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GZETCE.

Bu tezde'dogrusal olmayan devrelerin periodik ¢6ziimiind
dinamik‘denklemlerin zamana baglmll ¢ozimlini gerektirmeden
buian bir ydntem incelendi. fﬁntemde gbzoniine alinan devre
bir dogruéal ve birden fazla dogrusal olmayan devreye ayrig-—
tirildi. Sadece dogrusal devrenin frekans alanindaki ¢dziimi
as1l Q?zﬁmﬁ elde etmek i¢in yetmektedir.

Dog;usai‘devrenin ffekans alanindaki denkle&lerinielde
etmek igin kullanilan Karigik Digiim denklemlerinin gegitli
gekilleri devrenin gerilim ve akim grafiklerinin eldé(pdilmé—
sipi agiklayan ydntemlerin tanitilmasi araciligi ile agiklan-

di.

Y

\

Salinimlarin periodunun bilinmedigi durumdaki hata ig~
levinin egimi igin yeni bir ifade geligtirelerek Nakhla ve

Vlach[&] tarafindan gikarilanla kargilagtirildai.

Yontem gesitli Ornekler lizerinde denendi. Devrede bu-
lunan dogrusal unshrlardaq yararlanérak problemin biylikligiin-

de Onemli Hlgiide indirim saslandig1 gbzlendi.



‘ABSTRACT

» A method for finding the periodic solution of non-
linear networks which avoids the time domain soiution{of the
dynamic equations has been investigated. In the metﬁod, the
network under consideration is decomposed into one linear and
several nonlinear subnetworks. Only frequeﬁcy domain solution
of the linear subnetwork is required. | ,

Various forms of the Mixed Nodal Tableau equations
which are used in formulating the linear subnetwork in the
frequency domain are explained through the introduction of a
technique for obtaining voltage and current graphs of a net—

\

work.

A new expression for the gradient of the error func-
tion in the case that the period T of the oéciilétions is
unknown'has been developed and compafed to the one derived by
Nakhla and Viach([g]. |

- ‘-

The method has been, tested on several examples. It is
shown. that considerable reduction in the size of the computa-
tional problem- is achieved by taking advantage of the linea-

rities present in the network.
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I. INTRODUCTION

One of the,moét importaﬁt praoblems in Fhé computer -
aidéd design of nonlinear systems is the steady-state analy-
sis of nonlinear networks with periodic responses.

‘It is always possible to find the periodic response by
integrating the differential equations that describe the ‘
systém until the transients have died out and the steady
state remains. But this approach has been found to be extre-—
mely expensive whenever the transients are goverhed-by time
cdhstants/that are very much larger than‘the~perjod\of'the
Tdriving fbrces; In this case, continuous integration may
require quite lafge amounts of computing time, since the
transient response may be significant for a hundred cycles or

“more.

Two types of methods have been described to solve this
froblem: the harmonic balance method[1], [2] and the "shooting
methods" [3]- [7]. In the harmonic balance method, the résponge
is aééumed to contain a fuhdamental éomponent of a known or
unknown frequency and several harmonics which are believed to
‘be dominant. In this way each state variable is repfesented .
in the form of a Fourier series expanéion. This assumed solu-
tion is substituted into the differential’equétions and an
-optimization aigoritm is used to adjﬁst‘the amplitude and
phase of the harmonics, i.e., coefficients of the Fourﬁer

series such that a mean-square-error function is minimized. ’



iAithough this method avoids the computationally enpensive
process of numerlcally 1ntegrat1ng the dynamic equatlons, it
has a serious 11m1tat10n in the large number of Optlmlzatlon
variables. If the system of equations contalns N state
variables and each of them requires 2M4l Fourier coeff1c1ents
for the dc component and M harmonics, then there will be
N(2M+1) optimization varlables. This makes the method im-

practlcal for large systems.

~
4

] 'Shootlng methods 31~ [f] solve a two- polnt boundary

- value problem. ‘The basic idea of these methods is to find an

initial condition vector x(0) such that when the system equa-
tions~§g= S(ﬁ,t) are integrated over one period T, the state

“vector is x(T) = 3(0)1_ o - -

it is obyious that the harmonlc balance method as_ /
orlglnally implemented by Baily [1] ‘and Llndenlaub[ﬁ] has the -
advantage of avoiding the computationally expensive numerical
integration of the system dynamlc equations but a main dis-

advantage in the large number of optlmlzatlon varlables.

Nakhla and Vlach[gl modlfled the harmonlc balance
method in such a way  as to reduce the number of optimization’
~var1ab1es by taklng full advantage of the fact that consider-
able part of the network 1s usually 11near. In the P1ecew1se
Harmonic Balance Method proposed by. Nakhla and Vlachl?] the.
nonllnear network under cofhsideration is decomposed into a
m1n1mum p0551b1e number of 11near subnetworks and a m1n1mum
pOSSlble number of nonlinear ones. The termlnals of the
linear subnetworks are excited by periodic sources in the
form of Fourier series expansion. Then the linear subnetworks
are solved in the frequency domaln and the coeff1c1ents of
the Fourler series arc adJusted 1n such a way as to satisfy

the topological and constitutive relatlons of each subnetwork

\
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as well as the topological equations resulting form the in-
terconnection of these subnetworks by using a suitable opti-

-

mization routine.

, The Piecewise Harmonlc Balance Method proposed by
Nakhla and" Vlach[8] has reduced the number of Optlmlzatlon
wariables of the classical harmonic balance method but 1ead’
to a port descrlptlon which .is not sultable for generallzed

computerlzed appllcatlons.

Goknar and Vlach[9] has -extended the Piecewise Harmonic
Balance~Method for»ﬁostiprec;ically encountered nonlinearities
by;decomposipg\the network under consideration ﬁntovone.lineal
and several nonlinear parts. In phisrﬁEthod the port descrip-
tion is avoided so that there is no need to decompose the whole

- . network into special subnetworks.

In this thesis, the theory of the Plecew1se Harmonic
Balance-Method as developed by Goknar and Vlach[@] has been

examined and the associated computer program prepared by G&k-

nar .and-Vlach[9] has been modified in such a way as»td solve
e}‘; ,;he‘cifcuits;contaiping diodes and transistors as nonlinear
v elements. ngeral,cases of nonlinear periodic circuits have
been solved. ihehstruCture of the .thesis is as follows.
. - . | S ,
In. chapter. I1 the basis of the Piecewise Harmonic
Balance Method is introduced. Constitutive,equatioﬁs of the
vdrious‘dénlihear elements are discussed. The idea of source
augmenting pfoceduré to seperate the network-into one linear
and several nonlinear parts is explained. The systematic
procedure for removing nonlinear elements is presented for
flux controlled inductors and transistors. Finally the scalar

error function to be minimized 1is defined. -

In chapter III the procedure for obtaining the respons



of the linear network is introduced. It is shown that the

solution of the linear subnetwork is obtained only once for

s

each frequency and for unit aﬁgmenting sources which is suf-
ficient for all iterations and for the calculation of the
gradient. The formulation of the linear network.equations is
also introduced in this chaptér. The Mixed Nodal Tableau
(MNT)Aformulation of;the linear networkleQuations is explainegd
in detail. First the importance of the MNT formulation is
explained(using single graph technique. Then the power of twe
graph technique is introduced and a systematic procedure for
ébtaining‘the voltage and current graphs of the circuits is
investigated separately. Finally the solution of the linear
network equations obtained using the MNT formulation 1is
introduced and.an LU decohpositibn algorithm which applies

partial pivoting on rows is presented.

In chapter IV the evaluation of the gradient both .in

-the. case that the period of the oscillations is known and in

the .case that the period is unknown is introduced. In the

case that' the period ‘T is unknown an original expression for

the gradient is derived and compared to the one presented by
Nakhla and Vlach[8].

In chapter V the steps of the algorithm using the.

Piecewise Harmonic Balance,Method is given. A main program

J

and several subroutines are presented for the case that the
period T of the oscillations is known, Some comments and
selection of some important parameters required to start the
program are also given.

In chapter VI several examples have been solved by the

proposed Piecewise Harmonic Balance Method with known period.

Finally in chapter VII concluding remarks and sugges-

tions for further study are given.
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I, BASIS OF THE PIECEWISE HARMONIC BALANCE METHOD -

3

In this chapter the basis of the‘Piecewise Harmonic
Balance Method is introduced.

Types of the two-terminal and multi-terminal nonlinear
elements are described in section I. o

The idea of source augmentiﬁg prééedure to seperate
the network inté one linear and several nonlinear parts is
presented in section II. First the method of Nakhla and
Viach[8] for seperating the network ‘into linear apd nonlinear
subnetworks are examined, then their idea is used to explain

the method extended by G8knar and Vlach[?].4 I

3 . .
AY

’

The systematic procedure for removing nonlinear ele-
ments by-connecting the augmenting sources is investigated

for flux controlled inductors and transistors in section III.

-

L4

Flnally in sectlon Iv the error function to be mini= -

mlzed is defined in terms of the complementary varlables of

“the augmentlng sources.



II.1, NONLINEAR ELEMENTS

In order to apply Piecewise Harmonic Balance Method

-~ for solving nonlinear networka._a restriction is'impoeed on

the type of the nonllnear elements that participate.
~given network. It is assumed that all the nonlinear
present in the network have functlonal constitutive

;j * that 1is all two-terminal'elements have constitutive

in the
elements
relations,

relatlons

\fcontrolled by one variable and all multi- term1na1 elements

. have a hybrld descrlptlon where half of the termlnal variables.

are expressed in terms of the remaining half termlnal varlablea.

The various types of the two-terminal nonlinear elements and

Figure“lr_Two-terminaluNonlinear Element

o

Current controlled resistors ' o Vr= {R ( \R)
' Voltage controlled re\sistors iﬁ =‘FG( Vé)
Charge controlled capacitors 3 \/3 :{ (‘13)
Voltage controlled capacitors ‘ ;c (\é
) Flux controlled 1nductors ‘ o |1 —_ ¥1 (‘P1)
Current controlled inductors . ¢l-:: ;L (IL

their constitutive relations are given in the follodlqg.

L
(2)
(3
(4)
(5
(6)

‘Constitutive relation of the voltage controlled capa-

citors in Eq(4) can be written as



B . (7)
where ” B:Cc

L cwe

3‘.’6 (8)

and the constitutive relation of the current controlled

inductors in Eq(6) can be written as
, 04" ; i

“where

_i o ’ gL ‘ '
< L_(L)__ B'L

The most,gEneral~const1tutive relation for a multi-

(10)

terminal element is assumed to be in the form -
y=10 - av
) r~ ’

where X consists of some of the terminal variables and y
. ~
consists of: the remalnlng complementary varlables. A two-
 terminal and .a multi-terminal element are illustrated in

Elg.l and Flg.Z, respectlvely.

v Yo i
L ——— 0

Figure 2- Multiterminal Nonlinear Element



" The basic building bloc for modelling transistors is

assumed to be of the-fdfm’given in Fig.3. In Fig.3, the

constitutive relations are as follows:

k= {R(VBC) "
denotes tbé dio&e.currents,

g = Ag( ikR) \_

X = &f(iﬂ '

(12)

(13)

(14)

(15)

.denotes the nonlinear parameters of the"controlled/sourcés,

and .

= Cnc (Vac\ i/Bc

e = Cre (Vo) Voo

- IDE = Coe (VBQ \./gg

= Cae (V) Ve

(16)
(17)
(18)

(19)

denotes the constitutive relations for nonlinear capacitors.’

Then the basic building bloc's tgfminal equations take the

L]

forn

~

fe( VBE , Vac  Vae)

| )Cc( Vee ) ‘VBC 7‘ \./BC.)

(20)



" Defining ’ A |

\ l [' ] | : ‘ -
)E UE )(c] - S (22)
Vr=[ Vee V&]T - o . (23)

Eq(2Q) can be'writtén as

N

= ‘f (VT)VT) | | "(24)

~

which is in the form of Eq(ll).“

. CTE ' 'CTC
INdE e 4
B JU 71 " 7]
e C .
‘ + \ DE> 5 \lb(;*- . . E -
E % e . / e | fac / | le. +
N < | “"R ¢

: XRIg o, dpir
‘ B

Figure 3- Basic Building Bloc for a Transistor

‘Any other model for a transistor can be built from
this basic bloc by addlng elements to the termlnals E,B or
C. For the more complex model obtained by adding" elements to
;he terminals, either a descrlpglon of the form(ll) is obtained
as constitutive relations or the additional elements are

considered seperately as individual elements.



II.Z:‘SOURCE AUGMENTING PROCEDURE
B ) P )

In this section, the idea of source augmenting procedure
which conétitutes the basis of the Piecewise Harmonic Balance
Method is introduced by decomPOSlng the network under consi-
'\gderatlon into nonllnear and linear subnetworks. Then, the
procedure is developed in éuch a way as to seperate the the

» . . N -
network into one linear and several nonlinear parts,

_Consider first a simple network which consists of two .
arbitrary subnetworks Sj-and Sy [Fig.4]. Then, let v(t) and
i(t) be the voltage adﬁ current waveforms, respectively, at
the terminals A-B. Assume that the subnetwork Sy does not
‘contain any sources dependent on currents or volt;ges‘in the
subnetwork S, Seperate the two subnetworks and augment Sj
‘by-an independent current source with tﬁgvﬁaveform~i(t)’
‘[Fig,S]..If the resulting network has a uniquejsolu;fon for
all its branch'currénts and branch-voltages;AthenTthese
currents and: voltages w111 be 1dent1ca1 to those of the
subnetwork S; in Flg 4, The voltage at the terminals A-B in
the augmented subnetwork is idéntical to ‘v(t). On the other
hand, if the subnetwork S,.is augmented by an independent

. voltage source with the waveform v(t), the resulting current

“at the terminals A'-B' will be identical to i(t).

>—
—
-
L d
+>

Figure 4—»Arbitrary NetworkA



. Flgure 5= Same network in Fig.4. seperated into two
: - subnetworks each augmented by appropriate source.,

- Let us now repeat the same procedure w1uh some
modlflcatlons. We start by augmenting Sy by an 1ndependent
'<current source 11(t)}£ i(t). Denote the. resultlng voltage at .
. the terminals A- B by vl(t). If the subnetwork 57 is augmentedv'
1iby a voltage source with waveform voa(t) = vl(t), some current

e;g(t),Wlll flow,, in the dlrectlon Lndlcated at the termlnals

- A'-B', 0bv10usly, 12(t);é ip(t). Am error functlon can be
,Edeflned as g(t) = 12(t),11(t) If we succeed, by a set of
_suitable alteratlons; to make g¢(t) = . 0 for all t, t heh the
7?source 11(t) which reduces ‘the error function to éero for all
ot is ;dentlca1~to i(t). In the Piecewise Harmonic Balance
fMethod‘presented here, the,é alterations are ﬁerformed;by a

R s . /
- minimization routine.

_ The idea .presented in the above discussion was‘gene—
rallzed by Nakhla and Vlach[B] for the determlnatlon of .the
Aperlodlc response of nonllnear networks, Qﬁsumlng that an
arbitrary network S is in the steady state with periodic
- response of period T, then S can be decomposed into a minimum

‘possxble number of linear subnetworks Lji; i=l,...,£ , and

monlinear aubnetworks Vl, 1—1,...,n. All the nonlinear elements



~ that exist in S are assumed to be voltage controlled,

Then, the linear subnetworks can be augmented by

periodic current sources of the form

L= %Coswkt + S i Sinwkt (25)
~ k=0 Tt T o
~where - o :
T -
X=Lw BT me =<L .

-

Since the linear subnetworks are excited by periodic
functions, the solution in the frequency domain- can determine

the node voltages of these subnetworks. They can be denoted

by

=S ow e

Where gk(t) is the vector of node voltages cor}resbonding to.

the sources with frequency k. Then, the voltage sources with
\aneforms"identical to those apéearing at the respective
terminals of the linear subnetworks is apﬁligd to the nonlinear
subnetworks Nj as shown in’ Fig.6,b{ Since it is assumed that
the nonlinear networks contain only resistors and capacitors

as nonlinear elements whose controlling variables are the
'voltages,mxhe.reéulting terminal currents will be functions

of e(t) which is denoted by

‘IN(")*}@’Q) | T an

a4

-



@)

D (e P

Figure 6- (a) Arbitrary nonlinear network with periodic inputs. °
(b) A‘ugmentation of subnetworks with appropriate ’
periodic sources. '



For a consistent solution
| IN(t)= IL(,t) | for - O4<tsT (28)

Thus, the varlables in Eq(25) can be chosen such that
Eq(28) is satlsfled.

Gdknar and Vlach [9] extended the theory mentloned
above for most practlcally encountered nonlinear elements
presented in sectlon I1.1. by decomposxng the network under
con31derat10n into one linear and several nonllnear parts,
Consider the two vectors con91st1ng of the controlllng

~variables of the nonlinear elements

y=[¥g Y;r ibl} ViR - - ']T | (29)
l;['a % IE . ] S ¢ L)

, If the cqntrblling variable of the nonlinear element
eonsidered is a voltage or a flux, then a voltage or a flux
eburce'is'connected accordingly across the terminal where
the variable is belng meaSured On the other hand, if the
controlllng variable of the nonllnear element con31dered is
a current or a charge,wthen a current or a charge source is
eonnected accordingly in series with the terminal where the
Vhfiable is being measured, The additional sources connected
as exélained above are called augmenting sources. Special
care should be‘exercised not to form/100ps of voltage sources
nith or without flux sources and cut-sets of current sources
with or without charge sources in connecting the augmenting

sources,

Let “Lls denote the augmenting source variables and £
o "IN . - L

denote the complementary variables of the augmenting sources.



Then, consider the network with four nonlinearities shown
schematically in Fig.7, For this network' Uy and £ are given
. . ~ ~

by the following expressions:

L . L )
| 9,5"[.\/5‘ Vsz gy c\sq] S (31)
i T -
,_8,-[ lsp ez Vs Vsq] ' | (32)
K Inz lL2 - @Qiven network
Transis tor R
B T 4+ v with
! : augmenting. sources
o Is2

My ;é:__——

D

Vu Yy

Figure 7- Augmenting sources for a transistor, current
controlled resistor and charge controlled capacitor,

J Suppose that it is possible_to-choose the augmenting
“source variables Y ()= 'B:,(-) in such a way that- él(t) is
identicaliy zZero f;} all t. The presence of the augmeﬁtiqg
voltage and flux sources conﬁgcted across the nonlinear
eiqments whose qontro}ling'vafiables are, respectively, a
voltage or a flux will not effect the other variables in the
circuit when the current through them is identically zero
since they all behave as open circuit elements, On the other

- hand, the presence of the augmenting current and charge
sources connected in series with the nonlinear elements whose

controlling variables are, respectively, a current or a charge

»



wiliinot~effect the ether'veriables. in the circuit when the
vo}tage across them is identically zero since they all behave
_53 short circuit elements. Thus;mthe problem is to find the
augmenting source variablesﬂgs(.)‘such'that the'compiementary
variables of the'augmenting sourees/é(t) become identically
zero for all ¢, | ) - ‘

Let 'U,s() be arbxtrarlly selected. Then 8()%0 is
glven by

E@) = Y, &)—y (¥) |
| :E’N | ?.‘-, (33)
"where :JN consists of the controlled varlables of the nonlinear
Melements and HL,con81sts of the variables in the network at
the terminals where the augmenting -sources are counnected

created by the introduction of these sources.

After augmentlng soucres have been 1ntroduced and Ll ¢)
has been selected,lthe variables SL(ﬂ are not affected by
the presencenof,the noniinear elements anymore. ‘Therefore all
nonlinear elements can be removed from the circuit as shown
in Fig.8 and.%Jﬁ)ean be calcuiated,from the_resulting linear
circuit by any technique. Note that the charge and flux sources
have been replaced by the.current source qft)and voltage
source’ 4#& in the linear network. The response 3N of the
nonllnear network is obtained by direct substitution of USG)
into the equations descrlblng the nonlinear elements. Thus,
for each selection of MYs() , E() is obtained from Eq(33) and
‘1t is forced to zero by a sultable optlmlzatlon method, to
obtain ’ys ().



Transistor

=T

Iy

SR N

~

Linear-n etwork
with

augmenting sources

Figure 8- Removal of the nonlinear elements from the given

network.,
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II.3. REMOVAL OF NONLINEARITIES

In order to avoid such degeneracies as loops of voltage
sources and‘cut-sets of current sources and to be able ‘to give
a formulation of the nonlinear elements in terms of/fhe'
primary'variables‘of the augmenting sources, the source
augmenting procedure has to be done systematically. In this
_section the soiurce augmenting.procedure for removing non-
lineérities~due”to flux controlled inductors and transistors
will be}expiained in detail. The conmstitutive equations
expressing the complementary variables of the augmenting sources
due to nonlinear elements will be obtained for fluxkcontrollgd
inductors. and transistors, respectively. The constitutive
ﬂéquationsAéxpressing the complementary variables of the
qonlinear eIéménts other than the flux controlled inductors’
and transistors that has beén obtained in.[S] will be presented

directly without derivation.

II,3,1, FLUX CONTROLLED INDUCTORS .
In this subsection, Systematic”procedure for the removal
of nonlinearities due to flux controlled inductors will be
presented in detail.
EXAMPLE_ 1 ; |
Consider the graph of the given network in Fig.9. The
1lines represent flux controlled inductors while the dashed

lines represent the elements other than the flux controlled

3 - N . .
inductors. o . L . - _
- O - rd
—-— - - .
- 4 ~ T — . Cd .
- - P ~ T - Fhe [}
- - ~ ~ e —— -
(- T o gl - e m oD S i t
[
‘ Rl -~-/‘\
/ -
- -
- d/ - ~
. - { ~
~ \
—~— -
\ < - i ~
] -~ - -
~ _ 7 .
\ - - - - /
\ - ~ Pad - —— T o ‘
L - - ___.—-"" -
44 - L \. _,.—-— -— l

- - —— —— e - e —

Flgure 9- Network with Flux Controlled Inductors, rN -~
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Figure 10- Network obtained from the one in Fig.9 by open
circuiting all elements other than Flux Controlled
Inductors

’ Obtain a subcircuit of the given circuit N by open-
difcuiting all elements other than flux controlled inductors.
This is shown in Fig.l10. Then choose a forest in this sub-
circuit. The forest chosen for this circuit consists of the
branches numbered from 1 to 7, and'augméntvthe subcircuit
by390nnecping a Flux Source across each forest branch as

shown in Fig.ll.

Figure 11- Network obtained from the one in Fig.10. by
augmenting flux sources across each tree braach.

