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ABSTRACT -

v{In optlmal control theory,‘the des1gn of a state feedback‘
:control law requlres the avallablllty of the entlre stateg"
Tvector However, in most - of “the control systems the mea—“
,surements cannot provlde the entlre state vector Then,
“the non- avallable state varlables must be - estlmated The‘

» estlmated state varlables are comblned w1th the already .
7vavallable state varlables to be substltuted 1n the feed—

1,back control law

In this‘thesis‘ the observers that are de81gned to estlmate'”
gthe non- avallable state varlables are con51dered In the,h
bdetermlnlstlc case; both for the contlnuous tlme and the o
:dlscrete tlme systems SpePlal empha51s 1s glven to the ‘

';deSlgn of minimal" order observers.

- The stochastlc optlmal reduced order observer estlmator;
.and the suboptlmal mlnlmal order observer are suggested as
,falternatlves to the Kalman filter. These alternatlve de—-

7'51gns are compared and the 1nter relatlonshlps are dlscussed

fFurthermore,‘a computer package program has been developed

" for computer alded de31gn of such observers for practlcal

»1mplementatlon ‘ The user must only supply the necessary
data to obtaln the values of the parameters of the observer’

of 1nterest.
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‘f_Kapall QeVlell blr 31stem1n enlyl gallsma31 1gln bu ‘sis=-.
temln durum deglskenlerlnln geri beslenme51 1le yaratllan'
ﬂdenetlm yasa51 kullanlllr . Denetlm yasa31n1n gerceklene—
 b1lmes1 1gln tlim durun deglskenlerlnln 1zleneb111r olmasi

.;gereklr.. Blrgok denetlm 81stem1nde ba21 durum deglsken—-
.;lerlnl 1zleme olanagl yoktur : Denetlm yasas1n1n gergek-
—lenme51 ancak 1zlenemeyen bu durum deglskenlerlnl uygun blr

'ikestlrlml yap1ld1ktan sonra mumkun olur.

Bu tez gallsma81nda. 1zlenemeyen durum deglskenlerlnln
fkestlrlmlnde kullanllan gozlemley1c1ler ele allnmlstlr.
‘Determlnlstlk 51stemlerde ozelllkle enaz kertell gozlem—

. L
rley1c1ler1n tasarlmlarl uzerlnde durulmustur.

V:Rassal 51stemlerde 1se, enlyl dusuk kertell gozlemley1c1- :
‘,kestrlcllerle,f enlylye yakln 1enaz kertell gozlemley1c1ler_
'  ele allnmls ve. Kalman suzgec1yle olan 1llskller1 1ncelen-, .
- imlstlr.n RS ' ‘ '
'~_Gozlemley1cller1n parametrelerlnl hesaplamak 191n blr
;bllglsayar paket programl haz1rlanmlst1r. Kullan1c1n1nw>f

.......

-1c1n sadece gerekll verlyl ha21rlama31 yeterlldlr.vf,
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 INTRODUCTION

Appllcatlon of optlmal control theory to the de81gn of
optimal closed loop control systems results in a state

' feedback control law of the. form u(t) = ¢(x(t) t). The
,state feedback control law requ1res that the entlre state

vector be avallable from the measurements., However, in

: practlce, it may not be- poss1ble to 1mplement the state

',feedback control law due to the fact that the entlre state:
vector is not. avallable in most cases Therefore,la su;t-
t ble approxamatlon_to_the;state.vector must be developedﬁn
“that can be_substitutediinto{the'state~feedback~control‘-

'law,

f;In the v1ew of the above lecu351on, the de51gn of the
‘state feedback control law 1s separated into two. phases
TThe first phase is -the de31gn of the state feedback con—_
;‘ rol law: assumlng that the entire state vector is” avall—
flable. -The second phase is the de51gn of a system that

,prov1des an estlmate to the state vector.'

Kalman‘and Bucy'have‘treated the State‘estimation4problem‘
for the case where all. the measurements are corrupted by
1kwh1te ‘moise lll : Bryson and "’ Johansen have con51dered a _
,more general problem assumlng that some : noise free measure- o
meents exist |2l E The assumptlon that n01se free measure- |
Nments are avallable 1s a realistic assumptlon in many con-
1trol problems.v They have shown that- the optimal estlmator
-’1s a modlflcatlon of the Kalman- Bucy estlmator whlch con-
‘,talns dlfferentlators and-. 1ntegrators Slnce dlfferentla—v

'atlon is’ not des1rable for practlcal reasons,. an alternatlve'

vii



'to the modlfled Kalman Bucy estlmator, an observer, ‘namely -

the Luenberger observer has been suggested

The observer is a dynamlc system drlven by the 1nputs and
fthe outputs of the system whose states ‘are estlmated The
b:order of the observer 1s less than the order of the mod1-13'
~,f1ed Kalman Bucy estlmator, hence ;t,ls_eas;er‘to 1mple—‘}

ment 1t.

=Observers are 1mportant 1n the llnear system theory 81nce'y

‘ fthey offer, 1n addltlon to thelr practlcal utlllty,,

}converglng settlng of the fundamental concepts, such as

,controllablllty, observablllty and stablllty

'iThls thes1s deals w1th the observer de51gns for llnear

tlme 1nvar1ant systems represented 1n state Space. Itb

',‘.cons1ders observers ‘both in the determlnlstlc and in- the

Z}stochastlc cases, and it 1ntroduces the computer alded

- 1mplementatlon methods in, detall.

;In the flrst chapter, the motlvatlng 1deas concernlng the

-.structure of determlnlstlc observers are 1ntroduced The

wbas1c constructlon methods for one type of observers, 1 e.,v

fdildentlty observer,_are presented., The 1nteractlons of

jclass1cal concepts such as observablllty and stablllty

';w1th the dynamlcs of the observer are dlscussed |3[

'“In the second chapter, a class of observers i, e., the’
‘class of canon1cal mlnlmal order observers for contlnuous—'
Atlme systems is. cons1dered The transformatlon 1nto the

d”canonlcal form whlch decouples the - state varlables at the

’foutput lS presented and a de81gn procedure Whlch determlnesf

!the dynamlcs of the mlnlmal order observer for the system,
iln canonlcal form, by employlng Lyapunov stablllty theory,
‘1s suggested l7| : The last sectlon con51sts of computer

based algotlthms whlch are used in the de81gn of the

viii



‘minimal order observer.

iThe thlrd chapter deals w1th the de31gn of mlnlmal order 3
: bservers for dlscrete tlme systems represented in theA,ﬂf
7canon1cal form. Lyapunov stablllty theory ‘for dlscrete—

‘tlme systems s used to: determlne the dynamlcs of the ob--

server,l8{. Some propertles of the canonlcal form are

"duSed3t0'reducefthe order of the Lyapunov equatlonAcon514-

'derably compared to the ones developed so far 1n the llte—
ﬂrature. In the last. sectlon, a computatlonal dlfflculty

'and a. suggestlve solutlon are’ dlscussed.‘

ngn the fourth chapter, optimaldOEServer estimators-for"
hfstochastlc systems . whlch are represented in the Gauss—
«Markov model are con51dered ThlS chapter is malnly con-

'cerned w1th the case - that some of the - measurements are

o belng corrupted by addltlve whlte noise. whlle others belngf

’1gn01se free and presents anLoptlmal reduced order observer—

1vest1mator to- estlmate the entlre state vector of the sys—

. tem in. the mlnlmum mean square error Sense ll3| The equa—'

: 7-t10ns derlved for the optlmal reduced order observer—

‘lestlmator are also valld for the extreme cases those belngv~.

’ithat all the measurements are. corrupted w1th n01se and all

”;2the measurements are n01se free.. When' all the measurements

are corrupted w1th noise the optlmal reduced order observer'_

', estlmator functlons llke the Kalman filter and 1n the other‘

‘"extreme case that the measurement noise 1is not present it
'";reduces to the minimal order observer estlmator. _Besldesr
the" optlmal reduced order observer estlmator, a-suhoptimal'
.mlnlmal order observer 1s dlscussed as an alternatlve solu--

-t;on.”
jthe £ifth chapter’deserves a special importance‘since it is
}the practlcal settlng of the theory developed in the pre-

v1ous chapters. The user 's manual Whlch has been prepared

ix



~prov1d1ng an easy access to the user explalns how the
:data is entered 1nto the related programs ln the package

_and glves the structures of the subprograms.

',Flnally, the conclu31on chapter dlscusses what has been
‘dcne in: thls study and Suggests toplcs for further research

,_ln the area of observers.



CHAPTER 1

BASIC THEORY 3]

1L INTRODﬁcTioN'To'OBSBRVERSa_

1he purpose of thls chapter 1s to famlllarlze the" reader

o with the baSlC concepts of the observer theory "The con-

tlnuous tlme systems are cons1dered 1n this chapter, but
the theory developed here 1s appllcable to the dlscrete

' tlme systems as: well.

“The - 11near tlme 1nvar1ant dynamlcal plants are characte-
'_irlzed by the set of equatlons ' : : ' :
: : : : &,
A x(t) + B u(t) _ . o

: i(f)?
Cy(t);

:}where x(t) 1s the n-= dlmenSLOnal state vector, u(t): is‘the )
R oL dlmen51onal 1nput vector and y(t) lS the m-= dlmens1onal
j'outputryector...A 1s~the-(nxn),state matrlx, B .is the

hy(nxr)linput*matrixeand'C‘is»the,(mxn} output matrix.

ffLetVSi denote the system “in Bquatlon l 1. 1If the‘output
“and the 1nput of the system S are used to drive a system
jS?, the the follow1ng theorem announces that the state of‘

'Sz»tracks a llnear transformatlon of the state of Sl

"THEOREM 1;13'1Léf}3i5'“‘répbesented as

A 2(t)h+vBsu(t)
cox(t)

x(t)
ylt)

1



:drive”Sé:which“isvgiven by 

é(t}j

Fz(t) + G y(t) + H u(t)
,5~where z(t) is a p dlmens1onal vector,vP is a (pxp) matrlx,;ﬁl
‘”G is'a (pxm) matrlx and H is a (pxr) matrlx, (p < n)

'Suppose there exlsts a (pxn) transformatlon matrlx T,

.bsuch that-

" §n§ L  '.:i'. Tﬁ = H{;‘ 

\'f;If é(tj) 'Tx(t ); fh§h %(¥5>;£T_3(5);f§;*éil'£ i/t;.
-'lff_._?Roof{?’_,'i.t’.fi% temediatery weivten that

fz(t> + By(t) +'HU(t) ;»TAx(t) - TBu(t)}

1

oa(t) - TR(Y)

"‘!2(t)f-gmg(f). Fz(t) + (GC TA)x(t) + (H TB)u(t):;

dfabe e A e e e

o fthe;abdvétcah be writfeh;as'

20t - TR(t) ;ré(f);;;rrx(f)

a8 - R = E[a(0) - Te0)] 12

.Léffingi: . f vt;é(F)» ~é(t) ;‘f§(£) 

"W

L Ae) = E(E) - TR(E).

-iEqﬁationfluz can be-Writteh ds

a(t) = Foq(t)



‘>which‘hasrthe'soiution'*‘

F(t to)

fﬁut sineefz(téy>=;Tk(to), it*folloms that
.{Théﬁ Eqnation 1.3 gives

q(e) = 0, t 2%,

'~Thisvcompletes-theeprOOf}

"fOne should note that the systems Sl and. S need not’ have"

“the same dlmen51on.; ‘It can'be shown that ]4[ there ex1sts'

>‘1aiunique T, for the equatlon.A
A - Pt =cc

jpronided,that,A andlgido not”haVercommpnleigenvalnes.

1DEFINITION l 1: Any system 82 hlch tracks a 11near trans—,i
'~format10n of the states of the system Sl 1s an observer :

:‘Qfor the system S, in the sense of Theorem 1 l.a

-

,In the above theorem, the 1n1t1al condltlon x(t ) was;'h :
~assumed to be known. If the 1n1t1al condition x(t ) is not'j‘
t‘known then z(t ) ¥the 1n1t1al condltlon of~ the state of

_the observer, may be arbltrarlly ass1gned to’ be
et )= T 1y
RIS - S B SRR ,

for some n-dimensional vector xg.'



-Id.fhisvcase, theifollowing.differentialﬂequatioﬁ
z(t) T x(t) 5dP[z(f)v—ng(t)]- o
gylelds a solutlon of the form

F(t to)

2(t) - Tx(t) = e [z(t ) - Tx(t )] [* 1.5
It follows ffom-ﬁquetionelaqlthet'
Coale) AT R(e )

then it is. evident from Equation 1.5 that. z(t) cahnof track

a linear. transformatlon of x(t) exactly but w1th 'some

error Wthh 1s due to the uncertalnty in the 1n1t1al con—
"dltlon.‘ Thls error, de31gnated by e(t) .1s-known_as_the

v;observer error and it 1s deflned by
e(t) = z(t) - T x(t) - . 1.8

eThep‘ ‘is follows from Equatlon 1. 5 that

: e F(t to) R R
. - e(t) g e(t ) L R AN
where . ' SR . S ;o

e(sg)‘é~2(f5)'jaf'x(t§}‘af‘?‘ e

"'The error'cauSed\by”the'uncertainfy-in the'initial condi-
7t10n w1ll propagate 1n time as shown in Equatlon 1.7 and
will diminish as time 1ncreases if and only if F is a"
stable matrlx. Slnceﬁthe matrlxef is the_srate matrlx‘of-
“the observer, the observer‘mﬁs%'beban asymptotically stable
‘esystem 'so .that the observer error decreases w1th time and

_becomes zero at steady state.i



1.2,  IDENTITY OBSERVER

'fIf it is. requlred that the order of the observer S ‘be the

'*ysame as that of the system Sl’ then the most convenlent

1transformatlon is the 1dent1ty transformatlon, 1.e., Tﬁ=-i,
vahen, T A.',‘v v v;_‘l . el .
L - ©TA = FT =iGC
:beoomes- f : 5 L DR : ;
F=a-6C 1.9

fwbereiFeaner eret(nxn)'and‘(nxm) matricesﬂrespectivelyw

Slnce the matrlces A and C in Equatlon 1. 9 are flxed by

v»the system S only ‘the - (nxm) dlmen31onal matrlx G is se-.

y,.lected to determlne the dynamlcs of the 1dent1ty observer,

1;wh1ch is glven by the follow1ng dlfferentlal equatlon.“;
2(f1r%*<A—Gciz(f>‘f»G &(t>y+iB u(t)

;We now w1ll state two theorems related to the de51gn of the

;1dent1ty observer

“THEOREM '1.2: For the real’ matrlces A and C the eigeﬂ;‘

“_vvalues of (A GC) can be ass1gned from a des1red set of

'yelgenvalues by a suitable ch01ce of the real matrlx G 1f

nand only 1f (A c) 1s a completely observable palr.

For avpoSSible;proofvone1mav,refer»tO'ISI,

"vTHEORBM:l 3: An 1dent1ty observer w1th arbltrary dynamlcs

‘can be designed: for :a llnear tlme 1nvar1ant system 1f

viand only. 1f the system is completely observable.

f_Proof?is an obvious resdlt,of'Thepremtl,Zl



c‘The elgenvalues of the’ 1dent1ty observer are. chosen to
7 have more negatlve real parts. than those of the observed
/system so that the performance of the overall system 1s

'pnot s1gn1f1cantly delayed

An’ example 1s presented below “to eluc1date the de31gn of

tthe 1dent1ty observer for ‘a. completely observable system.

'Ekample l:. A'second orderrsystem'iS’given in Figﬁre 1. l
It is de81red to. des1gn an 1dent1ty observer for ‘the sys—'
g tem so. that the: two states w1ll be avallable to be used

_for feedback purposes.

B : S - E'quq—[°1'
T e unit skep
“Fig 1.1 ST R

‘The‘Staterspacefrepresentation of»the abovebsystem is:d
11 T

, Skt w0 110

x(t)

(1]
=y
Y
o
—
P
e
A

©oylt)



‘;_The solutlon of the dlfferentlal equatlon in Equatlon 1. 10

~ for the unlt step 1nput .

e - Leso 1

1
N o

N N

shows “the. behav1or of the states as time elapses. But,

only one state, i. e. xl(t), iS”ayailsble_etbthe:odtput;'

It is shown below that an 1dent1ty observer de51gned forv
the system. in Bquatlon 1.10 will prov1de X (t) and X, (t)

' The dynamlcs equatlon of the observer 1s glven by
() = F ?_,z(_:) 46 y(t) + B u(t)

where

. The matrlx G must be selected to determlne the matrlx F,

bbthen lettlng

ﬂfyielas . f
F=1 0o 22| gy l 0

‘,F;Q;“ S
TR

-7
'}’The characteristic equatiohvof;the matrix F is .
2 L TR
[AI F] A RS (3+gl)x f 2+ 2gl By T 0112
The elgenvalues of F are chosen to be more negatlve than

those of A .80 that the system performance is not affected



The elgenvalues of the orlglnal system are- 4;fand_;2@;as ‘

'Scan be seen in Equatlon 1.11.

' Then, the elgenvalues of F areédhb;én as.

':ifvthe;cha?é;feriéfic éqgatiéﬁ:cérrespondiﬁg t§:Ai andikza
Xz_}v% 72 +12 = o
56 companed with Daustion 1,12, gy 10 & are found to be
'giiéfqn«;faﬁé_ e 2

5Then the dlfferentlal equatlon governlng the observer

;glven by.»

':zct)};f? B TC NS M I 7CORE T B BRCO N

ot

“2(£) é_n

IR ST

The result: found. in Equation 1.13 is identical to the ome
'found in Equatlon 1. ll Figure l.2villustfates'thé over-
 'all system.{[: S ‘ o k :
%‘The eigénValues 6f'the bbéefvér have been selected‘so far
' to correspond to a glven set of elgenvalues ;Anbthen, '

_-approach cons1ders that the error R

*é(tj~='z(£y‘; Tox(e)



_.tura_unno_ .

TTRew |




- 10

due. to some uncertalntles in the 1n1t1al value of the

frstate vector x(t ) dles out exponentlally ~Since,
é(t),=gF«e(f)': P S Y

"the above statement is equlvalent to statlng that the obﬁ.
'server system matrlx F must be determlned to ensure. unl—l.

form asymptotlc stablllty ]7]
“To this end, a LyaounijfUnctiOn'ofsthe'form,u
'V(e)_ﬁee'(t)JR'e(t)

::where Riis an (nxn) real symmetrlc p031t1ve deflnlte ma- -

trix, together w1th Equatlon 1. 1u ylelds-
V(e) = ;ev(t)(r'R'f_Rr) e(t) .. - 1.15°
Vo= o-e'(t) Qe(t) . 1,16

" where:Q is éj(hxn):fealISymmetric.positive definite matrix.
“For asymptotlc stablllty of the matrlx F |61»the‘follow1ng;

econdltlons must hold

il
o

1. V(o) ) S
2, V(e) 5.0~"for.e,¥ 0
3. ,V(_e)"< 0 - jfor',e 70"
,fThenﬂfromeEquatioﬁs 1.15 andAl.lS; itﬂfollowe'thétf‘J
F'RHARF# Q=0 . 1.7
GSince,”it isﬂknown'that’fof;anoidentity obserer‘"

. F = A - GC



11
t?then_EQuationrl.l7;beeomes
(A=GC)'R + R(A-GC) . +7Q =0~ -~ . 1.18

If G is selected as -

‘where K is ah (mxm)7arbitrary real'symmetrie positive
semidefinite matrix, where m. is the dlmen81on of the: out-
'put veeter._ Selectlon of the arbltrary matrlx K is treated

in the computatlonal aspects of Chapter 2.
31n$erting EQuatibn 1;19!iute Equation 1.18 yields -

(A - > RV C'KO)'R + R(A - 3 R7ICTKC) #°Q = 0

2

A'R + RA +Q = C'KC =0 -~ . 1.20

- ,EQuatiOﬂ"l 20 is solved fdr'the'matrik Ry then the'result'
‘jls substltuted ‘into Equatlon 1. 19 to evaluate the matrlx G.t

'AhOnce G is found F is determlned by ' '

F.= A - GC L

h The matrlx F found by thlS method is a stable matrlx,v

ftherefore ensures that the error

e(t) = a(t) - T x(t)

/‘~;w1ll dlmlnlsh as tlme 1ncreases regardless of the 1n1t1al

'uncertalntles,‘?

et = z(t ) Tox(t)



2

Example 2:" The system is as glven in Example l It is
desired to design an. 1dent1ty observer for: the system.
vThe 1n1t1al value of the state vector lS not known by the

‘de31gner.

The dlfferentlal equatlon that governs the 1dent1ty obser—v

"~ ver . is

U E(8) = Foa(t) + 6 y(t) + B oult)
" where ' L g

G must- be determlned such that F 1s a stable matrlx.

Ch0031ng Q and K ‘as
'and insentidg‘intQ7
A'R + RA - C' KC +.Q =0

- yields a'eymmetric positive definite matrix R as,

4t is found that
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',The>matriX;F§is found from S

“as

,The'eigenvalues of F are -1 and éS;.hehee'F‘is a stable

matrix. The'obserrer‘isvgiVennby‘
wr) =) bzt w b ye) v | ] we)

’As stated earller,‘the observer output z(t) approaches to
“the. true value of the state x(t) at steady state regardless
of the ch01ce of the initial. condltlons for the observer.
lWe now w1ll show that an arbltrary 1n1t1al condltlon w1ll

glve satlsfactory results.

'*Choosinggy

~_and noting fromiﬁxamplerl.fhat.

Lt

h;__y(t)'z,%u; 207t 4+ L2t

(TP
o

thersolutiOuzof‘theVabpve-differential equation is given.by

t;{‘r(t 2 F(t 3l

Z(t)l?kert,z(éj + S Gy(T) +e 'Bu (T)} dr

o

o yields, for unit step-input
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11 St 1o cat .1 _-st]
Dol 5t ze _+_2'e St ze
IR 1 5 -t . 1 =2t 1 -3t
5 + 5 e - .r-z—‘)e‘ T3 e .

' Next the observer s states and the true states of the sys—~
tem are plotted in Flgure 1. 3 to’ show the convergence as

tlme 1ncreases. - o o v : ';'

'Although the 1dent1ty observer can ea51ly be- 1mplemented
.yet it 1s not. very attractlve s1nce it possesses redun—;
\dancy.‘ The. redundancy is due to the fact that the iden-_
etitygobserver, whlle estlmatlng_the non—avallable~states,
,_estimates the already'available'statesvas well. To elimina
;this~redundancy; the. de51gn of an- observer of lower dlmen—

“sion- 1s suggested.v
| ‘1;3.”VMINIMAL.0RDBR,OBSBRVER

‘The follOW1ng two chapters con51der the de31gn procedure
of mlnlmal order observers for contlnuous time and dis-
~crete tlme llnear systems. In thls sectlon only the ba81c

structure of- such observers is glven.”

" ‘Consider the system

AA"X(t).t B_u(ti_,
c x(t) .-

t‘&(t)
y(t)

An observer‘of order’nFm; where n is the'order of theb
state vector and m 1s the order of the output vector of
'the above system, 1s constructed to estlmate the non-
avallable states. .The. output of the observer and the out-
fput of’ the orlglnal system are then used to estlmate the

ﬂ_entlre state vector as follows



% )

+ >£
.’-‘»
4 T



where T is a -mXn matrlx to be determlned.' Determlnatlon )
f of the matrix T 1s treated 1n the follow1ng chapter._ The
block dlagram below 1llustrates the structure of the .

mlnlmal order observer.,*'




CHAPTER 2

MINIMAL ORDER OBSERVERS FOR DETERMINISTIC
CONTINUOUS TIME’ SYSTEMS L

Consider the linear-time ‘invariant continuous time system

n

A'*<t>:ff31@<t>'

®(1), . , |
cex(e) - a1

.1where A, B and C are nxn, nxr and mxn matrlces respectlvelyL

o Furthermore, ‘Cois of full rank m and (A C) 1s a completely

observable palr."

'»Fﬁom Theorem 1.1, 1t follows that an. observer for the sys- "

"tem in Equatlon 2 l can be constructed aS‘

.n'z(t) “F z(t) * G y(t) " H u(t)
ozt ) ':T x(t ) ' -

'where“F G and H are pxp, pxm and PXr matrlces respectlve—

Vly, (p < n), satlsfylng the constralnt equatlons

TA - FT :ch "a 2.
H - = TB '

foffsomerpxn'matfix T. This obsernerbestimatésﬂthe_ejatesM

_g(t)'By < o
| S ¢ T 20 e
R(e) = of-mnf femmeem ) e
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‘uwhere (") denotes a spec1al 1nverse whlch can be evaluated

Las follOWS°7

The

ver

 The.

