−2

(k)

g µνc
−k gµν(c) =

∞∑
k=0

(k)

g µνc−k (6.1)

Although it is consistent to assume all coefficients of odd powers to vanish – as was done

in [3–6] – we will explore in this work the consequences of relaxing this assumption.

The presence of non-vanishing coefficients for odd powers of c is motivated by the fact

that these coefficients can be sourced in the equations of motion by certain types of

energy-momentum [6].

We will first discuss some generalities and then focus on the leading order, working

out explicitly the dynamical equations to this order. Symmetries will play an important

role in an appropriate organization of the result.

6.1. Setup and General Observations

We will take a slightly different – but equivalent – approach than the one that

was previously taken in [3–6]. We will perform the expansion not directly in terms

of the relativistic metric as in Equation (6.3), but rather expand the components as

obtained after a Newton-Cartan split as in Equation (5.12). It should be stressed that

the Newton-Cartan structure τµ , h
µν is taken to be independent of c.
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Our expansion ansatz for the dynamical fields is then

A(c) =
∞∑

k=−2

(k)

Ac−k Aµ̇(c) =
∞∑

k=−1

(k)

Aµ̇c
−k Aµ̇ν̇(c) =

∞∑
k=0

(k)

Aµ̇ν̇c−k (6.2)

T (c) =
∞∑

k=−2

(k)

T c−k Tµ̇(c) =
∞∑

k=−1

(k)

T µ̇c−k Tµ̇ν̇(c) =
∞∑
k=0

(k)

T µ̇ν̇c−k (6.3)

This ansatz is based on a number of starting assumptions, equivalent to those of [3–

6] with the exception that odd powers are allowed to be non-vanishing. In those

previous works [3–6] the choice
(−2)

A = −1 was made, but as we will explain below that

is simply a choice of gauge for a local scaling symmetry in our formulation. Leaving
(−2)

A free has some advantages. In particular it makes manifest the fact that at each

order in the expansion there appear two new triplets of fields, (
(k)

A ,
(k + 1)

A µ̇ ,
(k + 2)

A µ̇ν̇) and

(
(k)

T ,
(k + 1)

T µ̇ ,
(k + 2)

T µ̇ν̇), all of which are a priori free to vary. In the formulation using the

Newton-Cartan split it also becomes clear that the proper organization of the orders is

not just by counting inverse powers of c, but rather that at a given order the powers of c

depend on the number of spatial indices the field carries. The triplet (
(k)

A ,
(k + 1)

A µ̇ ,
(k + 2)

A µ̇ν̇)

for example consists of coefficients of the powers (c−k, c−k−1, c−k−2). This is something

which was not properly appreciated in [3–5], but suggested by the results of [6, 7].

That this is indeed the more appropriate point of view is supported by the fact that

the equations of motion – which we will further work out below – organize themselves

in the following form:

(k)

R [
(≤ k)

A ,
(≤ k + 1)

A µ̇ ,
(≤ k + 2)

A µ̇ν̇ ] = 8πGN

(k)

T
(k + 1)

R µ̇ [
(≤ k)

A ,
(≤ k + 1)

A µ̇ ,
(≤ k + 2)

A µ̇ν̇ ] = 8πGN

(k + 1)

T µ̇ (6.4)
(k + 2)

R µ̇ν̇ [
(≤ k)

A ,
(≤ k + 1)

A µ̇ ,
(≤ k + 2)

A µ̇ν̇ ] = 8πGN

(k + 2)

T µ̇ν̇

One sees that if the expansion is truncated at order n, i.e. keeping only triplets of

the form (
(k)

A ,
(k + 1)

A µ̇ ,
(k + 2)

A µ̇ν̇) and (
(k)

T ,
(k + 1)

T µ̇ ,
(k + 2)

T µ̇ν̇) with k ≤ n, then the above set of

equations for k ≤ n is consistent. Furthermore the set of equations has a hierarchic

structure, in that one can solve them recursively in the order. The leading order cor-

responds to n = −2 and will be worked out fully below. Note that the structure of
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Equation (6.4) follows upon assuming that
(−4)

R µν = 0 which amounts to the twistless

torsion condition in Equation (4.21), see [5]. But since this is equivalent to the as-

sumption that
(−4)

T µν =
(−3)

T µν = 0, one sees that this condition is already encoded in

Equation (6.3).

Finally we should point out that since τµ
(0)

Aµ̇ν̇ = 0 we can choose to identify the

spatial part of the Newton-Cartan structure introduced in Section 4.1 with it:

(0)

Aµ̇ν̇ = hµν (6.5)

Translated back to the more familiar relativistic metric variables this amounts to

gµν = c2
(−2)

A τµτν +O(c) gµν = hµν +O(c−1) (6.6)

So once we start considering the large c expansion, we identify the Newton-Cartan

structure introduced in Section 4.1 with the leading coefficients of the relativistic metric

and its inverse.

6.1.1. Metric Expansion

The relativistic metric gµν and its inverse gµν are determined in terms of A and B

triplet fields as in Equations (5.12). If one wants to carry out the large c expansion in

practice then one will need the expression of the coefficients of the B’s in terms of the

coefficients of the A’s. Expanding Equations (5.13) results in the following recurrence

relations:

(k + 2)

B = δk0
(−2)

A −1 −
(−2)

A −1

k∑
i=−1

(
(i)

A
(k − i)

B +
(i)

Aµ̇
(k − i)

B µ̇

)
(k + 2)

B µ̇ = −
(−2)

A −1

k∑
i=−1

(
(i)

A
(k − i)

B µ̇ +
(i)

Aν̇
(k − i)

A ν̇µ̇

)
(6.7)

(k)

Bµ̇ν̇ = δk0 hµν −
k+1∑
i=1

(
(k − i)

A µ̇

(i)

Bρ̇ +
(k − i)

B µ̇σ̇

(i)

Aσ̇ρ̇
)
hρν
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To illustrate the use of these recursion relations we work out the first orders of the B

fields:

• LO (k = −2):

(0)

B = 0
(0)

Bµ = 0
(−2)

B µ̇ν̇ = 0 (6.8)

Which is equivalent to

(−2)

g µν =
(−2)

A τµτν
(0)

g µν = hµν (6.9)

• N1/2LO (k = −1):

(1)

B = 0
(1)

Bµ̇ =
(−2)

A −1
(−1)

A µ̇
(−1)

B µ̇ν̇ = 0 (6.10)

Which is equivalent to

(−1)

g µν =
(−1)

A τµτν +
(−1)

A µ̇τν +
(−1)

A ν̇τµ (6.11)

(1)

g µν = −
(−2)

A −1(
(−1)

A µ̇τ ν +
(−1)

A ν̇τµ) +
(1)

Aµ̇ν̇ (6.12)

• NLO (k = 0):

(2)

B =
(−2)

A −2
(−1)

A ρ̇

(−1)

A ρ̇ +
(−2)

A −1 (6.13)
(2)

Bµ̇ =
(−2)

A −2
(−1)

A
(−1)

A µ̇ −
(−2)

A −1(
(1)

Aµ̇ν̇
(−1)

A ν̇ + hµν
(0)

Aν̇) (6.14)
(0)

Bµ̇ν̇ = hµν +
(−2)

A −1
(−1)

A µ̇

(−1)

A ν̇ (6.15)

Which is equivalent to

(0)

g µν =
(0)

Aτµτν +
(0)

Aµτν +
(0)

Aντµ + hµν +
(−2)

A −1
(−1)

A µ̇

(−1)

A ν̇ (6.16)

(2)

g µν = (
(−2)

A −2
(−1)

A ρ̇

(−1)

A ρ̇ +
(−2)

A −1)τµτ ν +
(−2)

A −2τ ν
(−1)

A ρ̇(
(−1)

A hρµ −
(−2)

A
(1)

Aρ̇µ̇)

+
(−2)

A −2τµ
(−1)

A ρ̇(
(−1)

A hρν −
(−2)

A
(1)

Aρ̇ν̇)−
(−2)

A −1(hµν + 2
(0)

A(µ̇τ ν))
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The relation of the triplet (
(k)

A,
(k + 1)

A µ̇,
(k + 2)

A µ̇ν̇) appearing here to the variables intro-

duced in the previous works in the field are listed below:

LO
(−2)

A = −1
(−1)

A µ̇ = 0
(0)

Aµ̇ν̇ = hµν

N1/2LO
(−1)

A = 0
(0)

Aµ̇ = mµ̇

(1)

Aµ̇ν̇ = 0

NLO (Newtonian)
(0)

A = −2Φ
(1)

Aµ̇ = 0
(2)

Aµ̇ν̇ = Φµ̇ν̇ (6.17)

N3/2LO
(1)

A = 0
(2)

Aµ̇ = γµ̇
(3)

Aµ̇ν̇ = 0

N2LO
(2)

A = −γ
(3)

Aµ̇ = 0
(4)

Aµ̇ν̇ = 0

In these equations all gravitational potentials appearing up to next to next to leading

order (N2LO) in the large c expansion are listed. In the previous literature on this

expansion [3–6] most of these potentials have been assumed to vanish, as indicated.

The NLO level can be identified as the Newtonian level, since Φ is Newton’s potential.

Up to this order we have used the nomenclature of [6] for the fields. For the two

highest orders we used the nomenclature of [4]. Non-trivial values for the fields of

order two have only been considered more recently [5,6]. If the potentials of order zero

are assumed to vanish then the potentials in red can be identified with those appearing

at first Post-Newtonian order in the standard PN expansion [4]. In this thesis we will

focus on the LO only but will allow non-trivial values for the full triplet, see Equation

(7.3).