. In-Fig.ll 1 -
.fffs-n: [4’51 Gy bss 4>3q 433»; 4)56 '4>S{| : ' (34)
e ' A T , .
’ f’le[:d)F\ Grr drs by Ops B ‘PF?__\ (355

. . : . T :
lf‘lé:. [(bcis (bcé‘; d)cw d%“ 43:11 (bcm ‘E.w:' | - (36)
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denote the fluxes of augmenting sources, of forest inductors,
- and of co-forest inductors, respectively.

s

The fundamental loop equatlons assoclated w1th augmen=

ting source branches of the augmented subdlrcult are

6=
o =&

S
S O
: 4)}'3 ¢53
4.-0, - | |
q)FS qz;s | | - (37)
& = 0,
- q)F? Cbsq

which can be expreséed compactly as

q)sn: Cp o R s | (38) "

~ IF

The fundamental loop equations associated with co-

forest branches of the augmented -subcircuit are

Pp + P, =0
- Cchs'l—_ Cbsa—‘— Cpsz: O

P, T .d>s1 - ¢, =0 B

Byt Pus — 0, =0
ch«z+ 4356 Pgs =0
4.+ by — bse=0
¢c«q+ q’sq - ‘Ps;‘-“ 0

(39)
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which can be written in matrix form as

1
AN
'g
w
(S

tloooo00100000 olgs| [o
o-iioooo:oi’Oc;oo’od) 0 -
t 0 -10 0 00l001410 00 o P 0
.000-1.100:0001000‘;’55:0 \
000 0-1 0000014 0 of g 0 7
00 0 vo-{1{1i0 6000 4 0 s 0
[0 0 0400 -fj0 0000 o 4ff I o

N
¢ 0o

) {
o Y {
PPN

(40)

Y

’ Ed(40) can be expressed in compact form as

(¢.] | |
e
,cch_ . | |

or

Bt p=o

Combining the set of equations in (38) and (42), the
fundamental loop equations of the augmented subcircuit are

obtained as;:



\ -

= i

?S‘l -
¢.|=0"

L]
tO

°F
b

(43)

tO
T

where I and 0 denote the identity and the zero matrices
~ Lol

respectively

The fundamental cut-set equations then become:

lso— |

's;, le + lCB

T |c3+ lcw
|cs—- O

'53‘—|- + |C9 - cm =0"

rd

|ss

|56 'FG"I_IC”' lcx%-—

|CH + lC\Ll - 0

F5 'I_ ltﬂ c12 =0

0 (44)

'57 les + |cr5‘—|c1q—-0 _

'The set of equations in(44) can be put into matrix form

as:
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— Y
_OAUnuo OAUO.

I

.
[}

_ m
S N oa J
— 0,0,

9
D

les

o 2

o}
[*

le2

-—
[E
. .

Fooa~aoT]
0o0QooN~
OogoT~To
oo aT~00
~9~< 0000
0T ~90Q900d

50000
-

) O Qoo o
1 90 oocoo

O~ 0000 o
o .

Mrﬁa |
W v
W o

(45)
(46)
47y

leg
kﬂ

Icto
fcas
o
lers
leiy

L)

Eq(45) can be expressed in Eompact form as:

where
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e =1lp Ire Ik lry les e k%] “ S 48)
Co L B

_ . (49)
‘ C _Ice Ics ‘Icqo lcu ICiQ. |C43 ICHJ

denote the currents oF augmentlng sources, of forest 1nductors,

and of co-forest 1nductors, respectlvely."
Using the constitutive relationms

ijF - §%F(4D ) - o (50)

o
7[ ,nc | 1)
in Eq(46)
© =+ B L o
becomes ’

lm—]f (4>_,F)+E>1£C(¢jc) B
and using (43) in (53) \

- o= (9 anB {B%) =

is obtained, Eq(18) will be wrltten as

imzfxﬁg ,- “k; ﬁ (55)

4

In the case that there are no loops of flux controlled -

inductors, Eq(55) reduces to the comstitutive relations as

'l::!:_l(f'ly | (56)



The -circuit obtained from the given one by replacing
all flux controlled inductors by voltage sources as explained -
above will be denoted bylﬂ .The voltage function of these -
sources is taken to be V51 q) . This is illustrated in
Fig.1l2 for the special network considered in Fig.9yand in
Fig.13 for any network. Note that the derivation in this
section is made under the assumption that there exists no
loops of flux controlled 1nductors with actual sources present

in the original c1rcu1t.

N

Figure 12- The network Nq obtalned by remOV1ng all flux
: controlled 1nductors from the network in Fig.,9.

. ) . + /\ -
- Yok &0 1 /
» ‘ \

[~}

Figure 13~ Removal of flux controlled inductors,
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transistor branches and the voltages of flux sources that
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I1.3.2, TRANSISTORS

"e

. . ~

In this subsection, systematic procedure for the

. removal of nonlinearities due to transistors w111 be

explained in an example by augmenting voltage sources into
the network, properly. A ;

EXAMPLE 2 - R

Obtain a subcircuit of N by ppen—circuiting all other
elements than transistors, voltage sources in N and the
augmenting sources introduced in II,3.1, (if neither type of
sources form loops with transistor branches, then the sources
can also be‘deleted);vThen choose a forest in the sﬁbcircuit

-

by including as many sources as possible as forest branches.

Let the subcircuit of N-l obtained by applying the
procedure stated above be the circuit shown in F1g 14, (The

forest chosen for this example is indicated by heavier lines).

~

‘In Fig.l4
‘X/SA = [VSM VsAa] ‘ , ‘ (57)

C:l?s., =[-‘Cbs11' <$512}T " | | (58)

denote the voltages of volgage‘sources in N that are connected

!

across transbstor brancheswand the voltages of flux sources

that are connected -across transistor branches respectively,

] ' I |
o = '_VSA‘t\ VSAa] - L9
: . |

§31= [ $s-|, $S'\g].

(60)

denote voltages ‘of voltage sources in N that form loops with.
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form loops with transistor branches, respectively.

B N

Flgure 14~ Network obtained from N
. other elements than tranSLStors,

by open circuiting all
voltage sources”

in N and the augmenting sources introduced before.

Augment this subcircuit by connecting a voltage source

across ea¢h transistor branch in the forest,

in Fig.1l4 takes the form shown in Fig.15

Then the circuit



In Fig.l5
-

VA= [ Nrat VTAz-l - | (61)
\!-‘--‘——-: [\ VT—M VT12] . , (62)

denote the voltages of transistor branches which have a
voltage 'source in N across their terminals and the voltages
ofytransiQfof branches which have a flux source across their

terminals, respectively.

» . : T
lXTF:[ Vir, Vapz Vire Ve Vres Viee Vrey VTIFS] 7 (63)

, // | | T :
Y:\’Cz[\l'rq \/TCL’. ey VTC‘#] ‘ o ~ (64)

.

denote the voltages of transistor branches that are in the
forest and the voltages of transistor branches that are
in the coforest, respectively. =

— ' : T -
Vst =L\/3ﬂ | Vs, Nsta Very Vars Vere  Vorz VSTB] (65

denote the voltages of -augmenting sources connected across
transistor branches,
.
The fundamental loop equations associated with tran-
gistor branches. which have a voltage source in N across their

terminals are:

A

O

— V@Ai‘F V&A‘
— Vene + Viu,

The fundamental loop equations associated with tran-
/
sistor branches which have a flux source across their terminals

are:



— Cbs’],‘ + \/T/_H'___ 0

voo(67)
. dDS'la_l— vT1g=O
The fundémenial loop equations associated»witﬁ
augmenting Sburces which are connected across transistor
branches are: »
— Ve + V=0
v STA \ITF1 =0 \
: -_.V%TS-F V%Fs:: O
~ - = VNgryy+ Vig= 0
— Vst6+ Ve = O
' . (68)

— Ve + Vire= 0 - :
— Varg \ITrg =0 .

The fundamental loop equations associated with tran-
sistor'hranChes_which,are in the co-forest are:

- —Vem + Vers 4+ Vere — Pery + Vogg =0~

— B+ Yo Ve Vra=O
VSAZ——/(bSTg—i_ Verz fvSAz + \/TC':BV:O (69
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The Eqs(66),(67),(68) and (69) constitute the funda-

mental loop equations of the augmented circuit in Fig.15.

N

Iﬂrz . f | "iml lfj‘H .
VsTg 2 IT{ f’rcz Vaag Ve, t Zf’-su

b - iTFq l& . ‘lsm

—Vre3 —> Y\ — .‘NTS -
14, \NB Iy 40 ¥ TYV. ‘ A
N ) Vsrs
Vera - Y Nsry Vil N Ve
l lres
~_ Xfw«_i & Ve = |4
i v y ! —
SM 14 I TF6 A INTs "N :
+ < |5'| . 0 i S,
SA{ VSTG ‘TC 2‘ y V1TC2, X VT F% +
\,"T;l:z_ — ITF? +
. o Vi F
IsA;, 2 N Vg — :
XD g f - - '5Ay
T : 2| I Yid
N V. < 1z v TY\/oa
Vs..t\2 ol & Vsa,
\re3 ,
- —— Ve3> 4

Figure 15~ Augmenting a voltage source across each transistor

branch which is in the forest in Fig.l4,

The fundamental loop equations can be rewritten in the

matrix form as:
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Eq(70) can be expressed in coméacc form as:

 Hrog o oy

(71)

A
I
r

S |®.~ V~ _V~._.®. "_V L3>
! |

ot 9) Oy

AY

ol O 4 ol
ol it O1 ol

—tOy O} op

- emee N Nan e am e - - ——

-I

0~ 0~ O~_B~

Qv o O~_B ~,,

‘o1 ,O~._.._|xR_:
: -' LT .‘ N ' . .
BN b , '
op Hit ot R_:

L : J ~

.or,

o

(72)

R

) - << ol o< =~
071 IR STk F
|

)
> 1 >

Qt Q¢ 01 _ﬁ H

oY O~ 0~_n_D 4

<

T
or o Hr 2

O J.*N 0~,nD~mk

-
T

G e —
: <
'O Oy

1
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The fundamental_cut-eet equations then become: -

|SA'—|TAi-lTC( ] 0 . - - -

ISA2_|TA1+ by + ey =0

) Is1‘—'T14 "lm =0

: V N - l . ] .
|s1z —IT'IJ. + chl— |-|-c3 =0

INT* —ITF‘ = 0, : " e

v = by = O "

lyrs — '15‘3

=0

-0

: Inm_ 'TF,‘ B}

] . (73) N

rs = lgps +lvy =0
Inve flf;;, 'Hm +|TC; =0

lNT.? —ITF? + |TC3 =0

¢ v

lNTB—,TFB'_I"“i =0 e

T =0
|5A| I.TCQ.

ISAz - l'\'Cis =0

——
o

Y PR (9 | ' )
The set: of equations in(73) can be put into matrix form

asz
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-get equation in (73)

cut

Each one of the fundamental

Since the augﬁented circuit

‘associates with a forest branch.

in Fig.1l5 contains 16 forest branches, there exigts.IG

)

‘ fundamental cut-set equations in(73),

.
-

Eq(74) can be expressed in compact form as

: (75)>

o
; "
_.|$~.Ic|.~ .I-N~_.|M~*..|m.~ ".xlT~.lh.~.|l~.| 2,
4-”“ )
< © < '

0~f_.; 0 O Q¢
H1A AR oL Ot

-trmeuv B IBS e ees IV Onis

or1o0toy i+t
o1 Oy O 1Ot
O101+; Ot Ot
n¥*¢~0~nx,u~
HIO10tot ot

or,

(76)

01 O101 O

H1O1Q0 O

B sk
L L 2




where

15A=[_|5A\ ISM] ‘ ' \  (,77)

l§1'=[|sj4 |s’\z] | | | (78)

denote the currents through voltage sources in N that are
- connected across trensistor branches and the currents through

flux sources that are connected across translstor branches,
o7

respectlvely. -/
| _ -._- [ —_— T ’ N '
- | 1,5'\:[1“1 l_SAz]' ’ , (79)
. . _ —_ - ] . \‘
[ -
s =L, Y fs12

denote the currents of voltage sources in N that form loops
with transistor branches and the currents of flux sources that

form loops with tranSLStor branches, respectively.
[| | LI » | o
I e YR, 7V ] . (81)
o~ E
i [ | ]’
JoLl ™ Ty, L ' ' (82)

- denote the currents of transistor branches which have a
‘voltage source in N across their terminals and the currents
of tran31stor branches which have a flux source across thelr

" terminals, respectively.

»l-rpz[ lTF" I'\‘F‘l_

. -
-
L d

l'ﬂf? ITFq .,'.Tps 'Tfe ITF? 'm] (83)

TR (84)
e _l:l'Tc‘ e s chla]
denote the currents of transistor branches that- are in the

forest,'and the currents of transistor branches that are in

the co-forest.




R T A i
~'-|'=[lm [ W W N ]‘

R 2 NT NT4 ©INTS | ; ) (85)
1 AT LA | 5_  4. N \,JW, ,,|NT?_ 'm R

denotes the currents of augmentlng sources connected across
‘transistor" branches.v

. Ll , , N . R i
fﬁ?i ‘It should ‘be notlced that the rLgnhvhand slde of the
coefflclent matrlx 1n(76) is szmplyvthe transpose of the
left—hand side of the coefflclent matrix 1n(72) This Juefifies
that once the fundamental loop equations have been derived, )

the fundamental cut-set equations can:bé.written:very easily,

The currents of the augmentlng sources are obtelned
, from the thlrd bloc row of(76) as:

yr =1.TF+,E>T e o (86)

Using constitutive relations,

TF sr-n:(\/-n:g TC ’ VTA-)VT'| ) VTF y VTC » \/TAFG ~h> , (-87)

P~ ~ ~
~
. .

‘Tt =¥TC ( Vfr > \,/3‘." YIA)Y}“!’ IF) VTC’VTA’
~ ~ ~ -

_‘) (88)

of the transistor in(86)

e 5 (o o o )
S:TC ( TC7 Y_TA; XT’\) \’_I;FF, L) '_\{:I'A "A\'/T"\) = (89)

is obtained. Rewriting the fundamental loop equations in(71)
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-

(90)' ’

YT‘-‘:A@TAYSA +,@T" i)s'\ + b-r\,\/'s T +bTAY,5A + ;@T“ E‘.)s"
are obtained. Differentiating the equations in(90) with
respect to time
.\'_{TA = Y‘Sl\
. L
Vi = @, |
Nk o d
) ®
=V,
SALIS
‘ \o/ B 9 ’ ) e __ . : oe
re=DrVoat Vip + B &
e C =TASA T Z1m ! +~TYST + 9 \.{:C’ ‘PT"I ¢s1

are obtained. Eqs(90) and (91)’substituted in (89) gives N

NT ng(\éT ’@ ¢s‘| +b Vet J"B 5”‘ +bT" Cbs.'.’ . |
Yous i.)s" ',’.357 ’ ?TAY?,P‘ +§T1 (.135" +§ T\,léT + ]§TA;\7SA +B ¢5" ’ VSA ’ 4)5"‘)
+BT ‘FTC(VS'”BTAVSA ‘l'.BT-n-Cbsi_"B ' Vst +E‘ 2V A+ 51., ¢51 ?

: VsA, ¢5'| ’ ST 7bTAV5A+BT.‘ ¢51+b VST +bTAVSA+ CP-| b 5A7 (PS'H

(92)

Eq(92)(wi11 be written as

|NT =‘S: (VST 7Vsm \/sm 7 4DS‘I » Vet 9V5A’ V5A’¢51 ) 5") (A93)
~ T ~ o~ o~ ~ ~ o

(91



bl . -

It should be noticed that Eq(93) contain double
derivative of augmenting sources when there exists loops of .

flux sources with transistor branches in the subcircuit of

Ny

i . L

In the case that there are no loops of transistor -
‘branchea with or without sources in N1, Eq(93) will reduce

to the constltutlve relations . -
Iy -)f (VTva) | . (94)

of the transistors. . : , -

1I.3.3, OTHER NONLINEAR ELEMENTS
A gystematic procedure for the removal of nonlinearitiegi?”

other than flux conttolled‘inductots and transistors can ;

similarly be deveioped.bThis has already been done in

reference [3]) .lThen. the complemeﬁtaryvvariables of the
~augmenting sources associated with nonlinear elements other
) than‘the flux controlled inductors and transistors can easily
"be obtalned. The complementary variables of the augmenting:

sources associated with these nonlinearities are given as:

lNG Currents of the augmenting voltage sources connected
~ _properly across .the voltage controlled resxstors,
’ . . o
mc Currents of the augmenting-voltage sourced connected
~ properly across the voltage controlled capacitors,
Vho Voltages of the augmenting charge sources connected
= properly in''series with charge controlled capacitors,
. ~ . - . .
yc v T ’Voltages of the augmenting current sources connected properlye
R 7 TNL o X
~  in series with current controlled resistors and inductors,

respectively. -



‘II.4., ERROR FUNCTIONS
In this section, the error function defined by Eq(33) |
- in section II.2.will be presented explicitly, and a scalar

error function to be minimized will be derived,

The error function to be made zero, can be defined as:

o] o] [is
~ .:,N'I NN
- JPT 1NT jyf

bl ff

& & \'75‘ '—'\l;*c I E Y=Y, (95)
_ 8D o~ ’

, ;SR J.:: | \://L °
3 R o A SR
- _%U ] [

_ where }i contains the complementary varlables of the augmentlng
sources calculated from the 11near networka the variables in
yN are defined in the previous section. Thus, Ect) corres-
ponds to the complementary varlables of the augmenting sources

in the original circuit N,

Defining

TooT T T"' T LT e
s=A~’[_¢s‘l VST Vse Vsc qso ISR ls\.] (96)

and using the expreSSLOns derlved in section II.3, %jN can be

‘

expressed as

~



- . : ‘ T vo 1 T - T o T T
= C(%T)?sj,’\éﬁo\’@C_e!SA»[\ﬁT ?S.‘ \/sa Vsc \/5;\

Eq(97) are defined as follows:
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f (VST7¢51’\/SA Vsrad)s-,;VSA)

‘;G( \'IET 9 i)'s-] )\IE(I ’ \%A) |

A

fao |

> ?

~~

> 1

>z

)CR( qs:n SRy '5/0
T

soT oT o7 o7
(qsaa er by SA)[q?ﬂ ls& |SL lSA]

~

s

(97)
which is given in referencé[}] . The additional variables in

A

4

\/SG ; Vec q denote. voltages of the augmentlng

‘voltage sources connected properly across the voltage controlled

resistors, voltages of the augmenting voltage sources connected
properly-across the -voltage controlled capacitors, and charges
of the augmenting charge sources connected properly in series

with the charge controlled capacitors, respectively,
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L

iSR’»iSL fiSA - denote -turrents of the augmenting
current ioufces‘connec;ed properly in . series with current
~controlled resistors, currents of the augmenting current
gsources connected properly in’éerieé'with‘current controlled
_inductors, and currents of the curéent;sources present in' N,

respectively. Defining

. T . T L
A T T - o :
| LAA & [Vep I»s,\‘] (98)
then : .
I ‘AT /.\T.T .
uo= [0 47 BT
The final exﬁression‘
SN: ;:( Bfn 957%57%A)‘ (100)
. r~ ) ' . . ‘

describing the nonlinear elements is obtained.

Note that YN and Y, , therefore £ only depend on the
waveform selected for Ug,. Therefore a scalgr error function

can be defined as:

P2 | glemde

]

’

(101)

which also only depends on the waveform U; . The problem now

becomes to find Ug such that P(gﬁ);= 0,

Since it is impossible to optimize over all. possible
waveforms, and as we are -interested in the steady-state

periodic solution the circuit is assumed to have a periodic

solution of period T.

The Ug can be taken to be of the form:
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‘ Mo M | _ R
Us®)=> "o, Cosurkt + Z x& Sinkwt - @y

-where the coefficients %k,')‘;-*- and M, are to be defermined,
and 0.7:3_1 B Defining_r ~
T T : 7 : T

'Xé['xo X,--"-meq-- ) ,xm] (103)

The ‘s‘calayrxerror function now becomes ‘
T 1 ) R
Py = X AGIAS P (106)

and the question is to determine the coefficients X such that ;
P(Xx)= 0.



'irIII. CALCULATION OF THE RESPONSE OF THE LINEAR NETWORK

In this chapter.. first the procedure for obtaining[thg'ﬁﬁf

response of the linear network is introduced, and then the
formulation and solution of the equations describing linear

network are presented.

Consider the Eq(102) which can be written in the

“form ’ N

-

jukt R _,
Us(t)—REi ('Xk 'ﬂk)e } ' (105)

where x‘z and Re stands for "real part of".
2=0 | _

To calculate: 9‘_(“5) first note that HL('&) is the
- responsSe of a linear network Therefore the linear network

can be solved ‘in frequency domain for each frequencytuk sepera—
tely to glve'

'\:j\_(t) RE‘—%Z %Lk(ﬁwk)ew k | (.1-06)

where HLkLSw'k)denotes the phasor response of the linear net-

kt

work at frequency wk.

For each frequency wk, the Mixed Nodal Tableau (MNT)

equations of the linear network can be written as:

| «T(’) k) 'dk(b‘”l‘) | [A4 Az] 5Wk(’>¢k1 ’)%kl +B uAk( Awk)

SL,‘( 5wk) ‘ .k

for k e-ﬁ_o,l,a,,.y},r4} where

I




?7;—‘ _
—~~
>
<
.
~7

E Ak(S\wk) :

X Ly
Sk
')(kz 9 ?sz, :

be

552 AR

ivg
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-

the MNT matrix at frequency Qk.

..

_contains the phasors associated w1th the complementary

variables of the auygmenting sources.

contains the phasors of the other variables (undesired)
in the network, o

¥

are the phasor values of the actual sources at wk.

coefficients of augmenting flux and charge sources at

Wk,

coefficients of the other augmenting sources at wk.

. : -

incidence matrix of the augmenting flux and charge

'sources,4

incidénce matrix of the augmenting voltage and current

sources,

incidence matrix of the actual sources,

rEq(107) can be written as: -

”~

TR0 <[k A AT 0] +BU, PR o

R IR P

for kG {0,'75,-~~,M’] .
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Defining a new matrix éik(swk) as
A (K) =[3uk A, A]
which depends explicitly on y»k,Jand
ML

Cw
Zk_5§k= . ¥
3kz‘3%kzu~

~

as the coefficients of the augmenting sources, Eq(108) canrbg}

iputwihto the follewing form

TR0 = AR (%-320) +B Uy, (30k)
| Yy, 30K

(109)

f@?vkéﬁguar..{mz.

To solve for 3q$¥”k) in (109) apply superposltlon andf

proceed as follows:

(i) Selve the MNT Eq(log)ffor'uAk(y»k)=;9 , e, solve
TS, (k) = A Lk
v T,
fof\kgﬁqﬁx,' M},
To obtain the'solution.matrix \r (ynk) , soﬁm

o

(110)
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I':(S‘”k) Hk(3wk) — é‘k(&wk)gi ’for '(t,:l,..‘..N
3 L3R o :

»(111)'

‘where N is the number of augmenting sources, and
. t

gi=[060....010 ... ._OJT'
| ' "L*'h coulumn ' ' -
Thgn, theisblution matrix to(llQ) can be constructed as
» S ST o
\,fk(swk) . gk(bwk) : éi(swk) . HK (SW\()

wkY T 1 ‘ : (112)
It.k(3 ) dewa) Hi(swk) . 5 ( 3wk)—‘

Thus, the coulumns of ‘the matrix WL S“kgcontalns the

.response of the 11near network to unit augmentlng sources.

" (ii) The phasor solution due to augmenting sources

~

- then is ’ .o

| Gy (hwk) Y (wk) L )
) o IR (G T D W

Y (k) | ik'(swk)

~Thus, ﬁhe linear network is solved only once for each

‘frequency and, as ’Xk,xk change the solution ;3Lk§&0k) is
obtalned by scaling (1n the case that the period of the

osc111at10ns is known). Vo : S
(iii) The phasor solution due to actual excitations is

Y

"~ obtained -from
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(0 T =By, (1K)

| L eO) o o
T - ) ,‘ . .(114)

(iv) The desired solution is calculated as.

ék“‘”,) B ék“ k) N -2k(ju>k) . (115)
NN [ ENC g

B S I CCN P
o h < canl=1 : ’Xk—i)’)‘ )+ M o

Y (Awk - SKTITK .

Yk hwk) ) ILk(ka) | ) §Lkl(.')"°k§ (116)
Hence,

\Nﬂ\_\((’)mk): \,(':k(lbw,k) (%k—)}t)"‘ ELk.(S“’k)- (117)
ﬁhidh éiméiy is the phasor.response of the linear ﬁetwork'at-»A

frequency wk.

-~ Inserting from (l17) into (106) to obtain

-

BO=Refd [, (032 + B, (pod)e™ s,
. . k=0~ 7 o -

Eq(118) is the required expression for the response of the

linear network in the time domain.