5the

k :':__w,,_», : S . B
IffPtm<n',l _[egf]‘ 3‘dces not exist.

'If_p+m2ni.~' Then form a square matrlx u31ng any n.

,'llnearly lndePendent ‘TOWS . from [—g ]and :"

‘apply_ordlnary matr;x»1nvers1on pnoCeduresg

iupper bound for p is ‘n" and when pP=n an 1dent1ty obser-v

'may be constructed for the system in Equatlon 2.1.

des1gner w1ll naturally try to set p to. the. smallest

L value it may- attaln in: order to have the - s1mplest form for

observer._ Then the questlon arlses~ ~Does. there exist

S.a lower bound for p? The answer is glven by the follow1ngt

theorem.

dgTHEOREM 2. l'i-The order of the observer des1gned for the.i

;system in Equatlon 2 l can: not be. less than n-m.'

-~ PROOF: In order for the p-dimensional observer

() = F oa(t) 46 y(t) +H ult)

’to.eStimate‘the‘state;k(tj‘by'an estimate«cf—the form

. 'thbe}‘

‘indicated inverse must exist. This inverse exists, -

jj_f__.:p-t—r‘nznor{ p>n-m. . The the smallest value for p;is.nem,

‘where p is the order of the observer.: This completes the

Aproof.



jﬁe observer whose order”is n—ﬁﬁis Calledlthe’Minimel,
order ObserVer. .Allvthe_derivabions developed'in‘the rest‘
-~ of thisVChapter”coneernvonly;fhe‘minimaldorder‘observers;v‘”
.It is 1nev1table that the observer 1nvolves the dynamlcs

of the observed system, or equlvalently, the, observed sys-,
"tem constralns the dynamlcs of the observer-" Therefore,

.dthe relatlon between the observer and the observed system.

»is brought out in the form of a set of constra1nts.~

‘To this end, definme -~ =  ° R
T - ) 1
| -

. where P aﬁd-v7are:nk(n-n)‘andi(nxm) matrices respectively, .

PT % Ve = I~ . 2.3

. ' . m R '

hPremulfiplyingjbothdsidesvofAEquation,?.S‘by'TA

~ TAPT + TAVC = TA
is obtained. TThis'result‘is then«snbstitntedvin Eqnationt
2.2 R o | | A

TAPT + TAVC - FT - GC,?VO

(TAP - F)T + (TAV - G)C o‘f‘~_v;',,'v 2.4

Slnce rows of T and c aretchosen'to bedlinearly‘indepen_

dent in Equatlon 2.4, it foblows that

TAP
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- The equations for the minimal order observer are:’

ll.

Cs(e) = ? z(t) ia y(t) +H ut)

-,P z(t) + v y(t)

.

"Q(tﬁ'

where z(t) is. the (n- m) dlmen31onal observer state vector,,
“F o is the (n- m) X (n m) state matrlx, G and H are the

(n- m)xm and. (n- -m) Xr 1nput matrlces respectlvely.
"The'constraiﬁt equationsfareﬁ

CRT+oVC ST

F = TAP

]

G = TAV

!

H = TB.
rFrom'the'above COnstraintévif is dleerly seen that the v
»;de51gn of the mlnlmal order observer hlnges on the selec-'

' tion of the . matrlx T.
- If x(to)risfknbwn, it has been shown that

) = T a0 L 2t

. and that x(t)-canlbe reconstructed;ekactly by -

A(H) = PT x(¥) + VC (%)

1

CR(R) = (PT ¥ VO x(£)

A1

R(t) x(t) .

Ifrx(t6)>is not knowﬁg"then'there;éxiStsfanrobServer error.

- defined by

ey Lzt - Txey a5
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- which‘ssiisfies‘s
 ;e‘t)e? F-e(t),‘ce(ﬁo)«e:zﬁto) -.T x(to), ’2f5f,

'-Our goal 1s then to flnd ‘a. stable matrlx F so that the_

;observer error decreases as tlme 1ncreases
The'next;seetion pfesénfs ahreasy'solﬁtion-fer the designf
of a mlnlmal order observer for the system 1n Equatlon»'
2.l _con51der1ng, as’ a«de31gn.cr1terlon, the’ stablllty of
the free system -in EQuat;onsQ;G."' ’ | ‘
2.1. A CANONICAL CLASS OF OBSERVERS”|7][

eConSider-the systemAgiven-by»Bgﬁation 2.1

‘AEX(f) f Bru(t)s'
c x(t)

0

Sl s e fi(t)
| | oyl

'and'recall,that.C isfef'fullrrank m}_

.eCollectlng the llnearly'ihdependent-colmmns,*the,métrixv

?nwhere Cl is 'mxm - non- 81ngular matrlx.. One. should note that

C. may be partltloned as -

PRy

'>lcollectlng the llnearly 1ndependent columns of the matrlx

-C . to form Cl as a non- 51ngular matrix may necess1tate re-

inumberlng the - state varlables.

- There exists a (nxn) non-singular transformation matrix M

‘jgiﬁen,by



- which can be used to define a state transformation

Sand

22

Ca0e) = w k(D) with q(r)) = Wox(t) 2.8

'The non- s1ngular1ty of M ensurés.fhe'existéhce of the in-

verse glven by

Solving Equation 2.7 and 2.8 for x(t) and (t) as -
S V —l" . .
x(t) = M 7 q(t)

LoR(E) =M ()

o and sﬁbStituting thesefequalities‘lnto Equatlon 2. l the :

‘follbwing,syStem_of equétioné»are obtalned

q(t) + B u(t)

a(t)
at [Im‘§ o] q(t)

" v
ek >l

e

y(t)

" where _
CMAM™

i}

_l‘

di\w§ $l ;

..CM
'vTheVQimilérity trénsformation'f'

MAMTT

L2,



does not alter the stablllty,’observablllty and,control—

: lablllty of the orlglnal system

»Pantitionihg'K'aﬂdfg'as. L
e ‘m nem
-‘ g 4' ~
' B11 1 %12 n
CRi= UL R
o : - NPT } »
' Azll A22 - ni-m
S ¢
SR R
Bo= |--- ,
32 n-m

4.(8) ORIt 0. (1) ] i o

SR e 3 S 30 Ak A e RO

R PO XX € I AR [ q.(£) ] o

y(t) = c;<44£——;— '=‘v[Iﬁ’! 0]_;-}:~45 s 24130
S S TN | bood () R

where ql(t) and q2(t) are m and (n-m)—dlmen31onal vectors

resPectlvely.
It is Seeﬁ"frem Bquefion-2.13 that: the states qz(f);are
“not e&ailable.‘«The’follbwing minimal-order‘obeerver’iSf
. designed to estimate thevnbﬁ=aveilab1e'states, q2(f),i'
S E(6)'= Fa(t) + 6 y(t) + H u(t)

ThlS mlnlmal order observer satlsfles the. followmng con-

 ,stra1nts



L »Sihee the matrix:

- 24

must be invertible,"tﬁé*simplesffehoiEe'pf the matrix T is
. ., ) 5 . _ 7>4'- ,‘b. . l. : ' v ‘ I . .k » 4 A - o '
B B ) R

‘where L ES'ah:arbifrary'(h—m)xm matrix.  This choice of

the- matrlx T ensures “the ex1stence of the lndlcated 1n-;;

" verse as shown below

‘éince‘the_rigﬁt siide- of Equation 2,15 isedf;rank-n,-'
The eenSfraint'equatien,v

PT + VC = I

: n

w1th the substltutlon of Equatlon 2 14 and upon belng

‘ \partltloned may be wrltten ‘as
[ L 1 em >* --3- [Im' 0] "T‘}';fﬁ-* :
Ve S S
;'ihen:theifeilowing‘set_of matrix‘equetiOns_ié obtained;



SRR
-P,L + Vy =0 2.18

" and from Equations 2.16, 2.17 and 2.18

‘are found.

Stralght forward substltutlon of the matrices T Equatlon
2 14 P, Bquatlon 2. 20 and V Equatlon 2. 21 1nto the

Afollow1ng equatlons

~

TAP -
e

= TAV*™

T B

)

the matrices F, G and H are found to be

ﬁ{\ : "Jl'
F .= A22‘—‘L A127
R ~ N L
G = Ay, - LA, +F
H = Bzf— L Bl

At thls stage the role played by observablllty must be.
examlned.d "Observablllty" means that one can,'ln pr1nc1ple
fdetermlne the 1n1t1al state of an observable system from

‘its .output measurements The 1dea of 'state reconstruc-

BOGAZIG ONIVERSITESI KUTUPHANES)



tablllty follows by notlng that knowledge of q(t ) and
L‘Equatlon 2 13 is sufflclent to determlne q(t) for all
t > t . In the context of a. canonlcal' class of " obser-

; vers the follow1ng deflnltlon 1s approprlater‘

};DEPiNITION 2}1,m

The system 1n Equatlon 2. 13 1s state reconstructlble 1f

“there ex1sts an observer

_Z(t)jé,(Agg - )z(t) + (A21 LAll * PL>y(t)ff
By *ngl)“<f) |
cq(t) = === z2(t) + === - y(t) 2,22
o In;m ) :Lt . R L T
‘with «z(t ) [ =L . _;']%Qg.'whefe'qg.is.arbitraby quH
that PR _" |
' Lim (q(t) - q(t)) e
T RTINS

'rTHEOREM(2H3' If the observer is asymptotlcally stable

t‘then the system in Bquatlon 2.13 is state reconstructable.

tPROOF:;-Definetf'

eo) Pl -a 2023

‘and substitute Equation 2{22::into Equation 2;23fto;obtain,_

s _ b'. 1'3 RS Im ) o
e(t) = j===1 z(t) +]-—=] y(t) - q(t)
R I | Lo
n-m L i
or | o
e(t) = |=—==| z(t) + ||zt o] - [-BL-=- a(t)
I L [_m| ] o I1
n-m . | Tn-m



- ‘2\7' .

R4

a0 - TR

SO e Rl [_Lai.fn—m]

'Recalling_e~'i“e(t)

is’foﬁnd.

‘»fer_fbefeﬁefe~féc6getrgetepiiit§

",ele (q(t)"; é(t)) - Tim e(t) o*e
tﬁwl' B N o

'must hold

‘;:From Equatlon 2 24 1t is seen,that:e_i

“Lim e(t)
t+m

0
o
N L
w

1l .
o .

>implieS'thatef' PR -
o e "le E(t)
t*w .

" On the other hand the dbeerVer’error-given‘byf—f
Cé(t) = F e(t)

’éatisfies the”requiremeht ih'Equatien 2,25 if, and only if -

-F is a stable matrix. ' SIS

: pThlS completes the proof.»

”Next questlon is whether there exlsts a matrlx L, such

"j that



'-iS'a'sféble'matriX;‘

L

~
A

12

ensures the ex1stence of a stable matrlx F,

N I-’
f(A22" 12

“THEOREMtQ u:|5|'

]lelmplles that (A22,

" PROOE :

where

.t:then.T

“rank '

rank

—— -

—— - -

>

12

~
A

21

') pair is completely observable.

A

> B . .
(e ams ow S euut

28

N

A dlrect appllcatlon of Theorem 1.2

~ provided that .-

-

) is also an observablé pair.

0

A

P2

11812 7

The observablllty of the pair: (A C)

Since (Z,C) is alcompletely observable pair

L~

‘312522J

Blementary row and column operatlons do- not alter the rank

‘ of a matrlx._,

rank -

Irrespective of the

>i‘

12 21

Then o

o

left

ll

12

=1 .

22| = rank

column matrix in Equation 2.26
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S0
1z
\ o A22 o
rank - |= n-m
Ry 'ﬁ-i.a*’*fx |

:Cayley Hamllton theorem 1mp11es that only the terms upto

i.f"‘ ~ n...m_

:,Al_2A22 _ -l are needed thenv
- e
R v I
KT
S Magten , S ,
rank 3 B P - l=n-m . 7 2.27
”i ed h?m-l
ELA12A22'- :

,rEquatlon 2 27 shows that (A22,A12) is a completely obser—l .

'iE vable palr.

'Theorem 2 4 guarantees the ex1stence of a matrix L suoh_t
that the matrlx E glven by the follow1ng equatlon is’
,stable.

e -

&

-If one. determlnes the matrlx L which makes Fa stable

i matrlx, then the dynamlcs of the observer are known 51nce'
the matrlces G and H are also functlons of the matrix L.
Then, the de81gn of the mlnlmal order observer reduces to
.the determlnatlon of the- matrlx L. Next 1s ‘a suggestlon

to evaluate the matrlx L.
A suitabie~quadratio.Lyapuuov,function‘for the free system
T é(t) = F oe(t)

is’generated. ‘Choosing



féb.ff
e ae

where Q is a (n -m)%(n- m) real symmetrlc p051t1ve definite -

matrlx It follows that a Lyapunov functlon of the form ¢

'xVsz?'ﬁt?~?ié¢t>'

ex1sta, where Ri'is a (n-= m)x(n m) real symmetrlc p081t1ve

“‘deflnlte matrix satlsfylng
ir*g +RE+Q=0. 2928

Replacing.P'by

*;Equatioﬁk2.28 becomes’ a

| o . ' .- R
(522 » Al2) R+ R(A LA
'Seleet L as-k

"where K is. an arbltrary (mxm) real symmetrlc p051t1ve seml
deflnlte matrlx, then substltute 1n Bquatlon 2 29 to obtaln
By 'R * R Azz‘fTQ - Alz‘;g;Alé" -
ThlS algebralc matrlx equatlon ylelds a unlque solution
 for the symmetrlc p081t1ve deflnlte matrlx R |7]. " This.
solutlon is then substltuted ‘into Equatlon 2, 30 and the
'fmatrlx L 1s evaluated. Once the matrlx L.is found the

~ matrices F, G- and H are calculated by -
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\ G =y - LA T
' ‘H=B, - LB,

Once the minimal order observer is'designed for the'cano—‘

f,:nlcal system, the estlmate of the states of the orlglnal

_ system can be" obtalned by ‘the follow1ng transformatlon.
'Q(t).i.Mflla(t)?.

Figure 2.1,illnstratesvthe‘block diagram'of thegoverall

system.

'Examples concernlng the contlnuous tlme determlnlstlc,‘
”mlnlmal order observers can be found 1n Appendlx A _The' |
- reader is suggested;to read "Computatlonal AsPects" sectlon

before he’referS‘to'the,examples;.

2.2. COMPUTATIONAL ASPECTS

-The de31gn procedure outllned in the prev1ous sectlon con-
b's1ders the case: that the steady state. estlmatlon error :
approaches zero., It was also shown that ln order to - -
'3ach1eve a steady state estlmatlon error equal to zero, the
observer must be. stable., Since the error 1n the transient
response 1s not of 1nterest, we’ de31gn a constant elgen— mb
‘,valued stable observer to satlsfy the requirement of the -
‘,steady state error.“It is deduced from this statement ‘that
'the state and input matrices of the observer are computed

once, 1n other words, of f~ line.
A-In view of computatlonal aspects, this off-line deSign.
‘“procedure malnly 1nvolves.r Lo

1. Transformation into the canonical representation

7‘2.-VSolution of‘the’LyapunOV'equation.p
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2.2;;.' Transfgrmation intoftbe“CanohiealfRepreeentatioﬁ

ThlS transformatlon hlnges upon flndlng ;a non- 81ngulef

matrlx M-such that the output matrix C of the system equa-”b
“tlon upon- being post multlplled by M -1 takes the form shown:
;;below s ‘ e o

[Im‘: .o] =cw T 2.3

,Thls problem may be v1ewed as the reductlon of a- mxn(m<n)

»”full rank matrlx C given as:

o 11 "12 in
C = T |
: C Qi Wl C

.. to the'follpwingﬁmxn'matrixfév.

\ “q)llA' o »
.l 'v¢2-2 .

[=d
1"
o

P AL P

" which 'is a collection of m row vectors each containing

only one non-zero element loeated at tbe ith column.

»The 1nd1cated reductlon can. be obtalned by elementary
~column operatlons The ith row vector in the reduced
’matrlx is obtalned by subtractlng an. approprlate multiple

" of the ith column from the - remalnlng columns. ThlS opera-
,tlon 1s equlvalent to post- multlplylng by an (nxn) ele—'

'mentary matrlx PM(l) glven by



ith -column .

4
B Tt ]
e 194 0
I 1
_ T el
 PM(i) = R 0 SRR
SRR (1 1) (i- 1).’ =~}, (i-1)
TR Yll .»Yi2‘».’_"' } : ,Yin
ith row » f— — - h! -—
Yii - Yz Ly Yig
———— ————— q—————— === ——
e
P N
& 0 ” 401 I )

:Since~thermatrix'é,is_poetémdltiplied successively by the
”ebove mafrices;'i-l,l..m; the elements of the matrix C
.’are a351gned new values after each multlpllcatlon. We

have found approprlate to use Y(; -1)

to denote the values
viof the matrlx C whlch are obtained when the multlpllcatlon
",by PM(l l) has’ been performed, that 1s' ’ ’

“rﬂifl>*; cpr(b)'PM(l) {;;:pM(i-ly"

‘Where'PM(o)‘=

rUpon post multlplylng “the matrlx c by m elementary matrlces_‘

>evaluated by Equatlon 2. 32 the follow1ng equallty 1s

robtalned ' T R

‘ PM(i)n

©
1]
0 :
=k

If the matrix @ is further post multlplled by the matrlx -
‘ PM(m+l) which'is glven by o



© OPM(m#l) =|

N
T

r,
- —
o
]
=)

. we obtain.

A R o
~,[;m4} 0] = {c T - Pu(i)} PM(m+l) 2.33
SRR R T R IR

_From Equations 2.31 and 2.33, Mf}fis féund’to-be’
1 R ST ST I o
M=o ~ PM(1))} - PM(m+1)

i=1

Tanee'gl

To”fihd’thé‘matriﬁ‘ﬂ; evaluating the'inverse'of the

L O R L e : e s . o
matrix M T '1s unnecessary, since.the matrix-M is given by

- as ‘it was shown.in the previous section. -

‘one shouldfnofe'thaf.EQuation'QwSé~is-meaningful if,’

Y # 0

ii
" The case Yiiﬂi'o necessitates the interchange of the
columns.  “. '

";Negt is the summary of the réduction.schemé explained
' -above. B ' '

' isTER 1.;zlnitialize'r(o) and PM(i), i=1,...,m+1l as follows



 STEP
 STEP..

 STEP

. STEP

STEP
STEP
STEP.
- STEP

. STEP
STEP
. STEP

STEP
~ STEP

' 2.2.2.

T(o) = C-

PM(1) = I
O T P
g =3 R

If Yﬁl # 0 go to step 6 cherwiSe'centinue;'
Interchange ' ‘

:a) the columns of the matrlx P(l 1)

'tb) the elements of the kth row of the matrlcesv

‘.

9.
10.
11.

12.

13,
4.

' ,Evaluate_e

PM(k), k=1,...,1i . .

_go to step 10, ,
:Form PM(l) ‘as- 1n Equatlon 2. 32:

| T(i) F(ifl) "?M(i> ‘

[} s, 2+1 e S : .

If Yﬁl =0 go ‘to step 5 etherWise>cehtiﬁue
‘i = i+l . _
if'ili_m'goﬁto_steptsv

PM = I - PM(i)

Ml o= pM - PM(m+1l)
stor’ AT

' Solution -of thefLyapunev'Equationf

A numerlcal method is presented for solv1ng the Lyapunov

tequatlon of the form

YX + XY = -2

where'Y is (nxﬁ)lstable matrix, Z is (nxn) p051t1ve defl—

~nite matrlx and X is (nxn) p051t1ve deflnlte solutlon

“

:_matrlx llOl
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’Con31der the llnear time- 1nvar1ant system of dlfferentlal

equatlonsv"
and théfqgadratic fbfm

- ¥ Zox - : o ' _'2;36.'
where 7 is defiﬁed és follows
YR + XY = -z . - - 237
Integrating ﬁqﬁatiohvé.as,givés
| B - o o
CV(t) = V(o) - J x'Z xdt . 2.38.
S o : :

fand'ant4® oo x(t)>0 sd‘thét“
AR o . o] ' ; 3 . ~ '

fThe numerlcal 1ntegratlon of Equatlon 2.39'§nd 2139'm3y
be wrltten as - IR '
%'z xdt = L q%, ' 2 x,- as gq > 0 ..-2.,40
- o 'k -7k > :
and S e T R , - |
g ==Ly o1+ Loy O PR '
X1 (I -2 Y)©T (I +.}2 y)xk g 0,15 .. 2,41
Letting .
' Yy ' 2.42

Lo

W= (I - %"Y)’l;(i_f

.and 1nsert1ng this last equallty into Equatlon 2. uo one

obtalns
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FoXxo=axl [z Wz 2wt ¢ ]
ox; . ‘ . . - 3 N | - - | - -
X=qz+w'zwe Wzt ] L2.43

'.EQQation 2.43 may;be Written inrfhe’folleing,wayf

‘X.g'Lim X
R 'k;

where X, satisfies the recursive relation

i . . A
X .= oy2K

k+1 K-

EEEIPS VR S
X, W2 o4 X o k=0,1,2,.0,

which is initialized as
X = qZ . with q >0

This algofithm is humefically stable, 31nce the stablllty'
»-of Y 1mp11es that the elgenvalues of W are 1n31de the_unlt
'c1rcle_regardless,of'the;value of q and converges for ‘all

~values'qf q !l7|;

'.TheAavae algorithm’iS‘ﬁSedbto,$olve'the:Lyapuﬁov“equation_"

T AT N
(Kpg = L AR+ R(Ayy - LA v Q=0

‘for the matrlces L and R.. The matrlx L must be so chosen
that a p051t1ve deflnlte matrlx R satlsfles the ‘above

.Lyapunov,equatlon,‘ To this end,_ch0051ng the matrlx L as

' the above Lyapunov equafionfbecpmegw_

~ o~ s _.,-'b_,‘ O C T '
Azsz +.R Ay, +Q Ay KA, =0 o 2.44
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k for some arbltrary poSlthe seml- deflnlte matrlx K., There
'exlsts in theory a p051t1ve semi- deflnlte matrlx K such-
that a- POSlthe deflnlte matrlx R satlsfles the above _
eequatlon,nbut there has not yet been any search: method de—_y‘
sv1sed to obtaln such a matrix K. . We. cons1der three cases

below for the selectlon of the matrlx Ko '

~

CASE 1 - If A22ﬂis,a>stahle‘mafrix then’select,K'as\
f,SuchISeiection~bf K‘nednces thehequainn in Equation 2.uu

~
A’

s G
:22R}+¢ReA22 +Q =0

In thls case there ex1sts a posxtlve deflnlte matrlx R

as far as the algorlthm presented above is concerned |21|.

o The matrlx L is then found to be'

R LT = o AR SRS B
CASE 2 - If all the’eigenvalues jof the matrix. A22 are
o »anitive, then multlplylng Bquatlon 2.44 by
(-1) ylelds

T _ - ' ot = :
BgaR = R Agp = Q¥ Appt KiByp %00
‘The above equation may behrewritten as

Then the elgenvalues of (- A22) ‘are negatlve and there
fexlsts ‘a p031t1ve deflnlte matrlx R as a solutlon of the.
t equatlon in Equatlon 2 us if and only 1f

~ ~

A

R s
2 K A12 ) >0
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»Emplrlcal results ‘have shown that there exists. an a such

-that the. selectlon of the matrlx K as

aa 0
3 0 o
K-= . : .

LO' o.

127 KAy = Q>0
CASE 3 - If° the matrlx A is. s1ngular or 1t has both

22
negatlve and p051t1ve elgenvalues then a proper

.pos;tlvs semi-definite matrlx,K of\the form‘

r X -

kg kyp Ky m f
k.. k .

