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 polyphase windings. . They §

symmetrically spac ed. :

winding having 9 separate

. displaced in phase by the angle 21[ y, so that

STUDY OF POLYPIASE SYSTELS -

-

A system consisting of & number of winding groups

, displaced in space from each other, in which slternating

- emfs are produced of the same frequency but displaced in -
‘bime from each other, is called & polyphase system. '

The mosh important of the polyphase systems are ‘the
20,3-, and 6-phaae systems. - v

I - POLYPHAuh BALANCED E)YST&S

The windings of the types 111ustrated in Fie. 1 ars. .
~called balanced. polyphase ‘
'windings, or, briefly,

are characterized by the
condition that the several
component windings are

A balanced polyphase - | S e

‘'windings is called & SRR Gl
-phase winding. The phsse. B e TN A = A G
splacenent between the DN S ‘ o

emfs of adjacent windings

is in general 277 /9 rad. .

- Thus, if the emf of one i.of

‘the windings, arbitrarily =
designeted as the first is : —

| Tepresented by | - R

el=onoswt " , ' (l)
the emfs of the remaining (9 1) Windings are - BueOeSSivelY“f»

»,

ez_fEcos (wt-g

eq ;-.-;/?E»cos (we -2-9,-—~) Lo

og :,[;E dps (wt - (9-1)’%-”:) R , (2) -




Such a system of emfs is.called & poly phase system.

In a balanced circuit a balanced voltage system_produces
‘a-‘balanced current system. In a baleanced poly phase
~circuit the conditions in all-phases are the same, that
is, the voltages upon all phases, the power factors for :
all phases are the same in msgnitude.-

_ T The sum of all separate emfs of & balanced poly—
‘ ,phase system, at any given moment, is

°e1f-ez+e3+ +e? (3

The result does not hold for the special case where
g = 2, in & two-phese winding.

The phasors of a polyphase balanced system form either e

;a symmetrical star or an equal polygon.

»YVIf the vectors form a closed polygon the alsebralc sum of,
“their individual projections on any axis of reference must '
be zero. v

o~ L

l. Theephase sequence of;po;y;phase system

_-;"_ In Fig. 2 five equal and uniformly spaced vectors are
intended to represent any general set of balanced phasors
(say of voltage or current) comparising an J-phase system.

This particular group is numbered consecutively in the
negative direction (The clockwise direction) and the angle -

between consecutive phasors is 27/ radians; such & phasor = |

‘system is called positive Sequence system of the first of
order. (Fig. 3- (a)). .
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Fig. 3(b) represents a wholly different set of balanced
'phasors for the same number of phases, the difference :
‘belng due to the fact that consecutively numbered phasors
differ in phase by 2 (2ll) radians. This system is called
positive sequence systedfi of the second of order. In the
same way, Figs 3c, 34 represent still other balanced '
groupings, the angles between consecutively numbered phasors .
being 3.(27/9) radians in the first case and L.(27/9) radians .
~in the second. These are positive sequence systems of the
‘third and fourth of order. It will be seen that when 4 = 5,
-as 1n the dlagram, no other balanced groupings are possible;i-'i
in general when ¢ has any value (except 2) the number of
‘balanced groupings is (g-1). . ke v

If a balanced phesor system is numbered oonsecutively S
in the positive directloq (counter clockwise direction) and . :.
the angle between consecutive phasors 1s 2iiradians; such a -
phasor system is called negative sequenceFsystem of the first -

“of order. It 'will also be seen that 5-phase systems in - )

‘Fig. 34, ¢, b, a are the negative sequence systems of the

first second third, and fourth prder oonsequently. Thus,' .
.3_) spacing results in & positive sequence of numbering is

ivalent (9—m) §- spacing results in negative sequence systan

Positive sequence components dnd negative gsequence
,components of the same order are always congugetes._. '

The vector sum of any one of these groups of balanced
rvectors is zero; . .

‘ Ir ¢ is & ‘prime number, it is p0331ble to form. pos1t1ve
sequence system (9-1) of the l.,2.,-—==~- {g-1) th of order.