ITI.1. TABLEAU FORMULATION OF THE LINEAR NETWORK EQUATIONS

In this sectiqn, tableau-formulation of the linear
network equations is introduced, two different types of MNT
formhlation is presented invdetail, their advantages and
disadvantages are explained on several examples. In the
'first approach, the linear network equations are formulated
in such a way that all the branch voltages, all the branch
»cufpents and all the node voltages are appeared to be
~unknowns. In the seéond method, the number of unknowns 1is
decreased in such a way that the equations contain only the
node voltages and the cugrents of the elements other than the

resistors, capacitors, and independent current sodurces.

Let the node-to-branch incidence matrix associated
with the graph of a given network be Ag. Then the reduced

incidence matrix A is obtained by deleting the row

corresponding to the datum node.

Let V,.\. and ], be the node-to-datum voltages, branch
voltages, and the branch currents of a given network,

respectively,

-
b

Tﬁg'branch voltages are obtained from the node valtages
by the ‘equation ' o
| - v ’ )
Vo= A"W | 4 o (119)

-~ ~

e
FR S ACTEY |

and. the branch currents are related to each other by the

equation

- AL=0 ' o (120)
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' The Eqs(119) and (120) afé the Kirchhoff' é voltage
law (KVL) and Kirchhoff's Current Law (KCL) . for the given
network They are independent of the nature of the elements
' of the network.

The constitutive equations representing the behaviour

- of the elements can be expressed in the form of

R,YH-QL_I_;:\}_V‘ . - a2

Suppose that the element being considered is an

admlttance, then ch0031ng W= 0 and Q@ = -1 Eq(121) becomes

P\ _T =0 o o (122) -
EM-I=0 | | o |
~ e ~ ) . :
where P, represents the admittance. On the other hand, if

the element being considered is an impedance, then choosing

W= 0 and P = -1 Eq(121) becomes
| A N
Vet I=0 (123)
there'Qb‘fepfesents the impedance.
Setting B =1, Qb:= 0, W=E the constitutive relation

V, = E is obtained for an indeﬁendeﬁt voltage source, and
Q, = 1, p,= 0, W=1J the tonstitutive relatlon[Ib~ J is
'obtalned for an 1ndependent current . source. ‘

In order to be able to solve the system of Eqs(119),
_(120) and (121), obtain I, from Eq(3) as

_Eb:rgb\ﬂ—%bf\nY\a - ' 24y

and replece Yy in Eq(124) by Eq(1ll9) to obtain

4 T - :
Ib='9.\‘°\y - QRAMN , (125)
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‘then multiply both sides of (125) b& A to obtain

B _‘ ) Y .
AL =AQ,w—-AQuP ATV, =0 - (2e)
O]:'7 .
L ST |
AL RA=AQLw - )

The node-to-datum voltages can be obtained from(127)
if and only if Q, is non-singular, In the case that Qy is a
'singular_matrix~then the solution forva can not be obtained
ffom(l27), To overcome this difficulty Eqs(ll9),(120)vand
(121)‘ban be_pﬁt iﬁ a system of equétions by adding the branch
voltages and the currents as additional unknowns. Rewriting
(119),(120) and(121) as follows:

Ve=A' Vo =0
PRVt QLT =W
M~ | (128)
AL.=0
the system of equations to Bé solved can be'expréssed as .
— ' n '] ~—
' ' TW T
Lo - o
i rl, P9 fﬁ 2@ ~
..... L--“.$-n.u..""~ -

b 5 Qb ! O IL — | ¥ (129)
~ o~ T |
----_:---- SRR T T | E. —

Q ; A E 0 \'/n. LO

A | I ~ |

Obtaining the MNT equations>in(129) for-a given linear

circuit will be clarified on an exmaple in the following.,
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EXAMPLE 3.

Consider the circuit and its graph in Fig.16.

® / ” GD Lo C) o = QD Riz 69
1+ o R ‘JWV‘ A
‘ é N c +
D R Vs=pV D oL L OFsn
? N r”“ VL‘ - )‘4 ' IsgéIa ‘ Ry
. : - - ’ |k

(b)

p Figuré 16

2

The reduced incidence matrix A associated with the-

graph in Fig.l6 can be written as:

‘L N
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-1 1 1 0 0 0O 00 OO0 O]

© 0-1 0 I"1l 0 00O OO O ,
={0 0 0 0 0~ | | 00-000 (130)
00 0000~ o 11 Vol
Lo 0O 0 0 000 00004 l]

and the constitutive equations can be written in accordance
with(120) as:-

o —L14+G&GVy <0
| ‘1 olfvs] [o o][%] [o
, T =l

\Q -0 AV@_ « - IS 0

$C\,— I, = 0
Ryls—Vu = 0
RnIu.— Viz = 0

V= Ep

3 (131)

 which can be ﬁut into the form of (121) as in(132).
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Identlfylng the matrices Pb and’ Qb 1n(132), it can be
‘seen that the matrix Qb is a singular one sxnce all the
elements of its Sth coulumn and 8th TOoOW are zero. Therefore the
solution of the c1rcu1t proposed by the Eq(127) becomes
impossible for thls example, Instead of Eq(127), the solutlon
~of the circuit 18 obtalned by using the Eq(129).

If the constitutive equations(132) of example 3 are
examined cerefully; it will be seen that,the‘voltage Vi across,
the ‘independent current source Jj, and the voltage Vg across.
the'&ependent current source‘Ig do not appear in the constitutiv
relations since all the eléments of 15F and 9th coulumns of the
matrix P, are zero. Similarl?, the current Ig5 of the dependent
voltage source V5 and the current Ijj of the independent voltage
source E;3 do not appear in the constitutive relations since
all the elemehts‘of 5th and 13th coulumns of the matrixﬁrQb are
zero. If the solution of the above mentioned variables t;at do
not enter into the constitutive relations are not desifed,
they can be deleted in the Eqs(129). Since the voltage
across the 8th branch and the current through the 4tP branch
is knowulpo be zero; these variables can also be deleted in
the Eqs(129). | - ' '

In order to be able to perform this JOb of deletlng
the! undeslred varlables from the Eqs(129), a procedure 1is

'developed as follows: .

1~ Obtain a V-Graph from the graph of the network and
let ~the incidence matrix associated with the V-Graph to be

Qy then the KVL becomes

T C
Vb= é\vyn ' ‘ (133)



2~ Obtain a-I-Graph from the .graph of the network and

denote the incidence matrix assoclated with the I~ ~Graph as

AI then the KCL becomes
o~ '

The V-Graph is obtained as follows:

-

A:To=0 o aw

1- If the voltage across the branch is zero its edge

is collapsed in the V-Graph.

2- If the voltage across the branch does not enter

the constitutive equations and is of no interest its edge

is deleted on

. The I-Graph_ 1is obtained as follows:

1- If
deleted from
2- 1f

“comstitutive

collapsed -on

the V-Graph,

bl

the current in the branch is-zero; its edge is

‘the I-Graph.

the current in the branch does not enter the
equations and is of no interest, its edge is

N

the I-Graph.

rd "of no interest" imply that the particular

The word

variable will

edge must be
generally not interested in the current through a voltage source

‘not be needed as the solution, Otherwise the

_ . L :
retained on the graph., For instance, one 1is

~ and a voltage across the current source.

The graphs of some important one-port and two-port

elements and thelr constitutive equations are shown in Fig. 17

'The current and voltage graphs of these elements can be

"obtalned applying the technlque stated above, This is shown

,1n Flg 18.

o

|
I
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EXAMPLE 4
Using the voltage and the current graphs of the elements
shown in Fig.18, the voltage and

in Fig. 16 are obtained as shown

current graphs of the circuit

‘(b) The voltage graph of the circuit in Figure 16.
o . FIGURE 19
Then, the incidence matrix Aj; of the current graph of
the circuit in EXAMPLE 3 becomes ' :

| -l 11 0 oo o
A= 000 -1 10
Lo oo |

o] (135)
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~and the incidence matrix A, of the voltage graph of the same

circuit becomes

A=

then the KVL and KCL for the circuit in Fig.l6 become

where

| :,\Z‘-°=[Va ViV Vs NV Ve Vi Ve Ve

and

L

C ©

O

Lo
| O
0 0
O o©

T
~Vb — Av Vh
-~ ~ ~

? >

f\-b:

The constitutive equations in this case becomes

o

c c —

IIb==Ef’

where

-0

p

—

)

oo O0OCOC o

1
ccocCco o oo o

o O
o

w
ccoCcoOoOoCyE 0o

Cc <

CcC © C.p

)

co o C e

¢ -0 o

C‘C'Cscc‘

o

O

0 0
0 O
P

o

O o o
O 0 o
O 6 ©
g ¢ 0
o U ©
g 0 0O
5C, 0 0
o -\ o0
OO0 -
:()'

J

Q0o cc e OO ¢

o 0 ©

——

ol L L L L LT T, T, I

%

T

(136)

(137)

(138)

(139)

(140)

(141)

(142)
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and

(143)

— -

{000 0000 0o0]

0 RO O OCOL OO go

0000000
0 00skko 000 ¢ o0

0 0 -l

00 00- 00000
00 00 000O0COGC

0 00 00«-l000
0 0 0000 0-=0

Q=

ykand

(1445

[ J, 0 00 0 ofci oo 5%3]1—

Y=

Collecting (137),(138) and (141) together

Ot 13
I _f

>

< 3

>

are obtained. Finally the MNT equations become -

l

(146)

| , ; T
L QU 2R R
N
J ; 1
sl SR
L _ ,
'Lyl O O
_ ”
_—_———— T|||||”|!l.
i e
ol Q; , <
SN SRR R
i
| m|¢~.nw.~" Au~.
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The MNT equation in (146) obtained by using-tne two—"~
“graph technique;cdntains 25 unknowns whereas the MNT equation
in(129) obtained by using single graph technique contains 31

unknowns, This explains the power of u31ng two-graph technlque
wh1ch reduces the number of unknowns.

In “the following, a different type of formulation of
the MNT equations will be presented in detail., This formulation
- N s - . .
reduces the number of unknowns in the MNT equation, considerabl:
’ Ve

L The constitutive equations in(l21) can be rewritten in
the form of - PR »

BVi+ Q1

§<

<
ol

ﬁﬁ?fé

(147)

—
(4]
1

g ?
(& 2

- where V4 and I; denote the branch voltages and currents of
the elements other than the admittances and the independent

current sources,

V2 and Iz.denotg the branch voltages and currents of (
the admittances, and

I3 and V3bdenote the branch currents and voltages of.

~’ o~ N
the independent current sources, Then the KCL can be written

as

EIRY

|2 -

[{e

(148)
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! T - e
where [AIQ | A‘E 3 AI J"' is the incidence matrix of
~ i r~ ' 3

~

the I-Graph, and the KVL can be written as

"\/"1
| - f | T
' V o :
. z[’i\‘” P Avz /ﬁ\vs‘J Vi
_ .Va R ) . ~
|~

1~

(149)

oo R ! ‘ . .
! , . . _
whe?é | f&qs pWa: AV3 1s the 1nc1denc§ matrix of the V-
H (el i - -

Graph, and !p denotes the node voltages of the given netwofkp

Rewriting the Eq(lh?), explicitly ‘ ' -

~

é\,l\ E'\""/f\vrz }_2 + é\I% .5‘3_‘; 9_

using Y_z\/a; I, and T, =3, in (150)
. r~ _ ~ -~ :

or

. 'r . .
. . . . . . 152
is obtained, “Substitutilng E&"‘AVLY“ into ( » )

- ' T =
AT+ AL AL Yo = -An s

(150)

(151) .

(152)

(153) /



e ,

/
is obtained. Inserting(l49) into(147), the first equation in
(147) becomes '
CBAUVLtQ,T —w"u - o (154)
SR EA T Rl o Bl S , | :
AN N ~ ‘ ") r~ R " ) N .
Combining (153) and (154) into single'equation. the MNT

equations are obtained as

, T : | RT i B
IR Y »
P S : ..... —— R . (155)

T : c )
P\ é"h { 94 L ' W’
) A X 5 | R A I ~

-

The MNT equatiom in (155) contains only the-node.
vdltageé ‘and the branch currentsrof'thg elements other than
the admittances and the independedt current sources as
unknown variables. Therefore, it Es the best one among the

'MNT equations mentioned here,

In the following two examples, the MNT equations
“governing the linear network under consideration will be

formulated in the form of Eq(lSS).

.
s

 EXAMPLE 5

~

Consider the circuit in Fig.20., The current and voltage
graphs'of"the circuit in Fig.20 can be obtained as shown in

Fig.22 and 23.
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Figure 21 :

Figure 22- The graph of the circuit in Fig. 20.



(b) V-GRAPH of the circuit in Figqre 20.

FIGURE 23

The coanstitutive equations of the circuit become

| —l_ 0 v
O Ofj V2]
Lo ofw)
15:: Gng
L= GV
I’_{: 6.’_\]?
Ig = GgV%

PR
RERRE

o

e
LJ i
o

.(156)
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Writ;ing the constitutive equations in the form of (147)

{

- . Tl . e e ’
10,0 o |w 0 00 O |f, o (157)
0 0,0 o o]
o 0ieoful 11 oto ofn| |g
| . . it B
o o:_l,o“vs 0 010 0Tl |q
0 030 Ofv] fo o1 of%| o
which is in the form of ?\ V,+ %I’J‘; \’Y_o\ and
o) [ Gs T vs] / '
T. Ge O 1l Ve B .
o Tal= G, V¥ o :
. Ig O G% Vg - | (158)
I P | G| Vs | | o
| r/wh"ilch is in the form of IzzYz\j K] ‘and
' S (159)

I«»_’ Yo
" which is in the form of I3=10g .

Writing the incidence matrix A associated with the graph of

the circuit in Fig.22 |
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The submatrices in (162) are obtained by direct

. substitution as

& G o o o ]
o= =G - _q ' _ ' |
AzYz’Aja-»' = | s bsth G ° _o | (163)
o~ -0 “,Gé _G\G-I—G—,.\ -Gy - 0
o O : "‘61 G\?+ Ge }‘GS
| O o o —Gg Gg + Gg
/and
I 0o 4 ©
P T 0 0 0 O |
RAy =] 77 (164)
S Oﬁ 0 1 O
O O 0O o O
and
~'1 1 . 340 '
o , 0 (165)
—,-\.3 13 = Q'.\Sqo: 0
- 6 '0
] ; |- 0O
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Then, the MNT equations become

Gs ~Gs - © O o i1 0 0 O_l \/n‘ 340
1 =Gg Gyt G Ga_ o) 0 Ii 0O 0 0 '1 Vig| | O
O -G Gg+G, -G, o© 21 0 4 0 ||Vl |0
co) 0 - G-_?, G;+66 "Gg ': o 1 O O V\-\u 0
i O =Gy Gs*G1 0 O -1 O sl |0
y o -1 0 o ‘0 0 00 L ,L) (166)
0 0 0 o 0 {jo 00|
6 0 1 o - 10 o0 o0 offIz] 0
6 .0 0 o © jo oy o]y ‘o]

~where only ‘the node voltages‘and'the branch currents other
than the,admittanceé and the independent current sources
are unknowns, The other variables in the circuit can be
oBtained by direct substitution of these variables into

appropriate equations if desired.

EXAMPLE 6

. As a second example to the MNT formulation presen;ed

in(155), ‘«cons-i-d-en- the network in Fig.24.
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Xi\%*:Q%rIv=fvﬂ °

~ r~

/

which are in the form of -

(168)

_.. i
0 00D i™ 9
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I’L = il\j?_ 5

~

and

—~

which are in the form of

(169)

-

L=

~which is in the form of I3=yJ

s+ Writing the incidence matrix
hd :

~

aph of the circuit ip Fig, 24

associated with the gr

A

(170)

f
f D Q05000

O

o OQ)\,OI_IODO
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" and the Ar,Az, Ay matrices are defined as shown in(171). The.

submatrices in (162) are obtained by direct substitution as:

[ Go+SC,, -aC
, LR Y A3 0 o) o o o o /0__
-5Cyy qu-i-scﬂ 0 o 5
o o o0 o %
| ° 0 GeTSG o 0 o o -6,
= o) oG O Stut3Cy o -8Cy 0 ¢
0- 0 c o 0 o o 0 o
- ) (172)
o v O 0 3G 0 GG 0 o
O
°© Lo 0 0 o o o o
0 0 :
; 5 © o o o o o
= O Gz o 0 ¢ 0 Gy
0 -1 | o ¢ O 0 ¢ "(!- 343
‘ 0
0 0 -4 0O o 0 0O 0 1o o
O 0 0O-44 0 000 o0 o o
0 0 0 o -4t U 0o oy ! oI { O
\ - P - - ,A\,?’IB - 343 =
0 O 0 0 01 u o oo ~ O 0
v u 0 0 U v owu A Gy 0 0
O '0 _,‘ 0 O O {J ( v 0 0
| ) o 4 -] |(73) 0 0
0 0 0 O 0 U 0 ] o J 0
& L , [0

'

The MNT equations become
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III,2. SOLUTION OF THE LINEAR NETWORK EQUATIONS: LU
DECOMPOSITION - :

The MNT equations that have been used in formulating
‘the behaviour of the linear network in the previous section
are solved by using the LU decomposition technique.

In this section, first the LU decomposition technique

for solving linear system of equations will be introduced

‘and then the algorithm for obtaining the lower triangular

matrix L and the upper’ triahgular matrix H,Will be

explained.

Consider the following MNT equation

I'%:b | o . (176)

.

where T is an (nxn) matrix, and X and b are (nx1l) unknown

and known vectors, respectively. The matrix T can be decomposed

} // . . .
into a product of two matrices L and y, 1,e, lower and upper

triangular matrices which are defined by

<
O —j‘{' U, Yy o - Vin tn Yyt S
2 )
- t !
€1 4 Uy Yo don tar tn 2—»
€3 Las {.... Y3, | = byt tay '&‘3n

- e = =
.
PP
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and if the product of L and U in(177) is evaluated,
o~ ~ -

| e
—24,4_ .  Uy - - - " . '(44 ’LL:, o
T= £,  €2‘ Ll,u-i-ez'z - -\--..-.’.--.’.j 4 Wy Ly Uz
_{m AUy +4, RERRRER by Upn + g Ugp# ==~ 4 Ly

AN

is obtained. From the set of equations in(178) the elements

of the L and U matrices can easily be calculated applying the-

‘order indicated below for obtaining the elements of the L and

U matrices,

-~
7/

N

4 N+ n+2 —— Rn-1
R RAn In-d — 4n-4
13 2n+4_ 4n-v

n  dn-2 5n—6‘ .

. Then, the elements of the upper and lower triangular
matrices become- -

SR Y
ty= S ik Uy |
ui-j k=1 . : /j,__'i.'.»{.’ 'i+l, ..... )ha‘ ) (179)

I

A o Q= As2yener g =
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‘ and

o, =g, JH 442,00 (180)
Z‘J“—"‘ttj. E>___ Aik U kJ J 42 L,
. S

After the matrices L and U are obtained, Eq(176) becomes

lad

iy

j:Defining | | | |
yz'( 2»3 | RO (182)

Eq(181) be;qmes L | : |
. ,ITB =»_b, L | o (183)

or

_ 1= 9 o~ -
Ly Q 34 bA
SYRE S o Ja b, (184),:
‘631 ‘6?2 &.3‘ 83 - I?B
_[m {n; dng-- - - \Zmz 1 9n bh

Eq(184) can easily be solved by forward elimination

" and the elements of y can be found as:
A : B4 _

k=1
—> Y | |
'\Jk__: 3= ‘ /<'=4,)....7,7. _. .(185)’
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Inserting the elements of y
oA

calculated in(185) into(182)

)

o1 U Y e Ui

-p ope - —

Ras
<

1 Upy -ome Vi

e R
) L]
«

n

= ' T (186)

O | 1 -Un-\,f\ : FXn-i ; Bn.f‘
: '. L] LS

—

is obtained. Eq(186) can easily be solved for the vector:x

-

by backward substitution as:.

R |
| K= H"-—Z Ukj'Xj . k:\'\-\,n-z,_;_ﬂ_ (187)
©oEkH » T

Which are the desired unknowns in Eq(176).

In‘the‘following, an LU decomposition technique which
aﬁplies partial pivoting on rows will be explained on an
example for a 4x4 matrix. This technique which is equivalent
to'the one presented above reduces the MNT ma;rix into the
lower and upper triangular matriées, L andtg, respectively.

Pl N

Considei the 4x4 MNT matrix T in the following.

-

~—— —

‘L—ﬁ 't‘—4a, £43 \qu‘

ta {:23 23 {24 S

| | (188)
by by ts
ty  tyn Gso T

— -

T
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Find the largest element among the elements of the

first coulumn. Let the largest element of the first coulumn

be {k‘where k is a fixed integer such ‘that 1 ¢ k £ n._4 Then,

replace the flrst row w1th the kﬂ‘row if k= 1 and assume

the matrlx tgke the form in(188). Then divide all the elements

ion the right of ty of the first row by ty to obtain

to/ty o/t e/t
T (189)
ta taz ts e
by b b Ly _

Then obtain a new matrix from this one by performing

the following operations or(189) as
- W W w1
b, ta by b,
NORE <) 4 t()
+'2{ t').'l."'.t'u ‘t-ﬂ_’ tgg"tg‘t ' % ,QJ_ 4{{4)
- Q) ot .
Y taa-tabp -y {'453 £4H i L' (190)
¢
L.h“ J‘qz- {mL ) )Cu’s ity J‘ J‘ln 44 4
which can be rewritten in the form.
B 0 ( Q)
JC«\ to t Ly
ey w W
T R R (191)
(1) 0 (0
t3‘ t3; X33 {31
‘ N ) Y
|ty Ll:fz i Ly ]
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In the second step, find the largest element ameng
“ those elements of theksecond coulumn that remains affer

deleting the elements above its d1agona1 element, Let the
1argest element found be {kz where k is a fixed integer
such that 2&Kkg& n=4.
the k" row and let the matrix takes the form presented in
(191).
left of the diagenal element by the diagonai element of it,

Then, replace the second row with -

Then, dlvlde the elements of the second row to the

namely, 't:;) to get
_{“ R0 t(*) (4) |
12 3
', tg;) m / Em tﬁ‘l / {1 (1929
ta ta(zt) th; t(‘ 2
- {,‘(,:) Jcm t(l)

Then obtain a new matrix from this one by performlng the

operatlons lndlcated below.

O (L

t, 'é;z | 4y i’&i‘) |

L {(5\: (;2_ 3 (123) é,‘f, )t(;l di;). (193)
neow GGl -G




which can be rewritten as

81 -

o

B ™) © W
*‘H : {"'12 f|3 J‘u,
‘ ) (2 (2)
{1‘ 22 £23 : {21’ ( 194)
, { X
. {3? J"z(;‘z) {(33 'L(z)
: N (2 29
Ly o a o Jchq

In the third step, find the largest element among those
elements of the third coulumﬁ\that remains after deleting the
elements above its diagonal element, Let the largest élément
found be t where k is a fixed integer such that 3¢k go=4.
Then, replace the 3™ row - w1th the kth row if k # 3 and let
\the matrix takes the form in(194) after performlng the

operatlons stated above.