K = 12 722 '
klm "‘v'. kmm
LT -

whibh'yiélds‘a posifive definiteisblﬁ{iop matrix R of the
'equatlon 2 bh, must‘be‘ searched - Unfortunately, there»
has not been any dev1sed search 'method to select such ‘a
5matr1va In “this study, thls case ‘is excluded and is left

to further researchers.

e



CH‘AP?TER 3
MINIMAL ORDER . OBSERVERS FOR DETERMINISTIC
DISCRETE TIME SYSTEMS

In this chapter, twofdesign criteria for minimaliorder":‘
,obseryers for'the'deterministic discrete time systems ére
}studied ~ One of these crlterla con51ders the stablllty
vof the observer, and the other is 1nterested 1n the state
T estimation-error decay. "The former demands solutlons to-
;varlous parameters 51mu1taneously,’whereas in the latter,f-
determlnatlon of one. parameter is suff1c1ent.'-From thls
comparatlve statement it 1s deduced that the 1mplementatlont
of “the second crlterlon is easier. than “that of _the flrst
‘ one. Consequently, we suggest a des1gn procedure for the

~second crlterlon.j

© 3.1. BASIC EQUATIONS

fCon51der “the . completely observable llnear tlme 1nvar1ant

dlscrete tlme system

n

Cx(k+1) = A x(k) + B u(k) R

y(k) = C x(k) e 3.1
It is assumed that the output matrix C is ofyfuil-rank.m;.

THEOREM 3 l;f Letva system of order p, which is driven by

.;the 1nputs and the outputs ‘of the system in Equatlon 3. l
~be glven by - )
41 -



 #2.: !
V-Z(k+l) v z(k) + G y(k) HH u(k) IR é.é:\"’

" If there exlsts a. matrlx T of diménsions pxn which satis=

‘fles

- TA-FT=6C - a3

»then z(k) in Equatlon 3 2 estlmates, T x(k), a lineaf

transform;ﬁlon.of the states x(k) 1n Bquatlon 3.1, i.et;f
a(k) = T x (};k-) + ek o

"whéfe.e(k) éenbﬁéé'fhe'obsé¥yervg?fdr;

_X?ébQFE"Ifkiﬁmédiateiy f§iiows'ffgﬁvﬁquatiohé é-lbénd:3.2: "

that R T ! o S - S : : R

F z(k) + G y(k) + H u(k)
e TA x(k) = TB u(k) -
F z(k) + (GC-— TAY (k) +'(H_-TB)u(k)“

Ca(kel) - Tor(ke1) =

‘VFrom Bquatlons 3 3 and 3. 4 the above equatlon can be' .g'

written as
2(k+1) - T x(k+1) = F |z(k) - T‘xm<ﬂ 3.5
VThe diffefenﬁefequétion in Equation 3.5 yields a solution- '

‘z(k)v; T #(k)' FKIIZCO) —'T>X(O)]

2(k) = T 200+ T Jale) T x(o)]

THelobéerver'erfor e(k)ris‘ )
elk) = F [2(0)‘- T x(o)]

,‘Tﬁis ¢ohpletes thé proof.



The smallest value D can attaln 1s - m, see Theorem 2.1

" If the value of p is- replaced by. n m 1n the above ~theorem, o

'.}the system in Equatlon 3. 2 ‘is the mlnlmal order observer,.ﬁf

for. the system in Equatlon 3 l 1n the sense of the above

.theorem.e;

THBOREM 3.2: The mlnlmal order observer constructed 1n

',Theorem 3.1, 1n conjunctlon w1th the output of the system‘
in. Equatlon 3 1, reconstructs ‘the. states of the system in
Equatlon 3 l exactly 1f z(o) "T-x(o) provided” that T
exists. ‘ e o

 PROOF: Tmposing‘therdondition

z(o) ST x(o)
“‘upon- oL e DR S |
2(k) = T x(k) +,F [,_z(,o) - Tx()]
vhich:has already been obtained;dresults'ih
'z(k§.;:T x(k) t,.'

Enlarglng the observer state vector z(k) w1th the output
_ vector y(k) of the system in Equatlon 3.1 whlch is glven
‘ y(k)l= c-fx‘(k-)

T;thewfollowing_isaobtained}
SRR S e I

"Premuitip1Yihgbthe;above equation byl

: T -1

C .
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[T [ ] ERETR R
X(k): j""_' ‘,,_' —————— o g . ) . 3_6 T
R c | y(k)' o S Ll

“‘Thisfcompletes-the proof.

If x(0) is not’ known then.z(o) can’ not be chosen to be-
.jequal to: T x(o) . In thls case, the observer error e(k)

‘ex1sts and, ln,turn5 effects the reconstructlon of the -

state x(k) rTheh;_Equatlon 3.6 is- modlfled as
x(k) = --- —m-==eb = e(k) o BT
T c y(x) | e

where"é(k)~is.theAestimation error'defined;by
Ce(k) = R(k) - x(k)
where %(k) is the estimate of the stete‘X(k)' 1 €(X)

Cin Equatlon 3. 7 is replaced w1th the above equatlon, then

:Equatlon 3.7 becomes'

: 17 [ 200
R(k) = |--- —mmmso 3.8
’ c y(k)

tIt'haS’beeﬁ shown so far that‘the minimal “order obserVerr
‘estlmates the states of" the observed system.- How the -

mlnlmal order observer is constructed is the toplc of the.'

next sectlon. s

3.2, CONSTRUCTION OF MINIMAL ORDER OBSERVERS -

As it waé pointed out in Chapter 2, the construction of .

the obSerQer must invelve the dynamics of the observed
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;System Slnce lt prodUCes an estlmate to the: state of the

vobserved system. ;In other words, the observed system,’

_sjconstralns the behavlor of the observer. Hence, the

.startlng p01nt w1th the constructlon of the observer is to -

set these constralnts.*'

Letting_the indioated,inversefin Equation 3.8 ,:
c.{ _“' s A R e
" where P and V. are nxn m and nxm matrlces respectlvely,,'

HX(k) is wrltten as
f?(.k?F Pz(k) v y(k)
”Egustionb349ﬁiﬁn1?e%ffhat o
'iéT'+ vciatl

jBoth 81des of the last equatlon are pre multlplled by TA
to obtaln» R :

©TAPT + TAVC =

‘,Which'is_Subst;tuted in the constraint equation, Equation

©-3,.-3 and

]
O

TAPT + TAVC - FT - GC-

o Ir.

il
o

(TAP - F)T + (TAV - G)C. "3.10°

’1s obtalned. ’ _
T and C are llnearly 1ndependent since —g— has been aS- _f

"sumedrto be ‘invertible, then’ ‘Equation :3.10 holds:true,ilf

F = TAP

TAV .

and . ' R G
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*The summary of the equatlons governlng the mlnlmal*order

- orserver is- glven below for easy reference.
'5$he miﬁimal qrderfebserverﬁgivehsby'
'z(krl) F‘a(ks + G y(k)'+ H u (k)
esrimafes fﬁe sratesX(k) of trefebserved systeﬁras;'.
'fﬁék} :sP1zkk),+3§fy(k);
sandasafisfies-rha'fellpwipg:eeastraints:

PT +VC o= I

and’ S
1B .

R
i

* The next two sub sectlons present the already mentloned
" two de51gn crlterla separetely. At the end . :0f- the second
‘»subsectlon ‘the lnterrelatlonshlp of these two crlterla is

mentloned as_wellr

8.2.1. Stabiiity of the ObserverA18J.~

This de51gn crlterlon deals w1th .the observer error de- .

fined by ‘ _ _ |
Ce(k) = oz(k) - T x(k) . 3.11
Land’sets-the~necessaryvconditions for

>'vLim e(k) =0 . . o u,_3.12'



‘AjThe derlvatlon below shows how Equatlons 3 ll and 3 12 are.

: related to the stablllty oF the observer

‘,_qudlﬁqugtignosoi;gi;:i;iiymed;afgly:seen'tpaéf
v§(3+;)f;lé(kfige_'j_x;k+1jv d! o sas
'éubetitotdop ofdgqoations‘afl ahd 3;2:ihfo a{ldHyields‘ff'
'e(k+1idaifdz(k)_+vG'y(ki;fdﬁeukk)'_e?A %(k) % fBﬁu<£) _

Furthermore,

e(k+1) = F 2(k) +_(Gc,-7IA>xck),f'cH < TB)ulk)

c x(k)

since y(k) : ,
-Insertlng Equatlons 3 3 and 3 L% lnto the above equatlon

e(k+1) = F [z(k) - T x(k)]"
" is obtained. :Further’substitufioh.of;Equation 3.11 yields
e(k+1) = F e(k) .

In order for,

Lim e(k) = 0

',to hold frue,'F must be a stable matrlx.,.

Then the matrix F must be tuned in such a way so that all
>1ts elgenvalues are 1n51de the unlt c1rcle. T

~ Since, '

B F = TAP

efhe tunlng of the matrlx F: requlres the selectlon of two

?matrlces T and P whlch are related through. the matrix. V
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u8

_AThe dlfrlculty of - selectlng three matrlces T, P and V

-51multaneously renders thls de31gn procedure unattractlve. ,

3.2.2, ﬁEStimafe-Error DeCaj_]Sk

‘_As the tltle 1mplles,kthls de51gn crlterlon determlnes
the dynamlcs of the observer such that the state estlma-'

tlon error deflned by .
,ve(k) x(k) _lx<k?' R l‘:-’_‘ :-3f1& B

" deééys‘a§,#ime;ﬁéreaseé{ipf:in:ﬁafhg@éfic§lAtgrm§-‘

,Liﬁ.eé(k5:§ Qfﬁf

ko L

.-Substltutlng the output equatlon of Equatlon 3.1 1nto the ;ﬂ
. ’

follow1ng equatlon,‘

o CR(K) = P oz(k) ¥V oy(k)
(k) = Poa(k) + Ve x(K) . 8i15
>The'constraint equation

PT 4 VC = I

' may be written as

Ve = Ih —.PT ’.

. and w1th the 1nsertlon of thls result 1nto Equatlon 3. 15

: x(k) becomes‘

-

 §(§) »P z(?).+ [I —'PT]'x(Lj

w0

XK Fx(?);+'? [Z(k) -1 X(k)]iv



T
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-Récdllingfthaf 

Ce() = 20k - T k()

’»théﬂaboﬁe equation‘réads T

RGO = kG0 ¢ Peli) .

SUbstifutionfof this result into Equation 3.14 yields

U = w(K) £ P e(k) - x(k)

or -

CeGo =ret) s

'It;follows»from;the abdvgfequatiqﬁ ihat_

e(k+1) = P oe(ktl)

‘op -

. e(kt1) = P Fe(k) ... 3.7
i;lonffherother"hand,

PTAP

Ir - vc] AP | | |

[4-vea]l® ~ 3.18

PF
PF
 PF:

oy

Equatlons 3 18 and 3 16 are substltuted 1nto Equatlon 3. 17 5
in the glven order as- follows, and
.ye(k+,l) =',"'[-A'e_~ch] P oe(k) - S
e(k+1) =[ A - VcA] e(k) -~ 8.19
jls obtalned.  -

“In order for thls free system to satlsfy

CLim 's(k)»= 0
}the elgenvalues cf the vatrlx [A - VCA] mu°t~lie iﬁ the
‘unit circle. Since the matrlces A and C are known, ‘an

apDroprlate choice of vV is. sufflclent to determlne a stable
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matrlx A- VCA

Furthermore, plcklng V in order to have ‘a stable free'

.. system -

e(k+l) [A —~VCA] e(k)
7eﬁsﬁres_fhe stability'of_the obéerverfaS'folIOWS.r

Lim e(k) = P Lim e(k) = 0

k2o L koo

:Slnce the- matrlx‘P 1s of full column rank the above .equa-

: tlon is. satlsfled only if

Lim e(k)'? 0 .
koo R

" In the next sectlon ‘we suggest a. de51gn procedure for the
evaluatlon of the matrlx V and ehow that the matrlces F,
G and H of the observer are’ determlned by 51mple operatlons

once vV is. evaluated.,
3.3. A CANONICAL CLASS OF OBSERVERS:

eThe Eysfem»given iﬁ,EquationxS.l

A x(k) + B ou(k)
- C ox(k)-

f,xfk+lf
dy(k)

H

:.can be:transformed to
q(k+1) = & q(k) + B u(k)
L .' V . "" . . ‘ o | ‘
y (k) =T q(x) = [Iml 0] a(k). . 3.20 o
, o e H = . - S

A fhrough‘ad(nxh),non—singulardtransformation7matrix M,
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! -nem
SQCh'that q(k):s' x(k) as 1t was explalned in Sectlon 2. l

L ~
,The;matrices A and B are glven by

MiA Mf;f

vAw1 >Ie
0

=M B .
iAs it;wasAPCinted out in- Chapter‘Q,.the_similafity'transé-'
formatlon dces ‘not alter stability,.observability,Aconfroi?

'ilablllty

- Upecn partltlonlng the matrlces A and B approprlately,

- Equation 3. 20 is wrltten as._

(k+1) [
dpirT it Pre . P10
el L Pt RV bl | Bt IR EStl (G DR
qp(k+1) Ary | P22 a4, () By
o ql(k)
- ] e e 3'2
y ) S Q]f g, (k) !

where ql(k) and q2(k) are m- and. (n -m) - dlmen31onal parts

—

- of the partltloned state vector respectlvely AAll is

(mxw), Ziz is mx(n-m), Qi is (n- m)xm, A22 }S (n m)x(n m),
e

B1
Equatlon 3.21 shows that the states q2(k) ‘are not avallable.

i

(1s mXy and B2»1s (n- m)xr. - The output equation of

‘Therefore, the (n- m) order observer to be de51gned will

:festlmate the states q2(k) :" A}v .._": ' ~‘“A . |

x'.To thls end Equatlon 3 19 for the system in Equatlon S;Iu‘;

el‘:' wrltten as
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B SR

-»‘s(k+1) =f[§ - E-I] e(x)- s

"If the Lyapunov stablllty theory is employed ‘for diéorete

"tlme systems to evaluate a stablllzlng V. for the'free sys—' "

v ‘.tem 1n Equatlon 3. 22 the follow1ng Lyapunov equation.isf-
»obtalned [8 {9| ' R
[ ;v{E'"] [é][A ST X]--TR = -q. . 3.23
fwhere Q is an. (nxn) real symmetrlc p051t1ve deflnlte ma-
.If there ex1sts a (nxn) real symmetrlc p081tlve deflnlte»
i'solutlon matrlx R to the above equatlon, Equatlon 3. 23,
.then[A - VCA}lS sald to be - stable.' Equatlon 3. 23 is.so0l-

'eved for V and R 51multaneously w1th the constralnt that,'

-R 1s ‘a symmetrlc p031t1ve deflnlte matrlx._,,u»

»‘There are several algorlthms developed one may use “to
ghsolve Equatlon 3.23 for the (nxn) matrlx R, but we claim
that the order of Bquatlon 3. 23 can be reduced con31der-

ably. :It 1s unfortunate hOWever, that Equatlon 3. 23 does

. not admLt any further reductlon in the order, thereforev

‘we modlfy the problem of seeklng out a.stable matrlx

5.:[A -ve A] for the free system
;(k+1).=f[Xf-iv'E ] et

so that SR R : .

o ‘Lim e(k) =0 . 3,24
e B o .

as follows:

nyefine a new free system giyen by
'm(k+l)'= (A - vV.C A]? m(k) B - .3.25

If ‘the matrix [A -V T A]' is a- stable matrix or equlva— ‘

jlently the elgenvalues of [A -V C A] ‘are inside the unlt
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.circle, theh'
le m(k) B 1f;.f 3.26
k—>oo. e .‘ .
AEquatlon 3. 26 1mp11es Equatlon 3. 2u 51nce transp051ng a T
square matrlx does not alter elgenvalues. ’

’Employlng the Lyapunov stablllty theory for the free system

fln Equatlon 3 25 - results in
S - e R s
A -vTRIR[E-VvER]"-RrR=-7Q  3.27

where both Q and R are (nxn) real symmetrlc posmtlve de-

, flnlte matrlces.,';

.In our case. the most approprlate algorlthm to solve Equa-'

tion '3.27 is the “Succes51ve Approx1matlon Algorlthm"

“u81nce it prov1des V ‘and R 51multaneously . The" Succe551ve

gApprox1matlon Algorlthm con51sts of 1terat1ve solutlon as

'eoutllned in the’ follow1ng theorem

THE OREM 3(5:;leJ"Let,Nk,_350,1,25.;.,[be‘the,églﬁfions

‘of the equation

N, o= S N S.' +Q 3.28
" where _ 2 1 A
" s, = A -V, TR k=0,1,2,...
with L BRI o
v, = Y DT (@ E N, BT7Y k=1,2,8,.. 3.29

and V. ienchosen:euch,thet 5, is a stable matrix. fTheni
‘the matrix E,.  defined as o ‘

L is positive—seﬁidef;nite, that is"
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= R ~rand. . Lim Vk'i’V i‘~:r
kepoor T ks o

.PROOF: 'Sinde?Sovisna stablewmatrix, the unique positive -

.~ definite solgtipn_No-qf‘EqQAtiph’3;28 may bé‘wnitten'aé,

| ) N
o =

. | N

SN
, .(So) '. 'Q"('S,o-':)

-It'fqllows.fromtEQuation-3;29_that'

e .
-8 = A -V C.
- 0 ‘ O:‘ -

: >1 

» ~for: k=0 -
and - _ '
g B
S. = A--V_'¢C

2 rer e

~Thevlast:equatioh may be'rewritfén as v‘

= o £
SL Yl'C»A

and this result islsubstituted~inﬁsb;{then S§ becoﬁes,f

So\”S; + vy - VQ)_CVA...

iThen,‘ N . 1= (g R _ "~ S o R e ,l‘Jj

. -_SONOSO. fg(S; +.l(V‘l VO)CA)Nq‘Slvf v, __VO)QA) _
- RN : _ : N ArE .

SoNoSo 181No§lbif'(vl VO)CANOA C (Vl*A‘V°»

"'l""l _ Syt
+ SN BT, - V)
4 v = V) TR N s : . 3.30

iis,bbtaihéd-. Fbom‘Eduation 3.29

e TIF v eV ) = (E -V EHON BT -y )y
SlNoA'C (vl” _vq)_ _.(A _1° ) o ‘( 1 o)



T T S LI , e
S_.N Atct - V- )1 = A o a4
SUFE, 2 MEE - vy

' vv _:‘:1.
‘ V;CAN ‘ Cc! (V ' VO)'“

S.N X'N' 7‘ o  '! AN Ao _A - v
1o ¢ (Vlv,.vo)'_‘ ANOA~C'(Y1 Yo),
s v
L Te L R

. ',.a'.-‘. } _ '
SURAICAES

]
o<

'is f¢und. ‘This_résulf,impiies. -
: Vl,'-vo),c.f Nosl =0

since’ thls term 1s -the transpose of the above term.,_

'Then, the 1dent1ty (inc Equatlon 3.30 becomesf

SN S 'S NS+ (V. -V TR ~;~1’ SRR t o4
Solo%o’ T Filoty T (V1,< VR (CANATCH(V, =V )t 8.3

l o l

Insertlon of . Equatlon 3. 31 lnto Equatlon 3.28 shows, that

'No also satlsfles the follow1ng equatlon

N = S:NS'+K . 3.2

" Where - _ el . .
: - v Y(EEN BTy (v - v 5
K= (V) - VOI(CAN ATCI (V) -V )! £ Q20
‘ . AR )

’,Slnce thls 1mp11es that S is‘a stablé matrik, the unlquev‘»

.sp031t1ve def;nlte solutlon Nl of - Equatlon 3. 28 ex15ts and'

-

issgivsn'By_‘

Ny s ; (8907 @ (5,71) o sfss

"MB‘A‘..

0
:The,solutionsto the equation in Equation 3.32 is

sp¥ ks, s

=
"
Ht~™g



'Subtractingvﬁquationvsgéaifrcm'Equaticnesféu,fone'CbtainS,v _

Mo M= B (5P - a)s, 1T

DN N T S |
N - N = ¥ S ) . 1t = \J n
Hy = I (s)) (vl vo}gcANkoc YV -V (87 > 0
?If'an'idenﬁity?simi;anvtdjtnétcin]Ecueticn 3,31 is employed;

(844, )(CAN BT ) (s‘ ')N_o

. N . )
My
)'S k- k+1 k+l

. };+.l

=t

1

=

"
™M 8

is found. 3wa,‘lefn'

'and agaln employ an 1dent1ty 31mllar to Bquatlon 3 31 to

’ -obtaln

N "-Rg=_ 5 (R) (v )(CANk 1A ')(V -V )'(R')N Zrb

'f‘Thié completesvthe;prccf.

“The next theorem proves that the rate of convergence of

'thls algorlthm 1s quadratlcf

THEOREM SAS ]1d| If the algorlthm in Theorem 3.5 is em-

plcyed‘ then the rate of convergence to the steady state

“Riis>
_';[3- k+l]_< c. [R - Nk]

_where. C is a constant’independent cf the'iteration index-k.



 PROOF: Let
~and ,,,

Slnce the steady state R is. assumed to ex1st, S is. a
Ustable matrix. The matrix dlfference Ro-N oy Can'Be
expressed as in the proof of- Theorem 3.5, ‘ln terms of a

convergent SerleS{

R-N = L. S, (v-ev )(CARA'C')(V«-V )'(s, )
' n=0. . i .
>'Where.Vk.iseobtained froijqUation,3,29.

‘The expression ’ o '

vy (CARA'C') ch(R;N'jK

t 151 _ A pRrArs . g
(CARA c). (CANkA T' - TARA ¢,)Vk+1

.'tcan be verlfled by matrlx manlpulatlon .Substltutlng thls'

'_express1on in’ the above serles, it 1s seen that
R - N,m]-:c _[»R - N ]

where C 1s a constant.-

.ThlS completes the proof.

d‘_In,obder\to:bewab1e to‘evaluate Vk in Equation 3.29 the .
'.indicatedﬂinverse'must exist. o , e :
THEOREM 3.7: If & and N, arée nxn non-singular matrices

k-1 po gula
‘and T is an mxn matrlx with full rank m, then

(c A Nk-l A'C') 1s lnvertlble.



~PROOF:- The matrix C is of full rank m,
~orank C =m. ..

When a rectangular matrlx is multlplled on the 1eft Oor on
the rlght by a non s;ngulan»matrlx, the rank of the ori-.

glnal:matrlx'remains unchanged Till Then,'
rank[z],a rank [Et;] = rankf[E?K Nk-ll =m ‘
S ».” | R . :
~If rank !C,AI = m, then
| -.:—sah_kmvz' =

Then ‘the (mxm) matrlx [E A Nk 1 'E'Jhis:ofhrank-n, hencehi

Alnvertlble,-j o i

?Thls completes the proof e
' ~The non—singulafity'ofithe‘natrin\K is a suff1c1ent con—
dltlon for the 1nd1cated 1nverse to ex1st._ “
JThe converse of the above theorem, that 1s,;if

et Nk"_-l Ty

1s'1nvert1ble then A 1s ‘a ‘non- 51ngular matrlx, dOesxnot;
:u‘hold true. It can be showu that' for some singular matrlx
K"the indicated 1nverse ex1sts,-'Cons1der1ng the.case that
the indicated invense‘may'not'ex1st for some slngudar ‘
matrix'zy'we conclude'thatithe'minimal order observer can.
:not be- constructed by thls de31gn procedure. 'iﬁ this case,

.we suggest constructlng an identity observer. ‘For the sake

_of completeneSS, we mention how an 1dent1ty observer is con-"

7structed 1n a separate sectlon later in this chapter.

h”Asjwe:haveHStatédhthe algorithm derived in Theorem 3.5 to.



g‘solve Equatlon 3 27 may be. reduced in order 1f some pro—:
pertles of ‘the: canonlcal system in. Equatlon 3.21 are used}

To thls end the matrlces Nk and Vk are partitioned as

'follows
o N N
N, = |TTmmmemroomEee-
= D
koo Mi21 g Miez2
B
: ku v“f

qwhere Nkli-is mxm,‘Nle is mx(n m) k21 dS/(nam)xm,

kzz'is‘(n’m)x(n m) 'kl'ls mxm and Lk is (n- m)xm’ In—i-
sertlng these partltloned matrlces 1nto Bquatlon 3. 29
) ylelds : ‘ ) '

P | E ~ ~oat \
» ) 1 - :
k-1,1111, 12 EYR S R
S IR SR S SN RN S

kal,zltNk—1,22, Aoy A24 0 |

- i > - . R |

P . S

=i . ‘ . ' . ,~- o~ 1 f“: - 1 l- ) _l \

IR S RN T Y | IR B EEE PY I I '

P T PP ___1_;__ _——— w

Me-1,214 k-1, 22 iAng | 9 !