. 7a) Star connection

. to the line wires; it is equally" possible to connect the .

o It is also possible to form negative sequence system v
(7—1)th of order; but they are equivalent to positive sequence
system of the (9-1)., (9-2).,-====-=~ ,2., 1th of order :
consequently. , ,

It ¢ is not prlme number, it is possible to form with
prime numbers which are smaller than 9. The value of these
. prime numbers gives the positive sequence -systems. '

For instance, let's consider 12-phase balanced system; = .
1, 5, 7 and 11 are prime numbers with 12. Hence, it is -
possible to form- ‘ :

One 12—phase posmtive sequence system: of the lst order" f
" LA ” : N B ) B L 0" 5th L B

¢ "o e o c 1" . . " on " 7'bh : "o

o n oo " "o 1lth 1

.~ Rach of these positive sequence systems may be taken = -
~as a negative sequence system of the (12- l) = 1l., (12 5) = 7.,
(12- 7) - 5., (12-11) - 18t order.

2 ConnectigQi_gi_gglxnhsse_sizsuihs

While it is evident that the. separate w1ndings shown
in Fig. 1 may be connected to indpendent circuits, considera~-
tions of economy in the use of wire for the transmission and -’
distribution lines call for interconnection of the phase

‘windings so- that the total number of wires shall be less
. than 29, and more specially, equal to 7, except in the
. spacial case where ¥ = 2i A

Two different methods of 1nterconned%ions may be used
to produce a balanced system. . T

.~

. The symbols b and e at the termlnals of the several -
windings indicate,’ respectlvely, the "beginning" and "ending"
points., In star connection, in Fig. 4 all the points marked
b are connected together, ahd the points marked e are connect

all e points to a common - jun¢tion, and the all b points to
the line terminals. Such a system has 9 phase line and 1
neutral line. ’ . ' N o

-




voltage.

?‘consecutively numbered pheses
" . is ocalled ldne voltage. This

_ ges forming a positive sequence
' system of the Tirst order. The

' grafical construction shows that
- the line voltages also form a

| yéf 3 (77 ) = (? 2) 7 ,(5)
2;’end'the"magnitude of the line

" voltage is given by the rela-
: tion .

: For three-phase systems (9-3) we
- obtain, «

T O - FV

-

In case of poly-phase balanced currents the current
flowing through the neutral 1ine being always zero, this-
wire may be cancelled. The voltage between the neutral S
and. the lead of any phase is called star voltage or pheee ,

The voltage between two

voltage is equal to the
difference of consecutively
numbered line voltages..

Conslider the star volta-

positive sequence system.

U23 = Vz‘:- _VB

-~ From the geometry of Fig.5,
it will be seen that the argument
of line voltage,> ' -

7

U=-2V sing» : , - , (6)

Uy, = vl,FP/e | _(7) ;



T “magnitude of the

',,Now, let's assume that the star voltages V form a negatiVe
‘sequence system;.

the line voltage system also form a: negative -
sequence system. In a similar manner the argument and the .
line voltages are given by the following C

relations
2 V’sin-%;:"

'\P— (7- 2)—-9 ’ tU:: .(85)'

?In that case the line-voltage system lng in respect to the ;f
'{phase-voltage sys tem. .

For three-phase negative sequence system we obtain

WP ® - __ - 30 and 12 = Vlwfuﬂ { 9y S

‘b Mesh connection

.connected 0 ¥ junction polints.

In the uesh oonneotion, in Fig. 6 the “end" of each

»fwihding is Sonnected to the "beginning" of the next phase

winding, taken in cyclioaﬂorder, and the ¢ line wires are.,ff
‘In the mesh connection.

‘the line voltage and phase voltage are same, but the line i

current at any Jjunction is clearly equal according to the

‘figure, to the difference of currents entering the junction i

‘from phases.
“‘necessary to take “the phasor‘.
“sum of 123 and -112 . ‘

~-that is -
. ! " !
I3 =1y, = {10)

'7Erom the above relations it

-of.- &
iconnection is

same.

