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ABSTRACT

INSTANTON METHODS AND THE DYON ATOM

In quantum mechanics, perturbation theories have crucial importance for al-
most any practical calculation. However, perturbative expansions are generally asymp-
totic series due to the singularities on the complex couping constant plane. In these
cases, there is a non-zero error for the perturbative series. The divergent behaviour of
an perturbative expansion can also be examined by using the non-perturbative tech-
niques, such as WKB approximation and instanton methods. Futhermore, the non-
perturbative methods can also be used to improve the error. In this thesis, instanton
methods are applied to the perturbed Dyon atom. After a detailed discussion about the
divergences of perturbation theory, the divergent behaviour of the energy coefficients of
the one dimensional anharmonic oscillator is estimated by instanton methods. Then,
the divergent behaviour of the perturbation series of the Dyon atom is calculated by a
map from the estimation of 4 dimensional anharmonic oscillator, which is again done

by instanton methods.



OZET

INSTANTON METODLARI VE DYON ATOMU

Pertiirbasyon teorileri kuantum mekanigindeki hemen her pratik hesaplamada
¢ok 6nemli bir yere sahiptir. Ancak, pertiirbatif acilimlar karmasgik ciftlenim sabiti
uzayinda bulunan tekilliklerden dolay1 genellikle asimptotik seridirler. Bu durum-
larda pertiirbatif serilerin sifirdan farklh hata paylar1 vardir. Bir pertiirbatif agilimin
wraksak davranigt WKB yaklagimi ve instanton metodlar1 gibi pertiirbatif olmayan
teknikler kullanilarak incellenilebilir. Ayrica, pertiirbatif olmayan metodlar hata payini
geligtirmek icin de kullanilabilirler. Bu tezde instanton metodlar1 pertiirbe edilmis
Dyon atomunda uygulanacaktir. Pertiirbasyon teorilerinde iraksamalarla ilgili detayh
bir calismadan sonra bir boyutlu harmonik olmayan salingacin enerji katsayilarinin
iraksama davranigi hesaplanacaktir. Daha sonra da Dyon atomunun pertiirbasyon
serisinin 1raksak davranigi, yine instanton metodlariyla yapilan 4 boyutlu harmonik

olmayan salinga¢ hesabindan eglestirme ile bulunacaktir.
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1. INTRODUCTION

Perturbation theory is one of the most important tools of quantum mechanics
(QM). This is because the Schrédinger equation, the fundamental equation of quan-
tum mechanics, is not exactly solvable in most physical problems. One of the simplest
examples for illustrating this is the Hydrogen atom. When the spin of both electron
and proton is taken into account, the full Schrédinger equation can no longer be solved
exactly. Instead, the additional effect is considered as a small perturbation and using
standard Rayleigh-Schrodinger theory, the wave functions and energy eigenvalues are
found as a series. A second standard application of perturbation theory is the system
of the Hydrogen atom in an electromagnetic field. In this case, when the effects of
the external fields are relatively small, perturbation theory is applicable. However,
when the series that gives the energy eigenvalues is found, a difference with the first
example is observed. While in the first case the series converges to a certain finite
value, in the second case it has a divergent behaviour! In quantum field theory (QFT),
perturbation theory is even more crucial because typically only non-interacting cases

are exactly solvableﬂ . However, in all these QFT’s the perturbation series diverges.

Before discussing how to properly interpret a divergent series, it is important to un-
derstand the physical origin of these divergences. This was explained by Freeman
Dyson [1], as due to the appearance of a non-linear instability for the ground state
at some (possibly complex) value of the coupling constant. Furthermore, the non-
perturbative decay of the (unstable) ground state contains a lot of information about
high order terms in the perturbation series. Therefore, it is possible to examine the
divergent behaviour of the perturbation series by looking at the decay of ground states

and vice-versa.

Both in QM and QFT, computing the high order corrections can be very difficult.

Often it is more efficient to look at tunnelling of the ground state to examine high

T Actually in some interacting cases, a precise definition of the theory that does not rely on petur-
bation theory is still missing.



order behaviour. In QM, the WKB approach can be used as in the famous example of
the anharmonic oscillator [3]. Equivalent to WKB one can use the instanton method,
via the Euclidean path integral [4,5]. This second approach has the advantage that it
generalizes to QFT.

On the other hand, in cases where a complete non-perturbative definition of the the-
ory is lacking the study of high order perturbation theory gives insight about a non-
perturbative completion. This has been of interest in gauge theory, string theory and

holography, see e.g. [9-11].

Finally a comment on the proper interpretation of divergent serief’ . Although at
large orders the series diverges, it starts with a number of decreasing terms. One
can find a best estimate by truncating the series at order n, ~ A~'. This limits the

1

precision and the best possible error is e, ~ e~'/*, which coincides with the size of non-

perturbative effects and the error can only be improved by including their contribution.

Apart from the anharmonic oscillator, non-perturbative methods were also used to esti-
mate the higher order corrections of the Hydrogen atom in electromagnetic fields [6,/7].
In these papers, the authors used the transformation rules that maps the coordinates
of the three dimensional Coulomb systems to the simple harmonic oscillator. These

rules are based on the equivalence of the symmetry group of these two systems [28}29].

A dyon is a hypothetical particle that carries both electric and magnetic charges. Even
though they have not been observed in nature, it is interesting to discuss problems in-
volving dyons since they correspond to a more general form of electromagnetism. For
example a Dyon atom, made of two interacting dyons, is a direct generalization of the
Hydrogen atom, which reduces to it when the magnetic charges are set to zero [§]. The
Dyon atom generalize the four dimensional anharmonic oscillator to a more general
angular momentum eigenstates. See [12] for a review about the duality between the

Dyon atom and the harmonic oscillator.

Because of the similarity between the Hydrogen atom and the Dyon atom, a simi-

2The discussion is limited to series with factorially growing coefficients.



lar divergent behaviour in the high orders of the perturbation series is expected. In
this thesis, the application of the instanton method to the Dyon atom in the context
quantum mechanics will be discussed and and estimate of the high order perturbative

corrections will be presented.

The thesis will start with a general discussion of the divergent behaviour of perturba-
tion theory in Chapter 2] After reviewing Dyson’s arguments in Section 2.1}, in Sections
and the mathematical relations between divergence and tunnelling will be es-
tablished. In these Sections, the relation between a branch cut in the complex coupling
constant plane and the large order behaviour is discussed. This will be illustrated in
the example of a simple integral which calculates the partition function of the zero
dimensional anharmonic oscillator. Finally at the end of the chapter, the coefficients
of the perturbative expansion of the one dimensional anharmonic oscillator will be es-
timated by the instanton method and a comparison with the results coming from the

Rayleigh-Schrodinger theory will be given.

In Chapter (3| the interaction between two point Dyons will be discussed in the context
of duality invariant electromagnetism. First the duality invariant formalism of classi-
cal electromagnetism will be explained (Sections , . Then the duality invariant
form of the Schrodinger equation for two interacting Dyons will be derived in detail
(Sections and . The duality between the Dyon atom and the four dimensional
harmonic oscillator is discussed in Section [3.6] and is based on the transformation rules

derived in Section [3.5

Finally in the last chapter the high order coefficients of the perturbative expansion
for the energy of the Dyon atom will be estimated by the instanton method. This
calculation is done for the four dimensional quartic anharmonic oscillator, which is
equivalent to the perturbed Dyon atom, through the transformation of Chapter 3] The
energy eigenvalues of the Dyon atom can be found by transforming back. They are

presented in Equation [4.27]



2. DIVERGENCES OF PERTURBATION THEORY

In this chapter, the physical reason of the divergent behaviour of the large orders
of perturbative expansions and its relation with non-perturbative physics will be dis-
cussed. The method based on the dispersion relation between the imaginary part of
the ground state energy when the coupling constant is negative and high order pertur-
bative expansion of the energy will be studied. It is illustrated in two examples of zero
and one dimensional anharmonic oscillators.This chapter provides the technical basis

for the study of the large order perturbations of the Dyon atom.
2.1. Large Order Behaviour of Perturbative Expansions

In this section, the underlying physical reasons of the divergent behaviour of the per-
turbative expansion at high order will be discussed. First, using a simple example,
Dyson’s arguments about a decaying unstable ground state will be recovered and then

factorial divergence of the expansion coefficients
fre ~ k! (2.1)

will be found. In order to understand the general behaviour of the perturbation series,
coupling constants will be considered as complex variables and the importance of the

non-physical values of coupling constants will be understood.

Consider a system contains N particles [2]. FEach particle has a kinetic energy T

and each pair interacts with a potential V. The total energy is given as

1
E~NT + §eQVN2. (2.2)



which has only one critical point(classical equilibrium) at

N,=_—— (2.3)

In addition to that the second derivative of the energy function with respect to the

number of particles can be found as

Figure 2.1. Energy graph with negative coupling.

For a classical system, there are two possibilities about the equilibrium of the system,
which depends on the sign of €. If the sign is positive, which corresponds to the phys-
ical world, the second derivative will be positive and the classical equilibrium would
always be stable. However, when e? < 0, corresponding to the non-physical world, the
equilibrium will be unstable under small perturbations around N.. In Figure 2.1}, it is
easily seen even the negatively coupled system has a stable equilibrium at N = 0, when
it is started from small values of N. On the other hand, if the number of particles,
N, of the system exceeds the critical value, N > N,, it starts to increase drastically
without any extra work on the system. In fact, as the number of particles increases,

the total energy of the system decreases and eventually it goes to —oo, which is not



possible for a physical system.

2 < 0 is given by Dyson [1]. Define

The physical interpretation of a system with e
a physical quantity such as F/(\), where A\ = e%. Its perturbative expansion is given by

the power expansion of A
FO) = fo+ hd+ LN 4= fidh (2.5)
k=0

Consider a system has only electron and positron pairs. In the presence of negative
coupling, like charges attract each other. Then, it is possible to bring electrons to-
gether in a region and bring positrons together in another one. Thus, electron-positron
pairs would not occur, but, because of the spontaneous particle creation, the particle
number does never stop to increase and the system would eventually be in an unstable
state. Moreover, this instability would be seen as the divergence of the expansion of
physical quantity F'(A). However, as Dyson states, these “pathological states” would
occur when the magnitude of potential energy, %/\VN 2 is much greater than the kinetic
energy, NT', of particles. That means, for small number of particles, the repulsion of
opposite(or attraction of like) charges is too low so that e™ and e~ would annihilate
each other quickly, before these forces become effective. Therefore, the series should

not diverge, if the system is classical and the number of particles is small.

On the other hand, if the quantum effects are considered, by the spontaneous cre-
ation of pair particles, there is always a finite possibility for the system to be in a
“pathological state”. Therefore, even the system starts with a very low kinetic energy
and in a state with N < N, it would be in a “pathological state” with N > N, in
finite time, which has a same energy with the state just before the tunnelling. After,
the system in that “pathological state”, the number of the particles starts to increase

very rapidly and tunnelling back to the “secure” states would not be possible.

The spontaneous particle creation can be shown by Feynmann diagrams as in Figure

2.20 Each node in the diagrams is related to the corresponding order of the expan-
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Figure 2.2. Feynmann Diagrams.

sion. When the diagrams are examined, it is obvious that the order k£ of the expansion
corresponds to the interaction of £ number of particles. Then, if Equation [2.5]is con-
sidered, one can easily deduced that the “pathological states”, N > N,, are related to
the orders k > N,., which corresponds to the high orders of the expansion since N, is
typically a large number. Therefore, the divergence of the expansion in the equation is
related to high orders. Moreover, since the system is stable for small N, the expansion
should show a convergent behaviour at small orders. Then, the terms in Equation [2.5
will decrease up to order k >~ N,., where the instability, so that divergence, starts to be
seen and they increase without any boundary at high orders. Therefore, a minima for

the terms in the expansion is expected to be around order k£ ~ N..

The divergence of the expansion can be seen in the following mathematical argu-

ment [2];




Recall the Equation

=T
N, = —
Ve?
Then, N, ~ e% and
1
fo 1 N, ~ k
fe e
which leads to the Equation [2.1
fr ~ k!

This relation shows the divergent behaviour of the expansion of F'(\) for large k with

non-physical coupling constant.

In addition to these arguments, following from the Dyson’s argument [1], one can
claim that the physical value F(e?) has a singularity at e*> = 0 and is not convergent
for values of € > 0 neither. Convergence of F'(e?) for e* > 0 leads the function F'(e?)
to be analytical at e = 0 and its convergence at small negative values. Then, the

2

function with negative e would be well-behaved, which contradicts with behaviour of

the system in the “fictitious” world explained above.

2.2. Large Order Behaviour and a Dispersion Relation

After the intuitive introduction in the previous section, now it is time to start to
construct a mathematical relation between large order behaviour of the perturbative
coefficients and decay of unstable ground state. In order to do that first the energy of
the system, which is a complex function, will be related to the decay rate. Then, the

dispersion relation, which relates the imaginary part any function with a branch cut



to its imaginary part, will be derived in detail.

fo) =L / (@) (2.6)

/
T ) o T —2

Furthermore, using the perturbative expansion

fz) =Y fik
the dispersion relation for the expansion coefficient

fi = l/ do S (2.7)

T :E/kJrl

—00

will be stated. Since the imaginary part is directly related to the decay of the false
vacuum, this equation will be crucial in the calculations of large order behaviour of

perturbation series.
2.2.1. The Decay Rate as Imaginary Energy

Consider a potential V(x), which has a false vacuum(metastable ground state)
at x = xy as in Figure [2.3] Due to quantum tunnelling the classical equilibrium point,
located at © = =z, is unstable since it is not a global minimum. A quantum particle,
which is localized at x = x initially, tunnels through the barrier and since the potential
is unbounded on the right side of the barrier, it will never return to its initial position
again. Therefore, the magnitude of the wave function at the local minimum z = =z,

can be approximately represented as |1)] ~ e~ /'ln.