Then divide the elements of the third row to the left
~of the diagonal element by the d1agona1 element of it, namely,

2) :
{( ‘to get

- () w W ] i
JC« " 'Ln - .t“‘
@ (@ ° @ (195)
+—2\‘ 22 "ty tyy ‘ o
W () (z) ;1 @
t,, = - tay '
BN (2) (2)
tqf qu { £QU ;

Then obtain a new matrix from this one by performing

the operations indicated below




.‘t'ﬂ‘, *-f:) JHS) "ﬁE:) : 1
. : é;%.  tgz gz o ) (196)
IR
IR ERIRCECE.
.

and defining the elements of(196)

r 03 NG
‘ ‘E4\ l-'12 £1% 414q
. <y 2) () _ ‘ N
ta | ’tf_l {__g% 1, N (197
Y] :
} 'LEM a2 é:; (23 ‘
| SN O B €9) ~\ B

is obtained., The matrix in(1975 contains the lower and upper

triangular matrices, L and U r?Spectively.
okl : = .

‘The steps of the 'LU factorization algorithm isg
summarized as follows:

1- Copy- coulumn 1.

2- In row 1, divide all nondiagonal elements by the
diagonal element.

3~ For each element (i,j), i> 1 and j> 1, subtract from
it the:product of (i,1) and (1l,j) elements,




~

4- If the order of the submatrix subject to subtractions
in step 3 is 2 or higher, refer to this submatrix and go back
to step l. Otherwise, the algorithm is completed, and the

updated matrix is the desired Q matrix.



IV. GRADIENT EVALUATION

To minimize the error function P, an optimization -
algorithm is used. All efficient minimization routines
'require the knowledge of the gradient vector., In this chapter

'a method is descrlbed for the determination of the gradient 3?/3%

!

Both the case in which the period T of the oscillations

is known and the period T of the oscillations is unknown are

{

investigated seperately, : o

For the case that the period T of the oscillations are
unknown, the derivation performed by Nakhla and Vlacﬁ ip[Q]

“and a new method presentedvhere will be compared with each

other., .

i

' IV.1. GRADIENT EVALUATION: PERIOD T OF THE OSCILLATIONS IS
. KNOWN
To find °"  differentiate(104) with respect to %k
T o
(198)

%k 2! ( )E(t)clt




!

- 85 -

is obtained. Differentiating(33)

OF _oYn_ QY

%k %K DUk

e

Ckefoly .

oMy

oo 9%
- Considering first, from(100)
0%k
O¥n 2f s of ol of aiie

+ == -
"b')f-k Us. 9’Xk DUs VUK Us D%k

: is obta1ned.

\v:l:Ls(t) =

"DQLS

— = e%Ie

'b’),{;k
9u_5
’B’)Ck

'”B’uﬁ

9%k

. M | ."*V 6
Re § S dok(-d e

k=0

k=0

. (105),(201) and ﬂ202) respectively give

jwkt } :
_Reidmk le “"k{j' %

—Rej wlkaeAwkt 15

The form assumed‘for'@ég(é)

wkt

J

(199)

(200)

in(105) gives

1
jwkt

M C X 4
us () = fe %; _ (- e

(201).

(202)

;(203)

(204)

(205)
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‘ 8 o
where I denotes the identity matrix.

. . / - ’ e

(203), (204) and (205) used in (200) yield

| of . of 2F 1 jwik
?———“’4”-—*%%[ Pk 22—l 2] e
Pk PUs 0% U
Y I |
To flnd' -q—l;k differentiate(118) with respect to zk
| okt
Q%J—Re l:gk

-

Combining (199), (206) and (207)

’BES QU

2

Inserting from (208) into (198) obtain

T okt o
3’-@-'-—-Re§[:ai+‘6‘”‘3’)C kz‘ra—f“\(tﬁ“wk)]e b

(206)

(207)

(208)

S -
_2ReU[ +3wk3£5 fbﬂ I wk)] e(x)e’ tcm}

ke%oA¥“ ,M}

(209)
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Equation (209) is the requlred expression for the

gradient component EB/axk

. ‘ % . ‘ A
To find KHR/qtfk differentiate (104) with respect

- to :{ﬁl
‘ T
—_— — — Z
(ad 0 .

Going through the 'same steps as for (199) and (200)

2,0.--- DM} . ©(211)

O s Bf 2d F %s
= . Y o
g%k. M ’agk ’ays 9245 - Uy ’a?fﬁ ’(ziz)

are obtained, where

Vs hukt D -
%K = Im i Ie 4 7} T (213)
- wikt - |
3wkIe5 13
: /) okt ,
~wkle 7}
'D’xkf (215)

kei,{”l,.../f‘/\"s
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:@Kt) is still ‘as glven by (106), and differentiating
(106) with respect to XL

"B¥J

kt | o
k yﬂ : (216) -

imaginary part of". Finally,
substituting (213),(214),(215) and (216) into(211)

Q)
R
7°'x

~

is obtained. Here Im stands for "

- § | ' ‘5wkt
% o e )™

Us

-~

(217)

| TN T 9¥ ﬁ“’kt
| %5 S wkﬂ e’ dy
£l "21‘11%;([ %s+3@k9§5 | Hu s o 3 5( S

ke%_"aﬁ----'-,M’% .

Denotiﬁg'the expreséion‘in'the bracets of  (218) .by

. . r y e .
j[ 'bu.s bwk 9?15 k:@}; Y ({) k)\ Ee) 5 4T

| _ | . | - (219)



it can be seen that

Z =P 4P o

as follows from (209) and (218).

-

The advantage of the formula (220) is that the gradient
components can simply be obtained as Fourier Coefficients of
the integrand through Discrete or Fast Fourier Transform

~techniques. Thus the gradient is

, | o ’ . ) B T )
oP E{ET EZEZ‘__-"-__-ZEE[ 3pT o ,a$ﬂ' o (221)
oK g, o T o, P! Al

IV.,2, GRADIENT EVALUATION: PERIOD T OF THE OSCILLATIONS IS

UNKNOWN : . o ’

In this ﬁart, the gradient of the error function p
. will be evaluated for the case that the peried T of the

oscillations unknown. Two different tyée of evaluation will
be presentéd.in detail, The flrst one which is proposed by
Nakhla and Vlach in [8] makes a numerical approx1mat10n to
the error function P before f1nd1ng the gradient of P, whereas
the second ohe présented originally here yields the exact

expression for the gradient.

‘With the period T as an additional variable, the gradient
vector involves both the term ?E/EZ and the term GP/31.-
Using the estimate of the period, the first term is computed

in the same manner as in the case that the period T of the
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oscillations ls known. The second term can be computed in two
‘dlfferent ways.

s

Nakhla and Vlach have approximated the integral
S T + . .
Plx,T) ‘=f gtmglnmde (222)
~ : .- -~ : ) -
5dsing a suitable integration method in the form‘

'P(,,,T) &= — y o ﬁ ({:,,T i(tnT) | (223)

‘where

N is the number of sampling points used to define the
iigtegrand,

5
5

’ dﬂ depends on the numerical integration method used;
) - , o

.

and‘v>‘ “ _ ‘-,r
s ho T
N

Differentiating (223) with reépect to T

N -
TN £ (T ET) '
IR £
2T - (96 l
e slrleen e
N
2T L[ RE\ ¢ (4
—_ oA — - T
+“|: __B—, 'N (T) LT

The last term in (224) appears because tj is a function

of T,
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Rearrang ing (224)

Py
E’F_.T“fr% o« £k, W,T)
&N T e
+ETS o (28, 0 2E) e (5,T)
N o 3T N 2

|
To find ’aé/’aT differentiate (33) with. respect to T

PE_ g W ) . (226)

Considering B,?ya-r firs’t, from (100)

2t 2§ s of s of dUs Y

BT @Us BT olts AT s AT 9T 22D
is. obtéined’ Differentiating (105),(201) and (202) with
respect to T and notlng that (,U=_‘?5r1_"

’au : ™M wk‘h

= Rea i S k(w-hre’ ]
Yoo . (228)
. 2 M wk{'. |
s _Rejt S m-dxb) e
’aT T 1_(:0- \ L
W) —ixk) e
_ﬁesl:r—ﬁg k\(.%k fxe) € @29
| | Bwkt.

DU 3 im E”_- k”(“L‘ﬁ"Me w}

= =M | =Y v

’a—r T k=o . ;wkt ' (?30) |

- (225)




"~ To find

_ g9 -

are obtained. Using(106) = o \

| /5\51. ' M ) rb'gl_k(’swk) {)wkt
Re% kZ: ?T 8 q]

(231)

=

—Re‘i‘; 35 ky (i sy ey

CR 5u>k)
T

, first note that in

~'the case that the period of the osclllatxons is unknown the
' equat1ons(109) reduces to

| "I;(gwk)‘j(swﬂ Ak(swk)(mk m)

, ) - (232)
sinée UAK(SQR)=O for kf?b,.' Rewriting(232) explicitly
~ ~
(233)

T (k) k) = KA (= IR A (0%

where Aj(ou_)k) = ——Bk({)wk) :
N 3Lk('5u)K\

Differentiating both side of the equation (233) with
regpecﬁ to T

T e n~ | (234)

(235)




‘expressing

?

in(235) as

:g _

93 -

[ o]

2| Yy |
or __T—':a;.—'-ﬁ ” wk ( KN ~ (236)
Wu| 2 A Aﬁ‘ﬁ) |
;T | P |
L =T,
Redefining -TL Sk as (
| W Q)
-1k aM My i M (237)
Sk T TR T e o w -
- qu‘squ
and v
Q)
k | N A p
W “Aog ) & (238)
0 —_r- Ai ('XkA 5%1\4) = @
M
a%s
’JSubStituting_(237) and (238) inlo_(236)
— B -~ (A) u’) - - r “)— .
AT L
?'\de - (3’) (H\, (Q)
arl (M Tty mi
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- from (239) = ‘ is derived as
. AT o

oy

T T S NN
2 [ (e, )+ J

Inserting from (228), (229), (230) and (236) into(227)

M : N
+’ﬁe%g‘rt5§k§Lk(5wk) eﬁ-wkt }3 e
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Equation(241) is used to determine the second

. term of‘
(224), For the third term we need‘aé/at.Using(33).
| 2% Y M- o
= b , (242) -
2t Pt ot | -
Using(100) - |
26 _of dus o e o s 2 |
QUs ot DUs Ot duUs It Dt | |
Setting
' QUs o
> = Ug
D ~
My | -
2t ~°
) ’bll. a (244)
’ =2 g _
ot
Differentiating(202) with respect to t
" wkt
vee — .3 r
gs(‘&)—_—zﬂei > _ka“-*(’xrjx,()e ‘k (245)

Differentiating (106) with respect to t

| BQL_RG%EQUQ}( HLk 5u>k)e jwkt } . (246) |

k=0
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Inserf' | :
ing from (201),(202),(245) and (246) into (243)

e 3“’@5 : pit 3

k 'Kk-wk) e

f\/ fz@Mz

o 5(»\(‘\:,
"Rei ( ) E(xe—in)e J
= (247)
— w\d-_
Re gu%ik(rxk Q'XK)e .j
_ kt
RQ{MZKB (5wk)e"’ ]
et 50 17 o b e
e . . \
ZZ o1 P&
o 3T TN o
e kt; '

- hReng— (i)j%k(%*‘”ﬁzk)ew | } | *)
.‘ Craf NS wkE; | |
+Re§ N(‘ﬁ‘)%k‘z(ﬁkﬂ,}ﬁe ]} e
0w f okt . |

Rei‘f(‘aﬁ‘;hzk( —Ix) € )
~  k=o



HRei 22 (—%—) ?Ekz( %y e
S o i o0 e
+Re§‘w,—g—3k}ik§w(5wk>e ""'} ()
+Re{w N’—(%;)J}M: Kx-py By W
R ()5 et}
T n(‘iV SESTSLEN B
“ﬁei“’géikg ™)
AN

the expression for —-——+—N—— Z_ becomes
dt;

ol




- 98 -

£ .
Rearranging the terms in (248) ?:--;--l—-:a—é'-: '
: 2T N 2t

(249)

k=0 - 1=l QS
| M@ w SSLENRY ywkt;
RISy o0 T esme™
=0 T
! k250)

Ec‘juaut:ion (250) is the required expression for the

gl:ard"ient ‘component ’a?/a"l' . The summat\ion

M=

N
N |

o (4, T) §(’ﬁi’T) ) | (251)
| | o

i

]
N
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the 'internal summation in the secopd term of (250)

o (252)

and the internal summation in the third term of (250)

%Z ; tnT)e

(253)

‘are the numerical approximations of the integrals:

' T
S B Y IDE
t ?a(écfc;};(”c, 4T

and

T

(2 gl e

‘uﬂ<2

5wk? -

j g(”c e, J4v

o

respectively.
(255) into (250) we obtain:

L

3P(x,T) _

T

=

jTET(T;T)fC (z,%) Ie

o

dz

‘Einélly, substituting from (253).

(254)

(255)

(256) .

(254) and
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~
k=0

T

K=0 L~ oo o

R . ' okt 1
e (o_g;»s"x:f lﬂ‘”k( 5)-2¥ ““)] clene” de
E(fz,T)eswktcl.'t }

- . 3
S ( )
33612_ [Mk )\jk(f\ufk)-l— [:]:)Sli}wk)—k nlf ] f £

(257)

It can easily be observed from- (219), (255) and (256)

that the ‘integrals to be evaluated for the calculation of the

gradlent component Eﬁﬁag in two cases are

] (A v
§T<3~’_c_ \ a(t)@owm AT
.0 ‘bi}S) rN
: Tiof V7 joke
AT AR
aéd' ;7‘ fk 5wkt-

(258)
(259)

(260)

(261)

It is shown in the equatlon;(257) that the additional

1ntegrals to be evaluated for the calculation of the gradlent
33/3T in the cases in which the period of the

comp:otnent

oscillations is unknown are
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T .
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S ‘ (262)
T o wkZ
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J‘ ’B@ ( 'T) 3&)k~ éyt ' / ‘
= Z:v ‘ ‘
()t e

kat '
4T

(265)

| jT ¢ (e e

-These integrals have been used by Nakhla and Vlach[8])
for the calculation of the objective function P and the

gradient component'BVéx

The method of approximating the objective function P
by a numerlcal 1ntegrat10n algorithm for the calculation of
the gradient component /T ags proposed by Nakhla and
Vlach[8] does not yield a reliable expression for 3%/9T, The

error introduced in approximating the expresslon for'yaﬁﬂ'may .

be -amplified since the approximate expression for P is
differentiated., This stiuation: can intuatively be .
' . ' X . . . -

explained as follows. Let P” be a numerical approximation to

. P . . .
P , the function to be minimized,

* 1
\Eﬂi AT
?T'tP

‘ , 3K
Figure 25- Comparison of 39%T and ?P/EH
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Suppose that the error functlon P approx1mated in the

form of p¥ as illustrated in Fig.25. Then, the slope of the

: approx1mated function at a spicific period t?'will considerably

differ from the slope of the exact value of the objective
function P at tp . This fact- indicates that the method
proposed by Nakhla and Vlach[8] for calculatlng ?P/QT is not.

. a reliable one.

)=_._L’Pl iijwk(xwﬂk) Z(

In order to overcome this difficulty and to obtain a
reliable expression for the value of BP/BT , We propose in
this cthesis to differentiate the exact expression of the

error function P with fesPect to T without doing any

‘approximation for P,

Differentiating (222) with resﬁect to T
E, (T T)ﬁ(TmV)wLZI ( )C(T'JT)Az | (266)

- Taking the transpose of (241)

';i) i Yy
kT
%_Miw * (% Jxk) (zﬁ) 5. N‘S

0 ~S

thef
" o Tk
4Rl st (2

k=o 3?;!-

. ++ﬁe‘%§;J 3k3<f)(k j’X*\) "\C<,%::£>T ejwlf"c 3
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Substituting from (267) into (266)
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‘Rearranging the terms in (268)

‘ £ (ng('r;r)

'aT - | o
-_%_Reig(ka g Y Hﬁwk ?C) RS k( i}}z(ﬂ)eawkz }
+2Re ikﬁ[mk Y (y»k)Jr Mk 3)|_ Uek) + m ]T j é(Z)T)e
: M:D T 0 wk't
__%_Re§§ awk(ffk_jz:) Of t( %j@(z;)& dzs

b e (oo T em ™
+—1:Re%> wakchk_jf)fk) JRC<’3"L'L)§< ,- '

(269)

Eq(269) represents the exact expression for QE/GT..
It can be obsérved that the second and the third terms of the

exact expression for /3T  are identical to those derived
by Nakhla and Vlach [8] in (257). It is also shown that the
exact expression for ?P/3T includes four additional teras

“which does not exist in the expression derived by Nakhla and

Viach [ 8] in (257).

5wk“£ - %
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This fact 1nd1cates that the method proposed by Nakhla

and Vlach [8] 1leads us to a very crude approx1mat10n for 7/ oT.

The exact expression in.(2695 for QR/$T-cmntahm four

additional integrals in addition to those existing in the

approximate expression in (257).

.These are

fT@(’i;E,(%,T)e'

B SN
- c,T)e dt
e . kT
ﬁ; Qfg e(TT)e T
o \alls/ |

So the cost of the computation is considerably

{nbréaéed using (269) instead of (257).

(270)
(271)

(272)

(273)
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V. PROGRAMMING CONSIDERATION

’Ih this chapter.fifét the steps of the mefhod presénfed
in chaptérs II,‘III, and IV are cbllected in a general algo-
‘rithm. Then a computer program is presented for the case that
the pefibd T of the.osciliations is known.

‘ Tﬁe‘funcfiohs of the main program and several other
subroutines will be explained in detail. The steps of the
main algorithm and a subroutine that evaluates the error

"function P and its gradient g%.is presented. Their flow -
graphs, and comments about the~fuhctions of some important

parameters areexplained in detail.
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The steps of the method can be collected in a general
algorlthm which presents the way of solving the problem both
1n the case that the perlod of the osc111at10ns 13 known . and

in the case that the period of the” oscillations is unknown.

1) Decompose the network into a linear ‘network and
nonlinear subnetworks, .

2) Estimate the variables in (103) and T(for the case
in which the period of the oscillations is unknown)

" 3) Solve the linear network described by (109), (110)
and (114) in the frequency domain to determlne \ak(ynk)
and '3Lk(y»k) Let uAkpwk) O for the case that the period of
the osc111at10ns is unknown such that BuJﬁpk) becomes zero.
Here M is the ‘number of harmonics to be considered,

4) Evaluate(l105) and (106) using ' Discrete
FouriervaanSform (DFT) techniques.
‘ 5) Evaluate (104) using trapezoidal rule. -
6) If>the error function P is less than a prespecified

small value stop. Otherwise go to step 7.

7) Use the DFT algorithm again to evaluate the integrals.,

3 .

| fT(a_?aC)T e (T, T) eﬁwkZ dt

p

< L-

TRl ﬁ“"\‘ _.
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and

T .'wk“c o
S‘ é("C)T)C‘Zb - e

if the period of the‘oscillations is already known.

In addition to these integrals, calculate

§ J - wkT

~ T 'u)\'i(t
Tz oy £ (T,T) AR
) T\l
o | ~ .-
R T jwkT
( o ) eleme dT
féU.s. '
L 0 N ~
T ' &Dkz

o

if the period of the oscillations is unknown.

- 8) Transfer the error function P and the gradient vector
as argumeﬁté to the optimization routine. ‘
| 9) Use the correction vectorégx returned by the
optimization routine to compute the next estimate.of:é. For
the case in which the period of the oscillations is unknown,
use the incremental change T to readjust chg valug of the

period for the next iteration.
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)

10) Go to step (4) if the perlod of the oscillations 1is
already known. otherw1se go to step(3).

P

The computer program associated with the Piecewise Harmonic
Balance Method for the case that the period T of the oscillations is known
ig prepared so that it can solve the networks containing
lineer'and nonlinear elements as long as the required |
subroutlnes which define the charaeterlstlc behaviour of each
nonlinear element are supplied. A main program which includes
the preparation of the matrix \Lé}“k)xn (110) and an-additional
subroutine which arranges the {nterconnection of the variables
among the subroutines charecterizing nonlinear elements should

also be provided.

The program which is complied to test some networks
with nonlinearities is not a general purpose program, It
permits the network to contain voltage-controlled junction
dlodes w1th a nonlinear junction capacitor, and transistors
with nonllnear junction and d1ffusxon capacitors and dependent
sources as nonlinear elements simultaneously. In addltlon the
network must contain a unique actual sinusoidal voltage or
current source. It is also allowed to contain some actual dc |
voltage sources. The preperation of the matrix Ylk(¥“k)which_ |
is stored into the three dimensional matrix CRESP is also |
performed in the main program auomatically. The only job to
be done by the user to start the runstream after specifying

some parameters is to read the circuit description.

V.1, THE ALGORITHM
MAIN PROGRAM

(i) Read=-in the circuit description
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1) Specify the parameter values which arranges the
dimensions of the variables in the main program as follows:
MNNS : number of augmentlng sources

MNNS1 - MNNS-F 1

MNEL : number of elements in the linear circuit with

B

n

augmenting sources, ‘
MQ : dimension of thé MNT -matrix to be used for the
solutlon of the linear network with augmenting sources,

. MOUTN : number of outputs which are desired lto be
computedwln addlt;on to the augmenting source variables and
to the cémpleménta:y variables of the augmenting sources.

~ MOUTN2 : MOUTN/2
MOUT : MOUTN 4 4
MNHAR1 : NHAMAX + 1

where NHAMAX is the maximum number of harmonics to be allowed
for continuing the iteration

~

MNP1 : (NHAMAX + NP1AD) ¥ 2 4 1

where NPLAD is the number of additional points considered in
calculating time values.

MNOPT : (NHAMAX% 2 + 1) % MNJS

MWORK : (MNOPT + 7) % MNOPT/2 ' g

4

2) Selecﬁ the iﬁitial number\of harmonics (NHAR),
number of additional harmonics (NAD), maximum number of
harmonlcs (NHAMAX) to be allowed for continuing the 1terat10n
the 1n1t1a1 estimate (XOPTIN) of the vector X glven by (103),
In addition, read

NTR : number of transistors

NDI : number of diodes

NDC : number of actugl dc sources

NODES number of nodes
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NEL : number of elements

ISR : 0 if there is an actual sinusoidal voltage source
i T Ny 3 3
: 1 if there is an actual sinusoidal current source’

in the circuit

AMP : amplitude of the actual sinusoidal source
FREQ : frequency of the oscillations in Hz, and some

other parameters whose meanings will be explained later,

3) Read network elements and interconnectiors in the

following order:

A, Insert the linear elements such as_resistérs;
eapecitors and inductors etc,
’ B. Insert the actual sinusoidal source,.
c. Insert the actual dec source
D. Read the augmenting voltage sources replaced in
nonlinear elements in the following order:

(i) Insert the augmenting source corresponding to. the
emitter - base branch of a transistor |

(i) Insert the augmenting source corresponding to the
colléector-base branch of the same transistor,continue in this
manner for all the transistors
(iii) Insert the diode branches.

1

4) Read the parameters defining the characteristics of

the tranSLStors and dlodes reSpectlvely.

.5) Read NOUTN, the number of additional outputs which
are desired to be computed in addition to the augmenting
' source variables. NOUTN' should be an even number, i.e., the’

anumber of additional outputs desired to be computed is,requi;ed

to be even since the time values of the outputls in the network

'are calculated by Superlmposlng two function into one (This

point will be further elaborated in the appendix). In addition,
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specify the outputs whigh are desired to be dalculéted and
plotted by introducing the number corresponding to the position

" of the unknown in the MNT equations~

~.6) Also, read
IXOPT: O if there is 'no individual initialization for X , and

1-if X is initially specified.

INP1: O if the integrals are to be evaluated at 2xNPl+l
points, and 1 if the integrals are to be evaluated

at more than 2%NP1l+ 1 points.

NPlAD: Number of additional points provided for the
evaluation of the integrals- and the time functions in
the case that INP1=1

,, | '?

NXOPT: dimension of the vector for the initial estimates,

.