.fsequenco systenm,
,‘&ourrents lags by

To find the line current 12 it iB thererore

follows that the magnitude
of the line current in case
9-phase balenced mesh

7 |
I = 2‘112 sin =, (11)_

? .

and the phase sequence of line
currents and mesh currents are
It has been seen that -
if the currents form a positive
the line - .
(9—2)Tr to the




phase currents if they form a negative sequence syatem, line

currents leads by (9-2)-—(? to the phase currents Fig. -_6.
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For three-phase systems

Qt‘“vthe positive sveq’uence' system
' At the negative sequence sttém
or

At ‘the positive sequence system  I,, =

i)
at the negative sequence system =~ I, .-%

3. The Power in Balanced Polyphase Circuit

Consider a 9'-phase balanced circuis,. 1et the successive

emfs and Surrents in the § phase be
'vl = [2 7V cos wt . |

Vo= zv'gos .(wt—-g—- _:\

i - e G U e e aw PR WP TR D O W e T W W A

‘v9f : Fv céé (wt - -(9-1) g ) 

.»4.

i gl

a2y



4 ;'ﬁl 008 (wh - 9’) :
t = JZI cos _'_,3_1(_’%
2N ' o Pk
9, 2 1 cos (wt - (9-1) &¢ -‘70) S (13)

'me inatantaneoua pcwer .'m the entire circuit 18 then

T

i " and on multiplylng the terms of Eq (14) in pairs and S
substituting the products in Eq (15), the result is in *bha 3

=2V1I Z Cos (wt-{- kgv) ﬂos (wm—k.—u: 7 .' (16)-;:‘

Binoe 008 x cos ¥ -’--_;: I—coa(x - y)+ cos (x +y)] R Eq. (}.6)

oen be transfoﬁgg

P= VI Z [_coa ‘f—- cos (2wt1—2k ?)] | (17)

KuO
ma sumation or she 9‘ oomatant terma gives the total average
A xpower, or , ISR ‘
o V.V.I. oos({’ | T . N . i:"":\ ; (18)

Where V and I are the erreotive values of the ainusoidal e :
and currents. ' As we see from the above expression the ‘ins-
~ tanlenous power in the polyphese circult is constant and the-

- gum’'of the average powers of phases and the flustyant power,
whioh alcernates a$’ double the frequenny, is oam:elled. ,

, In the three-phase oiroults, aggive, reactive, and appa
' powers are given by the following expressions: -

PuBVIcoa | ]T__B.Hsin B ? 3v1 (;9).‘
or,s:lnce!}- 37 o

p J—‘UI cos : | ‘ .-.-J;UI sin ' -[301 (20)



._.Whéref V g thévphaservoltage, U is the 11ne vbltagé;.'

;a. Representation of;poly-phase aystems bzzcomplex Quantities._f

2ﬁ
: Mnltiplication by ej 9 rotates the radius vector in AR
~ a poslitive sense (counterclocwise) by the angle 2T7. Euler's "
- formnla states that . , RPN

_ EHT 20 _ 'j&ﬂ‘ " - 'v‘i ; .;;iti
(cos 7 +3 sin-gﬁ__g g : AR | (?;);__#

' 21
It is possible to abbreviated form 1f a=e 3?",
2 o120 » |

i . . 2 | o
In a corresponding manner mnltipliﬂation by q‘¥7‘ rotates. . ..
the vector an angle 2n'in a negative,direction;. N

Referring to Fig. 3, the several sets of vectors may
be represented_as follws : ,

Al? ..é‘ ‘17,Al o 2 9'A1( s ;--_f-f;f: e..

By, 352%[): , ‘ e"jé y mememse——— e 39-1) q
P FE g TRy et sy
- :159, R ;13(9_ 1)-§E

_}{i f » f | '-T‘ ‘, 2T RN ) g2
o, 0-54.3_! o8 R 634(9 1)9

1 ?

‘or, in general by the expressions



RERS R I

; set ¥s

mAl" a _Al’ a _Al’ """"""" Al
-2 "llv | ’ {-2(9'1)
Bij, & By, & By, —m------m---- . By
=3 -6 ' -3(¢-1)
CJ_: a Cl’ a cl, ------------ 3? Cl
e L,

‘The phasor sum of any one of these groups of balanced *e
phasqrs is zero; for example, the phasor sum of the flrst .

B T e T 1) - ”(2'5'?