From the Schrodinger equation, the time dependent form of the wave function for
this metastable ground state can be given as 1) ~ e’lﬁEot, where Fj is the energy of the

state. From the previous relation,

‘w|2 ~ eféEote%E_ot ~ 672‘11‘%
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Figure 2.3. False Vacuum.

can be found. This relation shows the necessity of non-zero imaginary part of the
ground state energy, which means E, # E,. Therefore, for Ey = E, + iFE;, where E,

and F; represent the real and complex parts respectively,
Tl =—E;

Thus the lifetime of the metastable state is given by 7 = and so one can claim

h
P
that the decay of the metastable state is directly related to the imaginary part of the
complex energy of the corresponding state. As discussed in the Section [2.1] it is known
that the decay corresponds to the high orders of the perturbative expansion. There-
fore, it can be concluded that the imaginary part of the metastable ground state energy

should be mathematically related to the high orders of the perturbative expansion. The
precise formula is [2.7] which will be derived in the following subsection.
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2.2.2. Derivation of The Dispersion Relation

A perturbative expansion can be represented as

= fid (2.8)
k=0

In order to derive the dispersion relation assume that the function f(z) has the

following properties

e f(2) is analytic in the complex plane, except in the region (—oo, 0] along the real
line.
e |f(2)] —= 0 faster than 2 — 0 as |z| — oco.

e f(2) € R for z = Re(z)

By a well-known expression for analytic functions, called the “Cauchy Integral Repre-

sentation” [14}|15], the function f(z) is given as

1) = 5 [ 22

2t Jo 2 — 2

(2.9)

where C' is a closed contour such that f(z) is analytic in its interior . Since f(2)
has a cut along (—o00,0], a contour for the integral that represents f(z) is given in
Figure[2.4l Along this contour, the integral in Equation[2.9)is a summation of individual
integrals along the paths I'y, T's, 71, 72. However, from well-known theorems [14,(15],
the individual integrals along the curves I'y and I'; are 0. Therefore, Equation

becomes,

o w2 ol



Imz

Rez

V2

Figure 2.4. Contour for a function with a cut along the negative real axis.

which equals to

1 0-+ie ! —00—1€ /
f(z) = lim —{/ f(z)dz’+/ f(z)dz'}
=0t 270 ) _ooqic & — 2 0—ic 2 —Z

By the following change of variables,

7 =1 +iedy = da’

and the integral becomes

f(z) = hmi{ 0 J@Ei) g : —f(‘”/_“)dx'}.

e—0+ 271 o X' — 2+ i€ oo X — 2 — i€

Via the Schwarz reflection principle, that states f(z) = f(2), it then follows that

o) = g L[ I, P )

e—0+ 271 oo X' — 2+ 1€ oo X — 2+ i€
— lim L./O (.CE —z+ze)f(.7:’—|—z'e)—(a:’—z+ie)f(x’+ie)dx,

e—0+ 2mi (:v’ —2)2— ¢
_ 1 /0 (' — 2) [f(2' +i€) — f(a' +ie)] —ie[f(a/ + ie) + f(a’ + ic)]
~ ov 2 o (¢ — 2)2 — €2

12

da’
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When the limit is taken, the second term in the numerator vanishes and the equation

becomes

Using that f(2') — f(2) = 2ilmf(2’), one finally achieves the dispersion relation

f(2) = l/ IHif(SC')dm/

) o =2

Now, the relation between the expansion coefficients and the imaginary part of the

function can be stated. The integral in Equation can be expanded in a Taylor

series around z = 0,

0
B (14 2 )

- E:/ﬂlmf (5)

/Omvwhng/ohwugw,

Comparing with the perturbative expansion in Equation directly gives the Equa-

tion [2.7]

10 Imf(a)
fk:_/ dﬁw

T J—c0

Note that since in the derivation of the dispersion relation a Taylor expansion around

z = 0 is used, it requires very small z, which corresponds to the coupling constant in

the physical systems.
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2.3. Large Order Behaviour and Tunneling

The dispersion relation in Equation is a very important tool in calculations
of large order behaviour via non-perturbative physics. Before discussing a dynamical
problem, it is beneficial to examine a zero dimensional system as a simple example.
In this way, comparisons between the direct calculations and the estimation using the
dispersion relation can be done. Moreover, estimating the large orders via steepest

descent method, it is possible to verify the validity of the proposed method.

Consider the potential of the quartic anharmonic oscillator 2,9,

2 4

V(z) = ‘% n )\% (2.10)

When A < 0 the ground state at x = 0 becomes metastable when A\ < 0. As a simple

example, look at the zero dimensional analogue of the partition function

24

I(\) = \/%/_OO (%) gy (2.11)

which is well-defined only for Re(A) > 0. From the discussion in Section it thus

follows that the perturbative expansion in A
I(N) =) L\ (2.12)
k=0
is divergent.

24
First, assume that A € R, and small i.e. |A\| < 1. The term e** can be expanded

around A = 0.
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By inserting this expansion in Equation [2.11

L > ( 1)k x4k 3
=2—— | dae % A
\/2%/ ve =o k! 4k

If A < 0, the divergence occurs when |z| — oo but if the upper bound of the integral
is taken as a finite number r € R it would be convergent. Then, separate the integral

into two parts,

1 r 2 o (_1)k 51:4k oo 2 e (_1>k :L’4k
=2 [t SO [Canct SO0
2m 0 =0 k! 4 . — k4

If r is chosen large enough, the second integral would be negligible with respect to the

first one. Thus, I(\) becomes

L ( 1)k£lf4k N
2—/‘“ ’ 70 TR

Now the summation is uniformly convergent on the domain of the integral. Therefore,
the order of the integration and the summation can be changed. Then, the boundary
of the integration can be extended to infinity again with the cost of loosing convergence

of the series. It has become an asymptotic series.

[o/¢] 00 x2
Z 7 / dzz*FeT \F
0

k;:

[e=]

If I()) is expressed as in Equation , the k’th term of the summation becomes

1 (=1)F [~
I, =2 (=1) / drr*te™ (2.13)
: 0




16

2.3.1. Exact Calculation of Series Coefficients

Now, the integral

z2

(k) = /0 " deatte s (2.14)

can be evaluated exactly. The result that will be found by this calculation is valid for

all k-values.

By continuing this process,

[¥]

T

J(k) = (4k—1)(4k — 3)(4k —5)..... 7*5*3/00d:m2@—2

2 |00 oo )
+ / dxe™ = }
0 0

= (4k— 1l {—xe%

which yields by usual Gaussian integration

J(k) = (4k — 1)!!\/2 (2.15)
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Therefore, k’'th term of summation is

I = 2\/%_#(;;)! (4k — 1)!!\@ = (—4)"“% (2.16)

which is valid for all k-values. Since for large k-values (4k — 1)!! dominates k!, I, grows

without bound in k.
2.3.2. Calculation by the Steepest Descent Method
The integral in Equation can also be evaluated by the Steepest descent

method, which is a good approximation for large k-values. First prepare the integral

for this method.

Make a change of variables

I —
2 —y
rxdr = dy

Then,
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Define a new variable: s = 2k — %,

J(k) = 25/ dyy’e™
0
= 25/ dyes(lny_%) (217)
0

Extend the definition of y into the complex plane. For large s-values, the steepest

descent method, Equation in Appendix [B], gives

21

J(k) = 2868w(y0)6ia0 77
SwWy

(2.18)

where

and yo = s is the saddle point of w(y). Furthermore, g and w” are easily found using

the definitions in Appendix [B]

The second derivative of w(y) is

At the saddle point

Then,
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and

" ]_
wy = —
0 82
so ap in Equation [2.1§is given as
7+ 0
oy = 2 =0,7

Since the original path of the integral in Equation [2.17]is from 0 to oo, ap = 0 should
be chosen. Then, Equation becomes

o |2
J(k) = 2%esmsmsei0 _71r = 2%e¢"°s"V2ms
552

By recalling s = 2k — %,

1 1\ 23 1 1
J(k) = 2%z (Zk — 5) 21 (2k - 5) e 2kt (2.19)

Then, Equation becomes

1 (_1)k 2k—1 1 2k7% 1 —9k4+1

By some simple calculations

p

12

1 k 1 2k
%\/5 (2]{3 — 5) 6_2k+%

(~1)*V2 (2k — )™ e+
kke=k~\/27mk

12

(—l)k\/ﬁ(élk B 1)2k€fk+%
T AF KRR

12
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In the 2% line Stirling formula
k! =T(k+1) ~ k*eFV2rk
is used.

Moreover, since k is taken large, (4k — 1)?* ~ (4k)?*. Then, multiply and divide

I, by V27k.

(—1)k4kkkeH+a Y 27k

I Y
: k3 V2rk
(—1)*4kklez
V2ork
“1kes
~ ( ) 624k(k_1)|

Ignoring the k& dependent pre-factors, it is finally found that

I, ~ (=4)F(k —1)! (2.20)

As expected from the previous Section [2.1] at large orders, k > 1, I, is dominated by

the factorial term.

As it can be seen in Figures (2.5) and (2.6), the exact result and the result for
the large orders|2.20, which is achieved by using the steepest descent method, matches

perfectly at large orders.
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1048 ¢

1032 ¢

1016
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(a) Plot for £k = 0 to k = 20. There is an

. . (b) Plot for k = 0 to k = 50. The difference almost
obvious difference between exact result and the

) ) vanishes in this plot.
estimation for large orders.

Figure 2.5. Comparison between exact result and the steepest descent methods.

10148 |
]0]28
10108 |

1088,

1068

Figure 2.6. The behaviours of two solutions are exactly the same for £ > 30.
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2.3.3. Relation between large order and tunnelling

Now the large order behaviour will be derived by using the imaginary part of
I(X\). From previous discussions, it is known that the large order behaviour is also
related to decay of the metastable state, located near a minimum of the potential,
V'(x) = 0, which corresponds to z = 0 in this case. Tunnelling appears when A\ < 0
and by the dispersion relation the coefficients of the expansion are related to the

tunneling amplitude as

12 ImI(\)
I, = ;/OO A7 (2.21)

The calculation of Im/(\) is handled by an analytic continuation from the region
Re(A) > 0, where the integration is well-defined, to the region A < 0 and this will in-

troduce a branch cut. For some additional details to the discussion here see Appendix

A2

While going from the Re(A) > 0 region to the Re(A) < 0 region, both z and A are ex-
tended to the complex plane. The main objective of this extension is keeping the term
Re(Az?) positive so that no divergences occurs when Re(A\) < 0. This goal is achieved
by rotating the z-plane as arg A changes accordingly. After the extension of the domain

of the variable x to the complex plane, the integral in Equation becomes
1 (2 ,\é)
IA:—/e(2+4da: 2.22
where the contour I' is arranged such that
1
r: Agr = —7 arg A\ (2.23)

Remember that the main goal was reaching the value —|A|. Then, | arg A\| changes from

0 to w. However, rotation in A-plane can be performed in two directions, i.e. clockwise
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or counter-clockwise and these two different rotations give different answers due to the

branch cut along the negative axis in A-plane.

Then, in z-plane, the contour I' becomes

ry: argr = —

NN

r_: argr =

where I'y and I'_ correspond to the rotations in counter-clockwise and clockwise di-

rections respectively. See Figure [2.7]

!

Figure 2.7. The original contours,i.e. 'y, I'_, and the deformed contours, i.e. 7y, 7o

on z-plane.

Define, A = —|\| & ig,for the contours I'y

. . 1 (20e)
Im I (=M £ i) = — 2 1)d 2.24
lim I(~|A| + ie) m/ . (2.24)

(2.25)

Then, using

lim {I(=[Al +ie) = I(=|A[ —ie)} = lim {I(=|A| +ie) = I(—|A| +ig) }
= liH(l)Qz'ImI(—|/\|—|—i6)
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the imaginary part of 7(\) becomes

ImI(A) = %\/Lz_w (/F+ %ei@”f) _ /F_ %ei(f”f)> (2.26)

In both integrals, the variable x is rescaled as x — % Since there is no singularity in
the z-plane, the contours I'; and I'y shown in Figure 2.7 can be deformed to make them

2

pass the saddle points of rescaled potential V' (z) = % <% + %4) The saddle points of
the potential are found as x = 0 and x = +i. The contribution of the saddle point
x = 0 is the same for both integral in Equation [2.26, Therefore, the contribution of
this saddle point to Im/7(\) is 0, even though, when individual integrals are considered,
the largest order contributions come from this saddle point. Then, the other saddle
points, i.e. x = =+, should be considered. The deformed contours, passing through
x = =+, are shown as 7, and 7, in Figure and by using the steepest descent method

both integrals can be evaluated.

The second derivative of V(z),

V' (z)=1+32% _ . =—-2=2e""

Then,

0==mr

vy =
and

==
o 7r2 T -

Use @ = a1 = 0 for the saddle point z = i and use a = ay = —7 for the saddle point

x = —i. Since V(z,) = —3 + 1 = —1, for both saddle points, z = +i, Equation m
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becomes
11 fem [ 2 o2 [79
Im/I(\) ~ — © — 7r)\_e — ™A e_y
2021 | VA 2 vV 2
- 21\/_{6 iVT — iy} et
and

ImI(\) ~ 272¢is (2.27)

Now, by using Equations and the coefficients of the expansion

- ka

can be evaluated as

I ~ (—i) T(k) ~ (—4)(k — 1)! (2.28)

which exactly matches with the Equation [2.20L Therefore, this simple example verifies
the direct connection between the large order behaviour and the imaginary part of the

physical value when the coupling constant, i.e. A, small and negative.
2.4. Instantons in the One Dimensional Anharmonic Oscillator

After the discussion on the zero dimensional toy model of anarmonic oscillator
in the last section, in this section the large order behaviour of the perturbative energy
coefficients of the one dimensional anharmonic oscillator in quantum mechanics will be
estimated by using the non-perturbative physics. This estimation, initially, was done

by WKB approximation in [3]. Later using the Euclidean path integral formalism same
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results for imaginary part of the false vacuum energy

L (2.29)

4
ImFE = —
V2T —A

ﬁ

and for the high order energy correction

Ey = <£> v (—1)k+1 (g)k D(k + %) (2.30)

3

were found [4,/5]. Both approaches utilizes the branch cut along the negative real axis
on the A plane. For a rigorous proof of the cut see Appendix [A] In this section, the
estimation using the path integral formalism will be done in a more pedagogical way

based on the discussions in [9,(13,/17].

In the path integral formalism, bound states energies are found using the partition
function originally invented in the statistical physics. The relation between the parti-

tion function and the energy states is given as

Z(B) =y e’ (2.31)

n

Since the imaginary part of the energy eigenvalues in the presence of negative coupling
is taken into consideration, its relation with the imaginary part of the partition function

is important.

ImZ ~ Ime PE = Ime AE+ID)

1
= e PEIm (1 — i + 3 (Z'BI‘)2 — - )
Then, at the leading order, the partition function is

ImZ ~ —Be PET (2.32)
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or the ground state energy is

B—o0

1
ImFE, = lim —BeﬁErlmZ (2.33)

In the path integral formalism the partition function for the one dimensional quartic

anharmonic oscillator is written as

ZB) =N / Dq e 57 (2.34)
a(=8/2)=q(8/2)

Sg is called the Euclidean action, in which time is taken imaginary. The Euclidean

action is found from the usual one by the transformation ¢t — i7.

Se(q) = md Lo le by 2.35
e(q) = T\ 50 T30+ M (2.35)
-8/2

and N is the normalization given as

where Z; is the partition function of the simple harmonic oscillator.

Note that even though the relation between the partition function and the ground
state energy originally comes from statistical mechanics and [ is defined as § = ,%LT,

in the Euclidean path integral formalism, 5 is a imaginary time parameter |13].

As discussed in previous sections, high order corrections are related to the imagi-
nary part of the energy eigenvalues at negative coupling. However, when \ < 0, the
Euclidean action Sg blows up as f — oo. Therefore, instead of taking the coupling
constant negative directly, analytical continuation methods should be used as in the
simple integral example Section [2.3.3] Starting from positive valued A, negative valued
A can be achieved by clockwise or counter-clockwise rotations. The important point

is rotating the coordinates ¢ as the coupling constant rotates in such a way that the
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conditions

and

Re (¢*) > 0
are satisfied. Then, setting
q — qe "
and
A — Ae
yields the conditions
—g <40, + 0, < g (2.36)
—g <20, < g (2.37)
If the rotation of A is in clockwise direction, 6, = —m, the interval for ¢ becomes

and if the rotation is in counter-clockwise direction, ¢, = m, the interval is
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Furthermore, Equation simply leads to

<6, <

AN
AN

Then, the intersections of these intervals are for the clockwise rotation

ool 3
IA
>
IN

m
4

and for counter-clockwise rotation

IN
|
I

Because of the branch cut along the negative axis on the complex A\ plane, these
rotations yield complex conjugate partition functions. Therefore, the imaginary part

can be written as

2i ImZ(f) = /

a+(=5)=a+(5)

Dqe 5@ — / Dqe 5@ (2.38)
a-(-5)=a-(5)
where ¢, is the paths for counter-clockwise rotations and ¢_ is for the clockwise ones.