IPRINTS controls printing of the optimization subroutine,

MAXFN: an upper limit on the number of iterations to be

performed,

IWORK: should be equal to NOPTX(NOPT+7)/2.

(ii) From the network description, obtain the linear

subnetwork by connecting the augmenting sources properly.\

(iii) Solve ﬁhe,linear network as described in chapter

III for each frequency kw and for unit sources to obtain

givén by (112).

(iv) Using the subroutine FUNCT, evaluate the error

function P given by (104) and its gradientzw/az given by

(219) for provided.XOPT(I).
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READ-IN
Circutt Descriﬁ:{:ior\
NHAR , NHAMAX,EPSL, TCNTR |-

Y
SUBROUTINE FORM
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atebid ’ .’Q f SR KOV TINE
O’/ the (inear net work / . Lvé
: : -~ . S0
40 ] Actual Sources
o Y '
Calcvlate the leeﬁ/wnge
{ of the {linear petwork 7| SURRLUTINE[
to unil qugmewting  Sourtes [T SOLVE
, T ,
CLUBROUTINE  QNMING x
. S [T sverewwe funeT
F/@LCher’ O/Qf'lr’r’n 2aT10n e CC([CU(ate‘S P arw(
({, v . < ) . Th e s T
Al?o“ o . P vgrad;eﬂ{’ of t
. o ‘ |

- addctional

Xy Lo zero- Calcvlate time and

/reqa(er)rg domain . |

[respon SesS.

i

—¢——| NHAR = NHAR+ NAD |-

;

Rioure 26— Flow-graph of the main algorithm.
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(v) Transfer P and ?@/QXto the optlmlzatlon subroutine
to calculate the new estimate XOPTN(I) of m . 1f
|XOPT(I) = XOPTN(I)| < EPS(I) for. T €31s2s..-.. s 2NHARF1 -
‘go to step (vi), otherwise go back to (iv) with XOPT (I)
XOPTN(I). The optimization subroutine used in this step is

based on Fletcher's algorithm described in[A0).

(v11) If P is less than the prespec1f1ed value EPS go to

i
1
|
|
(vi) If NHAR ) NHAMAX go to (ix). Otherwise go to (vii), i
(1x) Otherw1se go to (viii), {

(viii) Set NHAR:= NHAR + NAD and the additional coefficients
Xk to zero and go to step (iii) to solve the linear network

only for the additional frequencies.

(ix) Calculate time values and frequency domain response
of the desired variables in the network other than the variables

associated with the augmenting sources.

(x) Plot all the time values that are computed in

the given network.

These steps of the algorithm MAIN are illustrated in

the flow graph in Fig. 26.

SUBROUTINE FORM

‘Tﬁis subroutine prepares the MNT equations for the
11near augmented subclrcult as explained in section III,1
when the circuit elements are read as. described 1n the MAIN

PROGRAM., The’ parameters MQ and MNEL shoud be specified as in

the MAIN PROGRAM at the top of the subroutine. - |
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SUBROUTINE SOLVE

This subroutine solves the MNT equations prepared by
SUBROUTINE FORM. It provides forward and backward substitution
on the m;trices L and U as described in section III.2, The

value of the parameter MQ should be specified as before.

SUBROUTINE LU

This subroutine creates the matrices L and U as explained
‘ :
in section III.2 from the MNT equations prepared by SUBROUTINE -
FORM. The only parameter that has to be specified/is MQ.

SUBROUTINE FUNCT

~ This éubroutine takes the values of XOPT\(I) provided
by thevpptimiz&tion subroutine and returns to it the function
value P :and its gradient BR/@f,. It consists of the following

steps.

(i) -Rearrange the values XOPT (I) of the vector

givén by (103) to correspond to the form Xk jxk

(ii) Scale the matrix ﬂ*{.providgd by'(iii) of MAIN
with the coefficients :%k‘j*t. to obtain ng as in (113).
Then obtain @hk as in (115), for ok eio,“,““,NHARk
e

: . & .
(iii) From the phasor values SLk and %k-3}%Xk obtain
the time values SLCt) as given by (106) and 'uSG:) ustt) |
Us(t)) as given by (203),(204),(205) at the sampling instants

4. . The DFT described in the appendix is used in this step.
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" Figure 27- Flow-graph of subroutine FUNCT.
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(iv) Evaluate 3N&) using us(t) us(t) us(t)
obtained in step (iii) and relatlon (100).

"(v) Form the vector error function E(ﬁﬂ defined by (33)
and evaluate P(z) using (104). The trapezoidal rule is

gselected for the numerical integration of the error function
P,

(t;)

. 3 |

(vi) Calculate the partial derivatives - f
°f oy, 2 B 9
= () > ?ﬁ%(t;) '

~

nonllnearltles. The subroutine NONLNR is responsible for the

of the functions describing the
evaluatlon of these derivatives.

(vii) Evaluate the complex gradient ka for k&i0,4p.n,ﬁ4%

according to (219) using DFT techniques.

(viii) Reorder the complex gradient vector, into the real

gradient vector as shown in (221),

_The flow~ graph of the SUBROUTINE FUNCT is ﬁllustrated
in Flg 27,

SUBROUTINE NONLINEAR (NONLNR) .
‘The subroutine Nonlinear required by Subroutine FUNCT
ﬁfbvides the function f in (100) and its partial derivatives

28 S et

= . o —= used in evaluating the gradient. These

are filled-in one 2 dimensional and two 3 dimensional matrices

using us({-) , us(f) , and us(é) which are already prepared in
FUNCT’ and stored in the matrlces XS(I,K), XSD(I K), XSDD(I,K)
for I € 41, 2,...,NNS7f and Kef 1,2,...,2NHAR + 1}. For .each
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I and K, XS(I,K), XSD(I,K), XSDD(I,K) provide one with the
value at the time instant ¢, of the I-th augmenting source

its first time derivative and second time derivative

respectively, : L -

The function f in(l100) and its partial derivatives
of 'af , of
DU 31&: 2Us

NONLNR -as . descrlbed in the f0110w1ng

,are filled-in the matrices by the subroutine

YS(I, K) 'contalnlng the complementary varlable of the
I-th augmentlng source (1n the nonllnear subnetwork) at the

K—th tlmellnstant,

- PAR(I,J,K): containing the partial derivative of the
complementary vatiable of the I-th augmentlng source at the

K~th time 1nstant(\e. S (+ ))
2w

~ PARD(I,J,K) and PARDD(I,J,K) are filled-in as is
PAR(I,J,K) except that the partial derivatives-are taken

vith respect to WUg and Us respectively, instead of Ug &

If ‘the nonlinearities in the network are not dynamicel
(le ﬁN'— ;(llsaUA)) | then there is no need to
evaluate XSD‘ XSDD as well as PARD and PARDD; moreover the
expression for the gradlent becomes simpler. Setting ICONTR= 0
in the programme these: unrequired steps are omitted. 1f
ICONTR = 0, but 95 is not present the matrix PARDD = g must

be provided.

In this program, the matrices YS(I,K), PAR(I,J,K);f
PARD(I,J,K) and PARDD(I,J,K) are provided byﬁsubroutine DIODE

for a junction diode with a nonlinear junction capacitor and
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subroutine TRNSTR for a transistor with nonlinear junction
and diffusion capacitors and dependent sources, For other
types of nonlinear elements a subroutine providing the

‘information described in the following'must be supplied.

~

-

SUBROUTINE TRANSISTOR

This subroutine provides the complementary variables of
the augmenting sources connected across transistor branches,
and the partial derivatives of the complementary variables of
the augmenting sources connected across transistor branches with'
respect to the augmenting source variqbles and the first time |

derivative of the augmenting sources, respectively.

. Two different kinds of subroutine describing the
behaviour of the transistors are used in this program. Both
of them are’based on the same model of the transistor, namely,
the Ebers-Moll mbdel. In the following, the models that were
used in the program will be presented, seperately The Ebers.

Moll model of the transistor 1s illustrated in Fig.28.

MODEL 1 o , ,

In this model the equatlons governlng the behaviour

of the, tran81stor are given as follows:

(i) Source Current
‘A UBXAh.m ) ' : | (274)
Ik:L(e -1 l

| ELLA R
ﬁhe;‘e _I = IS(—?:)—rng e K lT 300]
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Figure 28— Ebers—Moll Model of the transistor

k = Boltzman const.

Vr = k.T/9 (k/q'z 8.6164.10 ")

(ii) Junction Capacitances

.I : | Cﬁx _ , (27
. Y ;
(1 - Vﬁx/d&) *

(iii) Diffusion Capacitances

Cpe = €9 Y

| >0 (27
~ =0, - Vg €O

m
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Coc =g . Vi.'s O
_ %C_ Be > (277)
-0 v €0
where \/T',m’ (bx R YX and (‘_’;R are SOme- consta’nts/,
T Ze =1/ (2nf,) Ty =0
2= A [ celvep + Cge(ved)]- qHo
’ E’TY‘J:L » . I'C
(278)
if tp <0 from above expression
it 1s 'set to zero
Céé(\@{)' and (BCCVC{) aré calculated according
to (278) /
‘C.R'=O\ ‘. CDR::O

{4 PR+ Prmax

: — FMAX
Cr - (Or# O
if Ty <o from above expression
it is set to zero
B (279)
dlz.  Tse +T Vex -
6)( deg _ XC 4 _ Iu e /VT,\W"\ (280)

d Vgx - VT.h’\ B VTJ’\:

The npnlinear transistor model whose describing\equa—
tions presented above is. linearized for some values of 'U'Bx
in the computer program since the source currents will over-
flow for very large or small values of Upy in (274) and the
junction capacitanceé will be undefined for Up> d)x in(275)

’
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In this case, the describing equations of the source

currents become -

N

v ) . /-
4 (V'1/\/T.\T\ ""X)‘, N J\\/,{/V—rln'\-f)() I V n t\'
— & Vg —Vi) TR ~ T, 15 Ly
Vy.rmi , L :
ce= 0 VN ax) o . s Vi o
=) p -T, | Ve £ =
. 3 '/ \‘, . .
4 kWJ%ﬂ”*X1f XW/WﬂnTX)
‘ L — e ,\'{UE‘/‘: —\/-_3_) + T : “‘Iu ‘C'TBX J
L Ny ‘ . : :
. £ { o x | (281)
where X = ”Io
, ;o %
Taking -the defivétive of (281) with réspéct to Q%x
/{ l\VI /V'f‘]\\ + )( ) \/ .L//\)_ o
— e | TR
Vo o
K ax/ Vo A4 X ) V, = Veax = Vg
VLfY; ‘ ' 1
TR j'\\/;-/VT_ m +X ) , UE) <V,
D 4 . )
C ' (282)
\,VT.D’)
are obtained. In (281) thé equations describing the source
currePts,arg‘linearized for gy > Vi and . Vg, £V, in
such a way that the overflow of the values for soruce currents
is preventéd. In the same manner, the diffusion capacitances
. . - . F r”‘ . ’|‘ . . — - ! .
are linearized for “Juy'> Gy —.05 = Uy as follows:
Cio -
IR Vix =70
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Taking the derivative of (283) with respect to ’\fg,x

¥y Cbox ,
ACQ'J(. _ ¢X’<4"(UIIBX/¢X)?X+{ \yﬁx < UX
d IU-BX' ')- |
S ~x Léox :
Vay > U
d) ({-‘U / \Xy-H BX X _(’284):
‘is obtalned Slmllarly, SX and .éé)_( are linearized as
v d UBX ( -
LV4 mtK) 1 Ml tX)
—_— &
<v m) ((Ué’x '-V4> + Vo v < Vex
sz | 4 ekqxsx'/\/—r,m +X) _ ‘ Q..é '0139(.4.\/4
- Npaom , (V&/VH.n\'Fé()

< - <V2/\Lr M+X>( \ )+ ‘—""4 - € (285) x4
Vr. ) V2T Vrm |
m :

Differentiating (285) with respect: to "Uéx !
/ .

’ ( ( 4 Vﬁ/VTm +‘X) . V1é’1TBx
o VT "V‘ | :
d 2 - : |
‘ai: * ( : (’st/V—r,m—hX) v?. é%x,é \/1
Tgx Npom /- < '
2 , :
< ] ) éyl/vmm»x) | gy < Va,
\ Va.m - (286)

~are obtained.
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MODEL 2

In this model, the equations of the source: currents and
capacitances are given as follows:

(1) Soruce currents

Wy
I,F(c = I°< e -1 )

(287)
where Qz - “in the model 1,
'(ii) Junction capacitances
Co = Cex, | o
BX = RN - (288)
: (A"VBX/CP)(> o :
(iii). Diffusion cgpacitances /
y Ay

. (289)

where K is the Boltzman's constant.

‘The equations -in (287), (288) and (289) are linearized
'in the region \J'sx > Vi and ’U’Bx <V, for the same ;
reasons explained‘in model 1. In this case, the expressions
‘for (287), (288) and (289) become :

: ‘ W +X) | 1:
[ peu (Vg - V1) + SEA R Vi £ Vg,
' . k’)\\)'gx'-ij Ve £ AU
B . '_. : . ., - Bx é v
I§C:=\§ ﬁi o Lo 2 E !
(‘X\lz+x) | (A V2 +X) - Uy 4\/
(A C ('\TE;X - VQ.) + £ —_ Io X £ 2

\ | ' (290)
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%Cax, - |

‘ | GBXO '
y (Vay—Vi) + ’ R/PEA
b (4= ) (i- -1’1._)*" o
el S
.CBXo | '
\ L ~ A .‘:/UBXé \/1
— X
(4 rsx/;z;)
O Yx Cb)(o o C ‘ |
” ('D'Bxf-\/z)_-l— ‘ 8?‘° Ve
ey T
S %, " (291)
CBx [V\k W‘(‘WB "VA) N ()ke ]
n
’ V.
Cay. [’)( k e <'U’,5x_.\/2) + /)k A 7’] (292)
’ are»obtained. A »
. Taklng the deeratlve of (290) (291) and (292) with
respect to Uy
| AV R Vi £ Vex
? = @%x“’“ V, £ Uiy € Vi
Bx . e | o .
Wa+*) - _ -
o o Uy £V (293)

ne
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?C,’B\xz b (41— Cx )”"“" Ve € Uﬁ" e
2VBX " 0}
XXVCon | | (294)
o e
) \ A (l)x ) ' N
o 2\V4 |
Nk Coy © S N U
2Cpx M v, & Vex € Vi

= ik Cex,
"BQ?éx | Q\( (1 ‘ ’)Vz : ‘
| A " BRoC o N, £ Uiy  (295)

are:obtéined. In the above equations X& 7Cbx )Clgku
are some constants, and A= |
' Ve
The expressions for Ty, C gy G’Dx AR ,aCBX
@Cpx - . DUy ?Vex

and =5o— w111 be d lculat
7 Dax used in calculating the complementary

variables of the augmentlng source variables due to nonlinear
network, namely, transistors. To find the augmenting source
currents due to transistors consider the circuit shown in
Fig.28 . Writing the KCL for the emitter and collector nodes

of the transistor we obtain
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i,, (m,m,o—, 14 (V3,07 +—- Tee () - - Tec (m__ ARV

QA&( Nf‘)__'L (UEJU{)4‘—'iIEC<ﬁE> iIccCU]>l\ ¥ <mﬂ’ﬂf lﬁ‘

(296)

or - . {

(%U‘a,m —[cgg(mH Coe (03 ]v +, Tee (V) - 'IEC(_’D')
)2 ;(m)qj’i,v’z'):[cﬁc (_’U’Z)"“ Cbc(v;]'\)‘z + O'TRJEC(‘U' Icc (‘\T

(297)

. - - [ . i
! Differentiating f in (297) with respect to QT)QY and V7
B G _ rad N s i

'9;(‘4 ] QCB( . + | /)Ic,a((vl) STee (UZ) 7
5—&2 ?m « g OV : . V%
o | . QIa('U_i) | QCSC@&)\_\Q} i 0L (U2)
vz | eV -y 2 + xg DU,
. ) \ | : B
of ol | T S (298
— = Co(Vy)
U, 9V, "°E<_ RSN O
> o -
Ll Y O - Cac(V2)
| A N | |
- | T (299)

O
R

B
i
(e

(300)

Ny,
LS
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are obtained. The values of -f ('Q; 'L:J; , g) . 95 \ 91[7
- of ~ ’ C R

. - r~

5@  are stored into YS(I,K), PAR(I,J,K), PARD(I,J,K)
and “PARDD(I,J ,K), respectively. -

" SUBROUTINE DIODE

. This subroutine provides the complementary variables
of the augmenting sources connected acroéé diode braches.
The diode model used in this program behaves like voltage
controlled nonlinear resistor with a junction capacitor .con-
nected across 1t. Therdiode currents and the value of the
junction éapacitgfs'are given as defined for transistors. The
model of the diode with a voltage source connected across it

shown in Fig. 29.

N y2 1 (2720
g (v =T e =
) g >

l/] re
' I |
A *,\ll " = O

™

Figure 29- The Model of the diode with a voltage source |

The current through'the diode will be given by

=T(e =) o
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and the nonlinear capacitor is given by . -

]

w)=—-=o _
o U)

The equations for {4 and C are linearized outside the

(302)

- region V4 ¢Ar<¢ v, . In this case the equations (301) and
, <V, |

(302) become : 4 /’
")ebv‘“) o) +»@K’W4+’<) T wew
() = o Vp £V 2V
A (g RO ey,
(303)

| where, 'X: ert T, 9

and
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-Differentiating (303) and (304) with respect to i

“t

, TXekWﬁ-kX) — 3 Vié-%r
i) qe(w»rx) £V 2V,
A ) (%tx) o h
, Ne , N PRVA
(305)
and »
Y,
4)( ‘ V4. :7(+,1' \/4 < U
; P "'
c(v)
g_g_(___: ' Cnhl{ \/Qf—’Ué V1
2 <4, v AT ,
Pl —5)
- wa( @fovg
9
cj><4 — V2 ) ! (306)

¢

are oBtained. Then the complementar& variable of the augmen-

ting”voitage source corresponding to the diode model in Fig.

29 can be calculated as:

ri,,(ru):@(m»n oy 4 {(w)

This is stored into YS as

Gl (607 = Y5(K)

(307)

where K= 4,25...-0. 5 N2HAR{

o
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In addition,

o>f _ 4 (’If)+ e ()

?"D",“ U )8 (308)
of _c(v) | N 5
/Br{)—' | ‘ ; v , (309)
f?{i:: 0 - , (310)
o0 S -

ate obtained. These are stofed ie ‘ ’
f?lc(,tk) /= ?AR(K)/ z SN ¢339

-Qf 1) = ( o
k) PARD \<> |

of (&k) ARDD(\\) s

J
V.2. COMMENTS
V1f Selection of XOPT(I), EPS(I), MAXFN.

EPS(I) is required by Fletcher s Algorlthm in order to

, step the optlmlzatlon subroutine whenever IXOPT(I) XOPTN(I)[<EPS(I)
for IESI 2,.. 2NHAR+1% for two consecutive iterations. It was
observed that to choose ‘the initial estimates XOPTIN for
XOPT(I) very small (of the order of 10 -3 or 10 ) w111 result
in a good convergence when EPS(I) has been chosen very

small- (of the order of 10 ) and the maximum number of itera-
tlons (MAXFN) has been limited to a maximum allowable value

(of the order of 200) prov1ded the value of CTPER, whose

meanlng and ‘determination will be explalned later, is selected

appropriately. The limitation of MAXFN is also important: in
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vmdst of the networks including transistors with nonlinear
capacftqrs. If CTPER is adjdstéd apﬁropfiately the value of
the scalar error function P decreases as the number of ifera-
tions increase. But if the value of the scalar error function
decreases very slowly, than it may take so many iteration for
the algorithm to reach a value that the difference between
two consecutive 'iterations of the XOPT(I) becomes less than
EPS(I). In this case, if the algorithm is allowed to get the
deéited_small EPS(I) value for the estimation_errdr between
,two consecgtive iterations; even the value of the scalar
Aerrot function'P becomes very small, the algorithm may diverge
or the value of P has a very large value (of the ordef of
020 in some cases) when the additional numbef‘of‘harmoﬁics
are tried to be estimated in the next step. This is not a
desifgble phenomena since it becomes impossible to obtain
the eétimates of the additiopallharmonibs (NAD) . %herefore
MAXFN'is limited to a fixed reiatively small number, say 200,

to prevenet the errors due to a large number of iterations.
R \ .

'For the initial NHAR, the initial XOPT (I) are selected
arbltrarxly, but as NHAR is small the number of optimiéation
variables 1is also small and to impose a tlghter bound on
~XQPT(I) is less costly. After the 1n1t1a1 set of iterations
when NHAR is increased by NAD, the additional XOPT(I) are set
equal to zero and the XOPT(I), of the prev1ous iteration are
taken as 1n1t1a1'guess for the new itreatian. Flnally, it is
understood that to choose EPS(I) very small for the 1n1t1a1
number of harmonics .and to obtain as good an estimate as
passible for XOPT(I) at the beginning then to 1ncrease (or
keep constant) EPS(I) as NHAR is increased is a good stratgey.
It is also known that the Fourier coefficients decrease with
increasing harmonic number. Therefore a best,estimate of
the first harmoﬁic coefficients followed by zero estimate for
thgﬁiéter harmonic coefficients will provide a good initial

guess;wheanHAR is increased. Thus the number of iterations
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at a costller stage of optlmlzatlon is con51derab1y reduced
when the number of variables are relatively large.

2- Determination of CTPER

In some networks the coméutatien ‘can not yield an
es;imqfe of the first harmonic coefficients since the origiﬁal
value of the scalar error function which is desired to be .
minimized is considerably large. To overcome this difficulty,
~“the error function’'P and its gradient 3?/%Z.are multiélied
by a constant CTPER in the computer ﬁrogrém. Thus the minimi-
zation of the functlon CTPER®P corresponds to the mlnlmlzatlon

of ‘the error functlon, P.

Then the original value of the scaled scalar error
function CTPERXP can be adjusted by choosing an aﬁroﬁriate
value for CTPER such that the original value of CIPER -P¥is ‘
- about 1. It s observed tnat there is no 1terat10n when the‘
value of CTPER is considerably large and the computatlon time
is not finite. As CTPER is decreased the number of iterations
>iﬁ}reases and the solutions are obtained. Finally as CTPER
apéroaches to zero, the number of iterations becomes to
decrease rapidly and the solutions become unreliable for \
' these. values of CTPER. - ’

v-;753- Evaluation of the error funmction P,

The trapeZOLdal rule for eQaluating P is apblied
at 2NHAR+1 points since all ,time functions are evaluated at
/ 2NHAR+1 time p01nts. It was observed that P cou}d be driven as
small as desired with 2NHAR+1l time points., If P is evaluated
by applying the.trapezoidal rule at a larger number of éoints;
then the value P assumed by P was found to be quite large :
(about 10 times P). But P approaches toAP'as NHAR increases,
Therefore the stopping criteria on the main‘program is based

- on §.'
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V1. EXAMPLES

. In this chapter several networks were solved by the
- proposed Piecewise Harmonic Balance Method using the algo-
rithm presented in chapter V for the case that the period T

of the oscillations was known.