6.1.2. Leading Order Fields

Starting with the expansion ansatz in Equation (6.3), the leading order metric

variables can be listed as:

(−2)

A
(−1)

A µ̇

(0)

Aµ̇ν̇
(0)

Bµ̇ν̇

(1)

Bµ̇

(2)

B (6.18)
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These fields will lead to the leading order S coefficients appearing in the connection

decomposition:

(−2)

S µ̇
(−1)

S µ̇
ν̇

(−1)

S
(0)

S µ̇
(1)

S µ̇ν̇
(0)

S λ̇µ̇ν̇ (6.19)

The torsion fields and the curvature R̂ do not carry order of c. The LO expansion

enjoy the introduction of the following fields:

Hµ̇ν̇ = hρµh
σ
ν (∂ρ

(−1)

A σ̇ − ∂σ
(−1)

A ρ̇ + ωρ̇
(−1)

A σ̇ − ωσ̇
(−1)

A ρ̇ + Ωρ̇

(−1)

A σ̇ − Ωσ̇

(−1)

A ρ̇)

ωµ̇ = −1

2
∂µ̇ log(−

(−2)

A )

Ωµ̇ = aµ̇ + ωµ̇

Due to Equation (4.24), we can also write

Ωµ̇ =
1

2
∂µ̇Ψ Ψ = 2ψ − log(−

(−2)

A ) (6.20)

Together with this, the raw form of the leading equations are:

(−2)

R = 8πGN

(−2)

T
(−1)

R µ̇ = 8πGN

(−1)

T µ̇

(0)

Rµ̇ν̇ = 8πGN

(0)

T µ̇ν̇ (6.21)

(−1)

C = 0
(0)

C = 0 (6.22)

This result is in accord with our expansion ansatz in Equation (6.3) and the analysis

in Equation (6.4). The fields appearing in Equations (6.21) and (6.22) are provided
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explicitly as

(−2)

R = −
(−2)

A (−
.
∇∇λ̇Ω

λ̇ + Ωλ̇Ω
λ̇)− 1

4
H λ̇σ̇Hσ̇λ̇ (6.23)

(−1)

R µ̇ = −1

2

.
∇∇λ̇H

λ̇
µ̇ +

1

2
ωλ̇H

λ̇
µ̇ + Ωλ̇H

λ̇
µ̇ +

(−2)

A −1
(−1)

A µ̇

(−2)

R (6.24)

(0)

Rµ̇ν̇ =
.
R(µ̇ν̇) +

.
∇∇(µ̇Ων̇) − Ωµ̇Ων̇ −

1

2

(−2)

A −1H λ̇
µ̇Hλ̇ν̇ + 2

(−2)

A −1
(−1)

A (µ̇

(−1)

R ν̇) (6.25)

−
(−2)

A −2
(−1)

A µ

(−1)

A ν

(−2)

R

(−1)

C =
.
∇∇µ̇(−

(−2)

A −1
(−2)

T
(−1)

A µ̇ +
(−1)

T µ̇) + ωµ̇(−
(−2)

A −1
(−2)

T
(−1)

A µ̇ +
(−1)

T µ̇) (6.26)

−2Ωµ̇(−
(−2)

A −1
(−2)

T
(−1)

A µ̇ +
(−1)

T µ̇)
(0)

C µ̇ = −1

2

(−2)

A −1(1 +
(−2)

A −1
(−1)

A ρ̇

(−1)

A ρ̇)(
.
∇∇µ̇

(−2)

T + 2ωµ̇
(−2)

T − 2Ωµ̇

(−2)

T ) (6.27)

−2
(−2)

A −1
(−1)

A ρ̇(
.
∇∇[ρ̇

(−1)

T µ̇] + ω[ρ̇

(−1)

T µ̇] − Ω[ρ̇

(−1)

T µ̇])

−
(−2)

A −1
(−1)

T µ̇(
.
∇∇ρ̇

(−1)

A ρ̇ + ωρ̇
(−1)

A ρ̇) +
.
∇∇ρ̇

(0)

T ρ̇µ̇ −
1

2

.
∇∇µ̇(hρσ

(0)

T ρ̇σ̇)− Ωρ̇
(0)

T ρ̇µ̇

In these fields all upper indices are raised with hµν and the Newton-Cartan connection

(
.
∇∇µ,

.Lρ
µν) that preserves the Newton-Cartan structure is used. We stress that, as a

result of Equations (A.10) and (A.12) for the rest of the thesis we switched back to

the Newton-Cartan connection introduced in Equation (4.17) as it is the more natural

choice. Note that, Equations (6.23)-(6.27) are not in their final form as they are not in

a manifestly symmetry invariant. We will discuss and bring to such form in the next

section.
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6.2. Symmetries

One can put Equations (6.23)-(6.27) in a manifestly symmetry invariant form by

first observing the abundance of ωµ̇ and Ωµ̇ fields appearing together with the deriva-

tives of the fields with seemingly unrelated factors. These vector fields were introduced

in anticipation of certain symmetries. The field ωµ̇ can be viewed as an artifact of

rescaling invariance of the 1-form τ and the field Ωµ̇ can be absorbed through the

conformal rescaling of the fields. In the case of
(−1)

A µ̇ however, the appearance of Ωµ̇ is

related to resemblance of its transformation to U(1) under subleading diffeomorphisms

rather than conformal scaling. Another observation is the appearance of lower order

terms in higher order equations which is also related to the transformation of equa-

tions under subleading diffeomorphisms as well. Additionally, it will help us write the

equations in a more efficient manner while bringing the form closer to the ’stationary’

equations, allowing us to define new and more natural variables to work with. In depth

analysis of the symmetries of the equations and bringing them to a manifestly symme-

try invariant form in terms of new variables will be explored in the rest of the section

where we will demonstrate how each of these procedures work.

6.2.1. Milne Boost Invariance

Since the relativistic metric gµν is independent of our choice of τµ and hµν used

to split it, it follows that the components as defined in Equation (5.12) must transform

as

δχA = −2χµ̇Aµ̇ δχAµ̇ = (τµAρ̇ −Bµ̇ρ̇)χ
ρ̇ δχA

µ̇ν̇ = 2B(µ̇χν̇) (6.28)

Since we choose τµ , τ
µ , hµν and hµν to be c independent it follows that the parameter

χµ̇ will be c independent and under boosts the expanded fields will transform in the

same manner:

δχ
(k)

A = −2χµ̇
(k)

Aµ̇ δχ
(k)

Aµ̇ = (τµ
(k)

Aρ̇ −
(k)

Bµ̇ρ̇)χ
ρ̇ δχ

(k)

Aµ̇ν̇ = 2
(k)

B(µ̇χν̇) (6.29)
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Still, these are rather complicated transformations due to the rather lengthy expressions

for the B’s in terms of the A’s once the order increases as discussed in Section 6.1.1.

On the leading triplet the action is very simple however:

δχ
(−2)

A = 0 δχ
(−1)

A µ̇ = τµ
(−1)

A ρ̇χ
ρ̇ δχ

(0)

Aµ̇ν̇ = δχh
µν = 0 (6.30)

The boost transformations of the leading order energy-momentum and curvature triplet

are found to be

δχ
(−2)

T = 0 δχ
(−1)

T µ̇ = τµ
(−1)

T ρ̇χ
ρ̇ δχ

(0)

T µ̇ν̇ = (τµ
(0)

T ν̇ρ̇ + τν
(0)

T µ̇ρ̇)χρ̇ (6.31)

δχ
(−2)

R = 0 δχ
(−1)

R µ̇ = τµ
(−1)

R ρ̇χ
ρ̇ δχ

(0)

Rµ̇ν̇ = (τµ
(0)

Rν̇ρ̇ + τν
(0)

Rµ̇ρ̇)χ
ρ̇ (6.32)

Because some of the variables do transform non-trivially under boosts it might appear

as if boost invariance is not manifest. However, only objects with lower indices have a

non-zero transformation under the Milne boosts and this will furthermore be propor-

tional to τµ. It follows that all objects that either have all indices raised or contracted

with some other raised indices will automatically be boost invariant. Let us illustrate

this argument with an object introduced in Equation (6.20). By Equations (4.25) and

(6.30) it follows that Ψ is boost invariant so that δχ(∂µ̇Ψ) = τµχ
ρ̇∂ρ̇Ψ. But then observe

that

δχ(∂µ̇Ψ) = δχ(hµρ∂ρ̇Ψ) = hµρδχ(∂ρ̇Ψ) = 0 (6.33)

Similarly δχ(∂µ̇Ψ∂µ̇Ψ) = δχ(
.
∇∇µ̇∂µ̇Ψ) = 0.

6.2.2. Scale Invariance

A rescaling of the of the 1-form τµ can be absorbed in the definitions of the A

fields, while leaving gµν invariant. Infinitesimally these scaling transformations that
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leave Equations (4.2) and (5.12) invariant are

δγτµ = γτµ , δγτ
µ = −γτµ (6.34)

δγA = −2γA , δγAµ̇ = −γAµ̇ , δγA
µ̇ν̇ = 0 (6.35)

Let us point out that this implies that

δγaµ̇ = −∂µ̇γ (6.36)

As a result of Equation (4.24), this reveals that the twistless torsion degree of freedom

in τµ is pure gauge, something which we’ll discuss further below.

Due to the c independence of γ it follows that the scaling acts straightforwardly

on the expansion coefficients:

δγ
(k)

A = −2γ
(k)

A , δγ
(k)

Aµ̇ = −γ
(k)

Aµ̇ , δγ
(k)

Aµ̇ν̇ = 0 . (6.37)

Similarly

δγ
(k)

T = −2γ
(k)

T , δγ
(k)

T µ̇ = −γ
(k)

T µ̇ , δγ
(k)

T µ̇ν̇ = 0 . (6.38)

One can then construct the following first set of scale invariant objects:

(−
(−2)

A )−1/2
(−1)

A µ̇

(−2)

A −1
(−2)

T (−
(−2)

A )−1/2
(−1)

T µ̇

(−2)

A −1
(−2)

R (−
(−2)

A )−1/2
(−1)

R µ̇ (−
(−2)

A )−1/2
(−1)

C µ̇

The second set of these will be defined in combination with the diffeomorphism in-

variant objects in the following section. An important note about these is that, they

absorb all of the ωµ̇ terms appearing in Equations (6.23)-(6.27) as follows:

.
∇∇µ̇((−

(−2)

A )−1/2
(−1)

A ν̇) = −(−
(−2)

A )−1/2(
.
∇∇µ̇

(−1)

A ν̇ + ωµ̇
(−1)

A ν̇) (6.39)
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Since after such a reformulation all equations and all variables except
(−2)

A are scale

invariant, it follows that
(−2)

A , which scales non-trivially has to disappear. However,

the derivatives of
(−2)

A will still transform non-homogeneously, with the transformation

including an extra ∂µγ. But remembering that the 1-form aµ̇ transforms in the same

way – see Equation (6.36) – the previously defined invariant 1-form in Equation (6.20)

is scale invariant:

δγΨ = 0 δγ(∂µ̇Ψ) = 0 (6.40)

As a result, justifying our initial choice of working with it. The upshot of this obser-

vation is that the torsion one-form aµ̇ and the field
(−2)

A can only appear in the scale

invariant equations through the scale invariant field Ψ, or its derivatives.