For small values of coupling constant, the path integral is dominated by the paths
satisfying the condition 6S = 0. Therefore, as in the example of the simple inte-
gral in Section [2.3.3] the steepest descent method yields a good approximation. Let
q(1) = q.(7) + p(7), where ¢.(r) corresponds to the paths satisfying S = 0 and
V(q) = 3¢* + 1¢*. Expanding S(q) around ¢, gives

Z(B) = Ne 5 / Dpe=H) (2.39)
where

S. = / v dr (%(f + V(qc)) (2.40)

—B/2
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and

A2 1 1 o
Y(p) = / / dr (5112 + §V (qe)p* + Gefi + V’(qc)u> (2.41)
—B/2

The simplest case is considering the constant solutions 0S5, = 0, which means setting

G.(7) = 0. In this case, the solutions are the saddle points of the potential V'(g.)
() =0

and

However, both solutions yield unimportant contributions to the imaginary part of Z (/).
First consider the ¢.(7) = 0 solution. Its contributions to the partition function after
both rotations are the same. Therefore, they cancel each other in the Equation [2.38]|

Then, the solutions

yield

br2 11 B
— dr(-2 4 )= _ 2
S /m T( 2)\+4)\) )

This result contributes to the partition function exponentially
Z(B) ~ e/

which is negligible as § — oo since \ is negative. Therefore, the contributions of

q.(1) ==+ —% are also zero. Since no important contribution comes from the constant
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solutions, non-constant ones should be considered. These solutions are also called

instanton solutions.
2.4.1. Intanton Solutions

Non-constant solutions of §S. = 0 are simply non-trivial solutions of the Euler-

Lagrange equations.

i(’?ﬁ B oL
dr 0¢. 0Oq.

Then the non-constant solutions of the Equation [2.40] is
G.—V'(g.) =0 (2.42)

Note that the sign difference with the usual classical equation of motion is because the
system is considered in imaginary time. This is equivalent to the particle moving under

the influence of an inverted potential with the boundary conditions of the partition

function ¢.(—8/2) = ¢.(8/2) See Figure 2.8

Furthermore, the particular values of ¢(4/3/2) can be established by multiplying the
Equation and re-arranging the action accordingly.

qclde — 4c de _dT 2 de - ’

or

L _vig)-k (2.44)
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Figure 2.8. The periodic motions of the instantons.

where E is a constant and corresponds to the total energy of the system with the

inverted potential. Then, the classical part of the action can be written as

B/2
S, = / dr (2V(q) + ) (2.45)
—B/2

Since FE is a constant, in the limit of § — oo, S. is finite if and only if £ = 0. Therefore,
only the solutions with zero total energy are taken into account. Combining this with
the periodic boundary conditions coming from the definition of the partition function

shows why the motion of the particle should be as in the Figure [2.8]
Taking £ = 0, the Equation becomes

I —vig.) (2.46)
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and the particular value of ¢.(d) for the potential V(q) = 2¢* + 1A\¢* can be found as

R
2V (qc)

qe(7) d
q
r-m) = | A
2 4
VA’ X'

dr = dg.

Set g = e
Yy*
yvx d / A
T—Ty = / —yz—tanh_1 1+ —e?v
-0 /1 + AGQZJ 2 _
2 e}
A
— —tanh™! (1/ 1+ —629*>
2
Then,

—tanh (7 —7) = 4/1+ %623!*

—% (1 —tanh® (1 — 7)) = €

Converting the variable back to ¢., the classical solution of ¢.(7) is found as

(1) = £ (_;)1/2 m (2.47)

Putting this solution into the action

B/2 q2 B/2
S. = / dr (—C+V(qc)> :/ qu'f
—5/2 2 —5/2
_ (_2) /5/2 dr tanhz (1 —70)
A) J_pp  cosh® (1 — 1)

2\ [P d
3 /5/2 dr tanh® (1 — 79) p [tanh (7 — 79)]
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Since limg_, 1o tanh (7 — 79) = %1

Se = —%\ (2.48)
This is the value of the classical action as f — oo. Then, these particular solutions
in the Equation [2.47 contribute to the partition function proportional to e*3*. Note
that this contribution corresponds to the trajectory oscillating once between ¢. = 0
and ¢, = i%. For n oscillations, the contribution to the partition function will be
on4/3

. Since A is negative and small, n = 1 becomes the leading order contribution

and the other will be neglected.

Now contributions from the fluctuations around the classical paths can be calculated

in the following way. Recall the Equation [2.41]

B/2 1., 1., o
S(p) = / dr (—u2 + SV (qe)p® + deft + V’(%)u)
s \2 2

and first consider the integration of the last two terms

B2 o ) B2 d B2 ) )
[ ar e Vg = [ ar S - [ drti- Vi)
—B/2 -2 4T ~B/2

where the first integral on the right hand side is zero since p(+//2) = 0. The second
one is also zero since the term in the parenthesis corresponds to the equation of motion

of the instanton in the Equation [2.46] Then, the Equation becomes

S() = = / " (/l2+V”(qc)u2>

2.J -2
1 b2 d . . " 2
=35 A7 { = () = pii + V7 ge )
_5/2 T

Lo P
— 5/_5/2017# (—ijV (qc)) %
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Using this result and the classical action in Equation[2.48] the partition function simply

becomes
Z(B) = Ne*/ (det M) ~/? (2.49)
where
M = _aa_; +V"(qe)

However, one of the eigenvalues of M is zero and this is called the “zero mode”. The
zero mode causes (det M )71/ ? to blow up. The existence of this zero eigenvalue can be

shown as follows
d” y .d . .
(555 - Va0 ) e = A (5= VV(a) =0

The reason of the zero mode is the time translation invariance in the classical solution
qe(7) which means any ¢.(T + 79) = ¢ is also a solution of the classical equation of

motion. This implies that the action is also invariant under time translation

. . 2 .
Therefore, the second derivative %, which corresponds to the operator M, causes no

change in this direction.

The divergence due to the zero mode is easily curable by removing the time translation

symmetry in the action. This is done by introducing the Faddeev-Popov technique.
2.4.2. Zero-modes and the Fadeev-Popov Technique

As it is discussed the zero-mode problem arises from the time translation in-

variance which is due to the arbitrary parameter 7y, which is called the collective
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coordinate, of the classical paths in the Equation 2.47} In order to eliminate it first

introduce the following integral

/ do e /*" = \ 27y (2.50)

[e.e]

where ~ is an arbitrary constant, which will vanish at the end of the calculations.

Define the integration variable ¢ using the collective time coordinate

_ / dr 4u(7) [q (7 + 70) — (7)) (2.51)

where ¢.(7) is the classical path in the Equation [2.47] Then,

5_; = diro d7qe(7) [q(T + 10) — q.(7)]
_ / quc(T)diTo (4(r + 1)) / drdo(r) = (q(7 + 70))

and Equation [2.50| can be written as

1 1 . 2
L= s / dro / A7 Ge()i(r + m)e Y OO (9 5g)

Then, putting this into Equation yields

8/2 8/2
\/W/D /5/2 /ﬁ/szqc T+ e (2:53)

where

2

5,= [ar (5P + 3200+ 300)) + 5 [ arieo) ot +m) - )

The action S, is not invariant under time translation since g.(7) appears in the action

explicitly.
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Variation of S5,

5(2?;) _ 5?;2@) + %5;27') [/ dr ge(7)q(T + 7'0>:| /quC(T) [q(T +70) — qC(T)]

where S(q) is the action of quartic anharmonic oscillator. Apply the following change

of variables

T—=T7 -7

and

T -7

in the integrals. Then,

A L
— % + % dr" (7" — 10)0(7" — 7) /dT/ q.(7" — 7o) [q(T') — q.(7" — 7'0)]
= B0 L) [l ) ol — el = )
Recalling
5500 L
o9 q(7)=qc(T7—70)

the equation of motion for the action .S, is

q(1) = qe(T — 70) (2.54)
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Putting this equation into the Equation [2.53] the integration over 7y turn into a

straightforward calculation and the partition function becomes

Z(B) :/\/'\/26?_7/Dq/chjc(T)qc(T)e_S”(q) (2.55)
Then, the result of the path integral becomes

Z(B) =N Ige 1" 8 QC_QU;B e~ 5 (det M,) '/ (2.56)

— 24 as it was calculated before. Since the time translation invariance is

where S. = —z3

eliminated det M, would not be zero; therefore, Z(/3) wouldn’t have a divergence.

To calculate the determinant, first find the operator %, which corresponds to
M’Y
623, 528 1 9

Salmoa(ms)  Sa(rda() 3 5a(r) [Mﬁ - [ a7 ie’ = s — ' - Wu

1, .
= M+ ;qc(ﬁ — 70)qe(T2 — 7o)
and the eigenvalue of M., corresponding to the eigenvector ¢. is found as
. . L, . .
M’ch<7-) = MQC<T) + ;QC<7—1 - TO)QC(T2 - TO)QC(T)
1 . : .
= §/d7'16(7'1 —7) /dT25(7'2 —T)Ge(T — 70)4e(T — 70)Ge(T)
1
= | e II” ¢(7)
fy

Now the partition function can be calculated without encountering any divergences.

Recall the partition function of simple harmonic oscillator

20(8) = [ Do "
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where

1 1
So= [ dr|=¢+ ¢
0 / T (2q 2(1
In the first order approximation the path integral is given as

Zo(B) = e (det M)/

where M, = —g—;—i—l. Then, the partition function of anharmonic oscillator in Equation
[2.56] becomes
i || det M.\ /2
2(8) = P de P jajan (det Mo 0 g0 (2.57)
\V 271'")/ det Mg

det M,

doCaL, at once. Consider,

It is more suitable to calculate

det M,
det MO

= det [(M +110) (0]) My}
— limdet [(M — ¢ +1[0) (0]) (Mo — ) ]
= limdet [(M —€)(n]0) (0] (M — &)™) (Mo — )]

= lim { det [(M —€) (My — €) '] det [1+70) (0] (M — €)' }

e—0
where 7|0) (0| is the part of the normalized zero-mode and

. 2
qc

, - el
Y

The part

n10) (O] (M — )™ = =2

€

since the |0) (0] eigenvector corresponds to the zero-mode of M. Then,

det M, . n 1
7 = lim [ (1 - Z> det (M — €) (M — ¢) (2.58)
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Defining,
! , 1 det (M —¢)
det MM;' =lim | —=——— £ 2.59
¢ 0 el—%[ edet(Mg—e)] (2:59)
Equation becomes
det M ! _ ! Ak
det]\f =det MM n = det MM, (2.60)
and the Equation [2.56[is written as
Bde I ajsn s (n Qo | ) o
Z(B8) = EE 2L A3 S (2D det MM, 2.61
In general, the ratio of the determinants in the Equation is given as [4,/13]
det(M —e€) [(1—2)I(2) (2.62)
det(My—¢) T(1+k+2)(z— k) '
where
z=v1—¢€
and
N
K=——o
N —1

In the last equation N is associated to the power of the anharmonic part which is 2

for the quartic anharmonic oscillator. Then in the leading order

! N _ 1 det (M —¢) 1
det MMyt =lim |—~— 2| = —— 2.
oMo 13%{ edet(MO—e)] 12 (2:63)
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Furthermore, the value of the classical action of the simple harmonic oscillator is

Then,

B e (L)
Z(B) = Nor | ge || €7 T (2.64)

Furthermore, recalling

(1) =+ <—§)1/2 608}11(7)

H . H_ (/dT'Q)l/Q_iL
qC qC \/__3)\

Each sign corresponds to one of the saddle points around which the classical paths

were found. Then, putting all the results into the Equation [2.3§| gives

52 6—6/264/3)\2\/§

ImZ(ﬁ) — _ﬂLe—ﬁ/QeM?v\

V2r V=

and recalling the Equation [2.33]

1 48 1
ImE = lim —e# | ——=——=e"/? 4/3*) 2.65
m ngoﬁe ( 5 _)\e e ( )

since F, is just the ground state energy of the harmonic oscillator,

1
oA/3A

4
ImE = —
V2T —A

Q‘
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Recalling, the dispersion relation integral

1 /% ImE

o4/3)

4 0
_ 2_7T3 /_Oo )\k+3/2

and finally the result in Equation [2.30]is found

mo=— () o () e

As expected in the higher order, Fj is dominated by the gamma function, thus it has

a factorially divergent behaviour.

60
50
40
30
20

10

5 10 15 20

Figure 2.9. Comparison between the the perturbative corrections of Rayleigh-
Schrodinger theory (Red line) and by using instantons (Blue line). As expected, even
though in the low order they have a difference, they starts to match as the order of the

perturbation expansion grows.

Validity of Equation [2.30| can be shown by comparing it with the results of Rayleigh-
Schrodinger perturbation theory. The comparison is given in Figures [2.9 and
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2.0r
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Figure 2.10. Comparison between the the perturbative corrections of Rayleigh-
Schrodinger theory (Red line) and by using instantons (Blue line). As expected, even
though in the low order they have a difference, they starts to match as the order of the

perturbation expansion grows.

as expected the results of these two estimation matches more and more in the large

orders.
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3. THE DYON ATOM

The main motivation for this thesis is finding the large order behaviour of the
expansion of perturbed Dyon atom. As discussed in the introduction, the Dyon
atom can be considered as a generalization of the Hydrogen atom and both have
SO(3) x SO(3) ~ SO(4) symmetry group. This hints at a possible relation to the
four dimensional harmonic oscillator, which has also SO(4) symmetry. Indeed in this
chapter this equivalence will be made explicit. Since the instanton method for the an-
harmonic oscillator is well understood, this duality is the crucial tool for the estimation

of the high orders.

Before constructing the transformation rules in Section and applying them in Sec-
tion from Section [3.1] to [3.3] the Schrédinger equation of the Dyon atom

(o o-pr+ 7o) - 2 — i

2m 2mir? r

will be constructed starting from classical electromagnetism. The Schrodinger equation
decribes the interaction of two Dyons in the center of mass frame. To properly derive
the motion of a dyon, electromagnetism should be written in the duality invariant form.

The duality invariant action in vacuum

1
S=» / d'z (B@ . E¥,, — B@ . B¥s,,)

which intrinsically have the duality transformations

E —-— B

B — —-E
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will be introduced. The generalization to the cases with electromagnetic sources will

be easy.

3.1. Duality Invariance in Vacuum

Historically, classical electromagnetism is constructed empirically by many scien-

tists. In the presence of no electric or magnetic source, these results can be written in

an elegant mathematical formulation as

P = 0

O F® = 0

where F* and F? are the electromagnetic field tensor and its dual tensor respectively.

They are defined as
Fop = 0,43 — 0sA,
and

~ 1
FO{B = 580{576}7’75

-,

where four-potential A, consists of scalar (¢) and vector (A) potentials.

The Equation can be considered as Bianchi identity of F'*.