EXAMPLE 7

In the first éxample, the proposed method was used to
determine the periodic respdnse of a square,wave generator
shown;in Fig+.  30. The network was decomposed iﬁtona,linear and
a nonlinear subnetwork. Two augmenting sources were applied
to the linear subnetwork between the points E-B and C-B. The
algorithm was started with 12 harmonics and 35 sampling

-points. Convergence occured with 15 harmonics and 41 sampling
points. The final value of the error functlon was|0 53181x103
The value of CTPER and EPSI chosen for this example was 107
and 10 =3 respectively. The time values of the augmenting

source variables are shown in Fig. 31 and Fig. 32. The

excecution time for this eggmple was about 10 minutes. In the
, equivalent circuit of the transistor used hefe,»tﬁere.is‘ho
nonlinear capacitors. Therefore ICONTR equals to zero.
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Figure 30 (a) Square wave generator with input v(t) = 0.5 Sin(2nt)5
(b), Transistor replaced by its equivalent circuit,

\

EX/AMPLF: 8 ,

‘In the second éxamplé, the Piecewise Harmonic Balance
Method was used to determine the periodic response of a class
-'C émplifier circuit shown in Fig. 33. The network under
consideration was decomposed into a linear and a nonlinear
subnetworkl Two augmenting sources were applied to the linear
subnetwork between the points E-B and C-B. The algorithm was
started with 7 harmonics and 21 sampling points. Convergencé

occured with 15 harmonics and 37 sampling points. The final



Be(volts)

.78+000+4

I

-

i

I xn

I
‘ 1
.71+000+

| ol

158+000
524000
| 1
I
I
1
i
+

45+000

39+000

1
i
i
I
L
+
{
i
I
I
I
+
I
I
I
1
I
+
I
I
I
i
L
+

X ,
% % o+ X x*

551001

Cing-

. +111002

.33+002_

.58foq%_

Q4+002

 49+002

o bt g_;;;_-_;+_;_-__-_;+;_,;_7;;-’ _________ s

:_27+002 o ;M'SS*OOZ

km.

604002



- 137 -

ngc<3@J£5)

85+00\+

.64+001

.43+001

-‘-r«r—vl—«p—d’—‘+HHHD—<0—-1+HMJ-«P—-<H

.21+001

i
I

Tle ow kEE OB ¥ kX XK £

I %
»61-006+.

-.21+004

O = T S I R e S e e A e e N

-.54+001

-.85+001

+Hp——~r-«r—e)—1 e I I e e

--11+ooa

__;;;;;:;+:Z;:;;;£l+:;L;;L_;;4;;;;:ﬁ;;_4;;,;;:;;;+“;; ______ Pl S SIS S SR SNSRI JEROE I |

K R K K ORE N KX
.

. 3
L2 2R L _ o
AN RIE R RS - ' S , 1

33*002

T +381002 444002 .49%002.  .55to02.  60+002

27+ooa

e P il . ;g e e g,




T
O T
L7,
1 Y
LT
.l
17
5368 001 7
510“‘001 6
¢ . 53Lb
Aypé
00 L2
e1
~»a»f“,
11 =74z

9

L =9,
000a*001“
x __,99,
:ﬁﬂg
,H*_g
=9,

L. =9,
'3-9
9

-9,

~L-§:
1. =0
1 .=9,
9y
=9,

-9
i X

9”

"271<—an

- E)q\)q“bo) .
=.9279-505
2140

“X(1) ’.4b7l—UUu%
. aﬁ.G\IV Le20h0mgn
11366016 (1) =+7260-005
1101~ 0015(1i c4TTr=guH
1032=001661) © « 70LL=( 04
0942=001041)  «5848-00y
0786=0016 (1) TeH028-yoH

0930 00;6(11

0303=001"
, QUNY~001 ~

c9218=001EATT FROM QUHMING

179 NF

" 198502

94 Q= OOiFuPT_ o 1l.oe271
7a41 00 ‘,.1044+000
7704~uu1” . 3799-002
228/+000”‘“-.1841 003
1G3L+000 L4995-005-
2905+000 ¢u541-006
2322+000Q - LH164-0006
62954000 S
+2082+000 - «20606=goH
8869+000 - 7 «2502-004
oti79tggg - 9218-004
bo36+000 - =«bB3g1-004
7050+%000. . =ey383-00y
7927+000 - =,7398~304
77224000 . '
s7549+000
G$230+00¢
82244000 i
« IDHD+000 - . ‘
77304000 -5
T92u6+000
7050+000
Lbu1+00Q0
6836+000;1.k_"
58634000 b
5070+000- ‘
0a9u+000

T L H5BY oy

e T022-yuy

NOZ 1487
LO94D+ 0
=,1135+900
c1185=0¢1
=, B5L9=503
J17057(03

-.lbvlfu09
LLB178-0075
=.2170=g04

- 43SB4H01

- B8144=004 " -

Fz. _.
V27221000

-.1077-001,

.5080~002
=.130p1-0g4
LB914=005

JHGTH=004

01.=9. df9b+000rnEoUtNCY DOMA KN RESPONS

1 -y
20=001 =1,

| it e
2498-001
12899=001.
31

308=001 7.
557b~001 T
d709— T

Il T

T,

i 7.
R;?

7879-001
0. 7O44~001
B
6,9215-001

VI505-001

. =T a&>4+UOONUHL1N MR 3

0934#000

2201000 uCs

9403=001:"

tﬂﬁoiNrJ

0008=001

~
-

0530-001
0786=~001
0942-001"
1032~-001
1101-001.

— b e
[CYIRAC I I auliVo J ooJE N |

..P
s
l...

3

¢ 6% 2% 00 S0 46 S 8. 20 €5 S GV B ®

RE AL
HeHdv~yul
2.72106=301

~1.044%37001
Te143988=003

22795402
=1.982/-003
-1.070wL~yd2
 3.7899-403

5.9259=40 3
=4 B8345=303
-2,712u5-003

5 -/079('>"003
=1l .8410-puk

L. pU1L=G3-

SeluG2"u05

P S T N AR N 1Y

LLU27B=00

=2.9718=0006

-3.2139= 000

3.7812~006
-o.luO=e07
=1l.00027000 -

Lo 97g=p0 7.

HOATNQennT

L.48325=001

2.9030=001
~1.1354-001,
L3, u705-00u

~1.3195=001
7,5705=002
4,4188=0q2
‘H.?ﬁqu~00d

1 15U Fm= A A

- g7n\—005

.3160"004,,5
JdoB4y-00y

'.53181 uoj

6JJ0+001
- 178“&000
:.]319+000
.1109-0¢g2

.?261 003

- 34717003

«1599-00¢
-.1850=0¢gu

-, 3839=polt bdjn—uoq e 2ilp4™004
~e2424=00y - L2347-00y  —.1132-00y
20827004 ~oTo30m00% 3435 -00H
-, 2458=004 R R T
IER = 0
F1=0U0S : R ‘
- =.2986+3gg0 ~.1399-pg2 - 19ux+oo1
-.5497+gp0  ,5926-002  ,1483+g00
,7570~001 =.4041=002 - 4419001
.1103'003 «1009=004% .1017'002
.6§40'003‘-‘.6928’005-:-.2133-003
-.1591~003 .10067005; ~,25517003
-.9632~405 .. ,1047-004 f.1755'005
=.1405-004  «4802=004 :=,2463=004
=.1992=go4 = .6027=p04 - =,2699-g0k
«2133~00H4 -=~,3827=005. =.2101~006
~,3341=006 =.7162=-005.  ,3641-005
.33007004ﬂ'1.2305-0043£ .11?8'004
' ‘ 2279-001 .2084+000
*,“8345002 - ,29%03+000
.,3100?00237~—4784-001
-,8355-005 =,1918=003
29727005 =, 4835,003
=.1757-006  .27127003
=.2037-005 6?0?"00‘s
5468=004 =,2611=004
6353=0ql4 *~,3363-0p4
5267-00u.5—.2203'004~
} .1114-004j «8568=005
‘04330-00“' -:1385f00u
1 R e g
CIMAG .7 RLAL IMAG
L0UU0 =4.3578+000 L0000
1.3007-005 6.5592+000° 1.1086=003
~4.,9952-000 72k9¢04’001.'1-10337004
-1.0090005 1. 9431+00g =-1.0169-003.
LeAHHI=QP0  2.0830001 . 1.9177-004
b.2783—006,;9 Gu46=001  B.S594=004
=8,91%4~0006 =1.738457001 -2.20606=004
4 SULE=00T7 =5 4968=001 =b.6397-004

"L-13£9 004

4 8354~004
=1.7551-004

1.5914-00u4
2.
=2.7116"004

LS ¢ R TYL 3 AN O L

. 1t97004

S5Hgb~0gl



- 139 -

value of the error function was 0° 74x10 2. The value of CTPER

and EPSI chosen for this example was 1 and 10 4, respectively.
The excecutlon time for this example was 8 minutes. The

_ augmenting gpprcé variables are shown in Fig. 34 and Flg. 35.
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igure 33 (a) Class C amplifier circuit with input v(t)= 2.6 °nﬂ2n10 t)s
o (b) Transistor replaced by its equlvalent circuit.

we

(
EXAMPLE 9

in the third example, the algdrithm was used to deter-
mine the periddic response of the class C amplifiercircuit
éhown in Fig. 36. The network was decomposed into a linear
and a nonlinear subnetwork. Then two augmenting sources were

applied to the linear subnetwork between the points E-B and

C-B. The algorithm was started with 4 harmonics and 21 sampling

~
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points.
points.
The value of CTPER and EPSI was 1 and 10 %

execution time was 20 minutes.
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The final value of the error function was

Convergence occured with 24 harmonics and 61 sampling
.182x10
respectively.

The transistor model does-mnot

contain the nonlinear capacitors in the Ebers-Moll model

;heréfo:e ﬁhe value of ICONTR is also zé;Q for this example.
The time values of the augmenting sources and the output are- shown

:.ithigs. 39. The time values of the output voltage at

37,

and Vlach[8].

a similar waveform to the one obtained by Nakhla and Valch(8] .

|

38,

discrete points was compared to the one obtained by Nakhla

It is found that the solution obtained here is
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- VII1. CONCLUSION , . : .

A Piecewise Harmonic Balance Method for finding the
\periodic;reSponse of networks both in the case that the
period T of the oscillations is known and in the case that
the period-T of the oscillations is unkhown has been inves-
‘tigated. : ' ¢ |

.The method has been tested computationally”on several
problems for the case that the period T of the oscillations
1sknmﬂ1 to find the steady- state solution. The advantages of

the method can-be summarized as follows: . ; '

(i) No special formulation of network equations is ‘
requlred Most of the computer algorithms such as those using

the . conventlonal harmonic balance>techn1que or shooting met-
- hods .requires. the formulatlon of the state equatlons or same
dlfferentlal equatlon describing the behaviour of . the net-
work. Thls is not an easy way. of formulation for general‘

purpose computer algorithms,

(ii) In the Piecewise Harmonic Balance Method, there
is no need to solve a nanlinear, "algebraic or dynamic
equationVSince‘all the nonlinearities are treated appropria-

tely.

(iii) The linear subnetwork is solved only once for
each frequency in frequency domain and the response of the

linear network is obtained by scaling. Therefore full




advantage of "the”linearities whlch constitute larger portlon
of the network have been utilized.

(iv) Since all the nonlineatr branches are replaced by
“augmenting sources the topology of the network is preserved.
This means that a connected linear éubnetwork can leays be
obtained from a given connected network in most of the cases
except if there exist nonlinear n-ports which can not be

‘modeled as n+4l terminal elements.

(v) As the number of harmonics are increased after
balancing initial estimate of the harmonics, the problem
becomes numerically bgtter conditioned, and the number of
iteratidn; for the next estimate of the harmonics are con-
siderably decreased.

(vi) The value of the error function to be minimized
can be multiplied by a fixed 1nteger in such a way as to '
allow the algorlthm be operating. The adjustment of the valhe
of the scalar error function P to be minimized can be changed
to obtain better estimates of the initial harmonics.

(vii) The number of optimization variables in the
Piecewise Harmonic Balance Method is ;eduéed considerably as
compared to the optimization variables in the conventional
harmonic balance method since most of the practical circuits
contain more capacitors and inductors than nonlinear elements.

(viii) The speed of the computation of the gradient is

increased by taking the DFT of two functions at a time.

A new expresslon for the gradlent evaluatlon has been

'developed and compared to the one derived by Nakhla and
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Vliach [8_] for the case that the period of the’ oscillations is-'
.unknOWn. It has been observed that the »'expression proposed by
Nakhla and Vlach[8] is a very crude approximation to the

gradien/’t whereas the one presented in t:his\ study 1s the exact

one.
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APPENDIX
Al. GRAPHICAL DEVELOPMENT OF THE DISCRETE FOURIER TRANSFORM

'/Consider the exampie function h(t) and its Fourier
Transform H(f) illustrated in Fig (Ala). It is desired. to
modify this’Fourier transform pair in such a way that the -
pair is appllcable to d1g1ta1 computer computatlon. This
modified palr,‘called the dlscrete Fourler transform is to
approximete as closely as possible the contlnlous Fourier

transform. T . : : o T

To determine the Fourier transform of h(t) by means af
‘digital anaiysis techniques, it is necessary to sample h(t).
Sampling is accompllshed ‘by multlplylng h(t) by the Sampllng
functlon shown in Fig (Alb). The sampling interval is T,
Sampled function fict) and its Fourier transform are illus- ‘
trated in Fig(Alc). This Fourier transform pair represents 1
,the first modification to the original pair which is necee4 1
sary in dEflnlng a dlscrete transform palr { The modified =~ }
‘transform pa1r in Fig (Alc) differs from the orlglnal trans-
 form' pair only by the aliasing effect which results from
sampling. If the waveform h(t) is sampled at a frequency.of

at least twioe the largest frequency comoonent of h(t), there
is no-loss of information as a result of sampling; If the
fuoction h(t) is not band 1imited i.e., H(f) O for some
|f|> fc 4 then sampllng w111 lntroduce aliasing as illustrated
in Flg(Alc). To reduce thls error, T should be chosen smaller.
" The Fourier transform palr shown in Flg(AlC) is not suitable
for machine computation because an infinity of samples of

h(t) is considered; it is necessary to truncate the sampled

zefuncrion h(t) so that only a finite number of points, say N,
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_apescdﬁsidered. The rectangular truncation function and its
Fourier transform are iLlustréted.in Fig (Ald); The product
ofvﬁhe.iﬁfinite sequence of impulse functions representing
h(t) and 'the truncation functiod yields the finite length
time function illustrated in Fig (Ale). Truncation introduces

the second modification of the original Fourier transform

pair, this effect is to convolve the aliased frequency trans— -

form of Fig (Ald) with the Fourier transform of the trunca-

" tion function in Fig (Ald),

As shown in”Fig (Ale), the/frequenc§'t;ansform has a
ripple to .it. If the trdnéa:ion'funétion is increased in
“length, then the Sinf/f function in Fig (Ale) will approach
‘an ilmpulse; the more closeiy the sinf/f function approximates
an impulse, the less ripple or error will be introduced by
the convolution which results from truncation. Therefore it
is desireable to choose the length of the truﬁcation function
~as long as possible."The modified tfaﬁsform-pair of Fig (Ale)
‘is étill not an acceptable discrete Féurier trmnéformrpéir
because the frequency transform is a continious function. For
machine computation only sample values of the frequency
function can be computed; it is necessary to modify the
frequency transform by the~fréqUency sémpling function
illustrated in Fig (Alf). The frequency‘samﬁlihg interval 1is
1//To. | | | | ‘

. . . v -

{

', The discrete Fourier transform pair of Fig (Alg) is
acceptable’ for the purposes of digital machine computation
siﬁée both the‘fime.and frequency domains are represented- by
discrete values. As shown in Fig (Alg) the original time

function h(t) and the ogiginal/Fourier_fransform H(f) are

approximated by N samples. These N samples define the discrete

Fourier transform pair. The sampling in the time domain
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resulted in a periodic function of frequnecy and the sampllng
in the frequency domain resulted in a periodic function of
time. Hence the dlicrete Fourier transform requires that both
‘the original time and frequency functions be modified such

that they become periodic functions.

AT1, THEORETICAL DEVELOPMENT OF THE DISCRETE FOURIER TRANSFORM

Consider the Fourier transform pair illustrated in
Fig (A2a). To discretize this transform pair it is first
necessary to sample the waveform h(t); the sampled waveform

can be written as h(thﬁé(t) where ' 4 /

A®=> st-kT) (A1)

e

*

==9o
is the time domain sampling function illustrated in Fig (A2b).
The sample interval is T. The sampled funt¢tion can be written

as , - \ , .

W(kT) S(-kT)

M

ANOV O E

(A2)

x
§

—

* The result of this multiplication is illustrated in Fig (A2c).
The aliasing effeét has occured from the choice of T as shown.
The sampled function is truncated by multiplication with the

rectangular function x(t) illustrated in Fig (A2d):

E

. Tﬁ T
, gX<€)=:d  for | -3 <<t'<'7;"?z

O otherwise ‘ | ' (A3)

0}

Ty
where it has been assumed that there are N equidistant impulse

functions lying within the truncation interval, that is, A/..JE,

T
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’
The sampled truncated waveform and its Fourier trans*

form are illustrated in Flg (A2e). As in the explanation of
graphlcal development,;truncatlon in the time domain results
in rippling in the freéuency domain. The final étep in
modifying the original Fourier transform péir to a discrete
Fourier transform péir is to sample the Fourier transform of
Eq (A4); In:the time domain this product is equivalent to
convolving the sampled truncated waveform of Eq\(A3) and the

time function

SGL—Y‘T‘,)\ | (a5)

M8

AA({) = To

Y=-0o

i

as illustrated in Fig (A2e). The desired relationship for

o
- h(t) becomes

O =¢* () # A4@:) | a8

N

Sﬁbstftuting Eq (A4) and (A5) into A6)

[NZ LkT)S({ kT)] \Tz‘ 3(*” ]

C=-fo

i [}j kT 6 (kT m)]

Xz ~00

Z

(A7)

is obtained. Note that Eq (A7) is periédic with period To;

The continious func:ion’ﬁ(t) obtained in Eq (A7) 1is an
approximation to the original time function h(t).,The[choice
-of the rectangular function ﬁ(t) as described by Eq (A3) has

a special importance. The comnvolution result of Eq (A7) is a
periodic function with period T which consists of N samples.
If .the rectangular function had been chosen such that a sample

value coincided with each.end point of the rectangular

1
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/

function, the convolution Qf the rectangﬁlar function with
impulses spaced at intervals of T, would result in time
domain aliasing. That- 'is, the Nth point of one period would
coincide with the first point of the next pefiod‘Tovinsure
that time domain aliasing not occur, it is necessary to choose.

‘the truncation interval as illustrated in Fig (A2d).

The'Foﬁrier transform ﬁ(f)'of_Eq.(A7) can be developed
in two different ways. The first method‘is to use the time
convolution theorem. Since the waveform g(t) in Fig. (A2g) is

, . A . N . . '
the convolution of h(t) with Al(t), its Fourier transform

"becomes _ h ; ,}; : i ‘;‘ . , ‘
W = B a6 e
where = ' o {4+
H(g f f\({) 5“{ At
» / | —y2mit
= [N WGy s(-kT)| €7 "
“n o k=o o ,
- | o —3 {t
‘ = i" h(k’r)f le-km)e T e
kK=o -
N-4 hnc
= Zh(ﬂ)e»ﬂrm
k=o o | a9
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Inserting Eqs (A9) and (Al10) into (All)

ZM“T ﬂrtfk ig(p-%ﬂ (AL1)

k—o Y=-—bo

. !
or, equivalently

H(F):i[i\h(kT) -5'1“§\<T ] (1C (a12)

is obtained. Using the property of impulse Eq (Al2) becomes

m( _ [> h(kT) —swh\/ﬁ]g(#ﬁ a1

_ ?l\/lx

\ Uéing _‘\‘_._0:-_ -Kj— iﬁ‘Eq(‘Al3).
' -)’lwkr/N
__Z[Zh kT ) \; ] <f-—.) (A14)
z—p K=o

1s obtained. Eq (Al4) represents the continious Fourier
transform of the periodic tlme function h(t), Wthh is an

infinite sequence of equidistant impulses w1th amplitudes

. given by _
N-1 RULVWN |
o : : ) v
- dl“:>_ h(kT)}e/ | ‘ (A15)
¥ k:_o ) . ' . '

- The discrete Fourler transform can then be obtained

.from the continious Fourier transform H(f) by evaluatlng H(f)
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N

at -g-:%’. Substltutlng "I-"‘ T in;o Eq (Al4)
-]

s

H< h ) > [Z 'MT) —SQWW/N] S(D:;L) e

Y=—fo K=o R ' _T‘-’

is obtained. Considering the meaning of

S(Y‘-—h) B (A17)

which is the Kronecker delta sequence. Then Eq (Alb) becomes

~ - ' ) : (A18)
?H<h)=NJ—‘" T)k___)ann/N
ANT h(kT) € .
which 1is the desired 'discrete Fourier transform

The second method to obtain the discrete Fourier
transform can be described as follows

It is known that

/

H Tg lz h(KkT) S({—,\J-—VTJ} | !}

re-fo K=O :
is periodic with period”To. Since the Fourier transform of a
periodic function is a sequence of equidistant impulses

J (2)

. ‘ A20)

~

W=

I\/’ ¢

i

is obtained. Evaluating the continuous Fourier transform‘at 4:

|
|
|

n
T

o

»
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H<%)=§' (N

(A21)
0

—
..—

where n is an integer constant. Once more considering the
|

Kronecker delta sequence in Eq. (Al7) Eq (A22) becomes

r‘\<l\f.‘,3:0<n' @y

. where QKS are the Fourler coefficients of the continlous

function h(t), and can be given by’

|
Ta ,/
° ‘T/Q Y:»-fb k=o
(A24)

let r=0, in Edv(A24) since the integration is only over one

period, then:

T-T2 oy _hamnt /T,
v RS 5(*— e
B POt /7, v / -
S e- T=T  ioo., '
.jJ W(kT) | T T g (o) ot

=T/

-~
tf
o

f,f“i[w (kTS (k- k“‘ﬂ;)] ‘o’—’"r\ﬁ/n
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;fh(méﬁ“kw ' e
k=o ' | ’

is obtained. Then

s | SRR
H( =y = >Lhkx) ey AI o |
NT = * N=0%4%2, ..o (o0

N

which is identical with the result obtained in Eq (Al18).
- : i~ 1 ) .

From Eq (A27) it is seen that the Fourier transform
H(%%F is periodic as shown in Fig (A2g). There are only N

distinct complex values computable from Eq (A27).

-

~

Letting n=r where r -is an arbitrary integer in Eq.
(A27) |

~ Y N~ \ o : . o
() Eame™h
k=o '

is obtained. On the other’hand letting N=Y+N 1in Eq (A27).

-

~ | - N | T4-N)/%J
<T+IJ) ho{r e)Qﬂnk(

it

Yol
]
o

M ke /N élﬁk

]
Nz
>
YN
o
N’
O

-

T~
(1]
o

h(VT) ~52ﬁkr/N
\kl)e | )

Z
1

Al
1
(o}
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is obtained. Therefore there are only N distinct values for
which Eq (A27) can be evaluated; H (n/NT) is periodic with a
period of N samples. The Fourier transform Eq»(AZ?) can be

expressed as

_)jSfﬂi/ﬁJ

H(NT) Z pknee it

h:D)A) -—’)N_« ’

The discrete Foprier tranéform'Eq (A30) relates N samples of
~time and N samples of frequency by means of the continious
Fourier transform.'if it is assumed that the N saqplés of the
original function h(t) are one period of a periodfc waveforﬁ,
the Fbu:ier transform of this periodic function is given by
the N samples as computed by Eq (A30). The notation g(%l-

is used to indicate that the discrete Fourier transform

obtained 1n Eq (A30) is an approximation to the continious

Fourier transform. Eq (A30) is written as

-s‘lnn\(/N

G<NT) 28(‘5) - N=0, .-, N-1

Slnce the Fourler transform of the sampled. periodic fnuction

g(kT) is identically G(n/NT).