6.2.3. Diffeomorphism Invariance

One of the key features of GR is its invariance under diffeomorphisms. A priori

they can depend arbitrarily on the speed of light c. Compatibility with the expansion

ansatz in Equation (6.3) requires however that the generating vector field satisfies [4,5]

ξµ(c) =
∞∑
k=0

(k)

ξ µc−k (6.41)

The zeroth order coefficients
(0)

ξ µ generate the diffeomorphisms of the nonrelativistic

theory obtained by the expansion, while the higher order coefficients generate additional

gauge transformations. The action on the coefficients of an arbitrary c dependent

relativistic tensor Uν1...νm
µ1...µn

(c) is

δ (k)

ξ

(l)

Uν1...νm
µ1...µn

= L (k)

ξ

(l − k)

U ν1...νm
µ1...µn

(6.42)

We define the Newton-Cartan structure τµ, hµν and τµ, hµν to transform as tensors

under
(0)

ξ µ but to be invariant under all subleading diffeomorphisms
(k)

ξ µ for k > 0. We
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stress that although such definition is consistent, it implies that the components A, Aµ̇

and Aµ̇ν̇ do not transform as tensors under c dependent diffeomorphisms. Rather their

transformations are defined as the respective components of the transformed relativistic

metric:

δ (k)

ξ

(l)

gµν = τµτνδ (k)

ξ

(l)

A+ 2τ(µδ (k)

ξ

(l)

Aµ̇) + δ (k)

ξ

(l)

Bµ̇ν̇ (k > 0) (6.43)

This is equivalent to

δ (k)

ξ

(l)

A = τ ρτσδ (k)

ξ

(l)

g ρσ = τ ρτσL (k)

ξ

(l − k)

g ρσ

δ (k)

ξ

(l)

Aµ̇ = τ ρhσµδ (k)

ξ

(l)

g ρσ = τ ρhσµL (k)

ξ

(l − k)

g ρσ (6.44)

δ (k)

ξ

(l)

Aµ̇ν̇ = hµρh
ν
σδ (k)

ξ

(l)

g ρσ = hµρh
ν
σL (k)

ξ

(l − k)

g ρσ

which in turn can be rewritten via Equation (5.12) as

δ (k)

ξ

(l)

A = L (k)

ξ

(l − k)

A + 2
(l − k)

A (∂
(k)

ξ − aρ̇
(k)

ξ ρ̇)− 2
(l − k)

A ρ̇L (k)

ξ
τ ρ (k > 0)

δ (k)

ξ

(l)

Aµ̇ =
(l − k)

A (∂µ̇
(k)

ξ + aµ̇
(k)

ξ ) + hσµ̇L (k)

ξ

(l − k)

A σ̇ +
(l − k)

A µ̇(∂
(k)

ξ − aρ̇
(k)

ξ ρ̇)−
(l − k)

B µ̇ρ̇L (k)

ξ
τ ρ

δ (k)

ξ

(l)

Aµ̇ν̇ = 2
(l − k)

B (µ̇hν̇)
ρ L (k)

ξ
τ ρ + hµρh

ν
σL (k)

ξ

(l − k)

A ρ̇σ̇

Because
(k)

A =
(k + 1)

A ν̇ =
(k + 2)

A µ̇ν̇ = 0 when k < −2 it follows that the subleading diffeomor-

phism
(k)

ξ acts non-trivially only on the triplets (
(l)

A,
(l + 1)

A ν̇ ,
(l + 2)

A µ̇ν̇) for which l ≥ k− 2. In

particular, at leading order only
(1)

ξ acts non-trivially, in the simple fashion

δ (1)

ξ

(−2)

A = 0 δ (1)

ξ

(−1)

A µ̇ =
(−2)

A (∂µ̇
(1)

ξ + aµ̇
(1)

ξ ) δ (1)

ξ

(0)

Aµ̇ν̇ = 0 (6.45)

Note that the transformation of
(−1)

A µ̇ resembles a U(1) transformation, and indeed we

will recast it as such below. Furthermore, the spatial part
(1)

ξ µ̇ acts trivially at this

order. Let us point out that this simple structure repeats itself at all orders, when one

considers only the action of the highest order diffeomorphisms on the highest order
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triplet:

δ (l + 3)

ξ

(l)

A = 0 δ (l + 3)

ξ

(l + 1)

A µ̇ =
(−2)

A (∂µ̇
(l + 3)

ξ + aµ̇
(l + 3)

ξ ) δ (l + 3)

ξ

(l + 2)

A µ̇ν̇ = 0 (6.46)

A similar analysis reveals the transformations of the leading order energy-momentum

triplet to be

δ (1)

ξ

(−2)

T = 0 δ (1)

ξ

(−1)

T µ̇ =
(−2)

T (∂µ̇
(1)

ξ + aµ̇
(1)

ξ ) δ (1)

ξ

(0)

T µ̇ν̇ = 2
(−1)

T (µ̇∂ν̇)

(1)

ξ + 2
(−1)

T (µ̇aν̇)

(1)

ξ (6.47)

Let us illustrate how one can indeed make the variables invariant under
(1)

ξ µ trans-

formations with an example. First step is to observe that a particular combination of
(−2)

A ,
(−1)

A µ̇,
(−2)

T and
(−1)

T µ̇ appears in the conservation equation
(−1)

C in Equations 6.23-

temporalconservation. By considering the transformation Equation (6.47) of
(1)

T µ̇ and

the transformation in Equation (6.45) of
(−1)

A µ̇ one can show such combination is diffeo-

morphism invariant:

δ (1)

ξ
(

(−1)

T µ̇ −
(−2)

A −1
(−2)

T
(−1)

A µ̇) = 0 (6.48)

Going a step further, one can make the scale-diffeomorphism invariant combination:

δ (1)

ξ
((−

(−2)

A )−1/2(
(−1)

T µ̇ −
(−2)

A −1
(−2)

T
(−1)

A µ̇)) = 0 (6.49)

Other such combinations can also be made with other variables. One can find all of

them by letting Ψ vanish in Section 6.3 .

Further simplification can be obtained by considering invariance of the scale in-

variant version of
(−1)

A µ̇ – i.e. (−
(−2)

A )−1/2
(−1)

A µ̇ – under the subleading diffeomorphisms
(1)

ξ µ.

The field transforms under subleading diffeomorphisms in Equation (6.45) as

δ (1)

ξ
((−

(−2)

A )−1/2
(−1)

A µ̇) = −(∂µ̇ + Ωµ̇)(−
(−2)

A )1/2
(1)

ξ (6.50)
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The definition in Equation (6.20) then suggests to further define

Cµ̇ = −eΨ/2(−
(−2)

A )−1/2
(−1)

A µ̇ (6.51)

so that the rescaled version of
(−1)

A µ̇ transforms as a U(1) gauge field under subleading

diffeomorphisms:

δ (1)

ξ
Cµ̇ = ∂µ̇ζ ζ = e−Ψ/2(−

(−2)

A )
1
2

(1)

ξ (6.52)

If one can make the other variables and equations manifestly invariant under these

subleading diffeomorphisms then it will follow that Cµ̇ can only appear through its

gauge invariant curvature, that is the field strength of the gauge potential Cµ̇.

Fµ̇ν̇ = hρµh
σ
ν (∂ρCσ − ∂σCρ) such that δ (1)

ξ
Fµ̇ν̇ = 0 (6.53)

Schematically this amounts to the replacement Hµ̇ν̇ → Fµ̇ν̇ in the raw form of leading

order equations. As Cµ = Cτµ+Cµ̇ one can further check that Fµ̇ν̇ = hρµh
σ
ν (∂ρCσ̇−∂σCρ̇)

is equal to Equation (6.53) and the scalar C does not appear. This expression is slightly

different from ∂µ̇Cν̇−∂ν̇Cµ̇ = hρµ∂ρCν̇−hρν∂ρCµ̇ = Fµ̇ν̇ +2τ[µh
ρ
ν]Cσ̇∂ρτ

σ, which will never

appear in our equations.

6.2.4. Conformal Rescaling

In addition to scale and subleading diffeomorphism invariant combinations, the

field redefinitions in Section 6.3 contain also the conformal rescalings by powers of

eΨ. Except for the definition of Cµ̇, where this is related to making the U(1) gauge

invariance manifest, these powers in the definitions of the other fields are chosen to

simplify the equations. In particular the choice to redefine the spatial metric with such

a factor is related to putting the equations in a form that can naturally be obtained

from a variational principle. In addition to this, it also has the benefit of absorbing

most of the Ωµ̇V
µ̇ terms appearing together with the covariant derivative.
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The first of these redefinitions is on the spatial metric:

kµν = eΨhµν kµν = e−Ψhµν (6.54)

which preserves the Newton-Cartan structure

τµτ
ν + kµρk

ρν = δνµ (6.55)

It follows that this defines a new connection (∇∇µ,
Lρ
µν) that preserves the Newton-

Cartan structure (τµ, k
µν) and is conformally related on the Levi-Civita-like part of the

Newton-Cartan connection:

Lλ
µν = τλ∂µτν +

1

2
kλρ (∂µkρν + ∂νkρµ − ∂ρkµν) (6.56)

=
.Lλ
µν − Ωµ̇h

λ
ν − Ων̇h

λ
µ + Ωλ̇hµν (6.57)

That comes with the same torsion tensor

Tλµν = 2
Lλ

[µν] = 2τλτ[µaν] = 2
.Lλ

[µν] (6.58)

Such a conformal transformation relates the spatial Ricci tensors as

.
Rµ̇ν̇ = Rµ̇ν̇ − hµνhρσ(∇∇ρ̇Ωσ̇ + Ωρ̇Ωσ̇)−∇∇(µ̇Ων̇) + Ωµ̇Ων̇ (6.59)

In particular such a change will absorb
.
∇∇µ̇Ων̇ term in Equation (6.25). As such terms

do not have a candidate Lagrangian, this will prove important later on in having one.

Further simplification with the conformal rescaling in Equations (6.23)-(6.27) can

be applied to the (scale invariant) equations for
(−2)

R and
(−1)

C . Notice that, for the diver-

gence of spatial tensors one can absorb Ωµ̇ terms appearing together by conformally
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rescaling in the following manner

.
∇∇µ̇V µ̇ = hµρ

.
∇∇µVρ̇

= hµρ(∇∇µ̇Vρ̇ − Ωµ̇Vρ̇ − Ωρ̇Vµ̇ + Ων̇h
λνhµρ)

= e−Ψkµρ(∇∇µ̇Vρ̇ − Ωµ̇Vρ̇ − Ωρ̇Vµ̇ + Ων̇k
λνkµρ) (6.60)

where we used the result explored in Appendix A, Equation (A.12). It should be

stressed that from this point on we will be switching conventions to which the spa-

tial indices are raised with the metric kµν instead of the previous hµν . It should be

understood that all raised objects in Equations (6.23)-(6.27) will become:

V µ̇ = hµρVρ̇ → e−ΨkµρVρ̇ = e−ΨV µ̇ (6.61)

Then Equation (6.60) becomes

hµ̇ρ̇
.
∇∇µ̇Vρ̇ = e−Ψ(∇∇µ̇V µ̇ + Ωµ̇V

µ̇) (6.62)

Where the right hand side is raised with k. Now in order to simplify the equation of
(−2)

R , notice that letting Vµ̇ = Ωµ̇ removes the extra hµρΩµ̇Ωρ̇ = e−ΨΩµ̇Ωρ̇ term. For the

equation of
(−1)

C , observe that the following object

Tµ̇ = e−Ψ/2(−
(−2)

A )−1/2(
(−1)

T µ̇ −
(−2)

A −1
(−2)

T
(−1)

A µ̇) (6.63)

will result in the equation ∇∇µ̇Tµ̇ = 0. This simplifies the leading order scalar conserva-

tion law equation massively while remaining scale and diffeomorphism invariant. All

of such redefinitions together with other symmetries are collected in Section 6.3.