- 1
Do P = éeaw 0.Fy5 =0

(3.3)

(3.5)

(3.6)
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It is easier to get a deeper understanding by looking at this feature by considering

electromagnetic potentials and tensors as differential forms [24]. In this case Equation

B2 can be written as

dF =0 (3.7)

where d is the exterior derivative and F' = F,, dz*dz” is a 2-form defined as

F=dA

where A is a 1-form corresponding to the four potential and defined as

dA = A,dz"

The reason for introducing the electromagnetism by using differential forms is the

following identity

ddw =0

for any 1-form w. Using this identity, the Bianchi identity in Equation |3.6] can be

written as

dF =ddA =0 (3.8)

This last equation reveals more information then the one in tensor formalism in Equa-

tion |3.6l Equation [3.8]is equivalent with

V- (VxA)=0

which comes from the vector product properties. This property will be examined again

later in the discussion of magnetic monopoles.
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In electromagnetism the objects which can be measured are electric and magnetic

fields. They are defined as

E = -Vo—A (3.9)
B = VxA (3.10)

Since the electromagnetic theory includes special relativity, the physical quantities
should transform according to Lorentz transformations. Furthermore, the equations of
motion, so that action, consist of these physical quantities should be invariant under

Lorentz transformations.
For free fields, by setting ¢ = 1, the Lorentz invariant action is given as |21]
1 4 af
S = 3 d* e F*" F,p (3.11)

where

F*F,; =2 (B* - E?) (3.12)
is a Lorentz invariant term. Varying this action according to the least action principle,
0S = 0, gives the equations of motion in [3.1] as expected and Equation [3.2] comes from
the Bianchi identity. Using the definitions in Equations and their explicit

forms, respectively, can be written as

V-E=0 , VxB-—=0 (3.13)

V-B =0 , VxE+—=0 (3.14)
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An important aspect of the Equation and is the symmetry under the exchange

of electric and magnetic fields.

E - B

B —- —-E

However, the action in Equation [3.11]is not symmetric under these duality transfor-
mations since the quantity F®?F,; is not symmetric. In order to construct an action,
which is symmetric under duality transformations, auxiliary fields must be introduced.
Then, the system will have 2 electrical fields, say E®Y E®) | and 2 magnetic fields, say
BW B®. The action can be written as [22,23].

1
S=3 / d*z (B . E®¢,, — B@.B"s,) (3.15)
where a,b = 1,2. Using the definitions in Equations and the action becomes
1 .
5= /d% [gaﬁ (—v x A@ AL ¥ 5 Al w(b)) ~VxA@ .V x A<b>5a5]

(3.16)

By varying the action, the corresponding equations of motion can be found. However,
before starting the variation, it is better to discuss the gauge transformations, which
leave the action, and hence the equations of motions, invariant. In this way, more

information about the new structure will be obtained.

First consider the role of ¢. It appears in the action, the invariant transformations

can be guessed by considering the following term

V x A . yp®
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This term can be written as

Vx AW . vl =v. (¢(b) V x A(a)) . v (V % A(a)) ¢(b)
The second term is manifestly zero and the first term vanishes after by integration.
Therefore, the term V x A@ . V¢® in the action has no importance in determin-
ing the equations of motion. Then, since ¢ exists only in this part, any change by a
function in the scalar potential does not lead to a difference in the action, so that in
the equations of motion. Therefore, first gauge transformation is

p—>o+1T (3.17)

which means the scalar field can be set to any arbitrary value. For simplicity it is taken

zero. Therefore, the electric fields can be re-defined as

E=-A (3.18)
In this way, both electric and magnetic fields are defined by only the vector potential.
Furthermore, the expression V x A, which is common in every term, is not affected by

a change in vector potential by the gradient of a function. Therefore, the other gauge

transformation is

A—- A+ VA (3.19)

which is the same with the one in the common formalism of classical electromagnetism.
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Now, by setting ¢ = 0, the variation of the simplified action can be written as

1
0SS = 5 /d4.7} Eijk |:5ab (—ajéA,(f)aoAgb) — (9jA;(:) ao(sAz(b)>

— 25,04, 5 5A® 3.20
7k n

Consider the variations term by term. The first term in the parenthesis,

1

1 .
_ ! / A ey e 0, AP 5 A

\)

1 .
= - / d*ze,V x AW . 5A@ (3.21)

The second term in the same parenthesis,

1
655 = 9 / d*weqp iji ain(sa)aO(SAz(‘b)

1
= 5/(141‘ Eab 80 (&‘jk 6]'14](:)) 5Az<b)

1 .
= -5 / d*zen, BY - 6A@ (3.22)

And finally, the last term in Equation [3.20]

1
055 = -3 / A2 2 80 24505 A € s O 0 AD)
1
5 / 42 26, €151, Om (gijkajAg”) SA®)

1

3 / A2 26,V x B@ . 6A® (3.23)

Thus, combining the Equations [3.21H3.23]

1 . .
654 =5 / d*z <—5abB(b) — e,V x A 126,V x B<b>) .6A® (3.24)
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Recall, the re-defined electric field in Equation |3.18

E®) — _A®)

Therefore, the equations of motion coming from Equation |3.24] is

—eaB® + £,V x E® 425,V x B® =0 (3.25)

Note that in addition to [3.25, the Bianchi identity still holds:

v-B® = 0 (3.26)
OB®
V x E® 4 = 0 (3.27)
ot

Putting [3.27 into Equation [3.25] gives

2V x B® 425,V x B® =2V (¢,E® 4 6,BY) =0 (3.28)
Therefore,

eaBY +6,BY = C (3.29)

where C' is a constant. Because of the gauge transformations, it can simply be chosen

as zero. Then, the resulting equation is
eaBE® = —B@ (3.30)

First observation arises from this result shows that even though initially four fields are
taken in hand, only two of them are really independent as expected. Any two of them
can be chosen as basis fields and the other two are found by Equation If O

and BM are chosen as the fundamental ones, the duality transformation in the original
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theory is achieved.

Another observation is if the Equation [3.30] is put into the Equation [3.15] manifeslty
Lorentz invariant action in Equation [3.11] is recovered. Therefore, even though it is
not manifest in the first place, the necessary condition of Lorentz invariance is also

satisfied by imposing the equation of motion into the action.
3.2. Duality Invariance in the Presence of a Source

Now following the arguments in Section duality invariant form of the elec-
tromagnetic fields with sources will be discussed in details and it will be shown that

with an addition of proper Lorentz invariant source term

1
3 / d*zeas] P ALY (3.31)

to the action, the equation of motion in [3.30]is kept.

In the ordinary classical electromagnetism, when it is mentioned about a source term,
it is an electric source because no magnetic charge has been observed in the nature yet.

Therefore, setting ¢ = 1 and g9 = o = 1, the Maxwell equations can be written as

O F*? = Jb (3.32)
O FP = 0 (3.33)
or explicitly
OE
V-E=¢e¢ , VB-—-=J (3.34)
OB
V-B=0 , V-E+—=0 (3.35)

ot
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J? is the electric four-current is defined as

J! = (e, d)

In this case, however, the symmetry under the duality transformations

E — B

B —- —-E

does not hold anymore. On the other hand, theoretically there is no restriction for
magnetic charge and current. Thus, they can be put into the Equations by hand.

Then, the Maxwell equations becomes

V-E =¢ |, V.B—%—?:J (3.36)
B
V-B =g |, V-E+%—t:K (3.37)

where g and K are magnetic charge and current respectively. These equations are

symmetric under the duality transformations with the additional transformations

e < g

J <« K
However, definition of B
B=VxA
forces the first equation in to be zero. This feature has been discussed in the

vacuum case in Section [3.1] and it is stated a deeper reason comes from the Bianchi

identity (Equation . This obstacle can be overcome by defining an appropriate
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vector potential. A general form of this appropriate vector potential is [8]

A, (r) = % % (3.38)
where r = |r| and 7 is an arbitrary unit vector. With this definition the vector potential
is singular at the origin but this is not important since the magnetic charge is put at
the origin and self-effects are not considered. The important singularity is the one
along the straight line in the opposite direction to the unit vector n. This singularity
is called “Dirac” string. However, singularity along a straight line is not a desired
situation. The solution is first restricting the definition of A into a region in which it
is well-defined and defining another vector potential which is well-defined where the
first “Dirac” string exist. Then the second vector potential can be defined by setting
n — —n.

nxr

A_(r) = % — (3.39)
In this case the “Dirac” string is in the opposite direction of the first one, parallel to
n (see Figure . Thus, by defining A, and A_ only in the half space where they
don’t have any singularity, vector potential can be assigned to whole space without any
problem. In fact A, and A_ are not independent from each other, they are connected
with a gauge transformation. Therefore, examining physical situation in one region is

enough.

A convenient choice for the direction of 7 is the z-axis. Then A, and A_ becomes

g sinf -
4rr (1 F cos0)

Ay(r) %(i@, F21,0) = F (3.40)

" drr (r + a3

The gauge transformation between A, and A_ is now obvious. Let

A, (r)=A_(r)+ VA(r)
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i
! Dirac string of A_

I

3>

I
1
I
I

! The Dirac string of A,

I

Dirac strings for an arbitrarily chosen n. The string above the plane

Figure 3.1.
corresponds to the vector A_ and the one below the plane corresponds to A .

Then,
gsind 1 1 s =2pm
A — — — —
VA[) Arr ( 1 —cosf 1—|—COS(9)¢ rsin 6

Both definitions in Equation yields to the appropriate magnetic field in the pres-

ence of a magnetic charge.

B= A=
VX A3

After these appropriate definitions, which will be helpful in the discussion of Dyon-Dyon

interaction in Quantum Mechanics, now duality symmetric action in the presence of

both electric and magnetic charges will be examined.

In Section [3.1] the electromagnetic action in vacuum was defined in Equation

as

1
So=3 / d'z (B® . E@z,, — B@ . BYS,,)
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Even though it is not manifest in the first place, at the end of the section it was
found that the Lorentz invariance requirements is satisfied by this choice. Therefore,
an additional term due to the electromagnetic sources should be Lorentz invariant as
well. Inspiring from the usual Lorentz invariant action [21], an additional term can be
chosen as in Equation [3.31] Then the full action becomes

1

1
S=3 / d'z (B - E@We,, — B@ . BYs,) + 3 / d*zeas] 0 ALY (3.41)

In the additional term

j#
kH

Jr®) —

where j* = (e, J) is the 4-potential of the electric part and k* = (g, K) is the 4-potential
of the magnetic part. Furthermore in this notation, sometimes charges and 3-currents

are represented as

P = ;o J@ = (3.42)

respectively. Furthermore, A,(f) is the 4-potential for both electrical and magnetic
charges. To preserve the duality between the electrical and magnetic charges the sin-
gularity initially associated with the magnetic charge can be assigned to the electrical
one either. With this choice the general definition of the spatial part would change as

P fxr

AW =+ (3.43)

r rr-n

First re-check the gauge transformations starting from adding an arbitrary function to

scalar potential, ¢ — ¢ 4+ I'. Using the definitions of electric and magnetic fields, the
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action can be written as
1
g5+ §/d4x cs (V x A©@ . VIO | 50T 0)

where S is same with in Equation [3.41] By applying integration by parts and elimi-

nating the surface term,

1
S'=5+ 5 /d433 Eap (—V -V x AW 4 p@) @

where the term in the parenthesis is zero due to the first equation in [3.37]

Similarly, by applying the transformation A — A + VI the action can be written

as
S'=5 — % / diz {%ﬁ [v x A . VIO 1 v 5 yI@ . A® 4 v x yr© -W)(b)}
0o [(V x AW) - (V x VI?) 4 (V x VI'@) . (V x VA®)
+(V x VI@) - (V x VTO)] = £,,3@ . vr@}
Since

VxVf=0

for any function all the terms in the second bracket vanish. Furthermore,

Vx VI@ . A®) 4 v x vI'@ . vp® = -V x vI@ . E®
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Then applying integration by parts

S = S- %/d‘lx Eas [% (-V x A@).vr® + v x E® . yvr@ — 3O . yr

1 .
_ 5- §/d4x s [Bw) LU X E® J(b>] T

where the term in the parenthesis vanishes because of the second equation in |3.37,
which originally comes from the Bianchi identity. This proves the invariance of the

action under the transformation A — A + VI' where I' is an arbitrary function.

Now as in the Section [3.1] setting ¢ = 0 and varying the action in Equation [3.41

with respect to A gives

1 .
65 = 5 / @'z (2B — 205V x BY = 20,5V x BY — 2,500 - 6A© =0 (3.44)
which yields, by again using Equation |3.37,

—£,3V xE® —§,,V x B® =0

Therefore, as expected, the equations of motion, which correspond to the duality trans-

formations, are the same with the vacuum case (Equation |3.30)).

ewE? = —B@
Since only two of four fields are independent, in the discussion of dyon-dyon interaction,
the electric fields are suppressed and magnetic fields, B®) and B®), are going to be

considered as basis.

3.3. Particle Motion in Duality Invariant Electromagnetism

In this section, the motion of Dyons with charge ¢(* = (e, g) will be discussed.
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After deriving the classical equations of motions

i

mi' + qp ¢ (B(“) X X) — ¢® B'® =0

by using an appropriate Lorentz invariant action, the Hamiltonian of the system

1 — (p — £apg® A<b>)2

1
2m
will be extracted.

3.3.1. Classical Motion of a Dyon in Electromagnetic Fields
Even though the aim of this section is deriving equations of motion and Hamil-
tonian in classical dynamics, for completeness it is convenient to start the discussion

with a Lorentz invariant action.

For a dyon particle moving in the presence of two magnetic fields B") and B® | by

using the interaction term in the previous discussion, the action can be written as
Sz—m/@+/ﬁ%%upw@ (3.45)
where ds? = dz*dz,. Note that the interaction between the fields are ignored.
In the rest frame,
ds? = dr? , c=1

where 7 is the proper time of the particle. Furthermore, again in the rest frame, second

integral can be written as

%/&m@/wmwm—%wﬂﬁhmw@
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where U* = %‘—: is 4-velocity. Then equation ([3.45)) becomes

d
S = / dr (—m +ea q® %A“(“)) (3.46)

To find the equation of motion, this action should be varied. However, dr varies as the
trajectory varies. Therefore, a new variable, &, which doesn’t vary with the trajectory

of the particle, should be introduced [21].

68 = / d¢ {—m@ +eap g (‘2—"’2‘5/1“(“) + %AM“)” (3.47)

Using the following trick
1 2
—0(d7r)* = drdéT = datddz,
2

first term of the integrand can be written as

@_d_Td(ST_dx“ doz,
d¢  dr d¢  dr  d¢

Then, equation (3.47)) becomes

AH(a)
59 — / d [_mUud&’?u 4o q® (%5 qpla) d—&%ﬂ

dé dé dé
dU* dx dz
= - O) [ ZZHrgr gula) — ¥ AMa) 22V
/df {m a@ 0T, +€ar q (dfa ox, — 0 a 5%)}

Now & can be set to T,
58 = / dr [mi* + 4 g® (07 A4 — 4@ i, |62, = 0 (3.48)
Then, the term in the brackets gives the equations of motion of the particle.

mi” + eap ¢ (87 AP — AV @) G, = 0 (3.49)
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Recalling the chosen gauge A° = ¢ = 0 and the equations

E@® — _AW@
EQBE(b) = —B(a)
for v = 0, the equation of motion is,
mi® — ey ¢ AWt = mi® — ¢V E1®
= mi’ — Wi’ B'® =0 (3.50)

and for v = i where i = 1,2, 3,

mi' + eap g (O'ATD — A @) 3, = mi’ + ey q® (9TANW — P A 37
+ eaq® 0" AWy,

= 0
Using the vector relation
AxBxC= (AiBj — ABY) C" (3.51)
in the second term and
ig=—i"=—1
in the third term, the 2" equation of motion in equation is found as

i

mi' + e q” (B x %) — ¢® B =0 (3.52)
This is the equation of motion of a charged particle, under the influence of both elec-
tric and magnetic fields. In equation (3.52)), the second term is equivalent to the

interaction of an electric charge with a magnetic field and the last term equivalent to
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the interaction of an electric charge with an electric field in the usual electromagnetism.