~ 1 +l~ ~ ~ 1 ;

12 k 1, 21| 11 ll k-1, 12 12 “k l 22} A12 |

b ettt et A ol S ,: ------ ===z

, 1

& -1, 22Nk- 1,21 All+[A21Nk 1,127 22 k-1 24 Ara |

4 Ko ‘ Al

N RS AEw
12k12l] 1t 11V%-1,12 12k122 121

1] = ."_'-_'______;._ _____ ‘_____-_'__-I___»_‘__‘___-___'___,_;_;____;;___ j
L y By N, _ '] [ 2 ' 1
b | [[ 21M-1,11 T227k-1,21] "1l k-1, 12+A22Nk 1,22 *12|

| é/ N‘ AalA '.- : R
[[All k-1, 117812 k-lsQl]‘ll‘v ‘.-_ﬂ‘f; DRI

+ [AllNk 1,127 8121 22] S 83.35

{
|



" Equation 3.35 Shows that

‘f ‘ 4.'* ‘Iﬂ: "  -:*
v = "-T_',.‘v . .
e T Fk‘-‘

If the above equatlon 1s substltuted An - Eouatlon 3 29 Wef*

flnd Sk as -
o~y "‘ e
BEtR it o] A
8. "= femmm | o T ! 0] Lgsnalloa
k ~ [ mY o~ Vo .o 0
A‘2l'l_ A22 Lk o : '.A2l'|.'A_22
' -
. 0. . .} o -
Sk = 'X _____ El_"z__,i_;_____-;;;_
' 21 7 Difaad Ao T Bichyo
>,OP - .
| 0o} o .
= - b L
Sy = v iy 338
v . k"} Tk

:.whefé'xk and . Y are (n m)xm and (n m)x(n m) matrlces re-

spectlvely and glven by

and
- ~ e
Vi T Boo 7 Iy Apo
Choosing U
’ Q = 1I

and substituting Equétion,3.36'intbbeuatipp 3,28, we

6btain’
1 [oio’ o bx I.4 o
HeaziTaz) o) Ll _5;;1__}522._»;1__15 SO B A
’ Yy 1y ‘ _
| kzl‘Nkzz' Kt el [ Me22i k22| 1 Yk 0 I,



,N'k’:umklz . Iﬁm: S Y

{r'"‘_T"" = ‘.j__;-:__________‘____-_-_ __________________________
40

k2117221 tfnem [k K11k le]X [Xkal2 k k22]

From this expreséidn:WeboBtain_thévfolidwing ideﬁfities:
Ny I L
Vg2 =0 CelE

If these;idéntitiés arefsubstituted_into.

Niap = 1 *[X_k PERRSY k2l]x [ KMka2 k22]Y

'Nk22,becomes3

Moo vIn-m ¥ kak * Ykazz Ko

We then substltute the above result together w1th the _f
1dent1t1es Lquatlon 3.37 into. Equatlon 3 35 and we. flnd
_that . e '

+A, 4N

. ”~
koo A21A11 22 k22 12][A11 11t +A

: SR By it
FTRIPOLIV |

Furthermbré;

R
) 01 0
S = b
° x 1y -
o} o
" or replacing X, and Y by ,: "
=7 LA
X, % Boy = Lo Ay
5. -1 &
Yo -‘_'A22‘ T Yo 12

vt 3.8



"1s found

'.Then the algorlthm glven in Theorem 3 5 by Equatlons 3 28
- and 3. 29 may be replaced by '

'}‘Nk22!='Y NS Y + X X o+ I ~"(k?0,l,2,-~~7

. kK'k22°k T %k "k T Tnem
where = : ‘ . C | v
Xk_j_Agl = Iy All.-v ‘k—o,;,z,...
' = R » T e -
Ty 7 Boo - Lk A12fv1 . o k“051s2,-..
o i oy LA oy
L T A Ay AN oo Ay, BN R T k=1,2,...

k.o 721011 7227k22°12 ll ll 127k22712

In order for S Sin Equatlon 3. 40 to ‘be a stable matrix, Lé

- must ‘be so chosen that the elgenvalues of A22 - LbX&Qzare )
”.1n51de the unit c1rcle- Then the algorlthm converges and
.Nk22‘ls the solutlon of the - follow1ng algebralc Matrlx

Rlccatl Equatlon .

. L . 1 . — 7 B . ' ] - »
(A22 ; )R (8 22 2)-+ (Azl_LﬂAll)(AQl_L_gll).+1_._322

.UThe table below 1nd1cates the dlmens1ons of the matrlces

to empha51ze the conSLderable reductlon.

: 'Reﬁlaced by,’e

,Nkanxn o - Nyoo (n’W?xﬁn‘m)~'
V. nxm p "'pk (n-m)xm_“
Sy nxn 0o X (n-m)=xm ‘,and
Yk_(n—m)x(n-m)
Raoxa- - - Ry, ,(~n—m)_x(n—m)
TABLE 8.1

Next We determlne the matrices E G and.H;_ e

o Recalllng . ’ [1 J
< . o m

vo= | =
;=
L



the constraint equation .
PT+ V:C ='I
. . n

may be written as

‘iwhere'P” is mx(n-m), P, is‘(h—m)x(nFm);lTi is(ﬁ—m)km and

1
T, is (n-m)x(n-m). 7 _
Then we obtain the following-'set of matrix equations:

Cemd oL s

 4;we also haVe sh6Qn,that

lav}

F =

]

, G =
and

‘ 3 -
Wl >y
Wl

A IR -
CIf the matrices A and B are

63

}parfitioned préperly and the



By

matrlces 1n Equatlon 35 41 are 1nserted 1n the above ma-‘,’

trlces F G and H we obtaln

22 12
¢ = A LA . %F
, o 6= = t+ P L
and R
: _a:; B, ~'LAB1>’.

-.The mlnlmal order observer deslgned by thlS procedure

estlmates the state q(k) as
Cq00) = P alk) + Voy(k)

. and ‘one may ea51ly obtaln the orlglnal system state estl—
.ymate x(k) by - : PR

A

Fa0) = uh q(k)

where M T is the inverse of the transformation matrix M.

3.4, IDENTITY OBSERVER*
Although constructlng the 1dent1ty observer is unattractlve g
-due to. the redundancy which was. p01nted out 1n Chapter l
one may have to construct it if the matrlx A is’ 51ngular.
vCon31der1ng‘thls possibility, we suggest_avde51gn proce -
dureyas butiiﬁed'belewfb \ | '

. Repiaeihg theymatriva with I in Equation 3.3, we obtain

.
1

A - 6C - 3.2

‘On - the other hand, we_havedshewn fhat'thebobeerver'errer_

- e(k) satisfies»!
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,éeff-”
Ce(k+1) = F e(k)

- .and in'order for,

.le e(k) = 0.
ke < ,
’P-must be avétéblé‘méffii.' Sincé A'and’C‘ére‘kﬁbwn'ma—-
'_tribeS‘in’EQuation.3 42, the. matrix G- must be so chosen
 thaf F is a stable matr1x,~1 e, the’ elgenvalues of the
matrix F are 1n81de the unit circle. Then we employ the
':Lyapunov stablllty theory and ‘Wwe obtain- the follow1ng

- Lyapunov: equatlon |8| [9]

(A’;YGC)fR;kAr- Gc) - R'=i> Q ‘ o 3.u3 .

‘where Q.is. (nxn) real symmetrlc p051t1ve deflnlte matrlx
and R . is (nxn) real symmetrlc positive- deflnlte solutlon_

matrlx. 7

Equatlon 3.43 can be solved by the Succe551ve Approxlmatlon.;

Z_Method as follows.,

. Let N

k51k:0?l{25f“‘be the solutions of the equation_¢>'
= . L
Lo L A
o 8§ = A - gC o K=0,1,2,. .
G = AN CHEIN O k2,8,

and G _“is chosen such that Sb is a stable matrix. Then

o Nk - k+l Z O -",k‘=o:]‘-,2-,'c‘-‘.
- and : S | :
Lim N,- = R .
oo k:



o o _"'V : U-t"'i A i - f t67'

fOnce G which Stablllzes F. 1s found then the observer 18’   

.CORStPuCted accordlng to the’ follow1ng dlfference equa—

-‘ftlon

2(k+1) = (A - GC) z(k)' + B u(k) -
ﬂté‘be_initialized,withvf
z(o) = x_

where xg'isvan'abbitaryfmatrix;.

3.5. COMPUTATIONAL ASPECTS

We have derlved the equatlons for constructlng the obser—~
o ver hav1ng constant valued - matrlces “Hence, : all the com—'«

putat;ons are carr;ed out off-line.

7The transofrmatlon into the canonlcal representatlon is
'.exactly the same w1th the " contlnuous tlme case’ presented

- in Section 2.2.

“A numerlcal solutlon method for the Lyapunov equatlon vas

"explalned in detall 1n the’ prev1ous section. Here we

| ~]ust mentlon a computatlonal difficulty whlch ‘was encoun— :

tered whlle preparing a computer -software program for the;

_numerlcal solution of the’ Lyapunov equatlon. That ;s,

:'; the matrix S glven in Equatlon 3.40° as

“fmust be a.: stable matrlx so .that the algorlthm converges.g
~

If the elgenvalues of[ 22 12

A ]are 1n51de the unlt circle o



68

then so are.those of 86; since the remalnlng elgenvalues

are'alréadY'Zerdﬂ'7A‘though “in prlnc1ple, there . exlsts a

’vmatrix L so that the elgenvalues of A,,-L A are chosenv

22 . 12
to correspond to-a given set: of elgenvalues, yet there

"~ has not been any computer based algorlthm developed to -

ireallze 1t. On the other hand hand calculatlon, which
may- be qulte cumbersome for high order systems, 1S»always
p0331ble. 'Therefore, the de31gner must 1n1t1allze the -
algorlthm for the numerlcal solutlon of the Lyapunov

equatlon W1th the calculated matrlx L o'




CHAPTER".“_qT LR
OPTIMAL REDUCED ORDER OBSERVER ESTIMAToRs

AND SUBOPTIMAL MINIMAL ORDER OBSERVERS
IN STOCHASTIC SYSTEMS

~ 4.1, INTRODUCTION

Most of the,control’syStems;areasubject>to disturbances

and‘in addition, the meaSurements'are-corrupted by noise.

3-If all the measurements ‘are corrupted by addltlve GauSSLan'”

,whlte n01se then one can use a- Kalman fllter to e tlmate’

/fthe states of the system such- that mean square estlma—

~tion. error, E [ llx(k) - x(k)l!z} is’ mlnlmlzed ~ On the

“'other hand there are many cases in’ whlch some measurements

s are n01se free whlle others are. n01sy In such problems,-'

,the measurement n01se covarlance matrlx is 51ngular, there- '

_ fore ‘one may ‘be confronted w1th the inversion of a singu-
"lar matrlx in. the- Kalman ‘filter algorlthm. Con51dering"
the case that it “may not be possxble to ‘use the Kalman,'
S‘fllter algorlthm when the measurement noise covari ance
_matrlx is 31ngular, the 0pt1mal reduced order observer—,
estimator. has been suggested |l2 lSl The optimal reduced
order observer estlmator casts the state estlmatlon pro—
blem to a constralned 0pt1m1zatlon problem. The optlmal
reduced order observer- estlmator algorlthm derlved in the’

'sequel is a general one ln the sense that both Kalman

fllter and mlnlmal order observer estimator algorlthms canh

V'~be obtalned for the sPec1al cases that all. the measure-

ments are. nolse corrupted or all the. measurements are

" noise free' R S L OIS SO U R
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'Mlnlmal Order observer as an alternatlve to the Kalman

fllter 1s also dlscussed in thls chapter. Mlnlmal order

'observer is less optlmal compared to the Kalman filter

..but con51derable reductlon 1n computatlon time makes the

" minimal order observer to be attractlve 1n real tlme lm— e

'plementatlons

4.2, 'OPTIMAL REDUCED ORDER-ESTIMATOR

'The standard Gauss-Markov model is considered:

Cx(k+1) = A x(K) £ B u(k) + D w(k)

y(x) = ¢ x(k5‘+v?(K)i

- where w.is a p—dimenSionalgdisturbancervector and‘v,is a

m-dimensional measurement noise vector and D is'(nxp)

 distufbance ma%rix. TheLmatriées A‘ B and C and the vec-

s

tors x(k), u(k) and y(k) are ‘as deflned in Chapter 2,

‘ x(o), w(k). and v(k) are 1ndependent Gau531an random vec~

tors w1th the follow1ng statlstlcs'

1
x f}

- E[ﬁ(0)3~.k aco§1[x(o)] ='Zso»‘vbf j{ff"v

o]
CEfw)] =0 CE[MOOW(E ] = ws(k-3)
CEfvx)]= 0 - E[v(k);(j)']”= Zvﬁ(k?j) |

'awhere Zw and Zv are pxp and mxm matrlces ‘respectively and

‘it is assumed that Zv is a non-negatlve deflnlte matrlx.

1

bisuppose-that\ml (m <m) measurements are noise free or

" v(k) is of the form
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ST mem :
where vé(k)eR', o

.Then;niy"beedmes,

i ]
<
N
] ——

. wherg'2v2>is'a‘(mémi)x(m-ml)1dimensiqnel positive defiﬁife -
matrix-v o ' | : e 4 .. : .
‘The output equatlon of the system in. Equatlon L,1 may be

» Dartltloned as f

_thereﬁyi(k) is_'ml--di“me'nsional_,'y2 is (m—m )'dimensional
’fki(k)*is_ml—dimensiqnel andfx'(k) is (n -m; ) dlmen31onal‘
?heeb;ecks Cll. C12’ C21 amd C are-of approprlate dl-
mensions. . To reduce the complex1ty of calculatlons to
-mlnlmum the system ‘represented 1n Equatlon 4.l is trans-'

formed to a canonlcal form as follows.'

"~ "There exiStsfa»nxm_non%singular:mathix M given by

=
1
|
10
1
I
T
f——-
0
v
o

11”7

' such that the transformation

) = W x|

ryieids'the'follcwingyequetions »

Q1) = Ea(k) + B oulo + Dow)
) s S N - o
and :
Im i 0. 0 o
—T T AT T s 02
(k) = 2TTTE ‘q(k) + 00 4
21 | %22/



" where

1
|

o

=

ol Wl 5

_l :
IR
g ioo el . »
Lo F7C54C071 TC10 T Cyp

ol

c

21 7 a3

With'brbpgr”partitioning Equation 4.2 becomes

Ne)
’_.I
7~
~
+
[
S’
o=
e
0
'—I
~~
<
S
o]
|—I
(=]
U

Y IE S [T PR i AR BEE R u(k)'f w(k)

eI

'wherekql(k) ishl

rdimensional, Qé(k).is(néml)fdimensional;‘ .
" The statitics are then changed as follows » :

£[a(0)] cov [a(e)] = mzx_u" = Iq
Efw(i)]

ETv0o]

n
=
o

"

Yo

Twd(k-3)

CE[WGOw(i)']
L E[vOv ']

11}
o

"
o‘

Tv8(k-3)
‘Equation 4,3 may be rewfitten'as

(1) + Bypa, (k) + Byuti) ¥ Dyuk) ¥

Coap (k) = Ay g

() 4 R () + Bau(k) + De(k) . k.5
+ Bp3a; (k) + Aypay () F Byu (k) - .5

‘ qé(kfl)

'ﬁ_yl(k)

Lo e

Ly, (k) = Cya (k) F Cppap (k) vy U)o T



~It is readily. seen from Equatlon 4.6 that the states q (k)
- are avallable as an output, ‘then the state estlmatlon

‘problem for q2(k) is that of flndlng q (k+llk+l) subject

to Bquatlon 4,5 and the'constralnt in Equatlon 4.4, ”Thee"

unmeasurableuquantltles in- Equatlonxu.S are qz(k) and
w(k). These quantities are constrained in Equation u.4.

ql(k) canlbe handled:as¥aedeterministic input.

',To solve thls problem, deflnlng the (n -my ). dlmen31onal

vector z(k) as
z(k) q2(k) - L(k) 0 ks

where L(k) is (n—mi)kml,dimensiénal;
.ene mayeeasily see that o

cz(k+1) = ég(k+l}H; L(k+1) ql(k+1)

FSubStitution of Bquationémk.urand_u.S'intb-the abo§e ex-.

bression'yields,;j

z(kf;) = [ 21—L(k+1)All]ql(k) + [A22-L(k+l)A12]q2(k)’
Lt [Bz};(k+l)Bl]u(k):+ [D L(k+l)D ]w(k)
anding,
B - gy - |3 L(k l)A L(k) (k) - 0
. - - i =

% BTy ]L(k)_qlm. [%: ] (g,

>to the above expression and’using Bquation 4.8

2(k41) = [HQQ-L<}<+1)A o] 200 + [’Kzi-r,(kum

o+ By, -‘L(kfl)AléL(k)].qi(k

. [BéfL(k+l;El]p(k)‘+4[D2—L(k+l)D1]w(k)

7‘,73. =




x‘is'obtained;‘ Defining:"
.o . ‘v“.ﬂ," .
F(k) =R, L(k+l)A
- 6(k) = A21~L(k+l)A + F(k)L(k)
H(k) =B —L(k+l)B
RO
Y(k) = D, L(k+1)D
thetabove equation becomes
2(i+1) = F(k)z(k) + 6(Kk)q (k) + H(K)u(k)
+YOOu(k) o sag
© On the other hand, adding
,r~1. . »
‘Q22 L(k)ql(k) 22L(k)ql(k)
to Equation 4.7 andvusing'Eqﬁationku.B,_One obtains: -
o yp(6) = e,,200 [,y + CppLi0fa (k) v,
yo(k) = € pz(k) + TUq (k) + v, (k) 4,10

P S
where T(k) _,CZl + szL(k)r

~ Then the~problem of estimating the state. q2(k) with the
‘ 'constralnt 1n Equatlon 4.4 is cast as estlmatlng z(k)

;glven the measurements y2(k) as formulated in Equatlons

4,9 and 4,10,

The unbiased estimate of z(k) is given by |1t

e e e b

™
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‘2(k+1|k§1) [I P(k+l)C ]F(k)z(klk)

g

[L-ngf;)c2zlﬂgk)u(k):‘

4

7o

I'kk'+;1v)‘q‘1:(kf1)] ERE ull

,‘ﬁhere ?(k+i) ?s (n,mi)x(m;mi);g?inmétpix;

‘Tﬁe esfimatibn error vectorf;(k+lr%%l).isAdéfingd as
'_E{k+;{k{1)i%:2f£¥ilkf;5 ;‘z(kfi}'__

Substltutlon of Equatlon 4 ll, 4 10 and 4 9 in that order

’T 1nto the above error vector equatlon yields:
z(k+l|k+l) [I P(k+l)C ]E(k)E(klk). [1 P(k+l)C ]Y(k)w(k)
+ P(k+l)v2(k}l)».

Then the error covarlance matrlx satlsfles the follow1ng

‘_matrlx dlfference equatlon

SRR (5P FOOEECChE 00 [, 1

.

+

S R

et

P(k+1)Iv,P'(k+1)- . RO o oH.13

Defiﬁingvthe one-step prediction error covariance matrix

pz(k+1]X) as
EEGe1 |0 = FOO R OF (O + YOOTWY(R) '

and inserting this equation” into Equation 4.13 yields




Gl = (00T, 15 0 [1r e, T

PGy, e

‘The optlmal estlmator estlmates the non avallable states

’ 1n the mlnlmum mean square error sense, that is

,z{llaz-ééljé}

'5{112~+ Lay - z = La, ||} = E{||%-2] |2}

- is minimized.

R | 5 7 n-m S
E{|]2-2]|2} = E{(%-2)'(3-2)}= E{ = 2=z, )%} 415
On the ofher}handg’
eZ§;= E{(Eez)(ﬁ—z)'}.‘
oo Sl e |
AL 2 oA _‘ A L R A L C A o -
(zl-zl) (z»l‘z_-l)(z2 z2) (zl_zl)(zn_ml zZ_ o
- - . A ’ . 'v ~A — 7. ‘ .' ‘h - “ 2. . .0 . L] L . L ] . L] L — |
L% = E*7§?2—22)(zljzl) ‘.‘(22 %2) s praneee
5 - (g = S DL ag )
(anml zn-mi?(zl z})(~‘ (znjwl n-my
trace Iz = E{ I  (z ~zy) } 4.16
k=1 -

- way so ‘that trace $Z is minimized. .

v“FrbmbBéﬁatioﬁ 4.15 and 4. 16 it is deduced that minimizing

E{||2- zllz} is equlvalent to m1n1m1z1ng the trace of. the

.,'error covarlance matrlx, Lz,

S Thetmatrlces P and L must then be evaluated in such a

Hence, settlng ‘the

'gradlent of trace of Zz w1th respect to the matrlces P

and L, the follow1ng equations are obtalned

TS P




“f‘,-'P='=(-}'<"+,]_ = il NS rd i G-I —l
BEC __): :Zzgkfl|k)cz2,[e2222(k+1lk)c22f + Iv,] T
.aﬁdﬂthé QPﬁimél'L(kfi) denoted as L*(kfl) is?given7by |

MG AU A0

. LT A(k ~ ~ "o-—\A'_"
N ) A ;z(klk)A 't Dlngl o

: s . . [} -
A2(k) A Zz(klk)A ,#.D22WD2,.‘f

Accordlng to the values of A (k) the’

follow1ng spe01al cases are of 1nterest..