Together with the fields Ψ and Cµ̇ introduced previously, in Chapter 7 it will

be shown that the new triplet of dynamical variables (Ψ, Cµ̇, k
µν) in fact form a more

natural candidate than A fields for the expansion.
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6.3. Field Redefinitions

The detailed redefinitions behind the above discussion are collected below:

Ψ = 2ψ − log(−
(−2)

A )

Cµ̇ = eΨ/2(−
(−2)

A )−1/2
(−1)

A µ̇

kµν = eΨhµν kµν = e−Ψhµν

T = −eΨ
(−2)

A −1
(−2)

T

Tµ̇ = e−Ψ/2(−
(−2)

A )−1/2

(
(−1)

T µ̇ −
(−2)

A −1
(−2)

T
(−1)

A µ̇

)
Tµ̇ν̇ =

(0)

T µ̇ν̇ −
(−2)

A −1(
(−1)

A µ̇

(−1)

T ν̇ +
(−1)

A ν̇

(−1)

T µ̇) +
(−2)

A −2
(−2)

T
(−1)

A µ̇

(−1)

A ν̇

−1

2
hµνh

ρσ

(
(0)

T ρ̇σ̇ − 2
(−2)

A −1
(−1)

A ρ̇

(−1)

T σ̇ +
(−2)

A −2
(−2)

T
(−1)

A ρ̇

(−1)

A σ̇ +
1

3
hρσ

(−2)

A −1
(−2)

T
)

R =
(−2)

A −1
(−2)

R

Rµ̇ = (−
(−2)

A )−1/2

(
(−1)

R µ̇ −
(−2)

A −1
(−2)

R
(−1)

A µ̇

)
Rµ̇ν̇ =

(0)

Rµ̇ν̇ −
(−2)

A −1(
(−1)

A µ̇

(−1)

R ν̇ +
(−1)

A ν̇

(−1)

R µ̇) +
(−2)

A −2
(−2)

R
(−1)

A µ̇

(−1)

A ν̇

−1

2
hµνh

ρσ

(
(0)

Rρ̇σ̇ − 2
(−2)

A −1
(−1)

A ρ̇

(−1)

R σ̇ +
(−2)

A −2
(−2)

R
(−1)

A ρ̇

(−1)

A σ̇ +
1

3
hρσ

(−2)

A −1
(−2)

R

)

C = (−
(−2)

A )−1/2
(−1)

C

Cµ̇ =
(0)

C µ̇ −
(−2)

A −1
(−1)

C
(−1)

A µ̇

An additional note about such redefinitions is that in the second lines of the defining

equations of Rµ̇ν̇ and Tµ̇ν̇ are there to revert back our initial choice of trace-reversed

Einstein equations. This choice will result in the appearance of a conserved Einstein

tensor of the Newton-Cartan connection.
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6.4. Leading Order Equations

Finally we are ready to present the leading order Einstein and conservation equa-

tions. After the redefinitions discussed in Section 6.3 one finds that each of

R = 8πGNT Rµ̇ = 8πGNTµ̇ Rµ̇ν̇ = 8πGNTµ̇ν̇ (6.64)

C = 0 Cµ̇ = 0 (6.65)

is equivalent to the corresponding final LO equations:

∇∇ρ̇∂ρ̇Ψ =
e−2Ψ

2
F ρ̇σ̇Fρ̇σ̇ − 16πGNT (6.66)

∇∇ρ̇(e−2ΨF ρ̇µ̇) = −16πGNT
µ̇ (6.67)

Gµ̇ν̇ =
e−2Ψ

8

(
kµνF ρ̇σ̇Fρ̇σ̇ − 4F µ̇ρ̇F ν̇

ρ̇

)
− 1

4
kµν∂ρ̇Ψ∂

ρ̇Ψ (6.68)

+
1

2
∂µ̇Ψ∂ ν̇Ψ + 8πGNT

µ̇ν̇

∇∇ρ̇Tρ̇ = 0 (6.69)

∇∇ρ̇Tρ̇µ̇ = T∂µ̇Ψ + Tρ̇F
ρ̇µ̇ (6.70)

with the dynamical variables:

Ψ , Cµ̇ , kµν and T , Tµ̇ , Tµ̇ν̇ . (6.71)

For the rest of this work, we will refer to Equations (6.66)-(6.70) as the LO equations.

As discussed in Section 6.2.4, in those equations all upper indices are indices raised

with kµν and the connection (∇∇µ,
Lρ
µν) is one preserving the Newton-Cartan structure

(τµ, k
µν). In the final LO equations also the Einstein tensor of this connection appears

as

Gµ̇ν̇ = Rµ̇ν̇ −
1

2
kµνk

ρσRρ̇σ̇ , (6.72)



41

Note that actually any connection of the form explored in Appendix C, Equation

(C.5), would leave Equations (6.66)-(6.70) invariant. In that sense Equation (6.56) is

the minimal choice.

An important consistency check on LO equations is that the conservation equa-

tions follow from the first three equations through the Bianchi identity:

∇∇µ̇Gµ̇ν̇ = 0 (6.73)

This result follows upon schematically identifying R → R and T → T in Equation

(2.28), contracting by ρ = µ and raising twice by k while making use of a curvature

identity of Newton-Cartan connections introduced in [6].
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7. DISCUSSION

In this chapter we provide a number of remarks and observations on Equations

(6.66)-(6.70).

7.1. Invariance

As explored in the Section 6.2, due to the introduction of scale invariant variables

– see Section 6.3 – invariance under the scale symmetry has become trivial. The tenso-

rial nature of the equations guarantees invariance under c independent diffeomorphisms
(0)

ξ . Furthermore, in these new variables the subleading diffeomorphisms only act on

Cµ̇ as a U(1) transformation. It then follows that the equations are invariant since

Cµ̇ only appears through its gauge invariant curvature Fµ̇ν̇ . The boost invariance is

also trivial as follows from the discussion in Section 6.2.1. Note that invariance under

boosts as above is possible due to absence of temporal derivatives. At higher order such

derivatives will be present. In that case boost invariant variables can be introduced as

was demonstrated in Section 4.2 – see [5,6] for further details – . These fields however,

do not exist at the leading order.

7.2. Gauge Choices

As we mentioned in Section 6.1, our approach differs from some of the earlier

literature [3–6] in that we leave the potential
(−2)

A free, rather than choosing it to be −1.

This does not amount to the introduction of a new degree of freedom, since upon freeing
(−2)

A there appears a local scaling symmetry that in turn removes one scalar degree of

freedom. The gauge invariant scalar degree of freedom Ψ – defined in Equation (6.20)

– is a combination of
(−2)

A and the torsion potential ψ defined in Equation (4.24).
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7.2.1. Dautcourt Gauge

By a scale transformation on Equation (6.37) one can always make
(−2)

A = −1,

fixing the scaling symmetry. In this choice of gauge our setup reduces to that originally

introduced by Dautcourt [3] and followed in [4–6]. In this case the variable Ψ can be

identified with the torsion potential ψ, or in other words:

Dautcourt gauge:
(−2)

A = −1 aµ̇ =
1

2
∂µ̇Ψ (7.1)

In this gauge the physical degree of freedom Ψ – describing a nonrelativistic but strong

gravitational time dilation – finds itself thus in the (twistless) torsion of the Newton-

Cartan structure, as was first emphasized in [5].

7.2.2. Torsion Free Gauge

Alternatively, via Equation (6.36), one can also use a scale transformation to put

ψ = 0, again fixing this gauge symmetry. In this gauge the vector aµ̇ vanishes and

hence the Newton-Cartan structure is torsionless:

Torsion free gauge:
(−2)

A = −e−Ψ aµ̇ = 0 (7.2)

This gauge has the advantage that the nonrelativistic geometry used to express the

large c expansion is simpler and that the potentials
(k)

A are treated equally at all orders.

The field redefinitions for the leading order triplet, see Section 6.3, reduce in this gauge

to those

Leading order potentials:
(−2)

A = −e−Ψ
(−1)

A µ̇ = e−ΨCµ̇
(0)

Aµ̇ν̇ = eΨkµν (7.3)
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7.2.3. Galilean gauge

The main motivation behind the Newton-Cartan formalism is to express nonrel-

ativistic gravity in manifestly 4-diffeomorphism invariant form. Still, it turns out that

the dynamics restrict τµ to be twistless [5] which means that there is an inherent di-

rection of time in the theory that all observers can agree upon. Furthermore it is clear

from Equations (6.66)-(6.70), the equations obtained from the large c expansion take

their simplest form in terms of a time vs space split. This all suggests that it might be

quite natural to gauge-fix some of the diffeomorphism invariance by working with an

adapted time coordinate. As reviewed in Appendix D, the twistless torsion condition

guarantees that there exists a function t(xµ) such that locally τµ = e−ψ∂µt. One can

thus choose coordinates xµ = (t, xi) such that τµ = e−ψδ0
µ. Together with a choice

of τµ = eψδµ0 these conditions are left invariant by a particular combination of Milne

boosts and time-dependent spatial diffeomorphisms [10,17]. This gauge condition can

be summarized as

Galilean gauge: τµ = e−ψδ0
µ , τµ = eψδµ0 , kµ0 = kµ0 = 0 kilklj = δij (7.4)

The LO equations remain essentially form invariant under this gauge fixing: one simply

replaces µ̇ → i and finds that the covariant derivatives and Einstein tensor become

those with respect to the Levi-Civita connection of the 3-metric kij. Note that in this

gauge the relativistic metric becomes

ds2 = gµνdx
µdxν = −e−Ψ(c dt+ Cidx

i)2 + eΨkijdx
idxj (7.5)

+O(c) dt2 +Oi(c0)dtdxi +Oij(c−1)dxidxj

where O(ck) terms can be determined via Equations (6.11) and (6.16). If one addi-

tionally observes that there are no time derivatives in the LO equations, it can be seen

that these equations as those for an arbitrary stationary relativistic 4-metric. The key

crucial difference is that in the large c expansion we performed we did not assume time

independence of the fields. But we can conclude that any stationary metric will solve
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the LO equations exactly. Conversely it follows that at leading order in the large c ex-

pansion any solution to the relativistic Einstein equations takes the form of a solution

to the stationary Einstein equations but with time-dependent integration constants.

We can conclude that the large c expansion is an expansion around the stationary

sector of GR. If one makes the coefficients of odd powers vanish – i.e. take Ci = 0

above – the leading order reduces to the static sector, as was already observed in [10].