(A31)
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AIIl. DISCRETE INVERSE FOURIER TRANSFORM

o

‘The invefsé discrete Fourier transform is giQen‘by
: | NA | '1nhk/
= Ny A N
5 T)=—— LA
ﬁ(k )= N 2_ &( T)e . |
LR - ) K..o)/(,__’.__)\N~4 . (A32)
2

‘Substltutlng Eq (A32) into Eq (A31) 4 )

N‘* | jonrk /N _.D.nk/
G2 By 6B )e e
N—:‘ ) ) . ‘ k -—V“AY . :
e SGRILE & e
=0

-1
LN
<

-  (A33)

is obtained. Using the orthogonality relationship -

~

N aerky amnk/n (N e
& e’ = |

k=o . , 0 otherwise S
’ ' “(A34)
' ' ;
\VT . ) ” ) \
in the Eq (A33), the Eq (A33) becomes an identity. The Cd
periodicity of the dlscrete inverse Fourier transform follows \
" from the periodic nature of eJQW“k/N . g(kT) is actually
). -

defined on the complete set of integers k,=0;t“ia

and is constraint by the identity , o
) = 8[(rN+KIT] v xha2, o (435)

- Then the discrete Fourier transform pair is given by
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Ny BTN Zﬁnk/N
Z el HG(-&—T) kz g(k\)e (136

" The pair in Eq (A36) requires both the time and fre-

)(kT)=IL— ejZT\'hk/N

quency domain functions be periodic, i.e.

- ( ) G‘[(TN”‘)] F= 0,440,427, ...

(A37)

a(KT) = §[(FN+KIT]  reo#tz. )
The discrete Fourier transform approximates the
continious Fourier transform. Validity of this approximation

is a function of the wave form being analyzed.

In thé“fdlloﬁihg, the error introdﬁced'in approximat-
ing the Fourier transform of a fnuction by meads of the dis-—
crete Fourier transform will be éxamined for two sbecial typesx
of waveform. R . -

E o : [

EXAMPLE 10: BAND-LIMITED PERIODIC WAVEFORMS (Truncation

interval equal to period) _ - 4
} :

Consider the ‘function h(t) and 1ts Fourier transform
111ustrated in Fig (A3a). It is desired to sample h(t),
truncate the sampled function to N samples, and apply‘the
discrete Fourier transform Eq (A31l). Rather than applying this
equation directly, its application will be develoﬁed graphi-
Cally. Wavefofm h(t) is sampled by multiplication with the
saﬁpling"function illustrated in Fig (A3b). Sampled waveform

" h(kT) and its Fourier transform are shownm in Fig (A3c). It
- B / -
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v

should be noted that there exists no a11a51ng in Fig (A3c)
for this example and as a result of .time domain sampling, “the
frequency domain has been scaled by the factor 1/T, the
Fourier transform impulse has an area of A/2T rather than the
or1g1na1 area of A/2 The sampled waveform is truncated by
multiplication with the rectangular function illustrated in
Fig (A3d). Fig (Ahe) illustrates the sampled and truncated
’waveform. As shown, the rectangular truncation function is
chosen so,tnat the N eample value has remained after,trunce*
tion interval is equated to one period of the original wave-
form h(t). The Fourier transform of the finite\length sampled
waveform Fig §A3e),is obtained. by convolving the frequency
domain impulse functions of Fig (A3c) and the sinf/f
function of Fig(A3d). Fig (A3e) illustrated the convolution
results. A sinf/f function is centered on each impulse of

Fig (A3e) and the resultant waveforms are addltlvely combined
to form'the convolutlon result. With respect to the orlglnal
transform H(f), the convolved frequency function Fig (A3e) is
31gn1f1c1ant1y distorted. However, when thié function is
sampled by the frequency sampling function 1llustrated in

Fig. (A3f) the dlstortlon is ellmlnated This follows becauue the equi-
dxstant 1mpulses of the frequency sampllng function are seperated by
1/T , at ‘those frequencies the convolved frequency function 1n Fig (A3e)
1s zero except at the frequency *1/T . Frequency +1/T corresponds to the
frequency domain 1mpulses of the orlglnal frequency functlon H(f). Because

of time domain~truncation, these impulses now have an area of AT (2T ‘

rather than the original area of A/2. Multiplication of the frequency

function'of'Fig (A3e) and the frequency sampling function

A (t) 1mp11es the convolution of the time functions shown in
F1g (A3e) and (A3f). Because the sampled truncated waveform
F1g (A3e) is exactly one period of the original wéveform h(t)
and since the tlme domaln impulse functions of Flg (A3f) are
seperated by T , then thelr convolution yields a periodic
Functlon as 111ustrated in Fig (A3g). The tlme functlon‘of

F1g (A3 g) has a max1mum amplitude of AT , compared to the
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’

'original maximum value of A as a result of frequency domain .
sampling. Examination of'?ig (A3g) indicates that the qriginal
time”fuﬁction is sampled and multiplied by T . The Fourier
~transform of this function is related to the original frequ-
‘ency function by the factor AT /2T. Factor To is commohAand
can be eliminated. If it is de31red to compute the Fourier
transform by means of the discrete Fourier transform, it is
necessary to multiply the discrete time function by the

factor T which yields the desired A/2 area for the frequency
"function; Eq (A31l) then becomes |

. N

M onakiN
H(N“'F ::TZh(kT)eb n_n' " . \ (A39)

k=0,

This result is expected since the relationship (A39)
is simply the. rectangular rule for integration of the con-
‘tinious Folrier transform. This example represents the only
class of waveforms for which the discrete‘énd continious
Fourler transform are exactly the same w1th1n a scaling cons-
tant. Equlvalence of the two - transforms requires that the
time functlon h(t) must be perlodlc and ‘band~limited, the
sampllng rate must be at least two tlmes the largest frequency
component of h(t), and the truncation functlon x(t) must be
_non-zero over exactly one petuﬁ or integer multiple period of
bty ‘ . , v v

EXAMPLE ll:BANDfLIMITED PERIODIC WAVEFORMS (Truncation
. interval not equal to period)

i

. ! H
. 1f a periodic, band-limited function is sampled and

truncated to consist of rather than an integer multiple of
the périod,'thé resulting discrete and continious transform
as shown in Fig (A4) will differ considerably. This example

"differs from the previous one cnly in the frequency of the
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periodic waveform: truncation interval not

equal to period.
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sinusoidal waveform h(t). The function ﬁ(t) is sampled
[Flg(éAc)] ‘and” truncated [Flg(A4e)] The sampled, truncated
function is not an ‘integer multiple.of the period of h(t).
Therefore, when the time functions of Figs(A4e) and (A4f) are
convolved, thebperiodic waveform of Fig(A4g) results. Although
this function is periodic, it is not a replica’ of the original
periodic function h(t). Hence, the Fourier transform of the

“time waveforms of Figs(A&a) and (Ad4g) are not equivalent.

Fourier transform of the sampled tfuncated.waveform
of Fig (4Ae) is obtained by convolving the frequency domain
impulse fuoctions of Fig (Aéc)kand the sinf/f function illus-
trated in Fig (A4d). Sampling of the resulting convalution
at frequency intervals of 1/T_, yields the impulses as
illustrated in Fig (A4g). These sample values represent the
Fourier transform of the periodic time waveform of Fig (A4g).
‘In Fig (A4g) there is an impulse at zero frequehcy. The
remalnlng frequency domain 1mpulses occur -because the zeros
of the sinf/f function are not colnc1dent with each sample
value. The effect of truncation at other than a multlple of
the perlod is to create a perlodlc function with sharp dis-
,contlnultles as shown in Fig (A4g). The introduction of these
sharp changes in the time domain is a result of. the adﬁltlonal
frequency components in the frequency domain: |

|

\

M \ ~.
Time domain truncation is equivalent to' the cohvolution'
of. a sinf/f fonction with Fhe single impulse'representiﬂg the
original frequency function H(f) in the frequency domain3
Consequently, the ffequeﬂcylﬁunction is no longer a sing}e
'impulse but rather a continious function of frequency with a
local maximum centered at the or1g1na1 1mpulse and a serles
of other peaks which are said sidelobes. These 31delobes are’
responsible for the additional frequency components whlch

occur: after frequency domain sampling.



- A1V, EVEN AND ODD FUNCTIONS

| If h (k) is an even function then he(k) = he("k) and '
the DEFT of h (k) becomes '

H (n) = Zh (k) -jRar nk/N

Nz1h (1) COS mT\\‘( \ h (k\\S 2’n’n|<
=R 32 s
N-1

Zh M C sﬂ&—?\ (n)
kK=o

which is an real even functlon.

(A 40)

If h (k) is an odd functlon then h (k)--h (-k) and

the DFT of h (k) becomes
N-p

Hm=S"h(k) e sk

—2—: h‘(k)»Cosm — N>—;1— ho (k) Sin 2ok |
| 0 hl.

1

=¢> ' . l'l =0

=4 Z h(k) Sin ank At =4 In)

A -
which is an 1 a ginary function.

..

AV. WAVEFORM DECOMPOSITION .

(A 41).

. An arbltrary functlon h(k) can be decomposed into an
even and an- odd function by addlng and subtracting the common
functibn h(-k)/2.

)= [h(k) é—m ]W_H@_ﬁ%ﬁ)]

= hy(k)+ o

(A 42)

Terms in brackets satisfy the definition of an even and an odd

function, respectively. Since h(k) is periodic with period N then

k) = hN-K) T awe




(A 44)

h(k) =0 bk

(A 44) is the desired relationship for decomposition
of the discrete periodic fUnctions. From (A.40) and (A 41)
‘the DFT of (A 42) is ' o

h H(h) R(h) +BI (n) = He. (h)«lr H\o( n).

(A 45)

H=RY oo Hm=I0 e

AVI, COMPLEX TIME FUNCTIONS

The DFT of a complex time function h(k) = hr(k)q—
jh, (k), where, h (k) and h. Yk) are respectively the real and

v 1mag1nary part of the complex time function h(k), becomes

Hiny = h(m+ 3“ ‘<>] A

<

" 2imk in Ernk
_hmc T h(k) S i ]

Mf

z 7T
(o2

e 2 1 T e 21K :
h, (k) i =2 k) 0 T]

N T

(A 47)
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" The first expression of (A 47) is R(n), the real part
of the DFT, and the second expression 1is I(n), the imaginary
part of the DFT. If h(k) is real, then h(k) = h_(k), and from

(A 47)
: N-{

M-—}_h (k) Gos 3“{:}“* h

(A 48)

I.(n) :-—52 hr(k) Sin 2““k (A 49)

N

. Wwhere R (n) is an even functlon, and Io(n) is an odd function.

If h(k) 1is purely 1mag1nary, then h(k) = jhi(k); and from

(A 47) ,
ﬂ) 2_}‘ k)S n Tm‘\

| (A 50)
Ie (h) = Zh-‘(m Cos é;—\:—ri | (A 51)
k=o

Where Ro(n) is an odd function and Ie(n) is an even1function.

AVII; COMDUTATION OF THE DFT OF TWC REAL FUNCTIONS
. SIMULTANEOUSLY

To compute the DFT of the real time functions h(k) and

N
&

A

g(k)ﬁfqrh the complex functien
( 3(k)==’h(k)4~,58<k} | (A 52)

From the linearity property the DFT of y(k) is given by
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() =H(m+ 3G | . ~
Y =R, 0+ gH(n)]ﬂ[Gr(“H 3.‘9:' (_n)]

e s
= Rl 31 “ < - (a53)

/ Using the frequency domain equivalent of (A 42) we decompose
both R(n), the real part of Y(n), and I(n),'the imaginary'

part of Y(n), 1nto'even and odd components

o Y(n) = EBQ—F Wlﬂ L | Rl R“LR)J'

Tl

[ 1) I(N-n)" pif Iz ]
bkl i diral R 2 |
| | (A 54)

Frémﬁgqﬁ (A 48) and (A 49)
Hny=ReM +3T,(n) |

R T‘\(N-n)] -{T(r\) T(Nn) }
—“[ 2 T 2 4—5~ 22 (4 55)

, Similafly from Eqs>(A 50) and, (A 51) ‘
5G() =Ry (0 + 3T

or

g = Telm - 3R, ()

!

v{m .I(N-n)m] [0 s

=17t T2 L2 2

“(A 56)
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Thus, 'if real and imaginary parts of. the DFT of a complex‘

time function are decomposed according to Eqs (A 55).and

(A 56), then the simultaneous discrete transform of two real

time functions can be accomplished.
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T IMPLICIT E N . ; ’

’ A 4- __11_9:“::.:?;.1“‘_—;::7

CoMMON/MATR/G(MQ May (Ha, MQ),B MR)
S ENTEGER“TYPRE, NorINOZrNostoq NELY N, IVEc """ JVEC,NFOS
COMMON/INPUT/VALUE(MNEK){TYPE(MNEL),NO;(MNEL),
eNOH(MNEL) yNEL 75 s
N=NODES S
INITIALTZE THE MATRICES AND=THE=SOURCE VECTOR:
DO 10 1=1, MQ
S BT = o-Do~ =
DO 10 J=1,NQ
G, J)-D,DQ;,
;o "C(I”J)- DO
D0=33g KepyNER:®
TKJ=TYPE(K)
s IENOL(K) o
TIP=NO2(K)
e JEENO3 (K
TJP=NO4 (K)
V= VALUE(K): -

= ENTER: RES;STANCE
- CONTINUE
#wx ENTER -CONDUCTANCE. *****#*:a*aagt*».*.¢,.*,.
TUIF(IVEQeD) o
ﬁ(l.l)—G(lrﬁ'
TF (1P.EQ,0)
2G(I:IP)"G(ItIP)~
G(IP, ])-G(IP,[)-
;EEG(IP,IP)-G(IP TPI+V:
60 TO 330
SR ENTER CAPACITANCE #****#‘*”***&i****:*g*ﬁ**#*&***ggqtﬁﬁ**‘g**‘*
) IF(T. EQ.O) G0 To 70

G l)E Iy Ty ey

“IF (1P.EG,0) GO To 80

i Ty IPIECEIG TPV
T CUIP, I EC(IPY )Y
b oo CEIPy IP)’C(IP IP)+V
60 T0 330
L1y ENTER VCT- a#*g**n*:*a*‘a***~uauo&#n****niﬁ*a#w,:.**:¢*ﬁ*~*&*-¢*
) “IF(J EQeQ) GO TO y10° T -
TP LIVEReD) TG0 T0 100 e o i
UG, 16U, D) eV T ' _
0= IF (IPeEQ.0D GO To 11p i et e e
S G IPIE G, Py S
D IF (JP+EQy0) GO TO 130 " - -
IR (1.EQep) Go TO 120

oGP I E G(JP, 1)~y R , ,
20 IF (IP»EQ 0) GO To 130 , ‘ A |
S GUUPIPIECGUIP PV e e s
0~ GO0 TO 330 . . - - R AT T T S TR e e e
saww ENTER VVT ﬁ*&u***#********ﬁ&t*****t**:q*#******&;#Q&Q**&*&***ﬁ*
0 N=N#po= S EeL e »
S LF(1SEQ. 0) 0 To leg
ANYT) =GNy I+ o
":(IP.EQ 0) 60 To 170'“

=y +G(NGIP) s




190

Cﬁ*ﬁ# ENTER CURREN

200

ZIQ

C**&t ENTER: VOLTAGE SoURCE

220

230

=240

“250

0 CoNnT I:NUE

G{N,1)= 1,D0D

A R AAL AR S —-gu_gq..u :.1'7(;: e = i .
GINyJPI= 1, DD+G(N , JP L B i
G (P, yNIE= 1,00 e e : B

GO To0 330

,ﬁiQURCQitﬁﬁﬁﬁgiﬁﬁ*&***Fa#uﬁﬁﬂ&!*****ﬁiﬁ*;t**ti***‘
IF (1,EQ.0) Go 710 210

B(r)y="- B(I)~Vﬂ@%
IF {(IP.EQ,Q) GO To 330
B(IP)'B(IP)*V ==
GO TO 330

N=N+{
IF (1, EQ{D)‘Go‘Tq_ggp:

G(IyN)=1.D0 o
IF (1P«EQ,0) GO To 240
G(N, rP)'—-lnDo e
G(IP N)— —I.Dg
B(N)—

GO TO 2330

Cy*.*;ENTER AN oPERATIONAL AMPLIFIER wx

NEN+T
ALUE(K)=0.Dg e
=0 00 T
21 EQen) GO - 70260
TGN, TY="1,.D0
SRR EQ,L0)
,,“,:,_”1.00 e
J;EQ n)WGo TO 28

= ::.:4
'*&#¢*¢#gt**u~***&*¢*&**a«~*****
o

J

o EN'DT";; ULl R




#“#'?ﬁ# ******&*******#ﬁ****li*#******!'*#ﬁtff}i SXIAAE LB
E SOLVE (Y’B X N)

.‘*&#****'*uﬁuﬁl *#i*

EconposEo BY LUt
L CIMPLICITEREAC 8 S
INTEGER IPOINT'
”%ﬁ;:COMMON/FORLU/xPquT(Maﬂmmww-u
COMPLEX*14 Y(MQ, MQ),Z(MQ),X(MQ),SUM DETMAT
REAL*B " BCMQ),BR(MQ)
DO lD I"'l,
KEIPOINT(L)E
BR(1)=B(K) =
DOE30 =L, N
IMi=1w]
T USUM=BRUI) e -
TF (IM1+EQ.O) GD TO 30
STDO 200 JF Ly Thy - o
20 '”SUH"SuM Y(l, J)*Z(J)
(30 Z(I)= SUH/Y(I,I)
T DpOoTs0 1P1-1.N
:3;??5,I=xP1-1», e
o " SUM=Z(N=1)
IFUIWERD).“60:TO 50
Do 40 JPl—l ' B
JEIRLwL e
S suM= SUH-Y(N~I,M
TEX(N=I)=ESUM e
CTRETURN 0
LeF CENDC




e A i S S 3 ﬁ#* ***#**1** .f‘j»"
SUBRQUTINE LU~ (YiDETMAT N)
: PARAMETER :MQ="8: = :
C&####*G%**&***‘#*#*ﬁ*ug#ﬂ*&*i**# *Q**Q.**‘*ﬁ&;*’*§*‘******‘
C¥ROUTINE:FOR: -TRIANGULAR=DECOMPOSLTION “THIS=ROUTINEZPEREGRNSSPARTIA
C#PIVOTING ON RoWS VECTGR IPOINT KEEPS TRACK OF ROW-CHANGES DURING
CoPIVOTING, s DETMAT (1SSTHESVALUE “0F=THE" DETERMINANT
’ ~ IMPLICIT REAL#8 (a=t
CINTEGER IPOINT o= =
COMMON/FORLU/IPOINT(MQ) T
COMPLEX*1s Y(MQ, M) YDNGFZ (n =
“PROD =1eDg
oo bo 10 1SN
107 IPOINT( )= T
~o77 7 DO 80 M=2,N
MM1=Mv1
CIND=MM1L
POINT = CDABS(Y(HMI;MMl))
.-D0. 20 L=M,N e

PO!NT CDABS(Y (L, MM1))
CONTL NU Eo e TR
TF(MM1«EQ, IND) GO TO go
FEEMMEGNE, INDy PROD==PROD =+ i e
K =jpolNT1HHl) ' T
“1POENTAMM ) = IPOINTLIND).
ITPOTNT(IND)= kP
DO30=L ks N A
'Y(MH1,LL)

CONTINUE
'DE»TMAT"(" D

Do 9p I=, N“'”"
fDETMATv-DET“AT#Y( Ly L=

iFDRMAT(Ixi'PIVOT TOOWSMALL RESULTS UNRELIABLE oy




Y vwY

B o ¢ LL y=SUMT e
RETURN
L ENDese




........

10

- SUBROUTINE DFTC (% Py s — =
COMPLEX® 14 sun X(NPI),F(NPI),A(NPl) -

. SUMSSUMHF (1) #X(K) -
20

bl A v ]

NP2=NPL+T = == =
PO 20 LL=1,NP] - o :
SUM=(pe«D0, 704 Do) : : s
JENP2aLL _ : .
DO 10 1= NP To=s S
K= 1+MOD(J*(I—1),N91) o / o

ALLL)=SUM/NPL

RETURN
END




Al 4
i{SUBROUTINE COORD NP
IMPLICIT REALsg (A-H 0~2)
COHPLEX*“, CDEXEyXENP: ¢
DO AOEIEE NP
x(l)=CDEXP(DCMPLX(Q Do*z,(
- RETURN: SR
END




raVEER V\"l"-IUUU
- SUBROUTINE DIQDE(M;XS; XSDxSDD NP Y5 FRARSRARD S =
IMPLTICIT REAL*B(A-H*an)‘“” ~ ‘
REAL®g XS(NR1) RSO NRL)FXSDDLNEL), PARCNE ) P ARDENPE)
*YZ12),YZD12), YEXPT(2T, YEXPZ(2),51(21,52(2
COMMON/MAINDI/VL(YW:JSO(Z)r'SAE{QLZE%MiZi?QS%@ﬂiq_N_Av;;i:;;r,
Y=DLOG(1s $380-23) - == i
X= DLOG(YSQ(M)) : e =
X==16, DO#DLOG (14 DO)*DLOG(2.156DO)
DO 1=ly2 o =
YZ(I)“DEXP(VL(M)*V(I,M)+X)
YZD(1)=VL(M)wyZ (1) ==
YZ(I)~YZ(1)~Y50(M)”
YEXPL (1) =DEXP (VL (M)®Vi( e
YEXP2(I)=VL(M)»YEXP
ZEXP=1aD0«V (T ,M)/F (M) —
51(I)~R(M)/‘F(H)*ZEXP¢a(R(M)+1.DO))*YExPz(l)
Sl 52(1)"1 DD/ZEXP**R(M)+YEXP1(1)~@ —
D0 5 K=1,NP1
CLF(XS(K)eGEaV (], 1) )=60 TO: 2om mmmm s
'IF(XS(K).LE Viz2,My) Go T0 3
~XEXP= DEXP(VL(M)~X5(K)+X)
T Vxs SXEXPmYSO(H) i
XXD=VL M) XEXp . o
YEXP= VL(“)*DEXP(VL(M)»XS(K)+Y)
SZEXP=1D0~XS(K) /F (M) -
FCOUMY* (], Do/ZEXPa~RtH)+YExP) a
D CO(M)#(R(M)/(F(M)wZEXPa;(R(M)*l Do) )y+vL
GO To 4
X —YZD(I>*(XS(K>-V(1,M))+Yzcr)
YXD=EYZD(1) T
=CO.LM) * ESIECE):

P

YSNRLYS

H"