Assuming that the ordinary lawe of multipllcation

hold for this process, it follows that

aq =1 .a9+; :..at e a(7+2) = azjy
I BN IR S I
e g e g

And the ‘positive sequenoe systen of the sécond of order

Where n 1is any positive and negative ihteger. ) :
According to the above definitions, a positive Sequence :
system of the first of. order containing the vectors Al y
Az , 3, c==------ may be written as follows: R

) R - | R E
gﬂm (Al el a8y, e Y SR

(9&)(!&) (Al’ -2 Al’, a-lf Als mmmm———— a2 Al.) 28)

Ag a result, the conjugate of positive sequenoe system
of the =-th of order gives a negative sequence system of the |

* same order, that 1s

31(9.)»' z Sa,('m) o B f.(_2‘9);
L  BOGAZIGI UNIVERSITES] KUTUPHANESI o



gggeéagggaé gystems

—T

he three-phage system.is the most importa

..poly-phase systems, Now, consider 3-phase balanoea-syateﬁss'
In ocase of 3~phase system the unite vector or operator is

IR

- vectors 18 given,

£

oy

., 2T ~
as= ej?; ‘or @a=1l ! %lﬁf‘ -

elther . a = - lh+d‘iz1," '
. v 2 | 2

In the following

-1¥a+a2=OA

8’ o 1;,_ah'a é;,‘§5 . a2

a.'.lc s ‘a2_" ,a-‘? =8

(1)

lgazfahi§‘($;+3)‘:.{;.i§

nt of the

30y

table some properties of the unit® -
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Note that, a-and az are CODJugBte complex quantities.ffﬁ’

And the positive sequence components -and negative sequeneefff
ﬁomponenta are always conjugates, that is o .

B .
: az‘:’a -or a8 = a2

33)

Consider a 3-phase balanced system._‘Thrée-veétors.may‘bé“7 "

two kind of systems._

10 positive-sequence system of the first of oraer

5(“ (4) = (4, a %y, aAl) (33)

“This also a negative sequence system

~of the first of order

" This also a positive sequence- system
~;;of the seeond of order.

:j;of the second of order;

2° Nbgativa-sequenoo system

S0 (a) 2 (ay, aag, e2a), (34) -




II. UNBALANCED POLYPHASE SYSTEMS

W (Symmetrical Components Theory)

. In the preceding articles we analysed thet in the case L
of balanced polyphase systems, whether mesh or star connected, -
the circuit dénditions in terms of the voltage, current,
impedance, power, power factor, etc., concerning eny one
- phase can be computed easily from the consideration of the
equivalent single-phase circuit. Consequently, if an unbalanc-"
ed system of voltgges (or currents) could be resolved into . ' .-
. component systems each of which is balanced, the effect of - -
each of these components could be computed as for an equivalent:
Single-phawe circuit; and the separate results could then be
recombined by the principle of super positions.

The. analysis of an. unbalanced system of polyphase phasors i
(voltages or current) due to G.L. Fortesque., This new apaly-
tical tool is called the method of symmetrical components. .

_ l. The Symmetricel Components in three-phase system.

Consider an unbalanced 8set of three-phase phasors (vol-{iﬂ.
 tages or currents) V;, V,, V3, whose sum differs from zero, - - .
can be resolved into three ggoups of components, ag follows. fﬁg

'e.‘ A group consisting of three equal and cophasal vectors
" each represents by V), where .
.

| vo = (v1+v2+v3) e T (35)
.- This group being called the uniphase or zero-sequence'
*w,component. . e -

- b;j°A balanced three-phas group of gositive sequence
. represented by'Vd, Vd, and av ‘ S
- where - » : : )
‘ o1 2
’ ‘Vd - 3{("1 - VO) + a(vz - v ) ‘l" a (VB-VO)]
1 2 v, .
=3 (Vy+ avzfa .V3) - —5—(1‘\— a:{- a] %
elmaargetry) o O 36)

3




o A balanced three-phase group of negative seqnenoe,
represented by V,, aV; and a2v1, where

A vi -_--% [(vl -V, )-;—earl(v2 - )+-a (v3 -V )]
= % (Vl+-&'lV2+-a 2V ) or since a” -1 =7a2, a~? = a
;=2 (Vl+é2V2+ av3‘)vy B ¢ 1
three

These/groups then PosSes the'feeture orfebmpletefsymmetry;