Finally we point out that the (vacuum) LO equations, just like those for stationary

metrics, can be obtained from a Lagrangian, which follows from a time-like Kaluza-

Klein reduction of the Einstein-Hilbert Lagrangian:

L =
√
k

(
R− 1

2
∂iΨ∂

iΨ +
e−2Ψ

4
FijF

ij

)
(7.6)

7.3. Kerr Metric

In this section we illustrate the expansion procedure and how stationary relativis-

tic metrics provide exact solutions to the LO equations. Starting with the relativistic

Kerr metric as in [18] and working in the torsion free gauge with the choice τµdx
µ = dt,

one finds for the potentials defined through the Newton-Cartan split Equation (5.12)

A = −c2

(
1− 2GNmr

c2Σ

)
Aµ̇dx

µ = −1

c

2aGNmr sin2 θ

Σ
dφ (7.7)

Aµ̇ν̇∂µ ⊗ ∂ν =
∆

Σ
∂2
r +

1

Σ
∂2
θ +

∆ csc2 θ − a2

∆Σ
∂2
φ

where

Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 − 2GNmr

c2
, a =

J

mc
. (7.8)

Depending on how one assumes the mass m and angular momentum J to scale with

the speed of light c one gets different expansions.
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7.3.1. Weakly Massive, Weakly Rotating Kerr Metric

First let us consider the standard Newtonian regime where Gm
r
� c2 and J

mr
� c,

expanding Equation (7.7) and expressing the fields in terms of the variables of Section

6.3 gives

Ψ = 0 , Cµ̇dx
µ = 0 , kµν∂µ ⊗ ∂ν = δij∂i ⊗ ∂j (7.9)

In this case at leading order the fields simply provide a nonrelativistic description of

Minkowski space, the starting point of a weak gravity approximation to GR. The first

correction comes in the form of the Newtonian potential
(0)

A = 2Φ = 2GM
r

, and then

follow further subleading post-Newtonian corrections.

7.3.2. Strongly Massive, Weakly Rotating Kerr Metric

Another regime is where Gm
r
≈ c2 but J

mr
� c. We can formally implement this

regime by defining m = Mc2 and keeping M rather than m fixed as c → ∞. In this

way of expanding the Kerr metric the leading order fields become

Ψ = − log

(
1− 2GNM

r

)
, Cµ̇dx

µ = 0 ,

kµν∂µ ⊗ ∂ν = ∂2
r +

1

r2 − 2GNMr

(
∂2
θ + csc2 θ∂2

φ

)
In this regime we see that the LO fields contain a spatial metric that is not flat and

that translates to a relativistic metric which is not approximately Minkowski. This is

an example where the large c expansion extends beyond the regime of weak gravity

captured by the post-Minkowski/Newtonian expansion. Note that up to the leading

order written here, the Kerr solution coincides with that of Schwarzschild [5,6]. Again

there is an infinite series of further subleading corrections. Interestingly the Newtonian

potential
(0)

A vanishes.
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7.3.3. Strongly Massive, Strongly Rotating Kerr Metric

The previous expansions of the Kerr solution are free of odd powers of c and as

such fall inside the treatment of [5,6]. If we however consider a regime where Gm
r
≈ c2

and Jm
r
≈ c we will see the odd powers appear already at leading order. To set up an

expansion around this regime we keep M = m/c2 and a = J/mc fixed as c → ∞. In

this case one finds at leading order

Ψ = − log

(
1− 2GNMr

Σ

)
, Cµ̇dx

µ = −2aGNMr sin2 θ

Σ− 2GNMr
dφ ,

kµν∂µ ⊗ ∂ν =
1

Σ− 2GNMr

(
∆∂2

r + ∂2
θ + (csc2 θ − a2

∆
)∂2
φ

)

where

Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 − 2GNMr . (7.10)

We see here an explicit example of the situation discussed in this paper, namely one

where the whole leading order triplet of fields is non-trivial.

Finally, it should be pointed out that an analogous weakly massive, strongly

rotating regime violates the extremality bound and as a result it is unphysical.
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8. CONCLUSIONS

We carried out the leading order large c expansion to GR in the presence of odd

powers equipped with the tools provided by Newton-Cartan gravity. Together with it,

a set of diffeomorphism invariant leading order equations are found and a new set of

variables are introduced via its symmetries. The leading odd power term is shown to

be U(1) vector field that appears in the equations through its field strength. We have

finally shown that the LO equations covers the stationary sector of GR entirely and

hence describing a strong gravitational regime.
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APPENDIX A: ALL-COMPATIBLE NEWTON-CARTAN

CONNECTION

For computational purposes of the Newton-Cartan split of GR, we worked with a

connection that preserves the inverse fields (τµ, hµν) in addition to the Newton-Cartan

structure

One can introduce such a connection by imposing

∇̂∇µτν = 0 ∇̂∇µhνλ = 0 ∇̂∇µτ ν = 0 ∇̂∇µhνλ = 0 (A.1)

which we denote as (∇̂∇µ,
L̂λ
µν), indicating with a hat on top. We can solve this problem

by writing

L̂λ
µν =

.Lλ
µν +Qλ

µν (A.2)

it follows from ∇̂∇µτν = 0 that

Qλ
µντλ = 0 (A.3)

and thus

Qλ
µν = hλρQµνρ Qµνρτ

ρ = 0 (A.4)

We can then further decompose

Qµνλ = Qµλτν + Pµνλ Pµνλτ
λ = Pµλντ

λ = 0 Qµλτ
λ = 0 (A.5)
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It then follows from ∇̂∇µhνλ = 0 that

Pµνλ = −Pµλν (A.6)

Imposing that ∇̂∇µτ ν = 0 gives

Qµλ = −hλρ
.
∇∇µτ ρ (A.7)

It then follows automatically that ∇̂∇µhνλ = 0. Noting that τρ∇̂∇µτ ρ = 0, in summary

we find

L̂λ
µν =

.Lλ
µν − τν

.
∇∇µτλ + hλρPµνρ Pµνρτ

ρ = 0 Pµνρ = −Pµρν (A.8)

The torsion of this connection is

T̂ λµν = 2τλτ[µaν] + 2τ[µ

.
∇∇ν]τ

λ + 2hλρP[µν]ρ (A.9)

Because we are working with this connection as a mere computational tool, for sim-

plicity for this thesis Pµνρ = 0 will be assumed.

Additionally, we would like to write our final equations in terms of the standard

Newton-Cartan connection instead of the all-compatible one as it is the more natural

choice of the two. For this reason we would like to demonstrate the consequences of

such a change in anticipation of the final results. First it will shown in Appendix C

that the spatial parts of the Ricci tensors of both connections are the same:

L̂λ
µν =

.Lλ
µν − τν

.
∇∇µτλ =⇒ R̂µ̇ν̇ =

.
Rµ̇ν̇ (A.10)

This result will prove highly useful when simplifying the leading order equations through

symmetries. Another useful result for such a change in connection is

L̂λ
µν̇ =

.Lλ
µν̇ (A.11)
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It then follows that the Newton-Cartan covariant derivative and the all-compatible NC

covariant derivative of spatial tensors are the same

∇̂∇µVν̇ = ∂µVν̇ −
L̂λ̇
µν̇Vλ̇

= ∂µVν̇ −
.Lλ̇
µν̇Vλ̇

=
.
∇∇µVν̇ (A.12)

Finally it is a good point to mention that one does not really need to introduce

such a all-compatible connection to Newton-Cartan split the Einstein equations. The

only reason worked with it initially is that is just for computational simplicity. We

chose to include it here as one would have to recompute all of the objects appearing

in Appendix B in order to write them in terms of
.
∇∇ connection. As one notices from

this section, both approaches would keep the LO equations the same when performing

the large c expansion.
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APPENDIX B: OBJECTS IN SPLIT OF EINSTEIN

EQUATIONS

In this appendix we provide the objects that follows from the Newton-Cartan

split of Einstein equations. The connection used in this is the one that is compatible

with the Newton-Cartan structure (τµ, h
µν) as well as the inverses (τµ, hµν) introduced

in Appendix A as (∇̂∇µ, Γ̂λµν).

The S coefficients are:

S =
1

2
B∇̂∇A+Bρ̇

(
∇̂∇Aρ̇ −

1

2
∇̂∇ρ̇A

)
(B.1)

+Bρ̇
(
AT̂ρ̇ + Aσ̇T̂

σ̇
ρ̇

)
Sµ̇ =

1

2
B∇̂∇µ̇A+

1

2
Bρ̇
(
∇̂∇µ̇Aρ̇ − ∇̂∇ρ̇Aµ̇ + ∇̂∇Bµ̇ρ̇

)
(B.2)

+
1

2
Bρ̇
(
T̂ρ̇Aµ̇ +Bµ̇σ̇T̂

σ̇
ρ̇

)
− 1

2
B
(
Aσ̇T̂

σ̇
µ̇ + AT̂µ̇

)
Sµ̇ν̇ = B

(
∇̂∇(µ̇Aν̇) −

1

2
∇̂∇Bµ̇ν̇

)
+Bρ̇

(
∇̂∇(µ̇Bν̇)ρ̇ −

1

2
∇̂∇ρ̇Bµ̇ν̇

)
(B.3)

−BA(µ̇T̂ν̇) −BT̂ σ̇(ν̇Bµ̇)σ̇

Sλ̇ =
1

2
Bλ̇∇̂∇A+ Aλ̇ρ̇

(
∇̂∇Aρ̇ −

1

2
∇̂∇ρ̇A

)
(B.4)

Aλ̇ρ̇
(
AT̂ρ̇ + Aσ̇T̂

σ̇
ρ̇

)
Sλ̇µ̇ =

1

2
Bλ̇∇̂∇µ̇A+

1

2
Aλ̇ρ̇

(
∇̂∇µ̇Aρ̇ − ∇̂∇ρ̇Aµ̇ +∇∇Bµ̇ρ̇

)
(B.5)

+
1

2
Aλ̇ρ̇

(
Aµ̇T̂ρ̇ +Bµ̇σ̇T̂

σ̇
ρ̇

)
− 1

2
Bλ̇
(
Aσ̇T̂

σ̇
µ̇ + AT̂µ̇

)
Sλ̇µ̇ν̇ = Bλ̇

(
∇̂∇(µ̇Aν̇) −

1

2
∇̂∇Bµ̇ν̇

)
+ Aλ̇ρ̇

(
∇̂∇(µ̇Bν̇)ρ̇ −

1

2
∇̂∇ρ̇Bµ̇ν̇

)
(B.6)

−Bλ̇A(µ̇T̂ν̇) −Bλ̇T̂ σ̇(ν̇Bµ̇)σ̇

Where B coefficients can be written in terms of A through the relations in Equation

(5.13).
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Additionally, plugging in the decomposed metric and connection fields into de-

composed curvatures and conservation laws results in:

R = R̂− 1

2
∇̂∇T̂ ρ̇ρ̇ −

1

4
T̂ λ̇ρ̇ T̂

ρ̇

λ̇
(B.7)