CASE 1 - AV(k) = 0;, In. thls case- A (k) =>0 and fhuS'
©LE(k+1) = ROPT -my)xmy

7Equatlon 4. 4 does not contain any ‘information

ThlS case is possible if

- pertaining to the estlmatlon of q2(k) ~For
s - S~ .
‘ exemp;e,AA;z §~O, Bl 0 and Dl = Og‘ete.
1fCASE,2e+ A (k) is. a smngular non- zero matrlx. In this
',case, only some’ components of ql(k) contaln in-
formation-on (q2(k), and w(k)) Then, the
transformatlon matrlx M can be deflned so as tonx‘
‘ 1solate only those - elements in ql(k) whlch con-.
stitute a constralnt on (q2(k) and w(k)) and,
thus L(k) is in R(n -r)xr

of such constalnts (r<ml)

where r is the number

5CAS§ 3 = A (k) 1s a non- 81ngular matrlx. " In xhis case

L (k+l) is unlquely glven by :

L*(k+1l) = A2(k).41 (k) .-
.:Theeoﬁtiﬁal redueed erder’obéenver equat;ons are given by

- e G A e e o i Y b St A deben Pt

) - PRI a2 dive e D 3B A i bk e
ot s s A e s 3 Piphoning 55 Bt e 4 R g T NN S ) R TS




ngf;jk+1) = [1-p# (k+1)C 2]F (k)z(klk)
J;

[I P“(k+l)C22]H (k)u(k)

o+ [1- Pn(k+l)C22]G (k)ql(k)

.+_‘

P (k+1)[y2(k+1)~- T (k+l)ql(k+l)]

*?*(kfl)>=_;#g(kfl{k)gézﬂ[ T E(k+l|k)c Yy zv2]

(k )

f,L*(k+1)‘Ai(k) = A
Cwhere A (k) = K’ (klk)K T+ D zud
K'

12 7 Pt

o (klk)K' 94 D, zuwd, "

'Aé(k) % 722

257 (k+1]%) _=’ %F=?(kff)2*5':'z'(k‘[k')?=" ') CEOYE(K) YR ()

Equationfuflﬁ ;after somie: matrix manlpulatlons [lul be—'

’“78;_.

comes ‘
(k+1|k+1) [1 pi (k+l)022]Z (kfllk)j ’?
B TheSeveQuafionS—arelinifiélizéd by'thé following values A |
:41 2(0[0)”= E{Q2(°)],
- LE(ofo) = Iq,,
L(o) =0 . |
" The above eQuatioﬁs afe:used:fo caic@late Rk+1|k+1) and
" £X(k+1|k+1) as follows: ‘
32(k+1|k+1)'=‘%(k+1|k+1) + L(k+1)q (k+l) 1
ql(k+1)  =y, (k+l) |
T T TS LIy i e H
' R 04 z(k+1|k+1)
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. : ~ q.(k+1)
o L E R
CREk+HIk+1)

n
=

cﬁz(k+llkfi)

7 -

IXCk+1|k+1) = MY 5FCkel k1) (M)

“SPECIAL CASE 1 - All the Measurements are N01se Corrupted
(ml = 0).
In thls case the optlmal reduced order observer estlmator
equatlons c01n01de w1th those of the Kalman filter. -The
system is. aga1n as glven in Equatlon ' 1 except that the
'measurement noise covarlance matrlx Iv is positive defi-
nite. To show the relatlonshlp‘between the optimal reduced
_ofder observer-estimator and the Kalman filter we have

formed the‘follcwihg replacement tabie}

Optlmal Reduced Order;

Observer Estlmator . Kalman Filter

‘Varlable ‘Name - Dimension: ,V Variable Name Dimehsicne
M , nxn . : o AR
L0 mpa
,'qz(k) , o “(n—ml)xl‘f_ . i S .
z2(k) (eempdxl o ox(k) nx1l
yé(k) ": “vlb(m ml)xl . y(k)“ N ‘mx1
E;Q . B (m- ml)?(n my ). ;"vﬁ‘g_‘ ' L - mxn
L(k) v - (n- ml)xml 7 ' f
FOO . (empseemp) & asn
.‘G(k)' - An- ml)xml .
H(k) - (a-mp)xr. . B . nxr
(k) - (n-m)xp D . nxp
rao o (eempumy : |
p(k) (n- ml)x(m my ) P(Xk)  nxm
CpEk|x) . (a-mp)x(a- ‘“1) IX(k[K) - nxn
'Zv?(klk)"T/"‘> (m'ml)x(mfmif“'”"' Tv o T .me

TABLE 4.1




LoD

oy the use oi Table 4.1 .the Kalman filier equations are

'fdbtaineé Qiréctly,as,

S
oo x(k+1ik+1)

[.1._'P'v('kfl)CTA' '):.(}{k ) 4 _‘ [I -}"f(k-Arl)C}B‘u:(Ak)-;,‘ :

-+

'p.(.};;;#i) ‘y'(]’<+.%)"'; '»

__ zz(k{iﬂ ) |  = AZZ(klk) A, + b‘sz_pv :

15<‘k%1.)- = z§(k¥§ l};yc "' [czg(_i;ﬂvlk-v)"‘cf}j 1v] "t  '
Zﬁ(k+¢|k+l) [i-P(k+l)C]Z>’Z(k+l\k)

with the initial wvalues

"
%

 ‘ -§(0{5)

Ix

n

I%(o]0)

X(knlkn)

P lin)

Delay }- 7

A

"k(xM

R ( wilk)

L b;rFfslli-_.Z




.SPECIAL'CASEFQ_: All the Measurements.are Joiee'ffee

(ml-m)

In this>caSe; it is aseuﬁed“thétnthere.ekistsvan additiﬁe
;Gauss1an white dlsturbance to the system but the measure;
ments are obtalned accurately We then. use mlnlmal order
observer- esblmato“ of order n-m to estlmate the states>'
x(k) of the system glven in Equatleneu‘l}‘ Again we use
a replacement table s1m11ar_toffhe one-.given in’theipfef
vious sectlon to obtaln the eQuations of minimal erde*
»,observer eStlmator from those of reduced order observer—
estimator. o o '

Optimal‘Reduced'Order D Optimal Minimal Order

~_Observer-Estimator . . Observer-Estimator
- Yariable.Neme Dimension“‘ ~~Vafiable5Name' ,Dimension.'
: M ;‘SEEQLSQE}” ‘nxn  "_‘..:M.;;[?%;L_Sg] anni
Lo 1 I J e o o Lo 1T :
*Cli ».'   }emlxml ’ '  'cl ' “ 't 0 mEm .
- C - omeemy) o mx(n-m)
e‘ql(k)' o myxl R ql(k)_ L "mgl
(k) (n-mpxl (k). ‘_i_(h—m)x;
z(k) } o (n-my )xl -~ oz(k) R (n-m)xl
v, (memy yxa | B |
VE&2’  |  (m -m, )x(n -my ) ' o S ;
L(k) ’ ". (n- ml)xml L(k) _ o (n m)xm
Cro0 . (aemx(nem) F(k) (n-m)x(n-m)
CG6(k) 7 s (n—mi)xml - G(k) o \(n-m?gm,:
“H(k) o (n-my)xr coH(K) L (nem)xr
Y(Kk) i . (p-ml)xp Y(k)” g ‘ (n—m)xp
:eT(k+l) _“ _ (m—ml)xml ' ' -
evP(kfl) PR (n—ml)x(m-ml),, » o g
CsE(k|x) 0 (ammp)x(n-mp) fE(klk) . (a-m)x(n-m).
T ‘ "(m—ml)x(m—mi) ' '

TABLE = 4.2



‘Ther, we may write the optimal minimal order obs&rver-
éstimator'equatiqns as )

v'z(k+1{k+1) = F(k)z(klk) £ G(k)a (k) + H(k)u(k)
Zz(k+l|k) F(k) Zz(k[k)F'(k) + Y(k) ZwY(k)

' zz(k+1|k+1) = Zz(k+1lk)

lL(k+l) A (k) =-A (k)  } : E
A () = X zz(k[k)A BN WDt
CA(x) = & ZZ(klk)A | S"ZWEQ

a'(k+11k+1) < z(k+llk+1) ¥ L(k+l)ql(k+l)

(k+l) y(k+l)

with the'foliOWing_initialfcbnditiohs 

1

2o, (0]

Zq20

% (olo)

n

"ZE(olo)

L(O) O".k.‘

“ The est¢mate of the. orlglnal state x(k) and the error co—”; 

’varlance matrlx are’ calculated by the Lollow1ng equatlons:~'

. y(kél)
R(k+llk+1) = w7HL |
S : qz(k+l|k+l) T

EE(k+1]k+1) = 1T IECkeL[ke1) ()



Elhelkry)
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Fig 4.3
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4.3. . A SUBOPTIMAL MINIMAL ORDER OBSERVER

: The mlnlmal order observer whlch nas been developed as an

alternatlve to the Kalman fllter,

. state’ vector of a stochastlc system 1n the mlnlmum mean .

~square error sense. Its order is restrlcted to-

where n is the order of the state vector and- . ‘is the

v”order of the output vector.

The mlnlmal order observer

n mll

estlmates the . entlre

1-assumes that the estlmatlon error of m components of the

state vector whlch are avallable at. the output,

is: due

to the measurement n01se only regardless of the effect of

the propagatlon of the estlmatlon error 1n‘t1mevthrough

the dynamlcs of ‘the System._

Under’this aSSumption, the

‘minimal.order observer can only ‘serve as a suboptlmal

1solutlon-tovthe state.estlmatlon problem,

‘1Kelman‘fiiter,'.”

éonstroctioﬂ}of the_Minimal Order Observer:

unlike the’

Consider the canonical Gauss-Markov model given as




S

‘g§k+1)*> A x(P) +B u(k) +°D ﬂ(k)

«y(kj'

where x(k)ER w(k)st, v(k)ER are 1ndependent Gau551an:*'

- - random vectors w1th the follow1ng statlstlcs
'.E[x(a>]"
E[w()]
.E7[v()<)]

’cov[x(o)J ‘
,B[w(k)w(j)']»:’ZWa(k 3)='

It n
.o . o

1"

*'ﬁ{§(k)v(jy'].= Svs(k-3)

'The (n-m) dlmen81onal vector z(k) whlch is ‘the output of -

o the mlnlmal order observer glven by .

a(k+l) sit(k)lz(k)'+ G<k>)y<g>-; HOO u(k) .18

g5

7[;mt;“o] x(k) + v(k) __*f'f~ ';e“="5@i7i_g~

:estlmates a llnear transformatlon of the state vector. x(k)

for Some (n- m)xn matrlx T(k) as:

2k = TGO x(k) +e(k) . we

1where e(k) 1s the error in theveétimate,of T(k)x(k); if

’ the followwng matrlx relatlons are satisfied

U T(k+1)A

T(k+l)B

sendfv .
—l_

exists.
kThen the error e(k) satlsfles the follow1ng

Ce(k+1) = FUOE(K) + G(k)y(k)~- T+ Du(k) 422

RGO T0x) P800 [1,1 0] w20




‘Rewfiting'EQUetion79.20 ih”tﬁe’forﬁir’
8 T(k+l)A [F(k)n GU<ﬂ ----:e;-» , o w.23

and postulating theveXistenCe of the indicated matﬁix}

" inverse in the form of:

TG0 T
i I AL Rt I,

where P(k) is an nx(n- m) matrik'and V(P)'is'aﬁ nxm matrix,v
one obtalns by nultlplylng Bquatlon 4,23 from the rlght by

the above 1nverse, the solutlons'

GO = TOen P00

TG(K) = T(k+1)A V(K)o 4.25
'From Bquatlons u 18 4;21, L, 24 and 4,25 1t ‘is seen that,
the: de81gn of the mlnlmal order. observer reduces to the

{;selectlon of the matrlx T(k+l)

‘ The observer error covariance matrix can be found from the

_difference equaiion in‘Equatidn\u-QQ as follows :

12é(kfl):= E{[F(X)e(k) + 6(k) v(k) - T(k+1)D w(k)]
"[ez(k)r'(k)_% #1061 ()~ WD T )] )

£ (k+1) = F(K)I (k)F (k) + 6(k) I L6 (1)
+. T(k+l)D ZwD‘T'(k+l) X - » . b.26

It may be shown that the cross-terms. dlsappear 31nce the
'observer error is 1ndependent of v(k), ‘and w(k) |1u[ TLE
“F(k) and G(k) are replaced with their equivalents in Equa- ‘

tion 14.25, Za(k+l) becomes




'Jj‘2¢(k+i)‘ T(k+l)fﬁP(P) T (k)P'(k)A"‘.

.+.

A V(k) 5. V'(k)A"+ D ZwD]T'(k+l) T
",Défining_thé.matrix Q(kS'asffollch-f
(k) = APCGOT (KR! (K)AT + AVEOI_VI(K)A' + DIwD' -

- and pértitioningfﬂ(k); ZE(R+1) may bé written as
CLg(k+1) = T(k#1) faomomocbooooo | Tr(kel) 0 4l28

.whére’Q"(k) ié'mxm, Q22(k) is (n-m)g(n-m) ana QlQ(k)_:"”
R 21(k) is mx(n= -m) . o : S
‘Comblnlng the observer output z(k+l) w1th the output B

y(k+1) glves the follow1ng

lz(k+1)’ N  >T(k+1)' A' S Tetks i
IR [, = fmmm = x(kHL) 4 fmemm-- o 4,29
y(k+1) | pIo b0 | vik+s) |

dr equivaiently: - |
VLo Tl z(k+1) ;i

K(k+1) = [P(kfl): ~V(k+l)] —em ol
- S o y(k+1) |

i

R(k+1) = =x(ktl) + [P(k+l)} V(k+})], F;;;;; - t 4-30h
L Lo ',-,‘ v



-~ The ‘resulting gstimation'error e(R+l) defined by’
e(k+1) = %(k+1) - x(k+1)
 'ié'found:fd be

e (k+1) if[P(k¥1)= Y(k?l)]_ B R S

‘Fﬂnally, the estlmatlon ervor covariance matrlx Z (k+l)

© is obtalned as rollows.

|
R ' , e(k+l) e(k+l)
I (k+1) = B{[P(k+1),v(k+1ﬂ PRSI | PN [?(k+l)‘v(k+l)]}v
. : | L v (k+1) v(k+l) |
: -Zs(kflj‘“h 3 :E[s(k+1)v'(k+l)J
T (k+1) = P(k+l)‘ IO D) | E S ER .
- © [ ]E[v(k+1)e(k)]l I,

Loy
[P(k+1) V(k+1)]
But;- , S ,’
. E{ekk+l)'vf(k+1)] =
 éS i£ Wa$f$fatéd_before;‘the abb&e eQuétiOn-becomes

I (k+1)} 0

}~”z (k+1) - [P(k+1) V(k+iﬂ ______ I [P(k+1), (k+1)] 4.32 -

B R

‘This last equation may»be~simpiifi¢d further with the
following choice of the matrix T(k) as :

| ey U Ly
T(k) = [—L(k) :;In;m]‘ S wess

where L(k) is -an arbitrary (n- m)xm gain matrix which w1ll

be chosen to minimize the norm of the estimation error.




. ‘be determlned Then,

- With this 'ch01ce OF the matrlx T(k), the matrlces P(k)

’and V(k) are ;ound to be

| 0o ""' ';« Ai_ i' S T
CP(k) =) eemo b, (k) = L -SB R TN T
R B j‘, 'L‘,.e' L L(x) | : I

o I, ! I L' (k+1) :
B B e e D A KL B
- "‘: : fL(k+l)ZV Z (k+l) + L(k+l) Z L'(k+l)
B further¢ofe,eéﬁbstitution ofquuafiéhrﬁ;ﬁéeihte:Eeua{ion.“
‘4,28 gives ‘ e . S
B B S D C L B S oS
I GrD) = L0y, (01 <3+1) -0y, 00L (k)
) -‘L(k+l) a, (k) 0,00 .35

In order to be able to obtaln an estlmate in the mlnlmum

mean square error sense, trace Z (k+1) must be mlnlmlzed

o w1th respect; to L(k+l) since L(k+1) is the. only matrix to
from Bquatlons 4, 3u and 4.35 one.f 

% -obtalns

’.tfaeeiﬁe<k+l)
2, ()BT (k1) — L(k+1)Ql2(k),+ 922(k)}'

. Settlng the’ gradlent of the above equatlon ‘with respect

‘to the gain matrix L(k+l) equal to zero and u51ng the for—'
~the mlnllelng L(k+l) is found to be-

‘mulas given ‘in IlG[
e '»'(k>kn (x) + £ L
~L(k%12‘_ Q21 R DR A K

'{f the indicated inverse ex;sts;

tfece ZVH+}{raceJ{L(k+l)(Q (k)+2 )L'(k+1)

e



The onserver matrlces F, G aﬁd H'may"befobfaiﬁed'in teihé
_of the natrlces A "B and L(k) by stralghtforward SLbStl-

;~tut10n of Equatlons u 33 and 4 34 1nto Equatlons k. 2l and o
b, 25 as follows R R RRE SR e

"

A220e L(k+l) AL, _ R
Ay - A L(k) + L(k+l)(A - Alép(k))1

(BQ-— L(k+l) 5.

7.F(k)»

G(k)-

i,

: 1TH(k)J 1

” Iditia1izatiQn‘of the observer isfdone'as fbllqws,
‘.LEt-z(i) = T(l)x ‘bé thefobéerver initial conditioﬁ,’where“

1
"Slnce e(l) ’z(l) - T(l)x then

X, is the expected value of the state vector x(l)

 2é(;) é-T(;):ﬁ[(v(l) 3.31)(x(})_f xl)'l ij(l)}

. But x(1) 4131 = A(2(O)}4.xb)}f'ﬁ(b)”Hence’the“aboveréQua—
. be‘comes . . . - . . .

2 (D) %‘T(;)(AiﬁéAﬂ.+ biwD‘S\T'(ii:~'

7‘1To initiglize‘fhe,obséryéf}“definé the c6vafiaﬁce1m%ﬁ%ix -'
‘: 9(05'£o be' | o - | o
 9(§5'5>A-Z?§'A' },b §w w

f a§d fake thé‘géiﬁ métrig—L(lj-tOvbe‘

L) = 2,,(0)(95(0) + 2T
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4.4, COMPUTATIONAL ASPECTS

‘w,Ih this sectionkwe have prepared a’tableeShoming'the’mef"

_mory space and number. of'mulfipiicatiohs used in. each .al--

gorlthm so- that the user may compare ‘the. algorlthms accor-

'dlng to tne glven "dimensions of the system.'

fIt should be noted that 1f all the measurements ‘are noise

’.corrupted then the user does not have access to Optlmal

'\Reduced Order Observer Estlmator algorlthm w1th ‘the pre--
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°->CHAPTER.j5,.
i B lndeUsERferANUAL‘d

. 5.1. INTRODUCTION

. The package program cons1sts of one maln program and ten fﬂi'

subroutlnes The function of ‘the maln program is the

'selectlon of the approprlate subroutlne as regards the R

_ﬁype of ‘the observer. .
‘The observers are classified as follows:
'»l."Continuoms time deterministic observers

2. Dlscrete tlme determlnlstlc observers'

3. 'Optlmal observer estlmators for stochastlc systems.

a) Kalman fllter if all the measurements are n01se_

'corrupted . » |
by ,Optlmal reduced order observer estlmator, if the
‘ : measurements are partlally n01se corrupted
'Q)'-Optlmal mln;mal‘order observer—estlmator,‘lf all

the measurements are noise free,

Eacﬁ type ofvobserverAaBove is examined in 'a separate
'subsectlon as far as supply of data cards, the output

‘varlables, error messages and used subroutlnes are con-

cerned.
v1ded by the. prepared package program, when he refers to

the section concernlng the type-of the observer that he

‘chooses.

93

The ‘user can find all the features that.are pro—7




5.2. DEFINITION OF INPUT VARIABLES

ST V_System type,‘réai

N m_SySiem_dimension; < ko; integer
M bivOthuf dimeneioﬁ;'<”N integer
"“NR  Control 1nput dlme51on, < 10, intéger' N
le.e,N01se free measurement dlmen51on, '<VM .1nteger -
NP. Dlsturbanceflnput dlmen51on < 16 1nteger ‘

'NSTEP Number of k (measurement tlme -points) in stochastlc
'  Vobservers ylntegeri ‘ ;

‘State transition matrlx, (NxN); reai

Control 1nput-matr1x, (NxNR), real “
; C‘,  ‘Output matrlx, (MxN) real
»ZL . The matrlx L ‘in the . dlscrete tlme determlnlstlc‘-:j'
v obsewvers, (N MxM), real _ » o
D D;sturbance-lnput matrlx,l(NxNP){ feai -
EXPX»IE[X(O)] vector, (N), veal S
.COVX>.’coév[x(ov)'_l matrlx, (NxN), real .

,COVW.»Dlsturbance covariance matrlx,.(NPxNP);'realA;

' fCOVVQ.Measurement.n01se‘eovar1ance-matrix, (M—MlkM;Ml);

" real

5.3. SUPPLY OF CONTROL AND DATA CARDS

'Tﬂe_followiﬂg,ceﬁtroi cards must be-eupplied in the given

. order:

SRUN, . ¥+ R o
priority = ID Name . Charge Number - Project Name

 3ASG,A  BOGAZICI % BUMPL.
' 3ASG,A EETHESIS % QVSERVER.
3XQT ~ OBSERVER.MAIN

|oATA -
‘9FIN ' S
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“‘The READ statements ‘in the package program are in free'
'~.FORNAT, (see Example l)

‘The ‘matrices are read row-wise. =

5.3.1. Continuous-Time Deterministic Observers
. Data’Cardsb_ L Remarks
Sl S ; ‘System type indicator- 7_ .
o o ' - (Continuous) I
'M,N,NR,M4,0,0 '
A", B S Original‘s.t.-matfix
B - - o ‘Ofiginalfiﬁput;métnix‘v

c. L ‘ oringinal,outpgt matrix

"EAMPLE 1.  The folioWing éysteh e@uation‘is given.

|

1

_ |

£() x(1) ¢ at) ‘

R = = P T T <
o :

o
C = NO
| o o O o N
 H o O o

HREF o w N

N
=
o .
o
o

x(t)

t
[
N M “
N
(-]

gty

‘The user must supply the data éards,ésffollows:
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80tk f.boLunr‘\"
S
—ygo?qs,L,;vt,q,c;1q11335wbqt,—05,bgouo,o;oqt,m,H» ‘
- 9') O.) 0.,‘0.;1.)1., 4.) 4., 1,) “_) Q‘) 1') o,

B 2, 1,0,{,0.,0,0,0,0,4,1,1.

e 1”4WQvOWLr0qL,L,31?gf7L(0j0”1 o. ,0. o”»~_

Important Note.

If the 1nput matrlx B 1s not present, then punch,'
“a)- l in the column of NR
b); N - dlmen31onal zero matrlx in- the data card

conqernlng the matrix B.

mOutput

',Re numbered state varlables QX -
Re - orlented system matrices A;B‘
Transformation matrix M
Tfansfdrmation matrix in?erse M-t
Cénonical systém'matrices- . A,B,C
Observer's state matrix F
Observer's input métriqes H,G

“Sﬁbroutinés
' MAIN, TRNSFO,
'LIAPUN and MTAMDF,

‘CLTIS, CARP, CARPl, PRTITl PRTITQ OBSBRV
CMTVLNM, MTMPRT from BOGAZICI BUMPl

J,lerapy.




‘f,lef;'

Ca7

15 .,8.2% :DiSCreté—TimeiDetefminisxic'Obsefvers

The system matrlces of observers can be obtalned 1n two

~ steps. The output of the flrst step is supplled as’ 1nput‘

» data for the second step.

 STEP 1 |
o :Déta Cards'_g_" ; . Remabks -
_e2.f' _ _ e *~v,System type 1nd1cator
Ll ’ ‘ (Dlscrete)
©M,N,NR,4,0,0 | -
, A‘ve»ls:," ' ‘Orlglnal S T ﬁatfix
B . _v“'erglnal input . matrlx
C ,1 .»f“ O -Original output matrlx
s Output‘ ;

'Re—numbered state vériablesvf, ‘;?QX
fiRe—OEientéd-system_matriCesei,'ﬂ . A,B
eTransformafieﬁ matrix A ) | .

Inverse, of transformation matrix Mf;

) Canonlcal system matrlces . ‘1':~.”A,B,C

STEP. 2 , _ /
*Canonlcal state tranSLtlon matrix A is partltloned as’ﬁ
jfollows. ' L '

] Sm.  m-m
L | Al‘l ' Al?
, ~ ~
n-m | Byy g

and the matrix L -is

. ) ~
22 = Lofi2

=

’—sfe ihside the unit circle. Then?the following data

“calculated so that the eigenvalues




‘‘cards .are supplied.

.are given:’
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E .“Dafa" Cai‘_ds T -'Remarksi

5. P :‘;»Indlcates that the. matrlx
- , o - LO is calculated
M,N,NR,M,0,0. ' '
A ‘Canonical state tranaltlon
o : matrix -
B - ‘Canonical 1ﬂpdt matrix '
ZL - L | e |

]

See-Example'l and  Important. Note.in Section 5.3.1.

'Output

’Observer s state tran51tlon matrlx o ’P;h
Observer s 1nput matrwces o H,E

0eror Messages,-

'M exceeds or equal to N

C 1is not of‘full rank»

: fAbislsingulaf

‘Subroutines - . o
' MAIN, TRNSFO, DLTIS, CARP, CARPl PRTITl 'PRTIT2, 'OBSERV'~'

énd»MTAMDF;‘MTYLM MTMPRT from BOGAZICIH BUMPl Library.

.5l3.3. dpfimal-ObServer—Esfimators for Stochastic Systems.
Case 1. Ail:the;Measurements are Noise Cornupted

This case ¢oﬁsiders'that the following system equetions'?




vx(k+l)

]

y(k)

A X(K) & B u(k) + D w(k)

C x(k) + v(k)

where. covarlance matrlx of the measurement no*se 1s a

(mxm) p051t1ve deflnlte matrlx.

_Data Cards

5.

M;N,NR,O,NP,NSTEP

O W >

EXPX
covx.
. TCOVW

covv2

Remarks

f'Optlmal estimator

'Ml 0 1nd1cates that all the,-

: measurements are noise
corrupted

Orlglnal state trans1tlon matrlx

‘Orlg;nal 1nput matrlx

Originalﬂoutput matrlx

(-Qriginal'distUrbance_matrix

Original'E[k(o)]'

. Original cov[x(o)j

Covarlance matrix of orlglnal

dlsturbance matrlx

Measurement nolse covarlance

matrlx (mxm)

- See Example 1 and Important Note in Sectlon 5, 3 l.» Impor-..

'tant Note also applles for the matrlces D and COVW.

. Output
' Kalman gain matrix

Error covariance matrix

: Error Messages

'fMl eceeds M.'

P(k)
ZE(k[K)

: PSI is 51ngular ([(C Zx(k+lfk)C' + ZV] ~doesfnot>exist) 
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'Subroutlnes'A

ZVMAIN STOKAS, CARPl and HTAMDF MTMPRT from BOGAZICI%
s:BUMPl lerary RO

Case'zf.eMéasurements are Perfialiy Ncise Corfupfed

This case con51ders that the follow1ng system equatlons'

are glven

x(k+1l) = A x(k) + B u(k) + D w(k)
o o o 7
k)Y = C x(k) +|~-=-~< .
‘y(_) . c x(k) +[v (k)]
_ | _ 2
o L ;m—mlv e L _ o
where v2(k)eR ~ ~. ' The measurement noise covariance matrix
Iv.is of the form - -
0 { o0
[ NS
!
0 : ;v2
S (m ml)x(m -my) o : _
where Zv eR- . T is positive-definite.
'Data.Cafds A , C Remafks
3. . . Optimal-estimator

M,N,NR,M1,NP,NSTEP M1<M. Partically noise cor-

rupted measurements.

oA e  . 'Orlglhal state transition
» matrix . ‘
B e 7 1 Original control input matrix
c e B v Opigiﬁal output matrix
D S . oOriginal distrubance matrlx
Expx original E[x(0)] = ‘

~COVX ' _ ‘ Originai cov[x(o)}




'Déta Cards_r»
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;.- Remarks. '
CQYW T ff “Covarlance matrlx of orlglnal

dlsturbance matrlx

) COVV21 o 'Measurement noise covarlance;

,

'.matrlx (m -m )x(m my )

See Example l and Important Note in: Sectlon 5.3, l. Imporé'

_tant Note also applles for the matrlces D and COVW

:butput"'

‘Re_ngmbered:state variables  QX'“., R
Re—oriented'S§stemlmatrioes ,> .;A;B;p;EXPX;COVX
'Transformation matrix , "M'ev"' o
Inverse of transformatlon matrlx M_l

Canonical system matrlces'f

_ A,B, c D, EXPX covx

ﬂ Gain matrlx:_ _P(k)
Observer gain matrix- _ 'L(k)t
Error covarlance matrlx of the | R
". re- orlented system "fi(kﬂk)vn.