.2 Graphical Analysis of unbalanced three—phase phasore

T e

: The above mathematical a lysie of an unbalanoed three-
phase system polnts the way to & gréph&cal method ‘for resolving
‘a given set of vectors 1nto symmetrioal sets of componsnts.
. The given phasors are V . On adding them
- geometrically thelr resultaﬁt ig Vs, rrom.whioh V 18 obteined
by trisection, (?ig 9a)

 Reference to Eq 36 shows that if V, is shows that if V2 |
is rotated clockwise through 120 deg., &nd V, through 240 deg.
“in the same direction, the phasor sum of theSe new phasors,
‘together with Vl, gives 3Vd1, (Fig. 9b) : : _




1

Similarly, to find Vil: phasors V. and V3 are rotated oounter
clockwise through 120 and 240 deg’, respeotively, as. 1n Fig
9c, and are then combined vectorially with Vi to give 3 Viq,
in acoordance with Eq(37). 'The remaining phasors, V and
V33, and Viz gnd Vi3 have been omitted From Flg. 9.

first pair is, of course,.symmetrically placed with respeot to
V4l insuch manner that any two of the three are 120 deg. apart
and with the sequence of numbering in the positive direction
‘similar relations hold for Viy, Vi, and’ v13 except that the

seguenoe of numbering is in the negative direction.

i
1be

;L__lgmatrioal Components in a q-phase system

-

It will be evident that if Vl Vz, v ,:----4--~ represents

any unbalanced group-of Q-phase phasora but subject t ‘the
condition thaﬁ‘ : ,

o S
V1+ v2+v3+ ---------+ g=0 (35)
It 1is possible to write . |

Vy = Aj+ Bl-l- C,+ f'f""""“""‘i' Ly

L R e K
V3 = a Al4-a B *-a 6c .+ ....... 4+ a-2(3-1)q,
'm-m:{;-l;m":;<q 1, 4 arb(9-1) %
Vg A +a + a 'C +--'-f--|' B
| 36) .

‘For an adding the separate equations in (36) the sum is 1dentically
zero. This means that any unbalanced group of § vectors whose
phasor sum isjzero, except when § -+, may be resolved into (9-1)
balanced growps which have angular spacing respectively equal to
2"79, 8(2“/9) 3(2“79 e (9-1)(2“/9) radians.

The most general case that can occur 1s that of g group of

q bhasors v VB, ----------- Vg, whose phasor sum 18 not
zero, in tha% case

Vb Vpt Vs 4 i A R T “A(BT._?)“:




.whlch may be writteh in the form o
ATy V Y4 (¥ = Vo) 4(T3 -7 )+---_-7_+'(vg.v6) =0

consequently if V,, computed from

V14 Vot Vyt —=m=m=== +7v SR
Vo = = L (3w
is substracted from each of the given phasors the remainders
- satisfy the condition that thelr- phasor sum. shall equal zero,
therefore it is possible that, ,

L I

\ ~ v]_ = v, ot Al+ B+ Cl +--_-__________+ L
v, _’ V'.+ :'1A1+ a"2Bl+ a’ 3|c + ...._‘_:..____%____4_: é-(g,'l)l,i'
-:V3 _ vo+ 8™ & ‘*Bl+ 5-6514.---,.-».,-.'_;#_4,, a-z'(.q-.-'l):Ll
w?;:;'"3‘3:7;';"35??5;';';1?«}35?;";I _____ 4 a91%,

(39)

By adding the separate equations in (39) the sum  is identi-

cally equal 9V,, in accordance with Eq. (37). This means that .
any unbalanced group of ¢ phasors, whose phasor sum is not zero,
my be resolved into (q-l) balanced groups and one zZero sequence

.-component. o : : : :
v . To -£ind any one:of the components, such as A divide

~each equations of group (39) by the corres pondingl coeffioient

of Ay and add the results. There 1s thus obtained.
"1 o .--“ e
,v° = -q-(vl+ V2+ V3 + e -+ v |
| 1 ;__-__-___;_ g-1,
B, = .31; (V1 + a2v2+ a’*v S + a29-1)