+∇̂∇ρ̇S ρ̇ − ∇̂∇S ρ̇ρ̇ +
1

2
ST̂ ρ̇ρ̇ −

3

2
T̂ρ̇S

ρ̇ − T̂ λ̇ρ̇ S
ρ̇

λ̇

+S ρ̇ρ̇S − Sρ̇S ρ̇ − Sλ̇ρ̇S
ρ̇

λ̇
+ S ρ̇

ρ̇λ̇
Sλ̇

Rµ̇ = R̂µ̇ −
1

4
∇̂∇µ̇T̂ ρ̇ρ̇ +

1

4
∇̂∇T̂µ̇ +

1

4
T̂ ρ̇µ̇ T̂ρ̇ (B.8)

+
1

2
∇̂∇Sµ̇ + ∇̂∇ρ̇S ρ̇µ̇ −

1

2
∇̂∇µ̇(S + S ρ̇ρ̇)− 1

2
∇̂∇S ρ̇ρ̇µ̇

+
1

2
T̂µ̇S +

1

2
T̂ ρ̇µ̇Sρ̇ − S

ρ̇
µ̇T̂ρ̇ −

1

2
S ρ̇
µ̇λ̇
T̂ λ̇ρ̇ +

1

2
Sµ̇T̂

ρ̇
ρ̇

+Sµ̇S
ρ̇
ρ̇ + Sλ̇µ̇S

ρ̇

ρ̇λ̇
− Sµ̇ρ̇S ρ̇ − Sλ̇µ̇ρ̇S

ρ̇

λ̇

Rµ̇ν̇ = R̂(µ̇ν̇) +
1

2
∇̂∇(µ̇T̂ν̇) −

1

4
T̂µ̇T̂ν̇ (B.9)

+∇̂∇Sµ̇ν̇ + ∇̂∇ρ̇S ρ̇µ̇ν̇ − ∇̂∇(µ̇Sν̇) − ∇̂∇(µ̇S
ρ̇
ν̇)ρ̇

+T̂(µ̇Sν̇) + T̂ λ̇(µ̇Sν̇)λ̇ −
1

2
S ρ̇µ̇ν̇T̂ρ̇ +

1

2
Sµ̇ν̇T̂

ρ̇
ρ̇

+(S + S ρ̇ρ̇)Sµ̇ν̇ + Sλ̇µ̇ν̇(Sλ̇ + S ρ̇
ρ̇λ̇

)− Sµ̇Sν̇ − 2S ρ̇(µ̇Sν̇)ρ̇ − Sλ̇ρ̇µ̇S
ρ̇

λ̇ν̇

C = B∇̂∇T +Bσ̇∇̂∇σ̇T +Bσ̇∇̂∇Tσ̇ + Aρ̇σ̇∇̂∇ρ̇Tσ̇ (B.10)

−1

2
(T ∇̂∇B +B∇̂∇T + 2Tρ̇∇̂∇Bρ̇ + 2Bρ̇∇̂∇Tρ̇ + Tρ̇λ̇∇̂∇A

ρ̇λ̇ + Aρ̇λ̇∇̂∇Tρ̇λ̇)

−
(

(BS + 2Bρ̇Sρ̇ + Aρ̇σ̇Sρ̇σ̇)T + (BSλ̇ + 2Bρ̇Sλ̇ρ̇ + Aρ̇σ̇Sλ̇ρ̇σ̇)Tλ̇
)

−((BS +Bρ̇Sρ̇)T + (BSλ̇ +Bρ̇Sλ̇ρ̇ + SBλ̇ + Aρ̇λ̇Sρ̇)Tλ̇)

−(Bσ̇Sλ̇ + Aρ̇σ̇Sλ̇ρ̇ )Tσ̇λ̇ −
1

2
(Bρ̇Tρ̇T + (Bρ̇T λ̇ρ + Aρ̇λ̇Tρ̇)Tλ̇ + Aρ̇σ̇T λ̇ρ̇ Tσ̇λ̇)

Cµ̇ = B∇̂∇Tµ̇ +Bσ̇∇̂∇σ̇Tµ̇ +Bσ̇∇̂∇Tµ̇σ̇ + Aρ̇σ̇∇̂∇ρ̇Tσ̇µ̇ (B.11)

−1

2
(T ∇̂∇µ̇B +B∇̂∇µ̇T + 2Tρ̇∇̂∇µ̇Bρ̇ + 2Bρ̇∇̂∇µ̇Tρ̇ + Tρ̇λ̇∇̂∇µ̇A

ρ̇λ̇ + Aρ̇λ̇∇̂∇µ̇Tρ̇λ̇)

−((BS + 2Bρ̇Sρ̇ + Aρ̇σ̇Sρ̇σ̇)Tµ̇ + (BSλ̇ + 2Bρ̇Sλ̇ρ̇ + Aρ̇σ̇Sλ̇ρ̇σ̇)Tµ̇λ̇)

−((BSµ̇ +Bρ̇Sµ̇ρ̇)T + (BSλ̇µ̇ +Bλ̇Sµ̇ + Aλ̇ρ̇Sµ̇ρ̇ +Bρ̇Sλ̇ρ̇µ̇)Tλ̇)

−(Bσ̇Sλ̇µ̇ + Aρ̇σ̇Sλ̇ρ̇µ̇)Tσ̇λ̇ +
1

2
(T̂µ̇BT + T̂µ̇B

λ̇Tλ̇ + T̂ λ̇µ̇BTλ̇ + T̂ λ̇µ̇B
σ̇Tσ̇λ̇)
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APPENDIX C: SPATIAL RICCI TENSOR INVARIANCE

The main point of this appendix is to show that one can work with both an

all-compatible or a class of boost invariant connections, do not change the final results.

Let us consider the Ricci tensors of Newton-Cartan connection and its arbitrary

extension:

.
Rµν = ∂λ

.Lλ
νµ − ∂ν

.Lλ
λµ +

.Lλ
λσ

.Lσ
νµ −

.Lλ
νσ

.Lσ
λµ (C.1)

R̃µν = ∂λ
L̃λ
νµ − ∂ν

L̃λ
λµ +

L̃λ
λσ

L̃σ
νµ −

L̃λ
νσ

L̃σ
λµ (C.2)

such that
L̃λ
µν =

.Lλ
µν + Lλµν . Inserting in shows that the two Ricci tensors can be

related as

R̃µν =
.
Rµν +

.
∇∇λLλνµ −

.
∇∇νLλλµ + LλλσL

σ
νµ −

.
T σνλL

λ
σµ − LλνσLσλµ (C.3)

After spatial projections on both free indices, one finds that

hνλhµρLλµν = 0 and τλL
λ
µν = 0 (C.4)

are the conditions on the extensions that leaves the spatial Ricci tensor invariant. This

also implies that the form of the extension is restricted as

L̃λ
µν =

.Lλ
µν + Lλ̇τµτν + τµL

λ̇
ν̇ + τνL

λ̇
µ̇ (C.5)

The boost invariant connection in [16]

Lλµν = hλρτ(µmν)ρ + hλρ
(
mµ∂[ντρ] +mν∂[µτρ] −mρ∂[µτν]

)
(C.6)
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satsfies both conditions, leaving the Ricci tensor invariant. Additionally, letting

Lλµν = −τν
.
∇∇µτλ (C.7)

identifies Γ̃λµν = Γ̂λµν for which both conditions are satisfied immediately.
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APPENDIX D: TWISTLESS TORSION TECHNICALITIES

A first technical result is that for any 2-form Yµν one has the following equivalences

Yµ̇ν̇ = 0 ⇔ τ[ρYµν] = 0 ⇔ Yµν = 2τ[µYν̇] (D.1)

The equivalence of the very left and very right follow directly from a decomposition as

in Section 4.1:

Yµν = 2τ[µYν̇] + Yµ̇ν̇ , Yν̇ = τ ρhσνYρσ Yµ̇ν̇ = hρµh
σ
νYρσ (D.2)

Note that the middle equality in Equation (D.1) is a direct consequence of the equality

on the far right. Furthermore observe that via the decomposition above

τ[ρYµν] = 0 ⇒ τ[ρYµ̇ν̇] = 0 ⇒ τ ρτ[ρYµ̇ν̇] = 0 ⇒ Yµ̇ν̇ = 0 (D.3)

This then establishes Equation (D.1), which by letting Yµν = ∂[µ̇τν̇] becomes Equation

(4.21).

Furthermore, provided that

∂[µτν] = τ[µaν] , aµ = aµ̇ (D.4)

one can then additionally observe that

0 = ∂[ρ∂µτν] = −τ[ρ∂µaν] (D.5)

Combining this with Equation (D.1) by now letting Yµν = ∂[µaν] then leads to Equation

(4.23), which we reproduce here:

∂[µ̇aν̇] = 0 (D.6)
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It follows that this is satisfied if aµ = ∂µ̇ψ:

∂[µ̇aν̇] = hρ[µh
σ
ν]∂ρ∂σ̇ψ = ∂[µ̇τν̇]τ

λ∂λψ = 0 (D.7)
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APPENDIX E: GAUGE THEORY FORMULATIONS

The content of this Appendix is somewhat independent of the main text, it served

however as an important motivation for the choice of formalism used there.

In the rest of the chapter we will follow the objects introduced in the sections first

to formulate general relativity as a Poincaré gauge theory and then introduce the space

and time split form – slightly different than the previous one –. Using an expansion

ansatz on the split form, further in this chapter we point out that the link between

diffeomorphims and local translations in the nonrelativistic case is more degenerate

than in the relativistic case. In the relativistic case this degeneracy can be lifted by

expressing the Einstein equations in terms of curvatures only, this is not the case in

the nonrelativistic setting.

E.1. Lie Algebras and Gauge Theories

Here we will provide the formulation of gauge theories, to do so we will mainly

follow [21].

To introduce the concept of gauge theory and a gauge field, we begin with a Lie

algebra that is defined to be the set of generators tÂ that obey the following:

[tÂ, tB̂] = fÂB̂
ĈtĈ (E.1)

[[tÂ, tB̂], tĈ ] + [[tĈ , tÂ], tB̂] + [[tB̂, tĈ ], tÂ] = 0 (E.2)

The capital Latin indices with a hat on top indicate that the index can take an arbitrary

value. As an example, it will be shown in the case of Poincaré algebra that the hatted

index will be split into two separate indices Â = {A,AB} where A indicating indices

relating to local translations and AB indicating indices associated to the local Lorentz

transformations.
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Furthermore, we would like to point out that one can introduce a Lie algebra

valued n-form that can be expressed as an element in a product basis of Lie algebra

generators and space-time tangent space. Examples of these are borrowed from the

gauge theory that is to be discussed further below:

Λ = ΛÂtÂ Aµ = AµÂtÂ Fµν = FµνÂtÂ (E.3)

The appearing objects are Lie algebra valued 0-1-2-forms respectively. Quite often

when working with these objects we will suppress the space-time indices and identify

them with their Lie algebra indices. This should not cause any confusion for the reader

however as which n-form we are working with will always be indicated within the

context.