ORI Y T T T aWe s
- 2UBROUTINE - TRNSTREMT XSS XS0y XSDD NP LFYS PARTRARD:
IMPLICIT REAL%8(A~H0mZ) i
- REALwg xsiz,NPl),%SD(z,NPl),XSDD(Z NEL) Y52, NE
*PARD(242,NP1)
- COMMON/MAINTR / CUREE) T COEFERSEXR
$*ENU() 7),BEF(1) BER“Y}FT(IF{A
?79~7’*TAU5AT(1?,U1(1,2) Y25 =
CALCULATED...TRANSISTOR P
: SCUR(1)=LeDE6s 0 o
COEF(1)=1,D0
CEXPL)==6,D0 oo
' VT(1)-.2534920 1
CEM(N)=1.D0" CoermniTEe
CJO(l,l)-D.DO
- .CJ0(1,2)=0D0 "
PHI(I,I)F;7SDO”
“PHI(14y2)=479Dg "
ENU(l,l)—,463po
S ENU(L42)=,489p0 -
BEF(1)=1502' e
CBER(1)=1eDQ . o0 o
FT(1)=3eDg = & 77
CICIF(L)y=e7D0
VEF(1)=97BDO
T UNCF(L)=m3,.Dl .
BEMAX(1)=1.D2
Te T TAUSATEL)33e4p=7
h U1(1,1)-.700‘
= Ul(4y2)=e7D0:
U2(l,1)~'.7DO
= U2(15,2)5=,700.
TU3(1,1)=.700
U3, 2) B 7HD0 s E
TAU=1, DO/(6.283185307179586*FT(M)?
- TAU= TAU"((ENU(M 1)#CJO(H l)ﬁ(VEF(M)ﬂus(M l)))/(PHI(M,l)*(l,DD U3
ey L) /PHIUM, 1) ) we (ENUCH, 141,000 1+ (CIO (M, 1)/ (14D0=U3 (M, ) /PHIIN 1)
:<**~ENU(H»1))+(cJ0(M 2)/(1.DU-VCF(M)/PHI(N,2))&&ENU(M z)))«VT(M)/
*CIF(M)
ALFF=1.01D0
CALFR=2.D0
- VTM=1,00/3849p0 = FTims
’"X—-b.DO#DLoﬁtxo Do) '
SR LIy .
*40***'c0NTINUE
© o DOyE KLy NPYo
VEXS (1K) o |
f;;IF‘V’GE!Ulﬁ”'I)>'VFUIerELt**»., B B e
CTF(VeLEeUZ(M, 1)) v=UZ(M, 1) ' PR
S CURCCRDEXP(V/VTHX)=CUR(M) ~ =~
‘DICCDV-(CURCC+CUR(M))/VTM :
- TAU=D,.DO :
CDE=TAUsDICCDY
=,DcDEDv=coE/vrw
VCAPU=XS(1,K
IF(VCAPJSGES ua(m 1)) VCAPJU= us(u,x) T
o CJE=CUO(N, I)/((I-DO~VCAPJ/PHI(M,I))**ENU(H,I))
,;t:DCJEDV-(ENU(M I)*CJF)/(PHI(M,I)*{I Dn vCAPJ/PH!(M 1)),
IR (VGEQeXS(IyK))Y GO To 10
= CURCCs= CURCC*DICCDV#(XS(I Kym¥y
CDE=CDE+DCDEDY= (X5( 1, K)-V) '
IE(VCAPJLEReXS{19K)) GO TO 20
CJE=CJUE*DCJEDY*(XS( 1, K)-VCAPJ)
TSN 2Y . GO T o inmrs




oy g T2 ¥ T

: KlfALFF#DxCCDV+(DCJEDV*DCDEDV)*XSD(14KL::
PAR(Z l,\)--DICch T

MPARD(I,I K)-CJE+CD;I_”:T' = '2f:;§““:1 ==
IF(KeLTeNP) i b"15

*TAU*(I DU+BER(H)))/BER(MF:5¥££EE:
IF(TAU+LT,0sD0) TAD -

CeopALLOCATION INTOYS,PAR:

” I=1+1 I

s GO T EEEER R ““*_szj;71ﬂf-w— =

30 YS(I,K)"YS(I K1=CURCC

el YS(Z,V)-YS(Z,k)+ALFR*CURCC+(CJE+CDe);XSD(IJ‘
PAR(Y, Z:K)-~01Cch B

' PARD(Z; ’K)—CJE+CDE o

. PARD(1y2,K)1=0,D0 .= -

' WPARD(ZiliK)=0.Do'
CIF(KeEQeNPL) =gy o2 o=
" CONTINUE o
F(I,EQe2) GO To 4n:
RETURN ; ‘
END-TLEF?/,




‘*y** *}**"l.‘*‘l"**'**.***r —;_";?i;:**]

_;XSD XSDD NPl PAR, PARD,PARDD,

;—‘i'iARAMe:TER___,n,N,N’
M EEEETE T T LTINS
CIMPLICE AR B REH0EL ==
TREAL#®8 YS(NNS. NPl),XS(NNS,HPl),XSD(NNs NPl),
o *PARCNNSTHNS NPl) PARDENNS NS NP =

'*QXS(MNNS MNPI);QXSD(MNNS

- #QYS(MNNS; MNP1) QPARcﬂNNS.NNNSfMNPl).QPARD(NNMS.MNNs HMuPD) :
COMMON/MAINON/NTR NDI:E ==

bo 1 KSLyNPT

S Do ,«1.Nmsy

'00“1'J51{NNS

,égAintQiKliQ€QU

IF(NTREQ,0) G0 To
TEeT=D0 4=y NTR T
' Do 2 [5ly2
JETH2e (M=)
DO 2 K= l,NPl
QXS K)‘kS(J Ky -« = = ===
QXSD(I:K)=XSD(J K)‘”W‘””'

QXSDD(I K)—XSDD(J Ky

DO 4T KE l'NPl
DOT3 I=l,2
S dET2w (Mg e
YS(I,KI=QYS(T; K)
SPAR (I K)—QPAR(I 1KY

PAR(2+J,1+J K)-QPAR(Z 1K
S PARD(z*J,1+J K"‘QPARD(Z, K
Do 7 H ,Nox FE
CNE2ENTRAM
DO e KELy NP e
CUXS(K)=XS(N,Ky
o WXSDEK)I=RSD AN K-
e waDD(K)—XSDD(N K)
CALL DIODE(M NXS’HXSD WXSDD Npl NYS'WPAR WPARD)
DO 7K=L NPL T !

o VS N, K EHY S Ky e

ST PAR(N Ny K)-WPAR(K)

7.0 PARD(N N K)‘WPARD(V)

'8:*‘ “RETURN : o o b
o END e lE :  'i; ' j;ﬂi ':77i_; Hé?;7;3j;;i;f'j;f:j;;t




*'******************¢#;»***»*&{****r¥w**

SUBRQUTINE FUNCT(NOPT, KOPT,F,GRAD)"
PARAMETER :MNNg= gﬂﬂ51;3 MNHARL— b -
‘#*****#‘ﬁ****g#lﬁ B EE AR R AR RB U AR RN gk ***#w**»m»*w‘*** ;&:***'
IMPLICITEREALV B UASHORZy === e e =
COMPLEX®*14 CX, CYE’CRESP XCORD,DCMPLX PAUL (MNPT),PAUZ (MNP )
*CYLX(MNNS, MNPI),CDXDDX(HNNS MNPl)_LJNT(MNNS MNE
*CAD(MNHAR1),CALDE(MNHARl),CBC(MNHARI),CBEGA(MN 1AR1),
';*CLIGR(MNN31,MNHARl).CGRAD(MN
REAL#8 XOPT(NgPT), GRKbTNbPT),EPsNRn(Mpr
- #PAR(MNNS,MNNS MNP;),PARD(MNNS MNNSzMNP: j ] MNP1y
"~ ®A(MNNsS, MNHARl),B(MNNS MNHARl),ALF ("N NHAR;) BETA(MNNS MNH ;R
,*C(MNNS,MNHARl) O CMNNS MNHART) - GAMATMNNS T MNHART ), DETA ( MNNSMNHART)
»YS(MNNS,HNPY ), XsD(MNNS MNP ), XSDD(HNNS), MNPl) )
*ATNT (MNNS, MNP}) : : =
COMMON/TRANS/cRESP(MNNS MNNS1,MNHARly;XEORD(MNPl)

*CX(MNNSa”NHARl),CYL(MNNS MNHAR X SEMNNS; MNP!).XL(MNNS,Mmpz).",;f

B R R R A X FRREF U ERREE

TMNRE=7E=== = =

C‘i******#****#TPER ZPI/DOMEG*#{t;'
C TPER~6-283185307179586/DOMEG
= - TPER= 6-28313530717958§fCTPER—

JU“P FOR DC OPERATING POINTI(NHAR =0)
~GNHAR EQ.D) GO 0 215 s

“NJUMP=NHAR®NN.
NHART=NHAR¥] -
DO FD K =2 pNHAR] S
‘“JKB—(Knl)v N’

?JKBPI =JKBF]
' =JKBPAJUKE:
IKB K =DCHPLK (X

;»ETUORK 70 U IT

CISOURCESSWITH-THES COMPLEX VARTA
”CYL(I Ky "CONTATHNS "THE RESPONS o

AT -THE AUGMENTING: SOURCES. . T
++++++++++++++++++++++++++++++++++++++++ ++++++++++++++++++++++++++++
>q”fNFRQ1=NFPQ*1 . : S S “
B s I 3 Knl,NFRQl
Treeme DO S TEE Ly NN Sz s e
S 'CYL(I,K)-CRESP(I.I)K)

c
C-
C
C:
C

"CYL(I K)—CYL(I
:efCONTINUE s

NFRQ2= NFRQ+2
ST NHARI=NHAR®L
PO T20 K=NFRQZ,
= D020 12 Ly NNS= “
TCYL(I,K)=DCMPLX (D, oo,o.oo
D020 ~dE L ENNS: : : ST
20077 CYELT, K)-“CYL(!,K)+CRESP(1,J+1,K)ch(J’K)
'C*tp**h#****##*&*#*a*u*m*'****#**#***#**ﬁ***Q*i;&ltﬁ**&*,*&*w*t*gﬁﬁgﬁi




- AT AL RN AN YA A YR Vi \.I\‘J,’U’ ANy L1 l.-.(t U),lN:!AIVlH

KS(I J)0F: “THe UﬁMENTﬂNG =SOURCES:

‘ D0 35 le,NNS
- ..Dbo3s s l‘NP

"“'CYLX(x,x

40
DO HS IR GNNS
. DO 45 J=2, NHART
45, - CYLX (I, J>—CX<1 J)+DCMPLX(0"T
‘ 'oo 50 1-1 NNS T
50

S #+DCMPLX(D, D0.1 DDD)*DCDNJG(Ctgy:—
DO 55 I"'l;

f@PAUl(l)*CYLX(I:l)
‘Do 40 J=2,NP)
60a”f:PAUI(J)"CYLX([,J)/Z Do e e
CaLL DFTF (%CORD PAUI,PAUZ NP;)
DO 65 J=15NP L E
YL(l, d)—DIHAG(PAUZ(J))
65 ffXS(!.J)"DREAL(PAUZ(J))
55 CONTINUE
C***&****#&******&ly&*ﬁ***'#****&*ﬁ*#*

c oMM AT 4
G FIRST AND - SECOND -DERIVATIVES XSD(I,K) "aAND XSDD(IK) =
C " AUGMENTING SOURCES ARE OBTAINED US{NG INVERSE DFf,

g BT S o e S S A

C++++*++++++++++++++ﬁ++++++++*+++*¢++++++++++f
'oo “““ 70 1=1,HNS '

s - =70 K= 1 NP .- i LTI i
70‘*"CDXDDX(I KJ-DcMPLx(D.DD D,DO)
s RO ZIE CIE Py NNS e e

Do 75 K-I,NHARI
755 - CDXDDX LIy K E=DCHPLX(0WDO, DOMEC)&(Y-I)*CX(I K)o S
T Tw=DCMPLX(O, DOy 1 DD)&(((Y l)aDOMEG)*;Z).cX(I K) . S J

D080 L=1;HNS St S o SR

Do 80 K=1, NHAR
80 o CDXDDX(I,NPI»—NHAR+K)~DC0NJG(DCMPLX(D.DO DOMEG )« =
ST U (NHAR=KH )« CX( Iy NHAR=K+2 ) y+DCMPLX (0. DO, 15 DO)*DCONJG
E#wiw*(-((DOMEG*(NHAR K*l))#*Z)#CX(I NHAR=K+27)) =
B + Yo RN : 13 I-l NNS™ )
T PAU!(I)-CDXDDX(I.1) ff%{ff:*“
< Do 9p K=2,NP1 e
9Dyﬂp'PAUI(K)-CDXDDX(I,K)/Z Do
T CALL DFTF(XCORD, PAUI,PAU2 NPl) ‘
ceeo = D0gs KELGNP L s : S e T e
T ’XSDD(x,K)~DIMAG(PAU2(K)) ‘ T o
95 .. . XSD(.1I, K)—DRLAL(PAuz(K)) L S R S TR
85 ‘CONTINUE T
C**!**#ﬂ&ﬁ!***ﬁ***‘********&**ii&*******#*i*ﬁ****#*&*tgﬁ*;**ﬁ****tgﬁﬁq
86~ CONTINUE "
C**&m*‘***#***#t#**&*&*##CALL T0 NONLINEARITIesg*u.*s;,.,*;,,**,,¢*‘*,

©CALL NONLKNR(NNS,Ys, XS, XsD,xSDD,NP1,PAR,PARD,PARDD)  ~

C********l*e#**#**&w*u**#***«***&*&*ﬁ*##mb*u*ﬁ*;&nu*#&gg,;;,*,*,,*¢..f
c - O COMMAT g
C CALCULATES .THE- VECTOR  ERROR VEPS(D J)-YS(I J)-YL(I J)wHERE YS(I
¢ HAS T0 BE" PROVIDED FRQM THE hONLINEARITIES BY DIRECT suasTxTUTlo
C-
C
c

LT ALSO CALCULATES THE 'SCALAR: ERROR*“F7 (OR P) BY_ INTEGRATING: NoRM
SQUARED OF VEPS(I J) USTING THE TRAPEZOIDAL RULE,
+*+¢+¢++++++*++++++*++++++++*+++++++++*++++*+++++++++*+++*++++++++‘+4



I '-"-’)Ll""'“'l,l\l”ll—\l,l\'
Do 105=K=] y NP
EPSNRM(K)~0.DD

05 EPSNRM(K
o FEDGDDT s
‘ Do 110 K ] NP1
10 F=F+EPSNRH(K) - :
' F= TPER*F/DFLOAT(tpl
A R L T STy T

j*****;¢t**n&*
"*’******‘**‘**'*‘&***#**##i&#***l*****&****t;**b***‘q*.b& Sxmpothpran

CALCULATES THE REAL AN

AND OF INTEPAR(IyHyNIVERS] EXBAUVKT)S=USING DET, -

THESE ARE TO BE USED "IN THE EVALUATION OF THE GRADIENTS

PARCI My M) 1S To BE:ZPROVIDED=BYETHESNONKINEARLITIES =+ - == =
I+++++++++++++++++++++++++*+++++4+++++++*+*++++++++++++++++++++++++++++

DO 115 K=1,NNg : :

‘DO 115 J=1,NPy
15 AINT(K,J)=04sDg

D0 120 K=],NNs

5D0:120 J=13NPy
0 120 I=1’NNS
SAENTA Ky I =ATINT (K, J)*PAR(I K J)aVEPS(I y J).
Do 125 K=1,NNg -
DO 2R NPy L
J)-DCMPLx(AINrc
Doz 13u,1=1,NNs 2.2E

IMAGINARY PARTS OF INTEVEPS (] N,Exp(JwKT{

AUZ KNS CINT (15 K-

%ALL"bFTC(xcoRD Pa
1 fIPERiDREaL(PAult

- CAd(J;—.sdoquERQ(Paul<J)+PAU1(NP1iJ+2,,
‘CALDE(J)-; """ : ?-PAUI(NPI- #2955

R
VALFA(Ivd)—;DIMAG(CALDE(J))
==DETA (15 J)quREAL(CALogi
*CONT!NUE
c’.*********“**********”****'”7hf",

C

C-. g N
C EXP(JWKT)s AND oF INT&PARDD(r;M N)VEPS(I N)EXP(JWKT)S USING DFTH
C.n THESE ARE-TO BE USED IN THE EVALUATION OF THE GRADIENT-PARD(I ¥
c

C

“AND- PARDD(I,M Ny ARE TO BE PROVIDED "BY "THE NONLINEAPITIES
AL R AR RS RS SA L AR R AKX

+++++++++++++++++++++++++*++++++++++
DO 145 KE]yNNs™
: DO~ 145 d=)y NP g EEETEL
145 CINT(K,J)—(O-DO 0 oo> R
-D0- 150-K=1,NNs L
DO 150 Y=l yNPLT
w2 DO 150 I—t,NNs . R e
”150 CINT (K, JV=CINT(K, J)*DCMPLX(PARD(I Ko J)*
o o #VERS(1yJ) , PARDD (1 K3 J) #VEPSIGYY) E
T DOTI6p I'=y,NNs
Coo PO 1eE KELy NP s s o
“165° PAUZ(K)—CINT(I Ky
s CALL: DFTC(XCORD PaUlyPAU2y NP L) -
*Bt1,1;-DREAL(PAU11y11»TPER
. A1 =DINAGLPAUL 1) Yo TRPER




~vLUH\VI“‘IHU;‘QI—FHU}\er-d+z),*u,:DU* FEK

76' GAMA(I:J) DRE
60 - CONTINUE S o == 2 _
***”****************#******a*q**&&&*;#&;&«#;tqd;*??i?ﬁa**;:::::;*a¥ﬁ&-a
61 . CONTINUE: == e

Do 175 J= =2,NNs ~ S
CLIGR(J,I)—CRESP(l,J 11#D (1,
~o IF(NNS«EQy1) 60:Tp 175
Do 177 I=2,NNs
77 - CLIGR(Jy19=CLIGR(J, L)V *CRESPEIS G L D]
75 CONTINUE"
.7 .Do 180 K= 2,UHAR1.a;m,f,,if,
‘Do 180 V= 2y NNst1
S CLIGR(JK)LSCRESP (], JyK)* (D (1K
TIF({NNS,EQ,[) 60 TQ len
D018 T=zyNNs s
81  CLIGR(Y, K)-CLIGP(J K)*CRESP(I J
QQ;ﬁMCONTINUE R e

DETALI

oo 199 1-1,NN5
DO 190 K=23NHAR] T
90 " CGRAD(1,Ky=2, DO*(A(X Ky+D

o ZAFCICONTRGEQsD) Go-T0-200

DO 195 JET,NNg
S D01 95 K=2, NHAR | e T e
 CGRAD(I Ky=CGRAD(1,K)+2, Do*(DCMPLX(O DU,DOMEG)*(K-1)*B(I’K)' |
TR ﬁDONEGq(K~1)*BETA(I KV = (DOMEG# (K=1) ) *w2eC(1,K)" s
T wDCMPLX(O DD“(DOMEGt(K—l))*iZ)*GA”A(I K))’
95°: CONTINUE - i v
'ou CONTINUE

G CE M Mo A T :
CoNVERTS THE conPLEX CRADIENT CGRAD(I K)
GRADIENT GRAD(1) IN STRING=FORM, .- =

:+++++++++++++++++++++++++++++++++++++++++++++++++++‘ -+
00205 K=1,NHARY - =ooo - — PR

IS-(K-I)*”N5+17».,,”“

|

CLTESK#NNS oo st e I e T e i

f Do 208 I=IS,ig . ' o ]
05 GRAD(I)“DREAL(CGRAD(I-XS+1 K)o LT e R B

| D0 210 K=2,NHAR] : - - 0

'IS~(NHAR+(K 1) y#NyS*L o o f V’ﬁf?;ﬁgg :;*;;i;“,g,5j¢

'IE (NHAR+K) *NNS
Do 210 I=1Sy1g -
’10 GRAD(I)-DIMAG(CGRAD(I-IS+1 K))
*t¢.***l*¢qi***d*w****am****it*gt**#*i**#**;**¢.;*¢&;******.‘*‘*,.ﬁ.’.
RETURN
. .OPERATING POINT EVALUATION: (NHAR=0). = o oo
:1 Do 220 I=1,NNg R
VLI I SCRESP L, by 1) e e
“Do7220 J=1,NNg o e
QYL‘X’I)-YL(I:I)*CRESP(I U1y EIAKOPT ()
DO 225 I=f,NNg
e XQ ey S X0 P T Y -




i0

35
. .RETURN"
END-

_‘F =000

VEPS(I:I)—YS(
F=F+VEPS(1,1)w*2

“AbkL NU"LNK(HNS YS xs XSD stD NP ffA_ELPARD,Pﬁf_DD)

DO 235 1=y NNg==
GRAD(1)=0,D0
D0 235 J=)1yNNg - EEee
GRAD(I)-GRAD(I)+2 DD*(PAR(J !.1)-CRESP(J I+




0(1).5U81?
S .

DIMENsION X ).G(N).H(NM).EPS(N)
S LOGICALECONVSUNT =
' CLPRINTSIPRINT,
S S CALL FUNCTON YRS F i G)
TF(F4LTeFEST) GO T0 98
- NFENSm]- e
“ITNZD
oo STEP=1400
CIDX=ENT T
S IDGEENSN - e
 IHSIDG*N
o TR CeNOTRUNTTHY
IJ=1H#+1
P02 1=l
DO 2J=laNTT
TH{IJ)=0sDp
IF(T.EQed)
e e
- ,_CONV-,TRUL.
S TEXTT=2  moemoaas s e o
IF(ITNCEQ,HAXIT) GO TO 99
©LGDXs=QebD L e o
- Do’ 3 1=L,N
2 :Z=0eDOE
CTJETHHD
R N 8 EQO 1 G,Qf'fT,VO»; 21
e e ey YoobYred
DO yEly L
T Z=ZaH(1J)
I E L e M e J e
LRI ER SRV
U TEZAH UGy
R CES S R
f;;JF(oABS(z).
H(IDX+1)=7
. GDX=GDX*G ( ez R T
IF(LPRINT) 60 To 4
CFEAMODL T TNy IPRINT),NE 0} -60=-T0 ¢
‘PRINT 130, !TN NFys,F =
30 - FORMAT (/1* 'ITN*’ 15, 5X, ENFNS=f,15,5X, F=¢,G15,5)
S UPRINT 131,(X(1),1=1 Ny -
31 = FORMATILX, *X(1) 1 1(1612.4)
ST UPRINTS 13?, (G(I),I 1aN)
32.-,FORMAT(IX"Elll'»loGlZ.4[
CUTEXITEOD o .
S JIFACONVI= GO To 99 e e 0 e e T
TEXTTRL : E , e
CIF(GDXeGE,04Dg) Go TO 99-- oo s m
Z=1.D0 ‘ T S
IF(ITNeLT N AND UHITH) ZESTEP. i smm e T s e e
W=2,Dp*(FEST~ F176DX T e e e
AF(WeLT«2) Z=0 R D
STEPRZ - _ e TR
3. . GDX=GDX#*Z @ ' IR
0 7 =L N
S HOIDXA TN SHOTD X+ () w2 2 S T e e L
TUUUXCIyEXC #HUIDX+Ty D
CALLUFUNCT NG X FPyH) o o e
“IF(FP, LT-fEST) G0 TO 98 - T

60 10

H(IJ)?

»




Z= 3.00~(F FP)+GPDX+GDX
W=DSQART(1,DD~ GDX/Z*GPDX71)jﬁAES(Z
Z=1,D0~(GPDX+W~2)/ (DGDX+2,D0%W)

TR ZeLTee 100) T2 D0EE e
DO 10 1={,N T

35?'7x(l)—X(I)—H(IDX+I)
GO TO 11

~F=Fp-

D0 12 1=1,N
G(l)=H(I) Coibmenme
IF(DGDX+eGTe 0.DQ)

. GDX=GPDX - C rmipmoaa
I=4,D0

~-- STEP=Z#STgP.

SFo e

“LE(GPDXsLT4o5D0#GDX)- STEPS 24 DOWSTER:

WDGHDG- U DU

AV

H(IDX+I)FW¢H(IDX+ _____
QﬁDX DGDX+DGHQG;W;A‘,~M

;H(IDX+I)/DGDX
H(I)/DGHDG
00-20 JSI,N=
TJ=1d+1°
O;LQQH(IJ)-H(IJ)+W»H(IQX*J)-Z*H(J
o 'tITN—ITN*l
GO TO L
8; DA I Ex.'I:T':;:q»,::'—' R LI P
Qo S IF(LPRINT ) G0 T 03 =
s PRINTﬂBO;TTNﬂ#Nng’
f;ﬂfoRINT 132,(G‘I)’
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