When the classical limit is taken, proper time derivatives become ordinary deriva-
tives since as v — 0, in the first order approximation v — 1, which is hidden in the
proper time derivative. Therefore, even though and are the relativistic
equations of motions, in the classical limit, the structures of the equations are the
same. In this case, while represent the classical motion of the particle and it
is the only equation of motion, gives the rate of change of the total energy of
the particle, which is implicit in the equation of motion of time-like component in the

relativistic case.
3.3.2. Hamiltonian for a Dyon in Electromagnetic Fields

In order to discuss interactions in quantum mechanics, which will be done in the
next subsection, it is necessary to find the Hamiltonian of the system. Hamiltonian of

the system is given by Legendre transformations
H=p-x—L

where L is the Lagrangian of the system and P is the canonical momentum. Since only
the non-relativistic quantum mechanics will be considered, from now on Lagrangians
and Hamiltonians are written in the domain of non-relativistic mechanics. Using the
proper classical kinetic term and setting ¢ = 0, the Lagrangian of the system is written
as

1
L= gmX+cap ¢ 9% AY (3.53)

Also canonical momentum is

oL .
pP= =mX + eag P AY (3.54)
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and since

K= L (p— g ® A®)
m

the Hamiltonian of a dyon in an electromagnetic field is

1
H = om (P — apq"™ A(b)>2
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(3.55)

(3.56)

The structure of the Hamiltonian is different than the one in usual electromagnetism.

Here at first sight it seems that the term corresponds to the interaction between elec-

tric charge and electric field in the usual case is missing. However, using the gauge

transformation A — A + VI, it can be shown that it is just hidden in H.

Before transforming the Hamiltonian, it is useful to relate the function I' and vec-

tor potential A. Recall the magnetic and electric field definitions in gauge ¢ = 0

B=VxA

and

as
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and

Using gauge transformation, set A = A,,, + VI gives

VX (Ap+ VD) =V x A, = g—

= (3.57)

and similarly

. 0
E=-A, — —VI
m atv

where A,, can be chosen time independent or in other words VI is chosen such that

it has the all time dependent parts of original vector potential A. Therefore,

0 r

Finally, using the duality equation
E® — —Eap B@

the relation between I' and A, is written as

0
EVFU’) = —zfabq(“)r—r3 =~V x AW

which yields

VI = —¢, (Vx AW) ¢ (3.59)
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Then, the Hamiltonian in equation (3.56)) can be written as

1
H = % (p — Eab q(a)Agz) —+ € q(a) Eed V x Agrcl)t)Q
1
= 5 (P — e @ WAD + ¢V x A§g>t)2 (3.60)

For completeness the equation of motion of a dyon can be derived from the Hamiltonian

in equation (3.60) using

’ OH
p= Oy
where
gz = % (pj — 2 g A (V x A t) (—gab 4D PFAIY 1 9 (V x A@Y t)
and
P = mid 4w g ALY — @ (V x A ¢
Then,

| a ., d : - e
—mi' — g q(a)aAiﬁb) — q(a)a [(V X Afﬁf)) t} = 1’ (_gab q(a)aZAir(zb))

Mt + ey qPHFAC) — ¢ (V x A = £,¢ @i 9 AT

i+ e (FPAY — HOHD) — (OB = 0
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Using the identity in equation (3.51]),

mx — £ ¢ W% x (Vx AP) —¢@B® = ¢

mx — eq ¢ W% x B® —¢@B@ — (3.61)

This is same with the equation of motion in equation ([3.52]), which is derived by varying

the action.
3.4. Quantum Mechanics in Duality Invariant Form

After the convincing results in classical electromagnetism, it is time to discuss
the quantum mechanics of a dyon in the presence of electromagnetic fields and derive

the Schrodiger equation for the Dyon atom.

Both Hamiltonians in equations (3.56|) and ([3.60|) can be used to express the Schodinger
equation.The wave functions are also transformed by the gauge transformation as the
corresponding Hamiltonian are transformed. These transformations is done in such a

way that in the end the matrix elements of both Hamiltonians should be the same [26].

<Y[H[Y >=< ¢ [H|[Y > (3.62)
where
H= (p — Eab q(“)Agg) — Eab q(“)VF(b))2 (3.63)
and

H =(p—cw q("L)AS’))2 (3.64)
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Furthermore, the norm of a state ket should not be affected by gauge transformations

either.
<Yl >=<¢PP' >
This requires the relation between [¢) > and |¢)’ > should be in the following form
@ >= ey > (3.65)

where A will be determined later in order to be consistent with the original transfor-

mation A — A 4 I'. Putting the equation (3.65)) into the equation (3.62) yields
H = e P'eh (3.66)
Then by choosing A as a function of x and t,

m

Y — b (p — e q(a)A(b))2 oA

_ A (p . q(a)A,Z)) il piA (p e q(a)Agz)) il
Since A is a function of x,
etpet = e [p, e +p
— _ie—i/\vei/\ + p

= p+VA

where the commutation relation
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is used. Then, transformed Hamiltonian is achieved as
H=(p+VA—cuqd?AD) (3.67)

Comparing the equations (3.63]) abd (3.67)) shows that
A= —c4q@T® (3.68)

Then, the Schrodinger equation for H is

)
H W) = (p— £ ¢ WAY — 20 gPVTO)? ) = i |) (3.69)

In order to find a more usual form of the Schrodinder equation, apply the gauge trans-

formations in reverse direction
H — eMHe
and

[¥) = e [v)

This yields

4 o 0
A —iA _iA s aA
e He e ) = e 5 1))

— il @) - (5 ) w)

Then, the transformed equation can be written in terms of H’ and ¢/

sy O ON
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Recall, the equation (3.59))
VI = —¢, (V x AlD) ¢t
Using this relation, it can be deduced that
b %va) — _B@ — —q(a)%

and

0 1
s OO
ot T
Then, using the equation (|3.68|)
oA 1
20 )
a1

Therefore, time independent form of the Schrédinger equation in equation (3.69) can
be written explicitly as

(a) o(

7, ,
[W') = E) (3.711)

]

q

(p— cart@AL) +

This is duality invariant form of the Schrédinger equation for a Dyon moving in the
field of another Dyon. In equation (3.71)), AY corresponds to the vector potential of

source Dyon. Recalling its general form

Schrodinger equation can be written as

(@) 4()
. > ¢@q
(P — g ”q¥D,, (1)) T ') = Ey) (3.72)
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This form can be easily generalized to the case of two interacting Dyons. When the
Schrodiger equation for 2 interacting dyons is written in this form, it will be symmetric
under the exchange of dyons as it should be. In the next subsection this equation will
be written and transformed to the center of mass frame. The resulting equation will

be closely related to the Schrodinger equation of Hydrogen atom.
3.4.1. Schrodinger Equation for 2 Interacting Dyons

The Schrodinger equation for two interacting Dyon can be written as [8]

2 (a) (b)
1 a 2 q; "4
Z[ (P — 26" Din(xi = 1))+ 8y ﬂr] W) =El)  (3.73)

|rz j|

Defining new variables

H = €192 — €201

—=e1e2 1+ G192
and using the fact
D(r; —r3) = D(rs — rq)
the kinetic part of the Hamiltonian becomes

1
K = — (p1—uD(r - 1"2))2 + 2y (P2 + pD(ry — 1‘1))2

2 2 1 1
— i‘F&—QM(&—&)D(h—I‘Q) %( X )D2(r1—r2)
My

2m1 2m2

_'_
P% P% 9 1 <P1m2 — Pamy My + m2> D(r; — r3)

2m1 2m2 2 mi + Mo mime

2 1 1
+ £ (— + —) D%(r; — 1)



Introduce new variables for relative position and momentum

r=7T1 —TI9

_ Pimg — p2my

mi + mo
for center of mass momentum
P=p:+p
and for total and reduced masses
M =mq+ mg
1 1 1

Then,
2 2 2
| &1 | &5 p %
K = —+—/—— —2uD(r)— + —
2 2

P1 P2

1
= 5 —+5 +5- [P +p’ —2uD(r)p+ ’D*(r)]

2m;  2me  2m
2 2 2
| &1 P> p 1 2
= —4+——-——+4+ —\p—uD

where first two terms can be written as

p? P3 _ lp%mz + p3my my 4+ mo
2']77,1 2m2 2 mi1me my + Mo

2.9 2 2.9 2
maPp7 + Mam Py + mips + mamip;

2 (my + mg) mymsy

71
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and third term can be written as

P (p1ma — P2ml)2 my + me

2m 2(my +my)” Ay

pim3 + p3m3 — 2mimyp1p2
2 (my + mg) mymy

Using these relations

2 2
Pi-P2 + 2p1P2 1 2
K = —[p—uD
2 (my + ma) i 2m [p = 4D(x)]
1 2 1 2
= — —[p — pD

and finally using the center of mass momentum and total mass formulae the Hamilto-
nian is written as
1

H=_—P*+

~ (p-uDP2-2 74
Yi 5, (P —pD)” —— (3.74)

where r = |r|. Note that in the center of mass frame P = 0. Therefore, it is more

convenient to examine the system in the center of mass frame with Schrodinger equation

(57 0D = %) ) = 1) (3.75)
This result is very similar to the Schrodigner equation of Hydrogen atom which basi-
cally describes the interaction of two electrically charged particles in the center of mass
frame.ﬂ However, the additional vector potential term, D, is a fundamental difference
from the Hydrogen atom. This term exists because of the interaction between electric
and magnetic charges when they are in motion. Initially, the existence of this term
seems to spoil the symmetries of the system as an external magnetic field applied on

the Hydrogen atom would do but the addition of an extra term would cure this.

Before adding an extra term, first examine the Schrodinger equation. The kinetic

3In the Hydrogen atom case, the center of mass is approximately the position of the proton since
proton is much heavier than electron. Therefore, the proton is considered as stationary.
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term in the equation (3.75) is
T=p—uD

It should correspond to the momentum operator of the system. However, the commu-

tation relations between 7; and x; are found as [§]

[, z;] = —idy (3.77)
. T
] = ineig (3.78)

Last relation is different than the usual momentum commutation relations. Therefore,
the operator 7 is not a correct momentum operator. In fact it can be shown that this
problems is due to the additional term which comes from the interactions of electric and
magnetic charges. In order to define the correct momentum, first define the angular

momentum. From classical electrodynamics, it can be written as [§]
J=rxm—pur (3.79)

where the term ur exists due to the interaction of the fields of the electric and magnetic

charges [25]. It can be found by evaluating the integral
/ dr x (E x B)
The angular momentum in equation (3.79)) satisfies the following commutation relations

[Ji,H] = 0 (3.80)
[Ji, Jj] = deindi (3.81)
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The operator 7 can be written in terms of J in the following way.

rxJ = rx(rxm
= (r-mr—(r-r)mw

= (r-mr—1r’n

Arranging the last equation, 7 is found as,

>

1
71-:—(12-77+7r.f)+§(f><.]—.]><f') (3.82)

[\

In this way, the radial and angular parts are written separately. Then, defining the

radial part as 7,
m=nl 4+ (I x4+ 27- (I X F)(F-7) (3.83)
Last term is vanishes and the second one can be written as

2 1
(I x7)” = ﬁEiijjﬂfk&anmxn

1 ~ N
- T_Q (5Jm6kn - (5jn5mk) JjIkJm:L’n

- L@ nae)
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From the definition of the angular momentum operator

Then, equation (3.83)) becomes

Y Tl (72— 422) (3.84)
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and the Hamiltonian is written as

- 27:1 + omr:  2mr?  r (3.:85)
Note that the difference between the symmetries of the Dyon atom and the Hydrogen
atom is now more apparent. First two terms in the equation gives the same
kinetic term with the Hamiltonian of the Hydrogen atom. Thus, the third term is the
additional factor that spoils the full SO(4) symmetry of the system. In order to restore
the symmetry, it is convenient to add an extra potential term to the Hamiltonian in

the equation (3.75)). Then, the appropriate Schrodinger equation is written as

2

(o -2+ 5] -2 = 21w (3.56)

3.5. A 3D — 4D Duality

As it was stated that in order to estimate the large order behaviours of pertur-
bative expansion by using the instanton methods in the Euclidean path integral, the
action of the Dyon atom should be transformed to a form of anharmonic oscillator. The
transformation rules between 3 dimensional Kepler type potentials and 4 dimensional
harmonic oscillator are widely known and used in the transformation of the perturba-
tive Coulomb systems [6,[7]. Furthermore, since with the addition of %, the potential
of the Dyon atom becomes Kepler type, same transformation rules are also applied to
map the charge-dyon system to the harmonic oscillators [12]. However, in those papers,
the equivalence of the symmetry groups of Kepler type potentials and the harmonic
oscillator left unexplained. In this section, first the SO(3) x SO(3) group algebra of
the Kepler type potential will be derived and the equivalence SO(3) x SO(3) ~ SO(4)

will be established. Then, using this equivalence as a motivation, the transformation



rules

r1 = 2[ujus — uguy]

ro = 2[ujuy + usus)

T3 = (uf + ug — u§
ro= u?

will be derived.

2

)
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Kepler-like potentials, V (r) ~ %, manifestly has a spherical symmetry and this fact

leads to the conservation of angular momentum of the whole system. However, it can

be found another vector, which is also invariant under time translation. In classical Ke-

pler problem, this additional vector is called Laplace-Runge-Lenz vector and together

with the angular momentum, it reveals a larger symmetry than the rotational one [27].

The Coulomb potential has the same structure with Kepler potential, so that it has

the same symmetries. In this case, the rotational symmetry can be represented simply

by a commutation relation

[H,L;] =0
where
g-PP_ ¢
2m r

is the Hamiltonian and

L= EijkTiPk



7

is the angular momentum operator. The existence of additional symmetry implies

another operator, say V', which should also commutes with the Hamiltonian.
[V.H] =0

In addition to the similarity with the classical case, another motivation for larger sym-
metries can be found by looking the energy levels of the Hydrogen atom, which is
governed by Coulomb potential [28]. It is well-known that the states of the Hydrogen
atom is labelled by quantum numbers n and [ which are principal quantum number
and angular momentum quantum number respectively. The ground state is labelled
by [ = 0 and this shows the rotational symmetry of the ground state. Therefore, from
group theory perspective it can be said that the ground state can be explained by
SO(3) group algebra. The first excited state, however, is labelled by [ = 0 or [ = 1.
The states of [ = 0 and [ = 1 have their own rotational symmetries so that their own
SO(3) algebras. This implies the larger symmetry that the Hydrogen atom should
have. Below the additional time translation invariant operator, V, will be derived
starting from the classical Kepler problem and the larger symmetry of the Hydrogen

atom will be established.

The Newton second law for a general central force is [27]

r

F=p=f(7")72=f(7’);

Then,
pxL = mfgj“) [ % (r x 1]
= m@ [r(r 1) — (rr)r]
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which can be written as

d . :
& (b X L) =mf(r) (ir — 1)

For Kepler type problems, define mf(r) = K/r? and put it into the above equation

% pxL) = K (:—; - ;) (3.87)
_ K% <;> (3.88)

Then, new time translation invariant vector can be defined as
r
V=pxL-K- (3.89)
r

where the relation

is obvious from the Equation [3.88]

In addition to the time translation invariance, the vectors L and V are also orthogonal

to each other

K
V.-L=(pxL)-L——(r-(rxrt)=0
r
Therefore, the time translation invariance of V, indeed, corresponds to an additional

symmetry of the system.