To demonstrate briefly how gauge formalisms work, we first define a gauge field

A as a Lie algebra valued 1-form that infinitesimally transforms as

δadA = dΛ + [A,Λ] (E.4)

under the adjoint action of the Lie algebra with a 0-form local parameter Λ. The name

adjoint action refers to the transformations of the Lie algebra fields under the algebra

itself. One can then define gauge curvature 2-form of this gauge field as

F = dA+
1

2
[A,A] (E.5)

which under the adjoint action will transform covariantly as

δadF = [F ,Λ] (E.6)

An important result can be obtained applying Equation (2.19) to a gauge field:

LΞA = iΞdA+ d(iΞA) (E.7)
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It follows that

LΞA = δadA+ iΞF for Λ = iΞA (E.8)

In a sense one can replace the diffeomorphisms with the adjoint transformations of the

algebra together with an extra curvature contribution.

E.2. Poincaré Algebra Formulation

To begin with, one can write metric in an orthonormal basis and introduce the

so-called vielbein EA
µ , as

gµν = EA
µE

B
ν ηAB (E.9)

with respect to a Minkowski metric ηAB. We will work in conventions where the

capital Latin letters indicate the so-called Lorentz indices running as A = (0, 1, 2, 3).

The naming of the indices comes from the fact that the components Minkowski metric

is by definition invariant under the local Lorentz transformations as:

ηAB = LCAL
D
BηCD (E.10)

Infinitesimally – i.e. LAB = δAB − ΛA
B – the relation becomes

δΛηAB = ηACΛC
B + ηCBΛC

A = 0 (E.11)

We will use the Minkowski metric to raise and lower the Lorentz indices. As a result,

it can be shown that the infinitesimal Lorentz parameter is antisymmetric

ΛAB = −ΛBA (E.12)
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It can then shown that the vielbein transforms under Lorentz transformations as:

δΛE
A
µ = ΛA

BE
B
µ (E.13)

One can introduce a spin connection Ωµ
AB by imposing the so-called vielbein postulate

DµE
A
ν = ∂µE

A
ν − Γ̃λµνE

A
λ + Ωµ

A
BE

B
ν = 0 (E.14)

It follows that:

Γ̃λµν = Eλ
A∂µE

A
ν + Ωµ

A
BE

B
ν E

λ
A (E.15)

Ωµ
AB = ηCBEν

CΓ̃λµνE
A
λ − ηCBEν

C∂µE
A
ν (E.16)

Note that this relation makes use of the unique inverse vielbeins on both indices, defined

as:

Eν
AE

A
µ = δνµ EB

µ E
µ
A = δAB (E.17)

Also the connection in Equation (E.15) admits a torsion tensor

2Γ̃λ[µν] = 2Eλ
A∂[µE

A
ν] + 2Ω[µ

ABEC
ν]E

λ
AηBC (E.18)

It can be found that since the space-time connection is invariant under infinitesimal

Lorentz transformations by definition, the spin connection transforms as

δΛΩµ
AB = dΛAB + Ωµ

CBΛC
A + Ωµ

ACΛC
B (E.19)

Thus, in this formulation the two 1-forms EA and ΩAB fields transform as tensors under

diffeomorphisms Ξµ and local Lorentz transformations ΛAB given collectively as:

δEA = LΞE
A + EBΛB

A δΩAB = LΞΩAB + dΛAB + ΩCBΛC
A + ΩACΛC

B (E.20)



65

The advantage of using such variables is apparent when one considers a Poincaré gauge

theory formalism. In simple terms, the vielbein equipped with a single Lorentz index

can be identified with the gauge field of translational symmetries, the spin connection

equipped with the pair of antisymmetric Lorentz indices can be identified with the

gauge field of rotational symmetries and the space-time indices are identified with

differential forms that transform as diffeomorphisms. To that end one can re-express

the transformations in Equation (E.20) in terms of local Poincaré transformations via

δEA = δadE
A + iΞFA δΩAB = δadΩAB + iΞFAB (E.21)

where Cartan’s formula for the Lie derivative of a differential form Equation (2.19)

is used. Since the Lie derivative generates an infinitesimal diffeomorphism the above

equality can be used to translate an adjoint transformation into a diffeomorphism at the

cost of an extra curvature contribution. Here the adjoint transformation is computed

through Equation (E.4) where both A and Λ are Poincaré valued:

A = EAPA +
1

2
ΩABJAB Λ = ZAPA +

1

2
Λ̄ABJAB (E.22)

while noting that

ZA = iΞE
A Λ̄AB = iΞΩAB + ΛAB (E.23)

In these definitions the objects PA and JAB are introduced as the generators of lo-

cal translations and Lorentz transformations respectively. They are subjected to the

defining Poincaré commutation relations:

[JAB, JCD] = ηADJBC − ηBDJAC − ηACJBD + ηBCJAD (E.24)

[JAB, PC ] = PAηBC − PBηAC (E.25)
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Armed with this, the curvature 2-form can be computed via Equation (E.5) and it can

be decomposed as Poincaré valued

F = FAPA +
1

2
FABJAB (E.26)

From the definitions above the results are listed as

δadE
A = dZA + ΩABZB + EBΛ̄B

A (E.27)

δadΩAB = dΛ̄AB + ΩCBΛ̄C
A + ΩACΛ̄C

B (E.28)

and

FA = dEA + ΩA
B ∧ EB (E.29)

FAB = dΩAB + ΩAC ∧ ΩC
B (E.30)

Observe that the translational curvature of Equation (E.29) is exactly equal to the

torsion in Equation (E.18):

Eλ
AFµνA = 2Γλ[µν] (E.31)

Einstein equations then can be reproduced by first one imposing the torsion constraint:

FA = 0 (E.32)

One can solve this by retrieving back the spacetime indices and through the following

combination

ηABE
B
ρ FµνA + ηABE

B
ν FρµA − ηABEB

µ FνρA = 0 (E.33)
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gives the unique solution to the spin connection in terms of the vielbein and its inverses:

ΩAB = −ηAC iECdE
B + ηBC iECdE

A − ηACηBDηKLEK iEC iEDdE
L (E.34)

Inserting this relation back in Equation (E.15), one can first identify the Levi-Civita

connection Γλµν with the arbitrary connection Γ̃λµν and then connect the second curva-

ture 2-form to the Riemann tensor:

Rλ
ρµν = Eλ

AE
B
ρ FµνAB (E.35)

and then Ricci tensor:

Rµν = Rλ
µλν = Eλ

AE
B
µ FλνAB (E.36)

E.3. Poincaré Algebra Formulation in Space and Time Split Form

To separate space and time, we begin by splitting up the Lorentz index as A =

(0, a) with a = (1, 2, 3). Then the metric becomes

gµν = −E0
µE

0
ν + Ea

µE
b
νδab (E.37)

and the invertibility relations become

Eν
0E

0
µ + Eν

aE
a
µ = δνµ E0

µE
µ
0 = 1 Eb

µE
µ
a = δba (E.38)

By introducing the speed of light parameter ε = c−1 with the following redefinitions

Tµ = εE0 Λa = ε−1Λa0 Ωa = ε−1Ωa0 (E.39)

H = ε−1P0 Ga = εJa0 (E.40)
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one can identify Λa as the Lorentz boost parameter and Λab as the rotation parameter.

The invertibility relations and the metric are:

T νTµ + Eν
aE

a
µ = δνµ TµT

µ = 1 Eb
µE

µ
a = δba T µEa

µ = 0 TµE
µ
a = 0 (E.41)

gµν = −ε−2TµTν + Ea
µE

b
νδab (E.42)

The vielbein postulates become:

DµTν = ∂µTν − Γ̃λµνTλ − ε2ΩµaE
a
ν = 0 (E.43)

DµE
a
ν = ∂µE

a
ν − Γ̃λµνE

a
λ + Ωa

µbE
b
ν − Ωµ

aTν = 0 (E.44)

and relation to the space-time connection is then

Γ̃λµν = T λ∂µTν + Eλ
a∂µE

a
ν + Ωµ

a
bE

b
νE

λ
a − Ωµ

aTνE
λ
a − ε2ΩµaE

a
νT

λ (E.45)

and the field transformations of Equation (E.20) become:

δT = LΞT + ε2EaΛa (E.46)

δEa = LΞE
a + EbΛb

a + TΛa (E.47)

δΩa = LΞΩa + dΛa + ΩbΛb
a + ΩabΛb (E.48)

δΩab = LΞΩab + dΛab + ΩcbΛc
a + ΩacΛc

b + ε2(ΩaΛb − ΩbΛa) (E.49)

These transformations can again be re-expressed in terms of redefined local Poincaré

transformations via

δT = δadT + iΞS δEa = δadE
a + iΞSa (E.50)

δΩa = δadΩa + iΞRa δΩab = δadΩab + iΞRab (E.51)
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Here the adjoint transformation is again given in Equation (E.4) where both A and Λ

are Poincaré valued 1-form and 0-forms respectively:

A = TH + EaPa + ΩaGa +
1

2
ΩabJab Λ = ZH + ZaPa + Λ̄aGa +

1

2
Λ̄abJab (E.52)

Note that

Z = iΞT Za = iΞE
a Λ̄a = iΞΩa + Λa Λ̄ab = iΞΩab + Λab (E.53)

The curvature is computed through Equation (E.5). It can be decomposed as

F = SH + SaPa +RaGa +
1

2
RabJab (E.54)

The redefinitions amount to the following Poincaré commutation relations:

[H,Ga] = Pa [Pa, Gb] = ε2δabH [Ga, Gb] = ε2Jab (E.55)

[Jab, Gc] = Gaδbc −Gbδac [Jab, Pc] = Paδbc − Pbδac (E.56)

[Jab, Jcd] = δadJbc − δbdJac − δacJbd + δbcJad (E.57)

The results are then listed as

δadT = dZ + ε2(EaΛ̄a − ΩaZa) (E.58)

δadE
a = dZa − ΩaZ + Ωa

bZ
b + T Λ̄a + EbΛ̄b

a (E.59)

δadΩa = dΛ̄a − ΩbΛ̄b
a + ΩabΛ̄b (E.60)

δadΩab = dΛ̄ab + ΩcbΛ̄c
a + ΩacΛ̄c

b + ε2(ΩaΛ̄b − ΩbΛ̄a) (E.61)
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and

S = dT − ε2Ωb ∧ Eb (E.62)

Sa = dEa + Ωa
b ∧ Eb − Ωa ∧ T (E.63)

Ra = dΩa + Ωab ∧ Ωb (E.64)