, Observer s state tran51tlon matrlx: E(k3 .

N Observer s 1nput matrlces ' ‘H(k); G(k) -

‘Error Messages:

Ml exceeds M.

C 1s not of full rank

- —l» . ' N R -
PSI is singular [[CQQZz(k+llk)C22' + Zv2] . aoes’not exrst]

" LAMDAl is singular [Al(k).ls s;ngular]

Subroﬁtines

- MAIN, STOKAS, TRNSFO, CARP, CARPL, PRTIT1, PRTIT2, OBSERV -

and MTAMDF, MTMPRT from BOGAZICI BUMPl lerary.




‘Case 3.

ThlS case con51ders

are glven

. f,x(k+l5_

c. x(k)

Sy (k).
Daté_cérde

3. S
M,N,NR,M,NP,NSTEP

EXPX -
“COVX -
COVW

See Example.l’and Important Note in Section 5.3.1.

Al the~Mea5ﬁrements
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are Noise Free

that' the following system equations.

A x(k) + B u(k) 4 D w(k)

Remarks -

Optimal‘estimator

CM1EM 1nd1cates that ‘the

’ measurements are noise

"free .

Original state transmtlon

matr1X'”'

?%Orlglnal control lHPUL matrlx'
=Or1g1nal output matr1X‘
,Orlglnal dlsturbance matrlx

‘Original E[x(o)],

Originai cov{x(k)]

.Covarlance matrix of orlglnal

dlsturbance matrlx‘

.Impdf-\

tant note also applies for the matrices'Dtand COVW.

Output :
'Re numbered state varlables

Re - orlented system matrlces,.'

~>Transformatlon matrix

Transformatlon matrlx lnverse

7.“Canon1cal system matrlces

’Observer~ga1n matrlx

2

QX : .
A;B,D,EXPx,cbvx

M '
w1 |
A,B,C,D,EXPX,COVX
L(k) .
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Error-covarianCe'matrix of the

re- orlented system S LRk K)
:Observer s’ state Lran51tlon matrlx L F(k)
Observer s 1nput matrlces R 'fﬂ(k), G(k) _f

Error Messages"

M1 exceeds M.

c 1s not of full rank
»aLAMDAl 1s 51ngular~'

: a_Subroutlnes R T o : , ‘
 MAIN, STOKAS, TRNSFO CARP, CARPl “PRTIT1, PRTIT2, OBSERV -
'aﬁdeTAMD 'MTMDRT from BOGAZICI® BUMPl lerary '

' 5.3;ﬁ;‘-8ubopt1mal Mlnlmal Order Observer For Stochastlc

Systems
'DatafCafdsf‘, S DO Remarks
Q.;;"Lv.*bf;"z“f Sub%aptimal esfimator
M,N,NR, 0,NP,NSTEP | BRI |
A »i_ ﬂ‘iﬂ‘af . Original atafe:fransitionamatri%A
B;  ) f_b S 'abriginal cbntrdlainPUt[matfix-'
‘C“‘ i o ay» : Originai oﬁtputamatrix» '
'=D1‘a ‘ _‘ ~"k'a"0riginal disturbance matrlx
) EXPX' | ‘a“ - B Original E[x(o)]
covx. . -”Original,cov{x(o)] |
' covw. . ,’“'vaarianCe matfix of original .
| . _ disturbance: matrlx ‘
CQVV?AT‘ v:j\i  “.Measurement noise covarlnace

_matrix (mxm)

‘See Bxample 1 and Important Note 'in Section 5 3.3, Im- -

portant note also applles “for the matrlces D and COVWL



"Output

lRe numbered state varlabTes :':"' ' [ >QXr_

vRe orlented system matrlces’;'.’_" 'f A,B,D,EXPX,COVX
'fTransformatlon matrlx o e d'e;“r?_ , Mefv ; S

Transformatlon matrlx 1nverse ‘::.' B  ' _ .
\'Canonlcal system. matrlcesil "i*eg“ -~A,B,C;D;EXPX,COVXj
“;Observer gain’ matrlx::'1 o ];f~_' - 'L{k)
Error covariance matrlx‘cfeﬁhe_

‘ ‘re-oriented system . . . '7'_Z§(k[k)~='
'jObserver S state tran51tlon matrlx (, '.F(k)' -
“’Observer s lnput matrlces PR _ . H(k),'G(k) p:,”

" Error Messages

LML exceeds M.
C is not of full rank
The . galn matrlx L(k) cannot be calculated

((Q (k) + Zv) -1 does not ex1st)

‘Subroutiﬁes,‘ _ _ - S
MAIN!"STOKAS ‘TRNSFO, 'CARP, CARP1, PRTITl PRTIT2 and
MTAMDF, MTMPRT from BOGAZICI BUMPl lerary

5.4. SUBROUTINES

1. MAIN Program

chhis main program selects the propef subfoutihe according
to‘the type.of,fhe'Cbservery‘ Input'parameters are read .

efr6m fhe'supplied data cards.

Input parameters

ST, N, M NR M1, NP NSTEP A B C. (See Sectlon 5. 2 for the

deflnltlon of 1nput parameters )



anutput parameters'

‘None.,vn B ;':J}‘l‘ .,; 7_"_' o %,H

Error Messages_

_EM'exceeds or equal to N .

M1 exceeds M. - ‘ v ‘

A is singular. 'Diéérgteitime minimal order observer. -
cannot beﬂreélized. o
" Subroutines Selected

~ TRNSFO, CLTIS, DLTIS, STOKAS .

‘2. ‘Subroutine TRNSFO (A,B,C,D,EXPX,VOCX,M,MAUX,NR,NP,N,ST)

fThe subroutlne TRNSFO re- numbers the state varlables to
‘obtaln a non- 51ngular matrlx C (See Sectlon 2 l) and
“evaluates the transformatlon matrlx M that transforms the

orlglnal system equatlon 1nto the canonlcal form.

_—Inpnt pafameters . . . ; : A
'A,B,C,D,EXPX,COVX N, MAUX, NR, NP,S,ST -

"MAUX - Output dlmen51on '
oM - N01se free measurement dlmen51on

'Rest 1s‘as glven in. Sectlon 5.2,

fdutpntnparameters:
A B c,D, EXPY COVX .

All these matrlces obtaln canonlcal values.u

Error Message

- C is not of fuil—rank,

Subroutines Used -

CARP,CARPL.  ~ . T




b=
et R

3. -Subroutine CLTIS (A,B,M,N,NR) "

'ffhé subroutlne CLTIS evaluates and prlnts the matrix- L of
 the:cont1nuous time. determlnlstlc onserver by solv1ng
.thetLyapunOV equat*on.‘ The matrix L is then used in
aSUBROUTINE OBSBRV to evaluate the matrlces F ¢ ana.H:of
k-the Observer. ) . | o _
_The subroutlne CLTIS 1s:called from the maln prog*am after
athe transeormatlon into the canonlcal orm,has been per-

eformec

fnpuf'parameters

Output parameters

ZL - The matrix L.

Error Message .

feyNo sQlutioﬁ"tO'ﬁyapunov Eqnaﬁioﬁ‘5isee Sebtion'2.2.Q{'

.Subroutines Used e T ‘
:CARPl,'LIAPUN,“OBSERVQ'PRTITl;PéTITQ'

4. Subroutine DLTIS (A;B,M,N;NR)

_APerforms the same operatlons 1n SUBROUTINE CLTIS for the

dlscrete tlme determlnlstlc observer

Inpufiparameters
"A,B,M,N,NR -

. Output parameter

;ZLl The matrlx L



K]
~1

.

- BError Message

‘None.

Subroutines Used__

CARPl,OBSERV PRTITl PRTTT2 o

5. Subroutine LIAPUN (ASQ,QSQ,N,R,Y)

”'The,subrouiine LIAPUN solvesvthe Lyapuhov7Equetion.of

"the foﬁﬁQ 
”V(ASQ)fR +'R(ASQ)_¥ QSQi=

'Input parametérs
.ASQ,QSQ,N
-'QSQ f AL VKA 5= Q (K and Q are deteﬁmlned in the sub-

‘routine CLTIS)

lOutput Darameters -

R,Y _ |
"R Solutlon matrlx of the above Lyapunov Bquatlon
: Y— R : :

Error Message:e'
None. 'A »
(It has a message as, "Inverse does not exlst" “but

solutlon lS found 1n thlS case as well )

Subroutines Used

CARP1



6. Subroutine STOKAS (A,B,C,M1,M,NR,NP,N,NSTEP,ST) -

ThlS subrouhlne evaluates the parameters of optlmal—
‘observer- estlmators and sub - optlmal minimal-order obser-

:vers for stochastlc systems.'

E :Input parameters

”A B ».C Ml M NR NP N NSTA;,ST

faOutput parameters
baSee Sectlons 5 3. 3 and 5 3 4.

. Error Messages

vSee Sectlon 5. 3 3 and 5 3 L,

,'Subroutlnes Used ‘ :
TRNSFO,CARP1, OBSERV PRTITl PRTIT2

7. Subroutlne OBSBRV (ZL All A12 A21 , 422, Bl B2 D1,D2,M,
' _* NR, NP ,N. ST F,G H PN)

The subroutlne OBSERV evaluates and prints the observer
‘amatrlces P, G- and H in the- determlnlstlc case. - This sub-
rouﬁlne is alsogused 1n,opt1mal reduced- order andfins
,qstimal~minimal erder obserier-estimafor'designs. |
'_Input parameters
‘ZL All AlQ A21 A22 Bl B2,b1, D2 M,NR,NP, N »ST

zL - L in determlnlstlc case,'L(k) in stochastlc case

-All A2, AQl A22 - Blocks of the partltloned matrix A
Bl, B2»—'Blocks of the partltloned matrlx B :
_le D2 - Blocks of the»pagtlt;oned matrix D



e-OutDut pa;ametersx

’PN

CFLGL,H,PN - Sl

Y(k)

‘None.

Error Message -

 Subroutinereed"

_CARP1.

8.

This

Subroutine CARP (CC,PP,MM,NN,KK,D) -

.D'=fCC”£kPP(i)

subroutine is used in the reduction to canonical

- form.

'Inpuf'ﬁaraﬁetepse
CC PP MM, NN ,KK

PP

My -
NN .

KK

The matrlx C

The matrix PM(l) (See Sectlon 2.2, l)

M (output dlmenSLOn)

N (system d;mens;on)

D

'Oufput parameter

- None

_Error Message

feSﬁbfoutine'Usedff

“None.
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:Thevsﬁbfoutine_CARP_perferhs the'fo;loﬁiﬁg multiplicatieﬁi;



- Subr utine- CAPP1 (CCi;EPl,MM;NNﬁNNl,Dl)
‘This 'subroutine is~u8ed'in,marrig'hultiplicatioh.

Inpuf parameters

: CCl - Pre- multlplylng matrlx

VPPl,f Multlplled matrlx ' » »

 MM  - ROW‘dlmen81on of the pre multlplylng matrlx »

EN '—”Column dlmenSLOn of the pre- multlplylng ma trlx or
the row dlmenalon of the multlplled matrlx—

NNl - Column- dlmen51qn of the multlplled matrlX'

Output parameter-

D1 - Resultant matrix

Error Message -

":None”

‘Subroutine Used

None

10. Subfoutine PRTITL (A,M,N,All,A12,A21,A22)

'This subroutine partitions a square matrix A as follows:

“Input pafametérs

CAMLN

"OutPUt‘paramétérs
‘A11,A12,A21,422

o
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‘Error Message

“None-

. Subroutine Used -
None a v
.~ 11. Subroutime PRTIT2 (AA,M,N,BR,B1,B2)

Thisyéubfoﬁfine pértitioﬁéfa récténgular matrix AA as

follows:

‘AA

"Ih§UtbparameterSL. "
AA,M,N,NR.
NRl- r

Output parameters -
B1,B2 R

~Error Message

-7 None

Subroutine Used -
k ané A



CHAPTER 6 -
(CONCLUSIONS -

In thls study, determlnlstlc and stochastlc observers for
llnear tlme 1nvar1ant systems have ‘been . dlscussed.l Since,
’not all the approaches to the de31gn of observers can be
vutlllzed by dlgltal computers the theoretlcal development
-has been malnly devoted to- the de51gn procedures that can
be treated by dlgltal computers. “The computatlonal pro—v
fblems of other aporoaches are stated below for the sake

of future researchers in thls area.,»

" In the*deterministic case, .t he mlnlmal order observers

t,'w1th zero steady state estlmate error are cons1dered

The steady state estlmate error has been related to the
'stablllty of the observer and the dynamlcs of the -obser-
“ver have been determlned by the use ~of the Lyapunov sta-
.blllty,theory-|7[,'vThe_dynamlcs of the observer can .also
be determineddby'Choosing the'eigenvalues of. the'state
‘transition matrlx of the observer in such a vway that they;
correspond to a glven set- of elgenvalues |3| Thls'h e
';method requlres that the - parametrlc characterlstlc equa-
tion of the observer be ‘equal to the characterlstlc equa-
~tion obtalned from the set of elgenvalues . An algorithm:
has not yet_beenvdeveloped that can»be applled on digital>
h‘:computersftO‘evaluatekthisfparametric equation. One may

" use thefmethOd which transforms the system'equations into‘
‘the observable compamon form and evaluate the parameters of the
‘observer |18] But this method becomes qulte cumberson for multi-
,output,systems»as far.as computat;onalaspecu;are mxmerned, i
" therefore: the digital computer-based solution is not attractive. One other

» 112‘
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7approach lS to use the exten81on of Ackermann S procedure
v:to multlvarlable systems. Thls method is not yet utiliz-
,dable by dlgltal computers ‘and it is. under lnvestlgatlon Ilgﬁ.
1:The methods presented SO’ far result 1n time - 1nvar1ant ob—
'servers, thus the computatlons are- held off llne.. One :
may- con51der the- tran51ent estlmate error and ‘employ anr

on-line procedure which. mlnlmlzes the norm of the error

~in the tran51ent pePlOd.v This suggestlon opens: a.new

research area since’ some systems .may " not admlt large

“errors in the tran51ent perlod.

ThefcOnstrUCtion*of’minimal‘order observers‘for continuous
time systems has been - reduced to the solutlon of the

. Lyapunov equatlon of. the " form“
"" v‘ v _';' | B g | =
Bpg 'R+ RAyp + Q-hyp KA, 200

The,solution of this equation hinges onnthe.selection'of.

" the matrix K. 7Itvwas Shownfthat the matrix X canveasiiy

obe selected if the matrlx A, is elther p051t1ve deflnlte

22
or: negatlve deflnlte.» If. A22 1s an. 1ndef1n1te ‘or a seml-
_deflnlte matrlx then the. matrix K can. be found by an ex—
"haustlve search among pos1t1ve semldeflnlte matrlces such
'hthat the_above-equatlon ylelds a. p051t1ve—def1n1te solu— e
’tion~matriX:R. ThlS thes1s ‘work misses any Suggestlon |

concernlng thls exhaustlve search method.

hfhe‘reduction‘of-the'order of‘the:Lyapunov‘equation in the
:dlscrete tlme case 'is an 1mportant step -in ‘the’ development
of the determlnlstlc tlme observer. theory.s This reductlon
1n order reduces the computatlon time con51derably com-
pared to the computatlon tlme of-the solutions found in
hthe llterature.. For the dlscrete—tlme observers 1t re-
mains flnally to say that the hand calculatlon of the

matrix Lo in order to have a,stableimatrlx Sofmust not be
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~cou51dered as a drawback An the developed study,,since_‘
men- computer 1nteractlons are qu1te common in recentv'“.
.;years. : ' '

The stochasLlc case 1nvolves the optlmal reduced order' '
observer estlmator “and suboptlmal mlnlmal order observer.y
For systems 1n whlch optlmallty is not of utmost 1mpor—‘ .
‘tance one may use the suboptlmal minimal order observer
which prov1des fast response s1nce the’ computatlon_tlme\‘

; whlch is a runctlon of the order o; fhe observer~reduces’
con51derably The trade of f between optlmallty and the
lcomputatlonal time’ may be best” declded upon by comparlng

the. reSults and the computatlon tlme of both the optlmal

‘°,reduced order observer estlmator and the suboptlmal mini-.

vmal order observer for the system of 1nterest

-~ The user 5 manual prepared explalns how the data must be
;supplled by Lhe user to evaluate the parameters of the
'observer'or 1uterest.' It also provides the;structures of
‘u_the subprdgrams in fheipaCkagemprogramf :Thefpackage pro- -
gram is~preserved at'Boéazici University Computer'Center;"
_ The programs in the package are llsted in" the Append*x B
In all programs,'51ngle prec131on is used if hlgh accu—f,
‘r?racyjis,required, by changlng matrix and array defiuitions
dand’supplying neceSSary cards to'declare double'preciSion '
>variabies, double prec181on arlthmetlc ‘may be used. We
’fiuaily say that, the dlsadvantage of- thls package is . that
it.isronly oompatlble,to UNIVAC systems. The problem.may
'be avoided by rewriting some of the- subroutlnes so. that’

they can be- used “in any computer system.



" EXAMPLE 1. The folloﬁiﬁglblanf'is gi¢eﬁ{

[23 0 -2 -1

) R
10 01

0 -1

2ty x| owe

I« T R o R

o
o
o

1}

y(t) (1)

' Find an optimal state feédback cbﬁfrdl:u(t) of the  form
u(t) = =K x(t)y

~such that the following pérformahcefindek’is,minimiZQd.svw
‘PI = [ (x'x + u'uldt
SR T N

- Solution -

 ,A117the_étates:aréinbtﬁavailable[at'the output;"We’will
'éhéwithai'ah bbsér?er*can be deéighéd,fo estimétéithei
1lnon—available.5tateé so that thevabpve optimal'cdntrol
1'probiém ié soived«; Thé~sdlution, after éii the states
.bééomés‘aVailable; of fheiaboVévprleém-can be found in

1_any optimal control book.



'The'tranSfonmation-matrix‘M,and'iis,inverse M

o 'M‘.‘ ’

o

< TR = S = S
N
=

N

_ transfor; the ébove syStemointo thé7canonical form as ..

~follows:

a(t) =
‘y(fi-?

vhere

qet) + |

q(t) = M x(t)

It is seen from the above output equatlon that the state_'

fvarlables qs(t)

and qu(t) are.not. avallable.‘ To obtaln

the estlmates q,(t) and (t) the mlnlmal order observer
3 Ayt

1s de81gned as follows.

" The Lyapunovféquation

‘-is solved.

AR 4 BN
22 3 f RA

B T T
22 T Q7 Ayp KAy =0



is a.negative-definite matrix, then if the matrix K is

chosen as - -

the'abo&e Lyapuﬁoﬁ equafion_yields a positive definite

. solution matrix R,;fdr~every Qr> 0.

'Since K = 0, the matrix L becomes - -’

le’ 'Ko= 00

21
L E R Ay,

The the observer métric¢s~are{

"

L EE By 5

The observer grrér ‘ o v
ST | S [z () =g ()]
e(t) = L SR
P '?Q(t) -,qqgt)

SR S : : ' (-2 o
R N : é(t) = o e(t)
o ' ‘ - ‘ 0 -1
Thé solutioh cfvthe'ébove‘differential'equation is
o ',‘é_ztf; 0 S
e(t) = . S e(o)
. : 0 e



"The follow1ng graphs show that the error deCﬂeases w1th
"tlme regardless of the error 1n the 1n1t1al condltlon

B ; o ;+4'*
" Choose e(o0) = ‘
TROORE EAE |

The matrices P and,V'éfeifound to be:

= = o o
© O C
o o+ o



' vEXAMPLE‘Q.* A canonical system is‘deeeribed as«

0.25 . 0.625. 1] . [1]

.’_."q(k+l)' = o . 1 ‘¢ 23 7 alk) vv+ 0 _...U(k) : |
] 0 0 . 0.5] e '
T o o c
y(k) = .' o alx)y
o 1 o]

" The poles of fhisvbpeﬁ lbbp SySfem are at: k, 0.5 and _
- 0.25. It is - de81red to flnd -a state feedback control of‘
- the form u(k) = K q(k) so that the closed- loop poles are’

" at 0, 0.25 and 0. 5.v,

Solution

“The state varlable qs(k) is not avallable at the output
fhence we w1ll de51gn a flrst order observer “to estlmate _
the state variable ¢4(k) so that the state feedback con—_.

~trol u(k) can be obtalned..

‘For*fhis system n=3 and m=2 then we partition the matrix

A as follows:

At Ao 0 1013
_._.—-r—--— —_—‘_— ——————— —'[———
Agy 18y 0 0 1 0.5

‘We calculate the elements of the matrix L such that the

,~LA., are inside the unit circle.

elgebvalues qf AQZ, 192

. STy o R
0.5 - [21»»22]_‘ | =005 -, -32



Choosing ﬁ'vi 0. and 9 = Q}Sg:tﬁe éigenvalueSAOvaQQ

is found to be zero.

W1th the 1n1t1al value of the maffix,L>as_ c

" the following resulté have been obtainéd.
-0.827

[18.036 415.7] R
-31.22 "

®
W0

.The observer error e(k) evolves in time as

 ;efk)V= (0;827)k e(o)

068
: 0.4%
l Co‘z - ‘

0.5 [ NY-B ,°_°’
I S Y

‘e m 2]

b

A_».L £

12



EXAMPLE 3.  Consider the following stochastic system: -
S }, - -

0
. [ S O
Sx(k+l)= E e o 1 x(k) + Culk)

O O
- o o u o

00 0.8

o0 .0 .o .

e A= TR ST

O 0 oo b
S
e~

o

E(x(0))= cov(x(o)) = diag(10320}30,40,50,60) 

x.

“Case 1. All.the meaSUréménts\aré noise corrupted.