Now, using the form in Equation the corresponding operator in quantum me-
chanics can be defined as
1 25

Vi = eign(piLi = pily) — me* = (3.90)
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Time translation invariance requires the following commutation relation
Vi, H] =0
for any ¢ = 1,2, 3.
Vi, H] = Seun {lpy. 1L ~ s, HIL;} = me? ™, ] (391)

Here the following general commutation relations can be used [26]

oG

1, Gi(p)) = i1 (3:92
and
oG
i, G = —ih 3.93
i Gx)| = —ihy (3:99)
Put the explicit form of the Hamiltonian for Coulomb interaction, H = 52 — %, into
the Equation [3.91
ih 0H OH e? rx; x; 1
WH = ——eip | =— Ly — —0L; | — — [J, 2} —me* |2, = 3.94
Vi, H] 26]k((?$j b oxy, ]) 2 L7? me Ty ( )

The terms in the curly bracket comes from the following calculation

0 OH
b /2m — /1] = —¢"lp;, 1/r] = —ihe’ 5 -(1/r) = —ihg =
Using the Hamiltonian equation motion %—I; = —% and defining g(x) = =
Zh 8p apk 62
Vi, H] = e (a_th’“ — 5 Li ) = 5 | l9&x), plp+ pilg(x), ]

Ld (1 L2 (dg(x) dg(x)
= Zh@ (§5ijk (p; L —pij)> —2715( az, V! +pl8—xl)
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where
o0 oaon 0y
8xlpl aZL‘l ot ot
Then,
d (1 e g
Vi, H] = ih=, {égijk (pj L —pij)} —tho2m— (3.95)
= zh% (§Eijk(pj[/k —peLly) — m627) (3.96)
From the definition in Equation [3.90)
dV;
Vi, H| = ih d‘; =0 (3.97)

which proofs the time translation invariance of operator V.

Furthermore the commutation of operator V' with itself is [29]
Vi, V;] = (—2mH )ihe;ji Ly,

1%

=37 S0 that

Thus, it is convenient to define a new operator V = ———

[‘7;, ‘73] = ih&jkLk

Then, the commutation relations that the operators L and V obeys are given as

[Li, Lj] = iheiji Ly, (3.98)

[Li, V3] = iheij Vi (3.99)
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[V, V] = iheiju Ly, (3.100)

Thus the operators L and V form a closed algebra which is larger than SO(3). The
exact structure of this algebra can be found by defining new operators using L and V'
and this structure will reveal the full symmetry of the Coulomb potential. Thus define

new operators

(Li +V;) (3.101)

(Li —V3) (3.102)

The commutations of new operators are

_ 1 - - S
bamxil = ({[Li, L] = [Li, V}] + [Vi.Ly] = [Vi, Vj]}
1 . . — . — .
= Z {Zhgz‘jkLk — zheijkvk — ZﬁSjikV}g — Zheijk[/k}
=0
1 .. . — . — .
X3, in] = 7 {iheiji Ly £ ihej, Vi F ihe i, Vi, £ ihegj L }

1 _

= ihx;

Therefore, both x* and x~ are generators of SU(2) algebra and since they commute

with each other, the group algebra is SU(2) x SU(2). Since the algebras of the SU(2)
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and SO(3) are the same, it can be said that the symmetry group of the Coulomb sys-
tem is SO(3) x SO(3).

Now the full symmetry group of Coulomb-like systems are understood as SO(3) x
SO(3)(or SU(2) x SU(2)). SO(3) x SO(3) group algebra, however, is also equivalent
to SO(4) group algebra and this will be explained next.

3.5.1. SO(3) x SO(3) and SO(4) equivalence

In 4 dimension the generators of SO(4) can be written as [29]

L= EijkTiPk

and

K; = x;ps — v4p;

where ¢ = 1,2, 3.

The operators L; are the usual rotation generators in 3D and the operators K; gen-
erate the rotations involving the 4" dimension. The commutation relations which are

satisfied by these operators are

(Li, K] = e [xipr, ©ps — 24Dj]
= ek {zilpr, x5]ps + 5[0, palpr — wi[pr, walp; — 2z, pjloK}
= eup {—thxpsdy; — ihxspidi;}
= —ih{eu;vips + €ijnTapr}
= iheg {arps — Tapr}
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The commutation of K with itself is

(K, K| = [2ips — T4Pi, T;ps — T4p;]
= —56'4[]01‘; xj]p4 — Xy [$4,p4]]9i — X [p4, 964]29]' - 56'4[56'2'7%]]04

The last term is non-zero only if ¢ # j, thus it can be written as

and finally from 3 dimensional mechanics

These commutation relations are the same with the ones of the operators of L and V

in the Coulomb system. Thus new operators can be defined to reveal another group

algebra that is generated by L; and K; as in the Equations [3.101] and [3.102] Then,
define

1

Jh= 5 (Lt K) (3.106)
1

Ji =5 (L~ K) (3.107)

where the commutation relations are

[Ji ;] = iheyidy, (3.109)
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[ T 1=0 (3.110)

which reveal SO(3) x SO(3) symmetry as expected. This result show the equivalence
of the SO(3) x SO(3) algebra and SO(4) algebra. This is equivalent to saying that
the full group algebra structure of a system with Coulomb interaction in 3 dimension

should be same with the group structure of a system with SO(4) symmetry.

A simple quantum mechanical system with SO(4) is a harmonic oscillator in 4 dimen-
sion. Therefore, based on the similar symmetry structure of 3D Coulomb interaction
and 4D harmonic oscillator, a transformation between the coordinates that these sys-
tems are described can be proposed. The transformation rules will be established in

the next subsection.

3.5.2. From the 3D Coulomb to the 4D Harmonic Potential

It is a well-known fact that the rotations in 2 dimensions are represented either as

x cos¢ —sin x
= ¢ ¢ (3.111)
Y sing  cos¢ Y
or on a complex plane by defining z = x + 1y
7 = ez (3.112)

This relation shows the equivalence between groups SO(2) and U(1). Thus an object
that has a fixed length in R? can be represented in C either.

A similar connection can be constructed between objects in R* and a corresponding

complex plane [30]. Consider real numbers a, b, ¢, d constructing a vector, (a, b, ¢, d), in
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4D and let

M = al + bi + cj + dk

where 1,1, j, k are called quaternions and corresponds to the following complex matrices

=) =
— o
=

—_

=) =

10 0 =
J —_= s k et
0 —i 0
Then, the complex matrix M is
a+1tb cH+1d
—c+id a—1b

or by defining usual complex numbers as z; = a + b and zy = ¢ + id

z z
M=|" 7 (3.113)

—Z2 Z1

Therefore, an object in R* can be represented by two complex numbers in C? space.
Now, finally transformation between coordinates in 3D and in 4D can be established.

Due to the relation between R? and C, it is convenient to represent R? as C x R.

Therefore, define a complex number for two coordinates in R?

2 =T + %9 (3.114)
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and leave the other coordinate real

T =3 (3.115)

where x1, 29, x5 are the Cartesian coordinates in R®. For the coordinates in R*, say

(w1, ug, ug, uy), define 2 complex numbers

Z1 = Uy + ius (3.116)

and

2o = Uz + Uy (3.117)

In Hopf coordinates [12], the coordinates of 4 dimensional space can be written as

up = ucos&;cosn
Uy = wusiné;cosn
uz = ucosécosn
ug = ucoséycosn

where v = y/u? + u2 + u2 + u2. Then the Equations [3.116{ and |3.117| become
1T up +u3+uy

21 = ue cosn (3.118)

7z = uesing (3.119)

On the other hand, if the coordinates of the 3 dimensional space is written in the usual



spherical coordinates, the Equations [3.114] and [3.115] become

0

2 = rsinfe® = 2rsin— cos — e
2 2
0 0
x = rcosf=r (cos®= —sin? =
2 2

Compring the equations from [3.118| to |3.121} it is convenient to set

0
=5
6=21Y
and

o+ 0
Uy = UCOS cos —
2 2
.0+ Y 0
Uy = wsin cos —
2 2
 e—v 8
U3 = UCOS 5 sin —
. o—¢ 8
uy = wusin sin —
2 2
and
jore 0
21 = ue 2 COS§
jo=v 0
29 = wue' 2z sin—

87

(3.120)

(3.121)

(3.122)
(3.123)
(3.124)

(3.125)

(3.126)

(3.127)
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Recall, the Equation [3.120] which can be written as
r r ) .
z= 2@212‘2 = 25 (ug + dug) (us + tuyg) (3.128)

Therefore, from 2’s original definition z = x1 + ixy

r = 2% [urug — ugty] (3.129)
and
vy = 2% [ + ) (3.130)
Similarly, from |3.121],
T=x3="r u%;u%_u%:—zui :%(u%jtu%—ug—ui) (3.131)

The Equations[3.129] [3.130| and [3.131] give the transformation rules from coordinates in

3D to coordinates in 4D. Finally, note that setting r = u? simplifies the transformation
equation without any contradiction. Therefore, with this choice the transformation

rules can also be written as followings.

r1 = 2[ujus — uguy] (3.132)
Ty = 2[uiuyg + ugus] (3.133)
3 = (v +u3 —uj —uj) (3.134)

ro= u? (3.135)

Now using the Equations [3.132| 43.135 3 dimensional Coulomb-like potential can be

mapped onto the 4 dimensional harmonic oscillator. Note that these rules also applies
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on the perturbed Coulomb potential. In these case , while the unperturbed part is
mapped to harmonic oscillator, which will be the unperturbed potential in 4 dimension,

the perturbation yields to some anharmonicity, which will be treated as perturbations.

In the next section, the hamiltonian in the Equation with an addition of per-

turbation potential will be transformed to the anharmonic oscillator in 4 dimensions.
3.6. Duality Between the Dyon Atom and the Harmonic Oscillator

In this section, the Schrédinger equation of Dyon-Dyon interaction, which also includes
a general perturbation potential, will be transformed to the Schrodinger equation of
anharmonic oscillator in 4D step by step. The motivation for the transformation and
necessary relations between coordinates of Dyon-Dyon system and anharmonic oscilla-
tor was given in the last chapter. The discussion in this section is based on the paper
in references [12]. In addition to those papers, here the transformation of perturbed
Hamiltonian is considered but for simplicity only radial perturbations will be taken
into account. Since during the transformations, the parameter, such as energy and
coupling constant, in the Schrodinger equation of the Dyon atom is also transformed
to some other parameters in the equation of anharmonic oscillator, the energy of the

anharmonic oscillator will be given as a function of the parameters of the Dyon atom.
e =¢e(V—8FE,3/16) (3.136)

where FE is the energy of the Dyon atom and [ coupling constant in the additional
radial potential. With this relation , re-mapping the energy corrections of anharmonic

oscillator, which will be found in the next chapter, would be possible.

The Schrodinger equation with a radial perturbation term is

1 2

L [0 -um+ 5] = v b o) = e (3137)
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where

—N Xr

D= "~~~
r(r+r-n)

Also, recall that ’j—j was added to the unperturbed Hamiltonian in order to preserve

the SO(4) symmetry of the potential.

Using the definition of momentum operator, p = —iV, kinetic term can be written

(—iV — uD)?* = — (V — iuD)? (3.138)

Furthermore, choosing the Dirac singularity along the positive z-axis, vector D becomes

1
D=———(29,—21,0
r(r+x3)(2 10)

Then, by this choice and ignoring the minus sign the Equation [3.138| can be expanded

as

(V—iuD)* = (9; —ipDy) (9; — iuD;)

2 2
. o X2 . gl 2
N (81 ZM?“(T"FZL‘;;)) + (82+2Mr(r+x3)) + %

0
— PR+ 2 J—

B w@xl r(r+ x3) wr (r 4+ x3) 0x;

" 0 T b T 0 (s Ta 2 o T
i i i— —
M(’?xgr(r+:ﬂ3) 'ur(r+933)8x2 'ur(r+:)33) MT(?‘+ZE3

Combination of forth and sixth terms gives the divergence of D, which is zero by its

definition

8 T2 _ 8 I
03:1 r (T + $3) 81’2 r (7" + Ig)

—V-D=0

)
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Furthermore,

V-Dy=(V-D)y+D-Vyy =DV

Since third and fifth terms in the expansion correspond to D - V| it is convenient to

write
2 2ip 0 0
V—iD2:V2—'u—332+x2+ (ac - )
( #D) 2 (r + x3)2 ( ! 2) r(r+ x3) Lo, 202,
This equation can also be written in spherical coordinates,
2 .
, p?(1 — cosf) 2ip 0
V—iuD) = V- —
( iuD) 72(1 + cos f) * r2(1 + cosf) 0¢p
1 242 24/ 0

= V4

2 r2(1 + cosh) * 2(1 + cosb) O

Recalling the minus sign in the Equation [3.138, the term ’;—j cancels with the same

term in the Equation [3.137, Then, the Schrodinger equation becomes

e W, w @
2m r2(1+ cosf)  r2(1+ cosh) D¢

] —~ % + vm} Y'(r) = EY/(r) (3.139)

This equation represents the Dyon-Dyon interaction in 3 dimensions. However, pu,
which is quantized, can be considered as the eigenvalue of some angular momentum
operator. In this case, the Equation becomes the result of a separation of vari-
able. This process is very similar to the separation of variable process in the solution
of Hydrogen atom. In that case, it yields the radial equation which includes angular
momentum quantum numbers. The separation can be reversed and as a result, the

full equation that explicitly includes the additional angular momentum operator can

be found.

In order to this the eliminated part of the wave function, which is (%) (see [12]
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for details), should be added. Multiply the Schrodinger equation by e(71+¢)
SHOTIHY (1,0, 6) = OO EY (1,0, 0)

where H' is the Hamiltonian in Equation|3.139 Setting, e*O0+9)y/(r, 0, ¢) = 1 (r, 0, ¢, )
yields

Hy = Ey

where H is the Hamiltonian which includes the additional angular momentum operators

manifestly. Then, recall the explicit form of Laplacian in spherical coordinates,

Cr20r or r2sin 6 00 00 2 sin? 6 0>

and consider the terms of H' those involve ¢ and ~,

; 1 02 Qi o 202
in(+y) o g
‘ {7"231112‘9&152 * r2(1+cosf)dp 12 (1+cos9)} Y(r,0,9)
. 1 92 . 5 ,
—  ilety) oy {37152 + 2ip (1 — COS 0) 8_(;5 _ 2,“2 (1 — cos 0)} " (7‘, 0. ¢)
. 1 82 ‘ 8 . a /

1 0 0? 0? ip(d+y) !
T r2sin2g 8752_200896¢37+8_72 € V(r,0,0) =v(r,0,¢,7)

Since the other terms does not interfere with e#(+7) the Schrédinger equation can be

written as

72

[mi<iﬁ(ﬂ2)_f>—§+wﬂwma¢w=&ww¢m><MM>

; Lo (L0, L (R, R
= — — | sinf— — | == — —
sinfod \" o6 ) T sin?e \agz T asey T 92
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which is the total angular momentum operator in 4 dimensional hyperspherical coor-

dinates.