Rab = dΩab + Ωac ∧ Ωc
b + ε2Ωa ∧ Ωb (E.65)

Einstein equations can be reproduced by first one imposing the constraints:

S = 0 Sa = 0 (E.66)

These can be solved as:

Ωa = −ε−2(δaciEcdT + δacT iEc iTdT )− iTdE
a + δacδbdE

biEc iTdE
d (E.67)

Ωab = ε−2ηacηbdT iEc iEddT − ηaciEcdEb + ηbciEcdE
a − ηacηbdηklEkiEc iEddE

l

Inserting these back in Equation (E.45) one can again identify the Levi-Civita connec-

tion Γλµν with the arbitrary connection Γ̃λµν and connect the two curvature 2-forms to

the Riemann tensor:

Rλ
ρµν = Eλ

aE
b
ρRµν

a
b − Eλ

aTρRµν
a − ε2T λEa

ρRµνa (E.68)

and finally the Ricci tensor:

Rµν = Rλ
µλν = Eλ

aE
b
µRλν

a
b − Eλ

aTµRλν
a − ε2T λEa

µRλνa (E.69)

E.4. Bargmann Algebra and Newton-Cartan Gravity

In the work [14] it was realised that one can view the Newton-Cartan gravity

in the language of gauge theory. There, with the following ansatz to the Poincaré
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formulation:

T = τ + ε2m+O(ε4)

Ea = ea +O(ε2)

Ωa = ωa +O(ε2)

Ωab = ωab +O(ε2)

one can identify the 1-form m with the one in Equation (4.12). Also expanding the

Lorentz parameters and the diffeomorphism generating vector field

Λa = λa +O(ε2)

Λab = λab +O(ε2)

Ξµ = ξµ +O(ε2)

The fields then can be written in an algebra valued gauge field as

A = τH +mN + eaPa + ωaGa +
1

2
ωabJab (E.70)

subjected the Bargmann commutation relations:

[H,Ga] = Pa [Pa, Gb] = δabN (E.71)

[Jab, Jcd] = −δadJbc + δbdJac + δacJbd − δbcJad

[Jab, Xc] = −Xaδbc +Xbδac Xa ∈ {Pa, Ga}

One can furthermore assign a gauge curvature of the form

F = SH +MN + SaPa +RaGa +
1

2
RabJab (E.72)
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where we make use of the curvature ansatz

S → S + ε2M+O(ε4)

Sa → Sa +O(ε2)

Note that in assigning the leading order curvatures, we label the zeroth order curvatures

as the same as in the space and time split Poincaré formulation. This notation will be

used in the next section as well. Upon imposing the curvature constraints

S = 0 M = 0 Sa = 0 (E.73)

the spin connection fields ωa and ωab can be solved exactly in terms of τ , ea and m

fields. As a result, Newton-Cartan equation in Equation (4.34) can be obtained –

see [14,17] for further details –.

E.5. Nonrelativistic Expansion as a Gauge Theory

Motivated by the exploration in the previous section one can attempt to formulate

the large c expansion in the language of gauge theories. One can further expand the

ansatz to contain the second order for all fields. First consider the following 1-form

fields and transformations as in [7]:

δτ = Lξτ (E.74)

δm = Lξm+ Lζτ + λae
a (E.75)

δea = Lξe
a + τλa + λabe

b (E.76)

δπa = Lξπ
a + Lζe

a +mλa + τηa − λabπb + ηabe
b (E.77)

δωa = Lξω
a + dλa + ωabλ

b + λabω
b (E.78)

δωab = Lξω
ab + dλab + ωbcλac − ωacλbc (E.79)

δ$a = Lξ$
a + Lζω

a + dηa +$a
bλ
b + ωabη

b − λab$b − ηabωb (E.80)

δ$ab = Lξ$
ab + Lζω

ab + dηab +$bcλac − ωbcηac + ωacηbc −$acλbc (E.81)
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One can arrive at these transformations by expanding the transformations of 1-form

fields in the Poincaré formulation of GR with the following ansatz:

T = τ + ε2m+O(ε4)

Ea = ea + ε2πa +O(ε4)

Ωa = ωa + ε2$a +O(ε4)

Ωab = ωab + ε2$ab +O(ε4)

Also expanding the Lorentz parameters and the diffeomorphism generating vector field

Λa = λa + ε2ηa +O(ε4)

Λab = λab + ε2ηab +O(ε4)

Ξµ = ξµ + ε2ζµ +O(ε4)

and assigning new generators to each of the new gauge fields. The fields then can be

written in an algebra valued gauge field as

A = τH +mN + eaPa + πaTa + ωaGa +$aBa +
1

2
ωabJab +

1

2
$abSab . (E.82)

and the gauge parameter

Λ = iξτ H + (iξm+ iζτ)N + iξe
a Pa + (iξπ

a + iζe
a)Ta

+ (iξω
a + λa)Ga + (iξ$

a + iζω
a + ηa)Ba (E.83)

+
1

2
(iξω

ab + λab)Jab +
1

2
(iξ$

ab + iζω
ab + ηab)Sab

The procedure to rewrite diffeomorphisms in terms of the translational adjoint

transformations introduced in Equation (E.8) and applied throughout the gauge for-

malism here is very natural if the curvature vanishes by a combination of constraints

and dynamic equations, as for example in a vielbein formulation to general relativ-

ity. We show that it is less natural when this is not the case, as for example in the
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nonrelativistic approximation to general relativity. Nonetheless this approach remains

valid and in [6, 7] an algebra was introduced whose translational part reproduces the

diffeomorphism symmetries on the gauge field.

This Lie algebra is however not the unique one with this feature since in Equation

(E.8) a modification of the adjoint action can be canceled by a modification of the

curvature contribution, leading to identical transformations under diffeomorphisms.

Demanding that the Lie algebra is consistent and that the boost and rotational part

remains the same all such possibilities are:

[H,Ga] = Pa [N,Ga] = Ta [H,Ba] = Ta [Pa, Gb] = δabN (E.84)

[Ga, Gb] = −Sab [Sab, Gc] = −Baδbc +Bbδac [Sab, Pc] = −Taδbc + Tbδac

[Jab, Jcd] = −δadJbc + δbdJac + δacJbd − δbcJad

[Jab, Scd] = −δadSbc + δbdSac + δacSbd − δbcSad

[Pa, Pb] = αSab [N,Pa] = αBa [H,Ta] = αBa

[H,Pa] = αGa + βTa + γBa

[Jab, Xc] = −Xaδbc +Xbδac Xa ∈ {Pa, Ga, Ta, Ba}

This is a family of algebra’s parameterized by the real numbers α, β and γ, that repro-

duces the algebra of [6,7] when α = β = γ = 0. Just as that algebra can be obtained by

an expansion procedure from the Poincaré algebra [6,22], the algebras with non-trivial

α but β = γ = 0 can be obtained by expansion from the (A)dS algebra. For other

values of the parameters there doesn’t seem to exist any relativistic algebra that they

descent from, making them similar to some of the exotic nonrelativistic algebras found

in [23].

For the explicit computation of the adjoint transformations on the fields and

the curvature components as determined by the algebra in Equation (E.84), we first

decompose the curvature as

F = SH +MN + SaPa +MaTa +RaGa + VaBa +
1

2
RabJab +

1

2
VabSab (E.85)
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where we make use of the ansatz

S → S + ε2M+O(ε4)

Sa → Sa + ε2Ma +O(ε4)

Ra → Ra + ε2Va +O(ε4)

Rab → Rab + ε2Vab +O(ε4)

Here we again used the same notation where we label the zeroth order field as the same

with the split Poincaré curvatures. Then computing each gauge curvature component

as

S = dτ (E.86)

M = dm+ ea ∧ ωa (E.87)

Sa = dea + τ ∧ ωa + ωab ∧ eb (E.88)

Ma = dπa +m ∧ ωa + τ ∧ Ωa + ωab ∧ πb + Ωa
b ∧ eb + βτ ∧ ea (E.89)

Ra = dωa − αea ∧ τ + ωab ∧ ωb (E.90)

Va = d$a + ωab ∧$b +$a
b ∧ ωb − αea ∧m− απa ∧ τ + γτ ∧ ea (E.91)

Rab = dωab + ωbc ∧ ωac (E.92)

Vab = d$ab +$bc ∧ ωac + ωbc ∧$a
c − αea ∧ eb (E.93)
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While the gauge transformations are computed as

δadτ = d(iξτ) (E.94)

δadm = d(iξm+ iζτ)− iξ(e
a ∧ ωa) + eaλa (E.95)

δade
a = d(iξe

a)− iξ(τ ∧ ωa) + τλa − iξ(ω
a
b ∧ eb) + λabe

b (E.96)

δadπ
a = d(iξπ

a + iζe
a)− iξ(m ∧ ωa) +mλa − iζ(τ ∧ ωa) (E.97)

−iξ(τ ∧$a) + τηa − iξ(ω
a
b ∧ πb)− iζ(ω

a
b ∧ eb)− ηabπb

−iξ($
a
b ∧ eb) + ηabe

b − βiξ(τ ∧ εa)

δadω
a = d(iξω

a + λa) + αiξ(e
a ∧ τ) (E.98)

+ωabλ
b − iξ(ω

a
b ∧ ωb) + λabω

b

δad$
a = d(iξ$

a + iζω
a + ηa) (E.99)

+αiξ(e
a ∧m) + α(iξπ

a ∧ τ) + αiζ(e
a ∧ τ)

+$a
bλ
b − iξ($

a
b ∧ ωb)− iζ(ω

a
b ∧ ωb)

+ωabη
b − iξ(ω

a
b ∧ Ωb)− λab$b − ηabωb − γiξ(τ ∧ ea)

δadω
ab = d(iξω

ab + ωbcλac − iξ(ω
b
c ∧ ωac)− ωacλbc (E.100)

δad$
ab = d(iξ$

ab + iζω
ab + ηab) + αiξ(e

a ∧ eb) (E.101)

+$bcλac − iξ(ω
bc ∧$a

c)− iζ(ω
bc ∧ ωac)− ωbcηac

+ωacηbc − iξ($
bc ∧ ωac)−$acλbc

It then directly follows from the relations that these transformations can again be

re-expressed in terms of gauge transformations and curvatures via

δτ = δadτ + iξS δm = δadm+ iζS + iξM (E.102)

δea = δade
a + iξSa δπa = δadπ

a + iζSa + iξMa (E.103)

δωa = δadω
a + iξRa δ$a = δad$

a + iζRa + iξVa (E.104)

δωab = δadω
ab + iξRab δ$ab = δad$

ab + iζRab + iξVab (E.105)

that this procedure indeed reproduces Equations (E.74)-(E.81). Note that while the

parameters α, β and γ do show up in both δad and F they cancel out in each of
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Equations (E.102)-(E.105) leading to the same transformations as Equations (E.74)-

(E.81), which coincide with those of [7].