[
o .
(@]

B o o 0 0] |
y(k+1) =10 1 0 0 0 0} x(k+l) + v(k+1l)
‘ Lo o 0 0.0 | |

(@)
o
=
o



_1ha‘iollow1ng graph shows the reSUlts obtalned from the

Kalman fllter algorlthm and Mlnlmal Order Observer

_,E(\sx-i\;‘] o B

..,O <

 Minimal -iO('d‘é‘r

Kalvran '
: Obsecver
e e
4 S 3 k4 5 & T :rk
 Case Q}v‘Some'measureménté‘ane noise‘frée.g
10 0 0 0 0 R
y(k+1) = [0 1 0 0.0 0| =x(k+tl) + [======m
0O 01 0 0 0 v,y (ktl)
o 0 0
R= [0 2 0
0 0 4
Elux-2ul
W s ¢ &




o sores



-— Bt v
- e c.
< X~ | @)
- [ O N
o e e @
3 roee L
- < C C o
L [ - B o
o ~>< c.
-~ Lo R
S U C—
< P ol SR <
— << — =
P (a3 > + . *
L= -2 w Co =
- - o~ —~ [ 3K
e L < . >3
Lo 20 - | o
G < o AL L
P S -2 - - 2
<« : . co. L. SRS
L~ — et o] < I ¢ B
c -~ c<a e U o
L S e T2 = = - o~
- e - P - o " DT,Tf!A .- R - L.
cc —~el 2 OZLZEWE . - < [ S
- - - ] TR L P92 4 i P Lol Qo<
~T St e [ U lad eof s SRR N o Wz
C = « D n - G e s aCCC > < = C
~ s 0 [ . S Ceala = aa T . - C oL
~ bl - . L DS e C SR . T e
[on] «xli 4 ) [P . e aeaCCO. [ &) L& | I e
Rl L o ~C  aft " kT e - - ~ - . o =
IO JE . P R Yo SR oy
CLO a0 : - e SO L (o8 (e N o 4 - L&~
-3 O G L et UMD CXUT. Z Z e S Y
- IC | foiiv T Te e e 8 e L Co - . T Rpmpt ol iy 18
Tl e ; ) e C TO e sa NG O - prag - C Cl
e e ~ e Cm(n e C QO v rtes O T CCe e U i VA W)
~— 2C O —~e D R X rloal o) 08 VEI VR RN et b =L
C e W ) s~ e ecagaa C: G i ™ (VAR TE S P
- O o~ o~ aCi —HOQOUS— C(C ~CCC . O - - P~
aws T e o e U PR Lo O RT SE NN LA o 4 U OO 2 ST G, V-l
[and ol - o Rt SN o) Y Sl te aa e~ e Q€ . L SO S
- T e <~ DR o Sl ot BL-{o f S N X &bt S B
~— - - .. —— 8 et L e e @b N @ W e . < l'e
QU T e e L e 1 - uwulurkFev 00:-! oW e~ Tl e .
i ket e o T OO e oll e d 0 om0
A I A Ko i | a0 e s al = TEPCAQ.CCUVCCH - X e X uwc o
~CCUled oo SUOML O e Q< 350 W) SR N O e~ D Cemd et
S e e OG0 e tab]] [T kbl t e e o IO _CH WO A it
~NPNINE >~ S~ NINNFI T & O S N.N SZZFEFFFFD OO UV e e
o~ WO L O U S : . vy e Gl O L€ Cada Cel €
SFUILT Oy e OO~ O~ O O~ ) LLLIL.L(( l.._().\.L TL.TLTTM - i 20~ o
B DItk i~ N It~ =GR ¢ et ) - oo I CCC
NNe el L SIO0ne OFEFEFOOR T JeT Il L] A..rc.As oa ONOO CCCO <OOrZ
NN?DDRR.IWGIWGRPTLRID c< VCC ECCCIICITCGC GC(WF Wiy Qi u g
<{eZer [ o5 R - o SRR Lo N 2 D Ce NG =0
22 (AN AU : . SR T e S NNOY
b
S
-t
RN
C..
Fast



;‘;f)fw : :
anh

ﬂ06’

FOnv
~qﬂu

g DIMEMSTON:
’[‘I'AF”SIO“ v b

'awanr<a 190

_uUTP'HTrnr r
,--Dwr”smr

N
NIMCISTAG A
DIM;‘Nr—TO.. A

Iur“gtot M)?

. 'NM?_:"*P]NU e T . ;- - e o4

700

800

a00 -

3
g
32

S CAL
CALL MTMPRT (G
CAIL_NTMDRT(U

SCALL MTAMDE . m

OXOOOANANOOONO

Lox

TEO T OO IO

et M_M,'rrph y
v'SOvH ”.N-M.,HTAo)

r S g Mard g Npsre hY/\')
1S 'NH""NW’r "“'N')

C o tIMM NMM, G BEN )
1'”-— ""\’v 2 GEL )
vN-” Maf? s GENY Y-
!'N ”'MI'GFN')

2 PNy NRy yGrihty )

p e Mant g NaMy y aFM, )
;'2 * A2 A22
'

'NTAMDF(Fw
-NTAMDF(VM
MTAMDE (VI
MTANDFE (ADF
MTAMDF(?!

crrreT
<
ar
>
_"J
mn
.,.‘

'PRTTT1 (A
PPTTTQ -n

'740 TI=1, N“” _y S
..Bo 700 J 'Mwﬁr-
3PQ(K)—A°?'I..).

rQNTTNHF

I:l Nul[ . )
Dq O 11_1 "“'N‘A - .

ApR1 (T, d)-“Rﬂ(V)
VKo T ,
L EONTINGE L :
VTVDRT(Nppl'v(arlﬁ. )',QL)A?Z..J)
T=1/NMM : o

v elnw - ‘.Q :)")

— e et e

DIt >2>> ){?‘> DD
tand BN

=1
5 879

B
N~ I .

b

3

3

-3
<

: >
34 DA

3
SO
e

=z
»
>
>
1.‘
Y
—

N IOV
e oV T N

TN

55060«

A'..'ﬂ. 6{\ :

E 5 8):;0"("'4?("’-")
2 ..

> - .
DY L%
-

—
DO Db

-
e

rl
.
-

i‘,eg,«o.,,_qo'rh,ssn~

s

DT OMoe>NT-O>
4

o

rd

Y
-
-

NN 2D
k L K
3 W=

T

I el
We )
Vo P o

1 R *i*‘hf

.d)-Aaz(I Jy

COU-MMUT T

"—‘
AN
c—‘. ’
<
-
) B
Ail

II

.:1 S
(T d)-Agl(I d)..‘

ol 3
) (&)
W W
") 'y

QI

})
'»-‘
-

) . ; _ .
0, STATF - TRANS, CwATRIY PF )
0'.TNDUT ”ATRTX Dnoi') o
P0r, TNPUT mATRIX- (1, )

L MTMnRT(ﬁ



AN DN D
- :

,\n;‘T

H;T%"T

=loYatolalebTel

1= 3.w“°. CT T R
17 VA|(T) cLes ey A0 TN R8N
S r‘(}r;‘rrhﬂ}r e ‘4 E -
WNRNTT (/10 Ly T
.’\!,.L"'\(T”l'\('\‘"vf”?'r' fv", 01—\,'10")-'
LFAZa 1 S :
738 12197
AL MYSCN(Al?T ’“U'nrln fl”h)
ALL“CARP1(A19T Al 2ep=My P, ARY
ALL MYSGHR (AN, 7” N-M N N.,n) e
AL MTYLNM(?M, Fvl) ; IR
0~QOD,IT:}.NM“ i
IR V'(TI) Qo’wnn1yqnnjgj~
o CONTTINHF ' : L
G07T° q%a : R

1 ALFATY
CnMTTNué

, wRITF(evxnz)
CRETURH -

NA 38 1=1, MN“».‘7
AT 3u.J:1'V’
D : ASQ(T J)--A?’(T J)
£ NMM A, L) 6 0 :
ALL _LTADRUM (Aﬁn'zv.nwu.°'nrwv )
0 TR 208" - o e
(1,%):_gu(1,1)/(2,*530(’v1))
TNV, 1) =1 4/R 01 0Y:
3 &Aé%11?nIMVf£{QT.N- 'M-M.vp7L).
ALL MYSCAL7L oMM on gy g'rn o)
ALL MT”ERT(R;L(?EIS. A"O-.’OLuTI“N 0; MRF o 1)
LOMTMPRT (7). e Nat ) X
Rkté ORSFRVSZI:AIIiATé-A i.&?z. f'nO'P *vvu.n” M, N STeF r.
RETH RN i . o .
wRITE (6 10u) B
. Rr‘TU N

175 o
aRPI {?%4,,~ rYMNL onPFn On -CRVER rnD CnNTquuq TI'F-QvSTEVc
FORVAT (30%hrAD2 15 NeG, "rc J=NOMEER: FOR p7ap o FO, ) -
FODV“T 2AX, 1 A22 TS PaG, TEEI-TAR, FA, YTEI RS, ) ' .
FOPMAT(S0X, s THE NMATRTX K DTgC(ALFA) ‘CANNAT BF rnUrﬂ— Atr2. pAS
AST. ONE 7ERO W”H(COLHNN)o)
gonv ;} A2 TG E 3,00 srvrg p--SFr Sre M°, 0 ) 3
arvat {33%) .r ’E'VALU “CANfIAT RE CaLAULATERS qrr AL RUMPY
RETUPN & o ‘
CEND



2
J

aa ,,unR”UTTMF Ot

VVQV'DP—'JA< o

pumaTINE DLTS, R L SR L PSSR LB A
LA 10 A e T b i H A
1) ’ sepet i T 1 ’ - '.Y Ha R RIR ) : DDA SR R LR S S
0n )E,\,:ngmr 3?1111, n :r\r)LAj_g"1qv,.):v',[lC(,lngﬁS(HR)_;’\?_“”-n"n’
82 S f)) poept §¥8h /\nmdn 1}0),1’[),‘ %”‘0'139?{'(’}9."ﬂx.'p};]g‘,ijh-)'r‘ﬁ(‘!o 1n)
LR Gt R R U A R |
N WRITE (Ar190) ' Netr g MM, paENG) 0
an CEAPE BTRRE (URARGTTE DS e,
0N T JFE(FVL 17 1TrreSe N =MD :
o G ﬁlﬁﬁg?ﬁyl{in?inféso;N;”&";'GFQn}, :
18 - bl i N r— n R » - - v} ¥
21 Eatt 51?48?55:1851n5.§v5 e xévfig; .
‘ AL Holgring MM g CEM,
o5 e AW It s A214A22y
) dey 3 [ : e 4
- MM: 3..!\4 Lo . - l - (X .
o BRI (Grerearme st
an - 2 FORY ALY, ALIT ,MaMe1n,10)
0 -.SQE% 55;3%’5A19;A17T:M NYM, 10 ,10) v -
%2 : EQFL CARP1 (A%’wﬂtlT.N”V'”'VvA’lTA’
1823 e BN -— ")(] :
On . DO r)l{ K-—lpr.7' 11 f\ ;N'M'N'X)
00 - (C:m[[‘ Mggﬁé ' zl\ﬁ:e\(';c.; MM'-', r1.3)
00 CCALL MYTRN (X XTeNMM My 10, 1n0)
a0 - GALL Cthla(YixTingax'ﬁ N;3”¢§
nn Y - T A2 e » NMspy P
0 EAIL FRaLE (ABBY Sy by, 1 0)
2 - CQPL’MY?QN”(YJVToNMV'NMx Y

s Ny AN N Mra :
010 EAE GARES {X&%ngki %RB'NMM:N“/ 10y
90 v ALL B I;f'MMM : :
00 , Do "—)‘TJO_ =1, ’ ‘
08 509 8&1%16—%:%'1{ V) 10) . '
00 - = n, TV NI
i Mk gXégf (Y QSP ﬂéuhwé".ﬂv” ARR1 )
QN - '%I\IL!; Cl\pf’; (AP"leT"!”” ’”P./“ MMM'ARn) RN )
o0 CALL.éaRnd L
80 slo-cgy['3¥5p (Po.(nrlq.ﬂ)vrn.vSOL“TTn” OF mRE © t))
)Dﬂ : . - - ) r .
A gﬁtt 5¥¥%R7530E151nr15 AL e 100 EIGENVALUES OF Peor)
. M 2 ! P NVM o A )
an e EARRT(ATANARRL L”m”” : 381’16
0 CA%%_»xanv (1578, ARAL, A%} . ’
100 : Tk R1rP10r10, u.uv$ 51ed V)
B Hhdm emunge sty
A - My AT ’ ney N

20 CALL CRRPL fgnpo.ina1.N~’rM"” M ’L)
0 Y e Y. 60 Tn =30
T i 1t I 00
L R S Y n
B R e
g sogp s izimn T
130 v;-é§73g;787:n(r;J). | L AR
me - os4n R(T. =00 f VR | ,
wn 8520 CoNTINUE S (BFLE.B) 2000 L (N_V)* )
00" 550 CALL ggﬁﬁ@lf?Lé:u?ﬁfﬁn.n;in?qé R1,n2,01402,v, nn kp NLSTLE LG
%2. ~”">88C$°02§§RV(ZL'A11'412'6 ‘yA 2 v
00 2253, - _ o o
n 52 Hamunt® RO WOFES NOT EY*’T" NISCRETE TIMF SYCTFNS
200 52 FORMAT(,INVERST T rpvgn :00_ ISCRETE 1
10N 553 ‘RETUYN

nn R s



-~ - Ce * T o
Ut S T e I e C. >z -
C & & arm ' &emwg - <
———Ce —~ O~ - U< iz
e CC e C.om et > L=
L C it - -~ A .
- . e T e U >k 2
l\n.nc-l’y\l.na‘.llv’ r - C
Vﬁ\l.ﬂfn..lv - ﬂ\.nwm C
v O e gl el (e, 2 e
; —~—~ e T (T L =a3 . R VR
, (TRIEY M L N = TR Ll 2q .
T e e . e Com € -
BRI ¥ o0 Y e I N L] AVRLY — e~ v
U eC e~ 2 CCeC <ce € Z
Cov o C v CR vl o 140 & T
L o Ce i o o e o - a>> [
FCe agy - e E -~ - — o~ C L. pag
U Cl CCvr OO0 ez - L Cu
P I RN Y ) PRGN TR LoV V2 B -
LT ..N'\?ﬂ.]nﬂ_/?nM ~ 20~ ~~ e~ O oI O
E 2l e e alleC C e e e e Lol PSP o =
COLU srml—a 2o mele 2L el e o
A Y i Y W ~ a el CLULL~ e CCUE LU <
. e ~ OO ~ Ze 20 Qe G a2l O oy ]
CCCC~_J& «C<Ce — %l el ele. e meaaZlLtre " w00 . I
Lot o (DCed o o o b e e et alliU e meCCCL - e,
e e e ae amC -— I 1 )11.” S e » o T e - - P
LnUCE s Cm—CCw. N e w22 2 w22 e ez ez s ee s © -
e e OO e~ [ - TTEE e e nave el ~CCOCC e S
1\1(.:(q .- . . . e~ T eme Sl I e .- as & e -
o HC I e C el & Cey U —~ - e el TeE sl ool »aa o . . ~
el SR e 2T L v L e AR S OeZZZ S e sl O~ O : R
i Us( sC~e € T~ o e m e ) ' eg e e s say U se aCCC C o - ) -2
L e Qe ST e . 2 Tt . 'nls.o. o aSle e Sla o0 aN|fled o 8 o
Coem e = a00NC C o) e Al e aTUNY & & e e s O e ' I S
= '(\IAJEA—&L) ol & - H e o omO omed ) '0' - o ] '00”. - lllﬁ\FO G (@) tt
L oS ol X o SEL DO o e e . TR T e aCFC st s e - C oLl LLbCOF N o [ 2 Lo
-l v\)rlﬁ.\)o. C e T) e e v OO S e e Al (N~ : . R |
e e O et Cet D —~ e abrQreC *C arie-ie COCI CY s~ C . oC - - C C -
L OO G e Tt eSS A I C O S s et e C O L e e s (e < (I
e e s Tl O CC o~ e RO eC e C OO s el e w - R
I L e O e Clers e OOt i DL Do .\4\00«\\) 'l.lnanVA.VAu. & D AT e e S~ —~ o4
ST R CX R e Al e ale S TS el o Y e e SeL= = = . S C
CeZ L O~ od | CLOCCs n.n TN LT 'V.\n.ﬁ A s xC G2 Co = R = -
e C o~ e SN e : L O W ] o WHNNE Ll s ) TH G R ] LR U U SHR S . Ce —b!
[Val = r;.\,l.all\.A'D\.LM.(...l, e LR e T T F—F(l\(l\ c—._. St et e Wt | gt — . - . ft>
, A [odl & o <CHC N~ Oé,FFannnFFrCﬁ.nTTTTQTF —C 0\/), —~— LT
N . L e et o L OOCL2 220000 EOK DL N C - WO O Qe ot 2 '
IR T8 LIl 0E 2 ¢TI T @ ST 2T D 0L LR L o et =0 O Cwte ot
S FCOoOCCOCCCOCC. Ll I a2 30203 e & ars Rt S L B LR
e b i e e b b el = T T @ e et b e DS SR E R b e b b b e Tlrhrbzhjl(n/rh.a..rhrovl{-_ .
PR Vol Pl Vo Vel Val VA Ual VaiVa VotV a R ¥pl NNz w22 F 0 BT BT B RED B EIT e T e S D
Coi el cdd@fed Millvewvw e < S N S e B 'S T X 4 LLCLLEC =
o PR TWUS T TI PR3 VS, TH) VR SR TR FRE ) n)n.nnll\ﬁ;.l_ LI L s P LLLLL!\LL‘CP._(L(TT e~ 0 e ot
LET2TIIT2TEFE weodda L NI ) da gl < LI L e L e
Dttt gt et e e LS UL L LT S T L OO OO S U O e <Ll PRDOFQPO?ROT&.O
voococeccoocoo INNRRR I YOO QLULO CCCCICT.J'W.JG IWWG TCo—c
- Vel E - T B 0
L o N .
rm'rwmc,rm_,.dﬂ&;,&l)rmlt\/ﬁﬁq WIS OIS WY OO R)SR;E‘::SSR Z.rh.. O WO WO WO WU IS IS iin i W0 s
T T S P T P N N A N I N o O I C O OO N OO C O O O



R DR o F(Tvl)”“(T J)

NN s g= 1!““ '
5 ﬁA"‘ ‘ -’nv(fr :P(~'d)
R RInE 1= A .
S 5 Pl)r)lf', g=taett
N A ?°(T.J)—C(1 q‘
N 2% I1z1eM , .
S R 0 To Fve 1 St =0 B A2 SN S
2R 5 : ‘H( .J) n,x J‘ - ,
IR c10 T AN AT
3 CALL _TRNGFO(A,R 'P.rxPx.co,v u1,v MR, NP H,CT)
, =N -39 I:lvM"l; , ,
S D0 3% =1l
s CVFR”R(Ivd)ZFOVX(T+N'.J+ 1y
S IF LML EN. M) Fo T0 8
DO-9 I=1,M41 o
- Dn.a J:i;“ J) ( B
Q 21 (T, )z 1+~ )
CNOULY =, uME ' f } S
T T naT1g J=, NMY o
i ‘ C2°(I J)-C(I*V1.1fv1)
o CALL PRTrTa h.”],N.Ag}-Agp:A21rﬁg? )
B s e el R M
CAEk MY*RN“('Aléik 24.v{'§ﬂ?b16i10 )
CCALL MXTRN (. D1,D1T 19N r1ne10 )
700 11 Kzg,NSTFD o o
AL o ENe 0 STaNE J¢) .
00 1705 f=1sM° ”'T,~a. ‘ |
g S nn 1N g ' ' g
’ oo S « '
vog-‘_cALL chp1>( CvuF Xé‘ 1#* pn1,”w1,u1 ARp )
cAL! canpy Pl?vARn V1 ey VleA"“FI ) -
- EALL caAnPl ( fovw.n1T N .Mn 1 npn1
Gant EARBT RV RARITOY AR ARE o
~,CQ%L>”YAUH - LAMDAT, Anﬂ“.|AHDA1 ~1.~1.1n Y
&ALL éJR“(:LAMnﬁlojﬂ 10."1,u1.$%u5,JP.V )
CAL} CARPY ﬁ?”-APn,Mu1,Mu1,M1,LAunAp )
CAL"CARP% ( “?-ARP1.NM1.MD.~1.ARn? )
«C%CLLC”XQD.;(lasggA? Ang'LA"nA?. batl, ;1 p1n S
SCARPY - . ARy
Rt TR T A AN LIS P 5i ?151'P3 n, N2 M1 N"v*P hv‘*
THGPM Y _ .
Al TR B ET, NMINYT 110,10 ENE ’ -
CALL wXTRM (. PN, PUT N’l.anic 1in - ;
CCAL- CARPY ! F.PVrPnP NY1,NMT, N”l ﬂ”R )
CALL cARPY (- ARP.FT, NM1nNV1.N”1 GAMMA )
AR FARPY (PN COVI,NMT  in NP, ARA ) L
SRR Sund | AT AT e
CALL oMY Ann . (G ) ! ‘
e e R, ey AT ABR]£CA ' |
S Chy xRy ('rz?;rz?r Nn1vN"1L1n;;o An _
EREE EABBL L BARY AR IRV RE 1Y )
yc“LL Mxnnn " PST,rOVY?,PcT MM Mv1.10 )

V(1) i y
CALL GJ” (."51' 0 ln,uw1,UN1o¢Rﬂu d-.V )

¢ LL~CARP1'(‘ARP'D€Iu”N1 ML P



R R A A )

~a T

SIS SN S T T e T 10D WA IV TS T Y Yt A e T

VTN NN T T TN T TN TN A A S IR RS D A A R VS Tl T el ST ST T e RSN T NN ISR T

o,Mv‘ uu1,‘v1,,\nn y

((:‘:LL 0 n o n:vrg V] £1,10 ) -
. Ayl Iz £ :
o ﬁgtf FRBPY “0592A03"?M~1lﬁbv}M“Q.rvrnnn )
IF (M1 o NE 5 ?)pﬁo,ro, A . . -
oAb L T MTeDRT . o T8 A SUAN G N Y] 2] o .
FQLE'VTW’DT iy r\'/ééggf? Ll r'; s,,!n,,r pA,: (‘ACAQ¥§;;(‘{‘"-J_ATQTV
CIF MY RN, )60 w0 :
16 "4C"ILL C,\Dp] R ‘C:;?';L'V 1,,,ul,\/1,7\, )
oGO vxabn ot 7VbC0197” ":1'M1 in )
v NO.1%01 7=l - S R
_,_i b;‘: S nn 1nq1‘gg$§“m1v1 » v oLy T
. ' +vY gpa)=Cyenn " -
P e TRnsED (RoYY, Q.C:ﬁfEVPQTA&ﬂi”&v“wmnvﬁ INepa)
.CA;L HT“PS*'?Lér(Brl?.Q)..0;.L(G):;o&AT R S
" CALL MTMDRT b (AF1558), »Nee GATN ) ‘
CALL bTM;nrtfnwx'3?q3§53°?3$6'5ﬁnnon COVAQIXHff'“A*P’Y..')
CALL MTND,"’.T(FH(REj,SoR‘v'nr P F(I) o) e R
;_Cf\ll_l_ hﬂT\IWPT(ﬁ,"(qE15..R;'~'}.\'~'G(|()..,":) o
CALL MTMDPRT(F, 0 (BE15:8) 0, H(K) o)
CALE wTwpRT BV, (RFTSLAT 00 ZU 1 e )
G T0 ey o :
13 n°% 54 ggl;ﬂ?5_1.}'] L
. . v - pu— -'pl
S 0 EUERAR T v D) =7 Ak (T5.) .
on ' : POVY(T+“1'J+"é)—GﬁM”A(Y'J) SN
o CALL TQNrFQé$?¥"H;C'Dggx,y'aR”'Yl ".NR Nn ~.6 ) _
r *® [ ]
cact brupnTiratye s (Boi2 a0 kaRds cnvnarhmcr "Afn*x s
rA'L MTMPRT(F, o(8515;8’1vnrot(w)..o) ‘
CALL MTIMPRT ( Hy,y (AE15e8) 5 e0rs H os
o CALL MTMPRT ":.'»‘i‘(n'F.'l,f"J'B)jvl",'o;G.o'
t1 COMTINGE = - T -
O RCTUZN
84y 2
,uuAan;an(a. 5) : N
Su%,WRTT’(6.°6>.r; N o
o RFTIJ N L )
125 war-ﬁ-u , , o
MP1ZV+ . DI 5
3 N s - 1
HEARE3:2) séxrsyw;:f;myn ber
AR 5 CoVx(sy =t oty 114 N
SFAO'E{Z? fngVﬁsliﬁgiﬂ:’fHAJIT: .&P’
RFAnfs.?) (é?nVVO(T,J)wd=12u1.5:1é“3,3
' T AMD 7l , Ninat | =
»EQt‘ “T:NDF(F:ié?i&?:é?:&M“'va,'rFﬁ )
.C’\L['- '-‘T'WDF(Gplg‘qo,.S, rINMur My, GERE )
. ] i
AR AxRE§e&&péé?;5§;4&?g:?3'& TEE)
oAl NT/\'\‘PF(r‘v‘lOvlﬂr,Si'“ 0!‘””0 erMv\ B
i,C\LL-HTAMnrirxP§.1n,,,.q; L1 0 GENG Y
- C/\l_l_'N’T'\‘\‘,C cov '10'10vrt_rnpru o"FN"'_
“CALL -“T/\v’DF(rg::\'glf\'1O’0' ép?'n' MNPy RN, ) _
: MPE (R OV 1N,
CEAE MTORRT (R, v{ﬂé}g'éy:an:fﬂRTéquL RTSIHSUA?'F NaT«Iv Feos )
cAl MTMP ?(VYPX ~15¢M ), DTATN (n
Cgl:ll: M-;Nng‘r(r‘r)‘lx::gggls.n):_g:: % ~TMA }i (‘n\l!\n \’AT"T\I re Xin )
ZCALL'NTVPDT(FW”x'o(Br}é.“),, 0, DISTUPAARNCE £AUAR. “ATRIX, ¢ )
CALL NTNP?T(COVV9r.(nElS- ) n.."FASHPthnT M0*<F rOVe MATRT
;WOITr(er1n?) ‘



TN U SO N NI IRAJT DA G DWHA NIV N WA AN L R idio nan

1?6‘1
127

)

BT
131

Nelal

DO NONINODRS

Oy

J>
joRuy \'\‘1&"\’3&*)2*"‘.{"5"1"!_1—1—["?'—‘- -

S 130

CA!L TDN O(PVFR”P

-
moOoO0Om

Notele)

D>

SDODBOD I T

—

T

K=1

[y
L M
a’ 5

e LR

N

D= - e I
Cror~
2 i

'ﬂT‘ﬂp

"0 131

CALL ™
TALL ¢

COAL €
g

CALC M
’AEL s

CALL v

RO 132

LW

Np 133

f‘ov13u

"o 135

Eh. rr?