The rules stated in the last section, Equations [3.132H3.135] can be used to transform
the Equation [3.140] to the Schrodinger equation of anharmonic oscillator in 4 dimen-

sion. Since the perturbation potential V'(r) is chosen to have only radial components,

the transformation is done simply by using only r = u?.

Then, the kinetic term in Equation [3.140| transforms as
10 /(,0 J? 0”2 20 J?
—_— — /r‘ — —_— — —
r2 Or or r? or?2  ror 12

1 02 1 0 1 0 J?
4u? 0u?  4udou  uwdou  ut

1 0? n 30 4J?
4w \ou?  udu  u?
where the term in the parenthesis is the Laplacian of hyperspherical coordinates in the

4 dimensions. Representing it with the symbol A, the Schrédinger equation becomes

1 1 o
omduz " w2

+ V(uQ)} U(u,0,¢,7) = EV(u,0,0,7) (3.141)

and multiplying whole equation by 4u? and arranging it, a more usual form is obtained
[—% A, —4Eu? + 4U2V(u2)} U(u,d,¢,v) =4a¥(u,d,o,v) (3.142)

Finally, defining new variables as

—mw? = —4EF (3.143)

and

e = 4o (3.144)



94

The Schrodinger equation for 4 dimensional anharmonic oscillator is achieved

1 1
~3.- AW +§mw2u2 + 4wV (u?) | O(u, 0, ¢,7) = ¥ (u, 0, ¢,v) (3.145)
m
Now, the high order terms of the perturbative expansion can be found by using the
instanton methods. Also a mapping to the expansion coefficients of the Dyon system

can be done. Because of the relation the energy of the Dyon atom can be con-

sidered as a parameter of the energy of the anharmonic oscillator.

Furthermore, defining the perturbation potential as a polynomial and considering only

the simplest case,

V(r)=pr
where [ is a small constant, yields
—1A+1 “+A4\11(0¢)—\1/(9¢) (3.146)
2m U 2mwu 4U u7 9 a’y =e U, ) 77 .
where
A=168 (3.147)

Therefore, A\ can be considered as another parameter of the energy . Then using the

Equations [3.143] and [3.147], & can be written as a function of £ and /3 as in [3.136

e(w,\) = e(V—8E, 3/16)

This equation will be the main relation in mapping to the energy corrections of Dyon-

Dyon system after finding them in the anharmonic oscillator case in the next chapter.
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4. HIGH ORDERS AND INSTANTONS IN THE DYON
ATOM

In this chapter, the large order behaviour of the Dyon atom will be found by a
map from the large order terms of the four dimensional anharmonic oscillator. As in
section [2.4] the large order terms of one dimensional case are found by the instanton
method. In that section, the comparison between large order expansion terms found
by instanton methods and terms found by Rayleigh-Schrodinger perturbation theory is
also given. In the four dimensional case, there will be an additional zero mode of the
system coming from the rotational invariance of the system. Throughout the chapter,
only the additional calculations due to the extra dimensions will be discussed in detail,

these are based on [4,6,7]. The details of remaining calculations can be found in Section

2.4
4.1. Instanton Calculations for the 4D Anharmonic Oscillator

After the transformation in the last section, with the appropriate choices of the con-
stants A\ and w, the potential of the 4 dimensional isotropic anharmonic was written
as

Lo 9o Ay

V(u) = Smw U + ke (4.1)

Recall the dispersion relation in Equation

10 Tme(V)
Ep = ;/ d)\/ VEF (42)

—00

which is the tool of the estimation of the expansion terms using the imaginary part of

the energy.
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In order to calculate the energy, recall the partition function in Equation [2.34]
Z(B) =N / Du ¢~ 52W (4.3)
u(—p/2)=u(s/2)

where N' = Z;! and Z; is the partition function of the simple harmonic oscillator.
Then, setting m = 1 and w = 1 for simplicity in the calculations, for the potential in

the Equation [4.1] the Euclidean action is written as

B/2
Sg(u) = / dr <1u2 + 1uQ + éu4) (4.4)

ep \20 20 T4

Expanding the action Sg(u) around the classical path, u = u. +y gives

Z(B) = NeSe(ue) / Dy ¢ =) (4.5)
y(=8/2)=y(8/2)

where

B2 1 1 h\
S.(u,) = / a4 (-uz MENN —ug)
a2 TRy

Even though the classical action has the same form with the one dimensional case,
here S.(u.) has an O(4) symmetry. Any spontaneous choice of the classical path
direction breaks this symmetry. The effects of this additional symmetry breaking will

be discussed later. First define the classical path as
u. = lu

where 4 is a unit vector in 4 dimensions which determines the direction. Since the
value of classical action is not affected by the spontaneous choice of this direction, for

now leaving the direction undetermined, S.(u.) is written as

S.(u,) /Md (1i2+1l2+Al4) (4.6)
(Ue) = T| = = — .
82 20 "2 4



97

Now it is exactly same with the one dimensional action. Therefore, copying the results

from the Appendix [2.4] the classical path is

I(r) = + (-%)W m (A7)

and the value of classical action is
Se(uy) = —— (4.8)

The important difference appears in the rest of the expanded action. An expansion up

) (19)

to second order yields

X(y) = /ﬂ/2 dr (ucy 1 yiav_(u)

—B/2 aul

1 .2+1 ; j82V(u)
2 Y 2y 4 outou’

u=u,c

02V (u)
outous

o A
= (Sij + u'y? -+ §u25ij

After integrating by parts the first two terms vanish as in the one dimensional case.

Then,

B/2 1., 1 C A, o
Y(u) = / dr (§y + 3 {&j + Augul + 5%(5@‘]} y'y’

—B/2
b2 (1 9? 1 A N\
= /5/2 dr yl <_§ﬁ5w + §§1J —+ 5”2511 -+ )\ulcuﬁ) yj

In this term, the direction of the classical path is important because of the terms

involving u’. For simplicity, the classical path is chosen as

u. = (1,0,0,0)
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This choice yields

B/2 82
/ dry! <——2 +1+ 3/\12> yt
—B/2 or

B8/2 82
drz | —== + 1+ \? ) z (4.10)
B/2 87-2

N~ N

where z is a 3 dimensional vector, which corresponds to the dimensions other than the

direction of classical path. . Then, the partition function becomes

Z(p) = ./\/e_SC/Dy1 e_deylMyl/Dz e~ [ dr Tz (4.11)
= Ne % (det M) ™2 (det T) =3/ (4.12)
where
92
M = 55t 1+ 32
T
and
2
T = —% + 1+ P

As in the one dimensional case, these determinants have zero-modes; therefore, without

normalization they blow up.

Zero-mode of M is the same with the one dimensional case. It is due to the time
translational invariance due to the arbitrary integration constant, 7, of classical path
.. On the other hand, the zero-mode of the operator 7' is an additional one. Since
all the zero-modes occur as a consequence of a symmetry of the system, this second
zero mode is due to the rotational symmetry of the system. Or in other words it is
due to the freedom of choosing the direction of the classical path. The eigenvector

associated with the zero eigenvalue for operator T is u.(7). This can be simply proven
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by checking the equation

2
<—882 +1+Au§> u. = _ﬁc+u6+>‘u2
-
UL T
ou _—

since the last equation is the classical equation of motion in imaginary time.

As in the one dimensional case, applying Fadeev-Popov technique, the operators involv-
ing the appropriate collective coordinates M., and T, can be written and the divergences

due to both of the zero-modes can be eliminated.

Recall, N = Z;* where

Zo = / Due—5? — o5 / Dy! ¢=50) / S

= 5" (det M) /2(det Ty) 3/ (4.13)

where

is the classical action of simple harmonic oscillator. Then, referring to the Equation

the partition function becomes

3
B s o, det M.\ det T\ ~'/*
Z(B) = 27T2\/7—7€ See | i || m | ue || WTZ (4.14)

where 272 comes from the surface integral in 4 dimensional space and

nmwz/wﬁ
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comes from the collective coordinates introduced to cure the divergences due to the

rotational invariance.

Since the first determinant ratio corresponds to the 1 dimensional path integral, refer-

ring to the Section [2.4] the ratio of determinant can be written as

det M,
dZt 3 = det MMy (4.15)
where
. 2
Ue
N
v

is the eigenvalue corresponding to the zero mode and by definition

/
det MM, "' = lim

e—0

R

Recalling the Equation the ratio in the last equation is given in the most general

form as
det(M —¢) _ (1 —2)I'(2) (4.16)
det(Mog—¢) T(1+r+2)(z—k) '
where
z=v1—¢€
and
N
/€ = —_——
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For the quartic anharmonic oscillator N = 2. Then, in the leading order,

! 1
det MMy ' = —— (4.17)
12
Similarly
det T, ! 1
= det T'T,
det TO © o ¥
where
v = ue ||

is the normalized zero-mode eigenvalue and

/ B ) 1 det(T — ¢) ) 1 I'(1—2)(2)
det TTy " = lim | —= = — 9| — iy | —=
© 0 " [ e det(Ty — e)] 5 [ el'1+ K+ 2)'(z — k)

where

this time. In the leading order,
! 1
det TT, ' = 3 (4.18)
Putting all these results, the partition function becomes

' ) 1\ Y2/ 32
29) = VI el e P e (- ) (5) (4.19)

Recall

2\ '/ 1
Y - S
e ( )\) cosh(7 — 1)
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Then,
1/2
2
U ||= dru? = —
lucli=( fara2) " = 2
and
1/2
2
i = ( fari2) =2
-3\
Then,

16 1 4v2V3
_ 342 —B/2 4/3X L
Z(B) V2m3fe e SN

3/2 256 3 e BI2e4/3
7T — —
3i A2

As it is explained in the Section [2.4] the imaginary part of the ground state energy

where ImZ is determined by the difference between the negative coupling results ob-

tained by clockwise and counter-clockwise path rotations as stated in [2.38

2iImZ(B) :/ Dge 5@ —/ Dqe 5@
a+(-2)=a1. (%) - (-5)=q-(%)

where ¢, and ¢_ are the paths corresponding to counter-clockwise and clockwise rota-
tions respectively. Since, as in the one dimensional case, the contribution coming from

these rotations are complex conjugate,

o= B/2p4/3

128
ImZ(B) = T3 w23 22
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Then, since the real part of the ground state is the same with the ground state energy

of the harmonic oscillator

Ep =

N | —

the imaginary part of the ground state energy is

128 4,3

Imso = 77_(_3/267 (420)
Recall the dispersion relation
128 0 64/3/\
€ = Tﬂ'l/z /_OO d)\)\k+3 (421)
128 3\
3\

= —967'/? <_Z) L(k+2) (4.23)

Recall the parameter w, which is initially set to 1. In Equation 4.19} || w. || and || . ||

contain w parameter. If it is added

2
U ||= ——
e = ——=
and
. 2w
| te |= ——=
vV =3\
then

e 1 e P~ @™



and Equation becomes

k
e = —96 w2 3/2 (—2) I'(k 4+ 2)

4.2. The Results for the Dyon Atom

104

(4.24)

Now the energy corrections of anharmonic oscillator will be mapped to energy

corrections of the Dyon atom [6|7]. Recall Equation [3.136] and set it to a fix number,

e(w,\) =e(V—-8E,3/16) =1
and scale € as

e(w,\) = wé(N)

where

~ A
)\ - E
Then from Equation [4.25]
1
W= ——=
£(A)

Writing e(w, A) as a perturbation series

5225k)\k:w25k5\k: 1

yields

1
w= =
doeAh g0

1 ~ ~
I—(1+CL1>\+CL2)\2+"'

(4.25)

(4.26)
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In the leading order

In the quartic anharmonic oscillator case, ¢y = 2 is the ground state energy of the four

dimensional harmonic oscillator.
The transformation A = 163 changes the Equation to

.16\ *
—967!/? (—%) T(k+2) = —967"/? (—12)" I(k + 2)

—5/2

Multiplying this with w®? = g,”" = 327%/2 results in the perturbative expansion

coefficients of the Dyon atom in the presence of a linear radial perturbation as
By = =431 32 (=12) 2 T (k + 2) (4.27)

Therefore, the large order terms of the perturbative expansion diverge factorially as

expected, since E} is dominated by the I' function for k£ > 1.
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APPENDIX A: ANALYTICITY OF THE ANHARMONIC
OSCILLATOR

A.1. A Rigorous Proof

Consider Hamiltonian for a general anharmonic oscillator

H = p* + ma® + \a° (A1)

where m is defined positive and A is perturbation variable.

In the main text, it is discussed in the case of quartic oscillator, a = 4, that the
perturbation series is divergent because of the behaviour of the potential near infini-
ties. Furthermore, it is explained, again for o = 4 case, that the divergent behaviour is
due to a branch cut along the negative real axis on the complex A-plane. In this part a
mathematical proof for the existence of this branch cut is given by following the argu-
ments of Barry Simon in his paper on analyticity of anharmonic oscillator [19]. Here,
« is taken general and first, it is shown that the singularity at the origin of A-plane
exists, whenever av > 2. Then, the existence of the branch cut is shown the cases when

« > 2 and an even number.

A.1.1. Existence of Singularity at A =0

Consider a unitary operator U(f3) such that

U(B)f(x) = 6" f(B"x)
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and the action of inverse operator is

U= (B)f(z) =B~ f(B ")

Then,

U U= (B)f(x) = U(B) (82" f(B7"2))
= pTmpmprtat f(x)

and

UB)z* U~ (B) = p"*a* (A-2)

d
dx

In addition, using the relation p ~

UB)ptu(8) = g"*p* (A.3)

Now consider unitary transformation of the Hamiltonian given in

H = UB)HU(B)
= U(B) (p* + ma® + \a*) U ()
= 5_2"}92 _|_mﬁ2nl,2 _{_)\Ba%xa

_ /3_2n (pQ +mﬁ4”a:2 + /\B(a—l—Q)bxa)
The Schrodinger equations for H and H' can be written as
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and
H' W), = B2 Ey(mB™, A3 ", 0) |0),

Since H and H' are related with a unitary transformation, their corresponding energy

eigenvalues should be the same.
B2 By (mB*, ABrD") = Ey(m, A)
Choosing g = ARG+ simplifies it to
A5 By (mAa+2, 1) = Ei(m, \) (A.4)

For simplicity set m = 1 and define a new variable v = Aa7z. Then Equation

becomes
Y2 E (v 1) = Ei(1,47 ) (A.5)

and multiplying both sides by 7* gives

Since E; represents the i*® order corrections for the energy eigenvalues, it is given as a

polynomial of . Therefore, by defining a new function
fi(y) =¥ Ei(y*,1)

it is straightforward to deduce that f;(y) is analytic along the real v axis, except in-

finities. The analyticity of f;(7) as v — oo should be checked separately.
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Suppose, fi(7), so that v*E;(1,y~(@+2) is analytic near v = oo as well. This means

considering an integral on a closed contour should give 0.

&éﬁwm7=o

Note that the domain of the integral path on the complex plane is related to the value

of a. If @ < 2, then the maximum angle between the path and positive real axis of ~

is determined by the pre-factor v*. It would be 5 in this case and the corresponding

contour is given in Figure where the path Cy is a part of a circle at infinity.

Im~y
Cy
C3
Ch
Rey
Figure A.1. Contour for a < 2.
Then, the contour integral becomes
$roar = [ redr [ s [ s
C Ch Ca Cs

= /OOO fi(v)d’H/_ filye™?)dy
= /OOO [£i(y) = f(ye™)] dy = 0
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where the integral on the path Cs in the first line is zero since f(7) is assumed to be

analytic near infinities. In the last line, the integrand should be zero. Therefore,

f(v) = f(ye™?) (A7)
Recalling the definition f(v) = v2E;(7*, 1) leads to

Ei(fy4, 1) = e’riEi(’y462”i, 1) = —Ei(”yA‘, 1) (A.8)

a—2)

On the other hand, if & > 2, the maximal angle is determined by v~ In this case,

it would be O?—j:z, which is always less than 7. The contour of the case for a > 2 is given

in the Figure[A.2]

Im-~y

Cs
Cs

0 C
N Revy

7
Figure A.2. Contour for o > 2, where 6 =

21
a+2°



111

Very similar to the previous one, the integral becomes

[e'e) 0
. — i i 2mi/(a+2)
fc fi()dy / fi(y)dy + / e )y
= | o = ey —o

Therefore,
Ei(3',1) = o/ (/42 1) (A.9)

Different than the Equation[A.8] the right hand side of the Equation has always an
imaginary part for any o > 2. This situation leads a contradiction since energy eigen-
values of a hamiltonian, which is a self-adjoint operator, should be real. Therefore, this
imaginary part should be eliminated in some way, which is only possible, if the integral
along the C5 line is not zero. Therefore, the function f(v), so that E;(1,7~ ), can
not be analytic at 7 = co. Recalling the relation v = )\Q_TIZ, it is concluded that £;(1, \)
is not analytic at A = 0 for a > 2. Note that since the Equation does not lead to a
contradiction, the initial assumption is still valid and E;(1, \) is analytic at A = 0 for
a < 2. These results match with the previous discussions on the asymptotic behaviour

of the potential V() = 2% + \z®.
A.1.2. Branch Cut on Complex )\ Plane

Now, the nature of the singularity at A = 0 for a > 2 cases can be examined. In
order to do that first Herglotz functions will be introduced [20]. By definition, for a

function ¢(z) if one of the followings is true

(
Img(z) >0 when Imz>0

Img(z) =0 when Imz=0

Img(z) <0 when Imz <0
\



112

g(z) is called Herglotz function. A simple deduction leads to if g(z) is an entire and
Herglotz function, it has on the highest order a linear term. The importance of the
Herglotz functions in the search of the nature of the singularity comes from the fol-
lowing theorem: Consider, a hamiltonian H(x) = Hy(z) + vV'(z). If the perturbation
potential V'(z) is one-signed and perturbation around a bound state is regular, then

the perturbed energy eigenvalue E(7) should be a Herglotz function [20].

Now suppose the singularity at v = oo, found previously, is an isolated one. Then,
(), Ei(v*, 1), Ei(1,7~(@*2) are all entire functions and the perturbation which gives
energy eigenvalues E;(y?,1) is a regular one. In addition, if the potential is an one-
signed function, which indicates « is an even number, E;(v?,1) should be a Herglotz

linear function.
From now on, only the potentials which has even power in their anharmonic part
will be taken into account. Therefore, to avoid confusion another variable m, defined

as « = 2m, where m € NT_ is introducedﬂ .

The Laurent expansion of a complex function E;(y, 1) near v = oo is given as

E(v,1)= > ar

l=—00

Then Laurent expansion of Herglotz linear F;(v*,1) becomes

Since Y2 Ei(v*,1) = 7' ;1,72 Y),

1
Ei(1,y720m ) = Y gyt

l=—00

4Note that in the cases of « is an odd number, potentials do not have lower bounds. As a result
of this property, they do not have proper bound states. Therefore, they are not the particular interest
of this thesis.
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Defining, § = 1/~ = /\ﬁ,

1 oo
Ei(1752(m+1)) _ Z g 52741 _ Z £ 52+4l (AlO)

l=—00 [=—1

The last series is convergent for small enough d but not for § = 0 since there is a

singularity for the [ = —1 term in this case.

In perturbation theory, an eigenvalue F;(1,\) can be written as an asymptotic series
E(1,N) =) E N (A.11)
k=0

This series is convergent for small A, only if E;(1,)) is analytic around A = 0. In
Section however, it is shown that for the anharmonic oscillator E;(1, A) is not
analytic near A = 0, thus the summation in Equation can not be convergent.
As a result, since 62(™*1) = X, the expansion in Equation can not be convergent
for small but not zero ¢ either. Because of this contradiction, v = oo can not be an
isolated singularity. Therefore, for E;(1,\), A = 0 is not an isolated singularity but a

branch point.
A.2. Proof via Analytical Continuation
This appendix, which is based on [18], the existence of the branch cut on A-plane
will be shown by using analytical continuation. The methods used here are useful in

the calculations in Sections 2.3.3] and [2.4]

Consider the integral

I(A):/ e‘(zz“ﬂ)dx:/ TN e (A.12)
0 0
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Then, extend the domain of x to complex plane and define a new integral such as

I = / 5 A dy (A.13)
(0)

where (0) means that the integral is taken along the line argx = 6, = 0 from x = 0 to
x = 00. Since the integral should be finite on this line, arg A = 6, is restricted in the
region

6, < (A.14)

b 3

22

In addition to that the rotation on the x-plane is restricted by the term e~ 2. In order

ImA S A A

Figure A.3. Original domain.
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to satisfy the condition

Re(z?) = |z| > 0

the restriction should be

126, < =
2
which results in
0 ™
——<0,<- A.15
4 = 77 4 ( )
24
Also, the term e T impose the condition
—gglwm—l—ﬁ,\gg (A.16)

The integration line, which is initially along the positive real axis on z-plane, can be

rotated as long as it stays in the region stated in Equation

First consider the rotation from ¢, = 0 to the angle 0, = T — %, where 0 < ¢ < 7.
Then, Equation becomes
3T s
I e<oc-Tae (A17)

The relevant regions for the Equations and are shown in the Figures
and [A.4] Tt is obvious that the intersection region is

<0\ < -—

VIS

+¢ (A.18)

bo | 3

Now, consider the path in the Figure Since inside the region A there is no
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ImA\

ReA

Figure A.4. Shaded region is corresponds to the domain after analytical continuation.

singularity, path integral on the contour C', which is the sum of the paths v;, ' and (7,),
should be 0.

/dxe<z22+’\l44> = / +/+/ dx67<§+’\%> (A.19)
C o1 r Y2

where I is the arc at |x| = co. Its contribution to the path integral is 0 due to “Jordan
Lemma”. Also, the path 7, corresponds to the line integral along the angles (0) and the
path 7, corresponds to (5 — %) in the reverse direction. Therefore, the Equation

becomes
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Imz

7

o) Rex

Figure A.5. Contour C.

Then,
/ da:e_(éﬂ%) :/ dxe_<é“%) (A.20)
(0) (

Equation is valid in the region given by Equation [A.14 However, the eqaua-
tion [A.20], which is valid in the intersection given by Equation allows the exten-
sion of the definition of the integral to the region in Equation [A.17 Then, by
analytic continuation the domain of can be redefined as

3
~ T e<h <t (A.21)
2 2
Same approach can be applied to a rotation from 6, = 0 to ¢ = —% + 5. Then, by

similar calculations new domain for 6, is found such as

T 3T
— <l < — — A .22
et ¢ (A22)
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Figure A.6. Shaded region is corresponds to the domain after the second analytical

continuation.

which has an intersection with the original domain in Equation such as

—£<0 < (A.23)

to| 3
bl 3

Again, similar to the above situation, by the help of Jordan Lemma, it is found that
22 ph 22\ h
/ dxe_(THT) = / dxe_<7+)‘7) (A.24)
(0)

(-3+5)

and by using analytic continuation the domain of @, can be extended to region

(A.25)
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The combination of the regions in Equations [A.14] [A.21] and [A.25 covers whole \-

plane. Thus, the integral

is defined on the whole A-plane and the only possible singularities would be A = 0
or A = oo. If I(\) has these singularities, it has a cut on A-plane and therefore, it
is a multivalued function. Then, to check if the cut is exist or not compare I(\) and
I(ge*™). A rotation from I()\) to I(ge*™) corresponds to the same point and they
should result in the same value if the function is single-valued.

Consider, integral on angle 6, = i 6 where 0 < § < 7 and at point A = Ag on the

A-plane.

I(Xo) = /( dze™ 7 e 0T (A.26)

I(Me'3) = /( dze=% (20 F) (A.27)

By using the fact that the integration along the path at |z| = oo, change the contour
to the line on the angle , = —% + 6. The Equation becomes

I(\oe'2) = / dze=% (2 5F) (A.28)
(-



Then, again apply a rotation on A-plane and let A\g be )\0637”.

2 omizt
I(M\e™™) = / dxe_%e<7)‘oe 7)
(=5+9)

i

ISE

Apply a change of variables, z = xe™

I(Moe™™) = /d$€<_zje—i%)e(_)‘oemi‘)
®)

Recall, Equation and by using Jordan Lemma again it is equivalent to

I(N) = / dze™7e 0T
(6)
Then, subtract Equation from the Equation

. 2 ! - .
I(Xoe®™) — ]()\0)/ dx {6“7&07 — e‘?e"\OT} #0

(9)

This inequality implies that 7(\) has a branch cut on the A-plane.
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(A.29)

(A.30)

(A.31)

(A.32)

(A.33)
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APPENDIX B: THE STEEPEST DESCENT METHOD

The steepest descent method(or saddle point method) is a useful approximation

in the study of integrals such that

I(s) :/Cdzg(z)esw(z) (B.1)

where s € R and it is very large and positive. Moreover, the functions g(z) and w(z)

are assumed to be analytic complex functions on the z-plane.

For very large s, the integrand would be very large either. In fact, in the limit s — oo,
it blows up. Therefore, the usual integration techniques are not valid for this type of

problems.

The method of steepest descents based on contour deformation, which is applicable
since ¢g(z) and w(z) are assumed to be analytic in the whole plane. Another assump-
tion should be made here that the function g(z) varies slowly so that it doesn’t make
important impact on variation of the whole integrand. After this assumption, the work
will be to find a small region that |e**(*)| is much larger than it is any other small region
and to deforem the contour C' to pass this region. Than evaluating the integral in this

region gives a good approximation for I(s).
Suppose, the dominant region exists around point
Z0 =0+ 1o ; oY €R

where zg is an maximum point, as in the Figure [B.1b] Since the functions are analytic

the contour can be deformed to make it pass through the point zy as in Figure [B.1a]
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Y4 b w(z)

c’

v

(a) (b)
Figure B.1. Simple deformation to make the contour passed through maxima z, and

the behaviour of the function w(z) around its maxima 2.

From basic multivalued calculus, it is known that for an extremum point of a function

u(z,y), there are four possibility:
(1) If upe < 0 and wgqty, — uiy > 0; Then, 2y is a mazimum

)
(i) If ugyy > 0 and ug,ty, — uiy > 0; Then, z¢ is a mintmum
(i) If wgptty, — uiy < 0; Then, z; is a saddle point

)

(iv) If wppttyy — uiy = 0; Then, the property of 2 is a can not be determined

In addition to that real and complex parts of a complex function can be represented

as functions with 2 variables.
w(2) = u(z,y) +iv(z,y) (B.2)

For this function Cauchy-Riemann conditions states

ou ov
o Ay
ou ov
Y Ou
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From these equations for the function u(z,y) it is achieved that H

O _

5a2 + 37 =0 (B.5)

Therefore, in complex space, all the extremum points of the functions u(z,y) and
v(x,y) fall into the third case. Therefore, all the extremum points of the complex

function w(z) should be saddle points.

Then, one must be careful when choosing the deformed path that passing through

the saddle point. An easy observation shows that

’esw(z)‘ _ esu(:r,y)

thus only u(z,y) part is important while choosing the most appropriate path. There-
fore, the most suitable path is the one makes u(x, y) dominant in a small region around
2o , as much as possible. This is possible by choosing the steepest descent path, which
is the path that u(z,y) decreases significantly just outside of the region around z.

Say the steepest descent path is " in Figure [B.2] Then, the integral in Equation

becomes

I(s) :/ dzg(z)e**®
Since e**(#) is dominated around the region zy = (9, o), the integral can be approxi-
mated to

I(s) ~ /// dzg(z)e**™ (B.6)

The new contour C”, shown in the Figure , lies in the region (2o — &,2¢ + €) and

e = 0e'® where ¢ is the small displacement and «y is a constant.

5Same result is achieved for the function v(x,y)
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X

»
>

Figure B.2. The contour C’ that passed through the saddle point (zg,y) after the

contour deformation.

A very important property of analytic functions

w(z) = u(z,y) +iv(z,y)
is “the lines of constant v(x,y) are always perpendicular to the lines of constant
u(z,y)” [16]. Therefore, the steepest descent path C”, which is perpendicular to the
constant lines of u(z,y), is always along the constant lines of v(z,y). This property
can be shown by a simple deduction [15]:
Define;
dw = w(z) —w(z)

Then,

dw = u(z) +iv(z) — u(zy) — iv(zo)
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X

»
>

Figure B.3. The contour C” that has total length 2, where ¢ represented as de® in

the complex plane.

and
ow = du + v
Therefore, for a particular Jw, the maximal change in u(z,y) is achieved by choosing

ov = 0. This result supports the idea of choosing the most appropriate path by just

considering the function u(zx,y).

Along C”

z = zy + 6 (B.7)

and

dz = ddet

Then, the Equation becomes
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I= emo/ dog (zo + deiay) e (zo+de0) (B.8)

—&

Since g(z) is assumed to be slowly varying
g(zo + 6 ~ g(z).

Taylor expansion for w(z) around zj is

dw d*w z — 2p)?
w(z) = w(z0) + — . (2= 20) + — . ( 5 o .
Since z = zj is taken as a critical point, and by using [B.7]
(2) ) 43 T g (B.9)
w(z) = w(zo) + 5 - . e :

This approximation is done on the steepest descent path, thus dv = 0, i.e. Imw(z) is
constant, for this approximation. Then Imw(z) = Imw(z) on the path which leads

to the existence of pure real quantity. Then, in the first order approximation

é d*w o200
2 d2? | _
is a pure real quantity.
Define
d*w ”
dz2 - wgez !

z2=20
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where w € R and wj > 0. Then, the quantity

ei(90+2a0)

must be a real quantity. Therefore, its argument should satisfy the following condition
Oy + 2009 = £nm
where n =10,1,2, ...
By using this condition and the Equation [B.7 can be written as
w(z) ~ w(z) + %52w86i"” =w(z) = %52106/ (B.10)

where

+: for even integers

—: for odd integers

The the integral becomes

g

I:emog(zo)esw(zo)/ dget(s0%wg)/2 (B.11)
—€

Remember, § is the distance from 2y so 62 will increase as the path moves away from

20. Since, the point zg is chosen as a maximum, the integrand should be the biggest at

z = zo and decrease as it moves along C”. Therefore, only the integrand with “minus”

sign in the exponential factor contributes along this path.

I~ eiaog(zo)esw(z‘))/ dge30"wd (B.12)

—€
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and since the only contribution comes from the region [—¢,¢|, the boundaries of the

integral can be extended to (—oo, 00). Then,

I~ eio‘og(zo)esw(z(’)/ doe= 208 (B.13)

—00

which is a simple Gaussian integral. The result is

2

"

I~ ew‘og(zo)esw(ZO)
swy

(B.14)

Notice that for larger s, the narrower and bigger Gaussian peak occurs in the Equa-

tion [B.13] Therefore, as s gets bigger the better approximation is achieved.
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