Tosm AT T
z
)(
L3
3

r—-‘- r‘r'-a

eXele]
o e L)
UZ}—U,TI

- ”T"DQT(_'l 'I (QF
B3 I=letl’

1
2.
2]

MTMORT ([

L .

Ll it T

I 9> > Tl
»“3‘6’7\'3‘*" B}

7] TAITIND>Ewe

—— e~y

b

D—T—
f - .

A N

,MQTFD

1) ' ' :
+ % ( OP‘E;—;”;”'“ ‘FC']'A”" (\ME'(‘r)‘l’p\r)nl
ADD (. (‘"FG 1vr V\/’HO"‘F(.]J '“’ '10 )

A ﬁrfF'C11.-' 1np“l9“ ey C'V )

C DD1 (ALl A P '0" EG, 1 ;N"“’M’t"'7l ‘
8‘..«..OP<FQVFR GATN ”ATPTY

N 13“

—
—

>
-

yre My

40330
|| ‘\‘A-—D-—‘*“‘
B

RT(

TR I

B el Rt gy TR

‘Anr nm.

anF RIv ne Y(

,<a-aﬂ4vag<

S T I ] oy — S ot
TP D= -~

i—‘-D
T e -

¥

T
nA~

Ry
[y
P
—
-~ -

YTOM
olaX}
ggni
ARP1
Y TR
ARDY
XADE -
XTRN.

Izten
no *13...‘ J= o :
: ”rv;pOR'I,;x-covva(*'J)

1o

T=1"

n;ﬂ_‘ 133 =
'.CerOD(I+~.J)-ARP(71J)

T"'!'N_’ -

-00 13 '=1pNM"-

) "CVeRO RfI"4U)-ApﬁﬁlIv')

T=1eNYN :

ne’ 115 N

> >

'{\;ﬁv "‘ N Afoy .
N‘f’oN*nu,M r{nw rt(h‘
\l r:]NMH'" oMy /\DQ)

(X1 M Ny
é,,NJ&,&’MMa?Apnl
/\ ?[1,ARA] vN"*"l"”V,qn )
R? 'NH“ My10, 10 R

DD« TO TN

B>ADINN DA A
et T T= =N

Re T4ordin)= An"1(I"
’ YDV g COVY M M g MR HID My g
MTMPRT (FYER 8r1%,
PPy ( FrEY ,N.J"V NV” ARR y
RP1 A Q My ;

)

- (l,)lg')

n.'nqcr&urn GYQTtv MQT?§Vp :;V7§).
necr = ] OO T UATR 14
P.vO E” %b " K_,)'F{y -1

i

'A ;.n..FPRnn CAVABT AL~ YATRTY



AN

COALL. "CADRD Y (A7 oM G )
CALL X TREN O aley, ARR oM, 5 e10510 ) .
ML caAnDy !‘Prrw,rnv'°.u ”rN'An“‘ )
CCMEL FAARPY O ARAY JARN Ak g N APRD )
CCALL MxADn L OMEG, ARn .o-rG N'H 10 )
CCALL Al O "”FG ‘FG.M. 10
120 CoMTINOFE o - : _
RETUDN o o
ruﬁ YWRITE(Ge27) - : - o : A R
oRMATT () : e s T : o ,
7 FOPMAT (1111 ,20%0 Y120 » AL THE MFAQUPFMENTS NOTSF ~ORRUPTER
1AN. FTLTER 1S USEDN,/ )
15 FOQM“T(?XioXFG(K+1/K+1):’I-p(y+1)*r)*A*XFr(u/V’ + *-H(V+1)*f
1K) + PKeYxY (V1YY ,//)
19 FOPHUAT (141, 20X s, M1 ¢ ¥ SOME MEAGUREMFNTS m0TSFE COR”U”TEP - A
1 0PnER OR;ERUF“-FSTtunfno ‘aF ORPFR H=M1 Tg ucr“ '//) _
99_FOPMAT(ZXii?pg(K+l/K+1):(I—”(V+1)*F°°)*F(/)*qu( )+ (1D
122 & (K &1 (K) + rI-P(K+1\*r9°)*G(K)*ﬁ1(K) + PV )*(VZ(k+1)-
21401 K1) ) e 02 /)
20 FORMAT(IH1,20%s ,M12M y MTAGUREMEMTS ARE Nnvcr rRFE - MINTMAL
~ 1 ORSFRVFR-ESTIMATOR Ar OPDFn N=VM . 1c VSERe, 7/ «
23 FORM“T(zx,.7FC’K+1/V+1)' (K «ZEG LK s12) + P(V>*n1( ) 4 FfV)*“(
25 EopATISND IR CAMT 0L CATniEED < Dioky SIUEA R
56  FOPMAT (5 . TANNA P_ ' - 1 '
53 Fogm\¥£g§:} HE;GAIN A i rANNov PF rALruyATg
00 goggiT(qu'rgznp%' ) : _
{ NRMAT (2 AR
3% anMﬂrgsif,urwrwAL'onnrR 0nGFRVED "nF oRnrp NeM 1O !qu.)
03 FOQMAT(WK;'?(K+1’=F(v)*7’K)LP(K)*Y{V’+H(K)*H(V3r’
CORETUPY o
END
.léUGRgngwr ”“S’PV,( 7L'A11.A1?.A?1.«92 P1 no.o1."2 v mn.Mn.m
‘ ptie TN . ) :
o D%xgms¥0m ZL{%?.IO);Al%{:0v1ﬂ;pA1%(lni1?) g?1(1?6§n):?:?{1?.
MEIST O B ein e 10) D110 12 (1 o F 0
BIME“Ergﬂ H?10'?ﬂ}0Ad?105?01rG(lnryn)'Bh 1n 13
CALL CARP]_'(ZL"\-l’é'bl"”)“"f"w,p), : :
CALL -MYSUR (A2 FeFiNaMpN=M, 40)
CALL CARPY (F o2l oNaM N=MeM, ) -
CALL MYAND (GoA214Ger =M™ 21n)
CALL CARPYL (ZLeALL,N_M,MeM, 7R
CALL MXSUR (GeARPGyNINMpM 10
_ EA%L CARpl-g?LiRI&N—M;Mv”RoH)
CCALL MXSUR (B2 HyNLMaNP 91 4)
C'\LL C’\Rpl (,-.’L'ﬁlpf\..N'V'N TnN
CALL MxsyB - ( D?.PN.PH'N—’p”nblo y o :
IF (. ST JFE0e-3s T0 '
S CALL Mrvnnr(r'.(ﬂr1a.9),on,,c (n_v)«(w-w) OnQF“VFP SYSTEMW MT
EAL MTMDPRT (G-.f Fle, qgo,n,.oqgrR/rn ouTpllT “ATRTVo. R
AL MTMRRT (s (AETav8) s en ), ORSFRYER TNDHT WATRTY o3
-2_§gtu-w— S L _ \ :
XAk



C
0
r
tie y BENY Y.

LM GFN, )

1

r\d Cc -z i

[} ’
1 0
A n
)
4
12,0
[ LA ]
60 T 7
TN &g
.0 1"
o T0.'2

Tn 19

a0
T
"6
g
60
Jd

Y
)
T
Y
}

— v e e -
_— MO N . )
e COT e o T 2 Rv
— H [ 3 od G T SR | i OI.\P\P..« - = .
L N SR oo T\:TF.. CUR> Il e [ [ lm & e
I::ll::vGL(P(::LV))L(HILJ))J(%IJ
X U @i med SV e o C LY e (U o C T TIIOY H1TT
AU e O et = N Ve e 1D O el D~
__T S T i T § I B I H Y of N T e o et SUE I o L e | | [ D O
I:.LT:L DT B S S I § P\ a:.LKT:l(LV:T.T.SXI.L(.L.r WX X~ ~
e e e Lol COr e bew - Cerser i Jwwd sap Semwo YL
...-«.1;11.1(1.7\U, (::JI\TMTT(K«L%(ZII»(((QV«VN:T.TZL(OY\V«: - o it
- et e e D Lo Ul U Cm . USS<C
OOVOOIO SO G CINY W T MY OL I~ ~T2 2L I0QI~~CLICOI~—OL -
DnD.D)an.DLT.LD.l FCD.Dv T..CD.) OO0 C P\D.P T.CCP\.(A ADICCCCAA DC

2y

SAMVY (W
HCOYY .

o MAUY Yy

—
-
-

]
(
Vv

3

JENE)

TQ'NE.F’O')'
sl
ﬁi"

p

c
a2l
vl
40
TN

D1 g N

T T ot N;-uT,v'Cn17
PR Svisd : = . [ S e 1‘—_!: -
U e 1 e Tl

;L),MF4E.)

TIT\
?2!
13

!
S
Loy
31
~Enn

-
<
<
[
-,
-

"
t

(

F
qf; *

S DIME
B‘[ﬂl_ N
1
IUTF
L
ALL
LAt
CooMprz +1
: no 1,
v_1 axe1

N > o - SRS < N wl SR s
L e e e ) BRI e ll

PR

D RPN N NP Ay S VLA LA /n._rn‘rO.,Orn RolsNottal\e) /.ﬂrnrh,rh;n./h LOLCLOLCLO 660. LSO LCCOL



Me

Lo
~lu—~ 1
',Cy ——
o e m
B YRR AT
TR e
. s
o 0 DC P
> r L
St D L
Ccra2r-<
- <2
e X
. P A VAN
: . P ol ol
- eSS ¥ g o4
S e C<>0F
- » - CUaT
- 0 - -
.~ <L O
o~ T caocee
o nLccoe
R UL CC
: > > g VplVaIFRTR
—— O <z 2y
Y <Az
s e o aa O <
. @ ¢ a a . o
o o oo . L ol o
- - - e e . S .. s a =
o ' . . - el e - ~ S CC o o
o et — COC O —~ S~ LN Y ol aati ¥ 9 1 -4
. - - : = . "n).',ﬂﬂ -~ e e e e el
- —_~ N o8 “a e e e Lo a = -
(& S (S o - e —~ O~ iNn 20 oL L ~CQOQ
S - - - x L et & e a7 ) o scC 22
- L e . —~ N R T VR La e -l e e -
< N X O L IINCIN@ - X s ST WAt O
R Ao il e (B 7 - e - s (e -l T - Clhiliiem (D &
. SN L & R e - (VSR PR TR SN o —-Caul
-~ S R - e~ -~ ~ Qs e el e SO~
: [ - P . - - > P > N < § 2 &} R S A UL VO o)
— e e~ e~ S - N =t - N e - C - a eal > oY e e - s ea e e
= A S A | i NG e ) et - LR AR el o A, e T e -
R A1 * TR ,F( B ol LB o i r <l Ccuwe. ez @~ 2.7
—~ ol ol - el nt 2 S e T At DEAS U TR X g o ¥ albradirinl Lol il Mgt
N T e D L e X0 h)_. e~ ¢ sav amOR T bR e O e e b b b o
Rl U I 0D g L b Rt S e L R I o WY Lo Lol L Foll Y ~ARIEEN of o 0. R ol avile IS XD PRI R s o sl o al o DR X P ing
DU A= X WOHTIOU e Coe MO UYL " CCC oCOC QG CCOCNHNCQACOCC. oC.1 1<
TIPS AR TER T B T by I TN Y B [ R e~ S B e .r_. Id:INVPEv:vE:NM SIS MO X2 IIS2 T
Comem e GO e T s L e T I -~ <CTOHEDCHER R o< <l HERERERR o 3]
TITDIXGT WM AN~ ") eIZ O e (bOOJZ.llCN.( 2 NEE M.....CCCC/D O~2 E22 2200~
TG, LS SCETITICC T e e C e e O W Ty oo
L ee :LK(v«XvAO n« v.ll(..lTIL(.f(TO.? T.? I2LTTQTTT.LL:\.LL LM .I.LLLO o LLLLL(L22 -

: (I\J.V.\Y\FHVNXOH ((OOFKOV. AE.. __FOOOM OKOAOPQPOD\AAFA«A AVAAA,«AO ﬁ(Q <7 <T«T. AFA«O o~
3GHFQQIF,FEDC(DGDIPCKCILICPDPDPDCCWD CWCCICCCKECC(RCCECTCDDD

o : c s SR A T coo - o
- . : VR BT R , o e o o o -l . o
: - g (SN o USIE 4V .

© RS . ~



TG IR T RTO DR ORI PRI T

T e TR TR

223202322 DD DI D]

ot Rmarl gl B g T ST e

'lw., "‘T’”’T’Tgn'9(ﬂr15 R)"ﬂ,,TP'\r C,FnD"FT‘ PTC‘THDD(\N(‘r— ulx-rpyx..'
| SUNGCYR G I

NTVDQT(PGVY'vfﬂrlﬂ )y, 00 FDRAT. CﬂVAoTANrF vnfnvx,,,,
ALL MYXTRN (DM oDPMLr N, "1nr10 ' .

ALL CARPYT (- l‘].'C()"Vva sMLUAN Y

ll CARP1 { AA, ””1T NeNe F'ran )

N - , e o

4 =
s e L9
’1
av
Nol
~

(
o~
)

i
[
—
pre)
Z

'pM r’”lT N N'l'n 10 )
(- p¥, A'Hn'p“r" ) .
( f\? s PMET , NYNeNyA )
: AMPDPMIT ,NeNeN
v; T’ yNal
v
S
’
K

MTOONONZTONON LD |
OO>>>>Q‘:U.”11>,>,>fg'U,>_ S

1y STATE IAnI%Q ARP ”EOPTF“TFN Aq FOIL”WC.'/
FORTENT~D SVSTrH ﬂV”AMT"G'v///) o
0T -0OF pULL RANY,)
';2"3 = Y(ou7°'t’r)
' .

FORM

o)
—HA A4 OO
5,0 e Yo Tt v T Ko
T Z‘xx

RS RS I IV TEee Bee )
D iow.

R T -

- HHH—-{
TIZZ
> -
D~Ni

~
D T

e NN
=

gtﬁrv.ch,u.ﬂ'N.1n)
1n'10oN.P.$SO Jc, V)

)

oy

,
B

[k st
.-
z2Z

DI MONNT <D

=
[

.
=z

44T D) =Y

-z
_ , KD :
=~ EZZOZTO0-NINVOE WZO SOOI Z—E N 2Z

-y deai
ZZWN

e . “.—‘

- e~ T
[« Jipe] [ Yus]

T KA

- D> T2

—
]

T
DIT T TJe KOVIVINHIETD

P e e i e e T te b Tt I R

X
S OMD e =T <~M> DA IDC~IDANTAD L DS MO MO DN DOO—

zZ

~ODD2PPRP~OO0OPMI222>~205>20~0~2D QD> 4D ~r
=

e~

—< e T e e S R VT B B T dend L e R TS T3 Y EEREE

e
e S PN AT T = = XN T 2 AT = G s A AT T — T

11aDD ~

O DT OO0 O AN TTOAITONOONTTANO
pe- 2N
[

Py
e
—

p)

, B 10 1o'k M %50 JC V)
Go T T

FoOpMAT
RETHRN

AXs P TNVERSE . OFS. NOT EXIST s¢//)
END ) o



"’“vNH VK l")

o URRDUTTHE CARD (6C,Ph, o

IMETISTON € 010,10) P(i”o1q.1n).nc1n 10)
0 o N 16D T=1,MM 0
n : SR Yo RO N4 .J:IrNN;,‘
I R P SiM=n, .
0 o NATTAS K=1eNN - , :
0 102 S gy Snv+Cf(T.v)*PP(K.;.VV) AR -
N ST S D(T,oJ)_Qth'_ S
N 100 o CONTINGE
0 O RETUPN , P
0 CEND S
n~ SUNR”UTINE CARDY ( CrtrP™1 oty NN, Nu FLIINY
n I”F'SION cC1t10nln),PP1L 1N, 10) ﬁ]( .10)
n - DO 490 I_lrM“_ AT o
n ) uﬂo J=1 NMT
n , SU”'" e -
8, u02 SBM-qlM+Cri(IrK)*PD1,K,JV
n NU(TrJy=SH™M . SR
g uoo CONSTNHF
0 : EN“‘_;
n- »“*1’ SlﬂR”lT NE PRTTTI LM N A ,1?.A>1.A22) ‘
:n ) ",D{MFN%rgurn(lﬂrln)f 1?1 vl Al?(1o-10).a?1(1n.10\.n29(1nr
n MpP =t , S :
N " po3INL T=1.M
0 no 3-’)1-\‘51:10”'
0 301 ALL(Tegi=A(Ted)
0 g5y LY
N 21 =MDy
A 21 ALR(T. SRR
noco 'go R2 T=uPLeN.
10 E S0 Al 1= Mo ) '
0 .22-A21?!-J.55:A(IJJ)
0 NO 23 1=MR1 N
D 23 A3(T-iuiEatren)
}ﬂ 23 ,')f) -th - d =A [}
0 CRETURN '
0 CEND
U*“‘”*”*““qnnnﬁur FE PR TTEOA M N L ReY
oo DIMENS IBMFAA(xn.lc).ﬁf f 15))9?(10'10’
A | %‘8“”' \ R

: . fod LY

0 -~ pa s A3 NR
n 2u<ﬂl(I'J):Aﬂ(Ind) -
0 . 0 25 1=tP1e
N DO 2% gz1,4R.
0 25 Bz(t-v.d)-AA(I.J) C = .
: T RETURN:

END



‘10.
11. -

: 4_12 . .

REFERENCES

"R.E. 'KALMAN and R 'S, BUCY '"New results in llnear

filtering and predlctlon theory" Trans. ASME, g
.Basic Eng., Ser. D, pp. 95 108 March 1961 '

A.E. BRYSON, Jr. and D.E. JOHANSEN "Linear- fllterlng"
' for time-varying systems .using ‘measurements con-
talnlng colored noise", IEEE Trans. Automat. .Contr.,
Vol AC-10, pp. . 4-10, January 1965. . R 5

D.G. LUBNBBRGER,,"An’intrOduCtidn:to obse?yePS";
IEEE Trans. Automat. Contr.,; Vol. AC-16, pp. 596~
602 December 1971.' . L T :

‘D.GleLUENBBRGBR,'"Observing the state of a linear

system", IEEE Trans. Mil. Electron., Vol. MIL-8,
pp.,7u—80' April 1964, ' ‘ S

B. GOPINATH, "On the control of llnear multlple 1nput—
output systems", Bell Syst. Tech. Ty March 1971.. -

- D. G SCHULTZ ‘and - J L "MELSA, State Functlons and i

Llnear Control Systems,,McGraw Hlll 1967.'

O'REILLY and M.M. NEWMANN, "Minimal-order observer-
estlmators for contlnuous tlme linear systems" L
Int. J. Control, Vol. 22, pp. 573 -590.

Edisen_TSE,-"Observer-estimafors for dlsqreteetime 
systems", IEEE Trans. Automat. Contr., Vol. AC-18,
PP lOélG,'February 1973. . . ~ :

: K}'OGATA Modern Control Engineering, Prentlce Hall

' Electrlcal Engineering Series, 1970._

G.A. HEWER "An .iterative technlque for the computatlon_‘
of the steady state gains for the discrete optimal.

' regulator" IEEE Trans. Auto. Con. Vol.AC-16,pp.382,
~August 19 il )
F.R. GANTMACHER, The Theory of Matr;ces, Chelsea

Publishing Company, New ‘York, N. Y., 1959.

‘F;W:sPAIRMAN, "Reduced order state estimation for .

discrete-time stochastic systems", IEEE Trans.
~Automat. Contr., Vol. AC-22, pp. 673-675, August,
1877, . EER ,



13 .

1t

16.

17,

- 18.

19,

" E. FOGEL and Y.F. HUANG, "Reduced order optlmal

state estimator for linear. systems with partlally
‘noise corrupted measurement"'vIEEE ‘Trans. Automat.
Contr., Voli AC~ 25, pp- 994~ 996 October, 1980:'

J S.’MEDITCH; Stochastlc Optlmal Llnear Estlmatlon"

vand:Control, McGraw Hlll

15 C.T. LEONDES and L.M.-NOVAK,,"optimalvminimai;ofdérf

_QbServershforvdiscrete -time systems - a unified
' theory";~Aut0mati¢a, Vol 8, PP - 379-387, 1972.

M. ATHANS "The matrix. mlnlmum prlnnlple ,'fnform,”
,COntro; Vol. ll, pp.‘592, 1968: . B

L;O;'CHUA.ana.P.M; LIN,. "Computer aided analy51s of

electronic. circuits: .algorlthms and computatlonal
- techniques", Prentice-Hall Series in Blectrlcal
“and Computer Englneerlng, 1975 : :

WA, WOLOVICH "Llnear multlvarlable systems"

Appl;ed_Mathematlcal SCJences, Volume ll 1974.

M;”ZEYTdeéLU "Pole assngnment in llnear multiva-

riable systems" Master of Sc1ence The51s, Boga21c1;
-‘Unlvers;ty, Istanbul 1981. :



	Tez4131001
	Tez4131002
	Tez4131003
	Tez4131004
	Tez4131005
	Tez4131006
	Tez4131007
	Tez4131008
	Tez4131009
	Tez4131010
	Tez4131011
	Tez4131012
	Tez4132001
	Tez4132002
	Tez4132003
	Tez4132004
	Tez4132005
	Tez4132006
	Tez4132007
	Tez4132008
	Tez4132009
	Tez4132010
	Tez4132011
	Tez4132012
	Tez4132013
	Tez4132014
	Tez4132015
	Tez4132016
	Tez4132017
	Tez4132018
	Tez4132019
	Tez4132020
	Tez4132021
	Tez4132022
	Tez4132023
	Tez4132024
	Tez4132025
	Tez4132026
	Tez4132027
	Tez4132028
	Tez4132029
	Tez4132030
	Tez4132031
	Tez4132032
	Tez4132033
	Tez4132034
	Tez4132035
	Tez4132036
	Tez4132037
	Tez4132038
	Tez4132039
	Tez4132040
	Tez4132041
	Tez4132042
	Tez4132043
	Tez4132044
	Tez4132045
	Tez4132046
	Tez4132047
	Tez4132048
	Tez4132049
	Tez4132050
	Tez4132051
	Tez4132052
	Tez4132053
	Tez4132054
	Tez4132055
	Tez4132056
	Tez4132057
	Tez4132058
	Tez4132059
	Tez4132060
	Tez4132061
	Tez4132062
	Tez4132063
	Tez4132064
	Tez4132065
	Tez4132066
	Tez4132067
	Tez4132068
	Tez4132069
	Tez4132070
	Tez4132071
	Tez4132072
	Tez4132073
	Tez4132074
	Tez4132075
	Tez4132076
	Tez4132077
	Tez4132078
	Tez4132079
	Tez4132080
	Tez4132081
	Tez4132082
	Tez4132083
	Tez4132084
	Tez4132085
	Tez4132086
	Tez4132087
	Tez4132088
	Tez4132089
	Tez4132090
	Tez4132091
	Tez4132092
	Tez4132093
	Tez4132094
	Tez4132095
	Tez4132096
	Tez4132097
	Tez4132098
	Tez4132099
	Tez4132100
	Tez4132101
	Tez4132102
	Tez4132103
	Tez4132104
	Tez4132105
	Tez4132106
	Tez4132107
	Tez4132108
	Tez4132109
	Tez4132110
	Tez4132111
	Tez4132112
	Tez4132113
	Tez4132114
	Tez4132115
	Tez4132116
	Tez4132117
	Tez4132118
	Tez4132119
	Tez4132120
	Tez4132121
	Tez4132122
	Tez4132123
	Tez4132124
	Tez4132125
	Tez4132126
	Tez4132127
	Tez4132128
	Tez4132129
	Tez4132130
	Tez4132131
	Tez4132132
	Tez4132133
	Tez4132134
	Tez4132135
	Tez4132136
	Tez4132137
	Tez4132138