4.1 Symmetrical Components in a single-phase system

B ctor'U msy be assumed that it 18
Qualjtﬁ;;difference of two equal but opposite

iNoW;fthis,two phasors also can be oonsidered ag an’ unbalanced
’ stem in. which the ghird one is zero. The symmet-
';of"this three-phase system are:

1-8? T |30° 5y
_,This means that any sipgle phqse system.may resolved into.:

10 One positive sequence which have the magnitudeZJja and
lays 30° to the referenue phasor.

20 " One negative sequence with seme magnitudeégj,but leads
BOoﬁto the reference, Fig. 12. "

-
-
-




5. Sxmmetrical Components in a TWO-phaee oircuit

An unhalanoed eet of two phase phasors, say, - of voltage
dor current, can always be resolved into ‘one or the other of
"two combinations"(a) a single-phase system and one balanced
two-phase system; or (b) two- balanced two-phase syetems of
opposite phase sequence. -

a. Let V ‘and V in Fig. 13 be any pair of unbalanced two-~
Ty phase vectors ‘and let V. be the single-phase (zero

. gegiience). component in each phase. It follows that
(V7= V,) and (V; - V,) must represent two vectors of equal

;5nagnitude but .which are in gnadrature. Let . 1t be assumed
. that, , ,

.ﬁ,v_vz-’v -E2

is 90 deg. aheqd ot in other words that
the ;sequence of the b%lanced two-phase vectors, El and
Eo is positive. It follws than, that

ffﬁf.vio- V = El v | R . -
,,V2‘-Vw-E2 ‘JEl ST (32)

;f;Taking first the sum, ‘and then the differenoe, of Eqs.(32)
R X is found that R , :

| ’.Vl' -V, = El - a2
'when, by eliminatingiglo |

v, (121) +v2(1+3)

,?’° 2 |

Ir 1t is assumed that E

90 deg. ahead of E,, co}respon-

ding Bo a negative sequence of
- vectors, it will be found that

V(1 Vo(l- |
L= 1( +1) 4 Va(1-J) (34)

‘It is. seen that V is not half the sum of Vl and V2
- might have been expected by analogy with the three-phase
and m-phase cases previously discussed._ d




b. If it is desired to resolve
Vy, and V3, and general pair
of vectors, 1nto two balanced .
. two-phase groups of opposite
.8equence, Let Ay and JAj in
" Fig. li be the pair having
positive sequence, and By and_
JB1 be the pair having negative

..

f.sequence.»
;’ Vl = Al +Bl ‘. | | |
3A1 - JB:L DERPRRE L N (35)
- \ whenoe : - ; '
o A V- V

-3 ‘Al = 1 V2

Vi W o

: 1 .
: Bl = - 2 (36) -

2 ’

‘Equations (58) to (62) leaggrarical methods for
" ‘resolving V3 and Vp into either of the possible types
of components included in case (a) and (b). The type
" of resolution represented by case (b) is ordinarily
~used in applying the method of symmetrical oomponents to
practical problems.;

>‘6 The Physlcal Mbaning of Sxmmetrical Components"

In symmetrical system the different eequences do not
react. each other; positive-sequence currents produce only
positive-sequence voltages, negative sequence currents porduce
only negative sequence voltages, and zero seguence currents
‘produce only zerg-sequence voltages. This method may be '
vapplied to both statiﬂ devices and rotating machines.;

 Static networks. Consider a static network shown in Fig 15
" which may be represent a transmission or distribution line.
If only balanced positife-sequence currents be made to flow
- through the line conductors, it follws that no current flows
-~ through the neutral. The positive-sequence currents produce
" _only positive voltage drops. It can be similarly shown that
 negative gequence currents produce only negative-seguence
voltage dropsl If. only zero-sequence currents flow, equal - :
© currents flow in each line and the combined currenta .of the = -
' three line return through the neutral. In this case ‘equal
?voltages will be induced in all:three lines, and including'
L ’1mpedance the .drops: will ‘be the same:




Rotating Machines, - The positive-sequence BSurrents 1n the
~ stator of a symmetrical machine produce a rotating field
which rotates in the same direction as the rotor. It is
apparent ‘thet under normal conditions with positive seguence
_voltagee applied to the stator of rotating machines only
positive—sequence currents are produced. :

O '3 negative-sequence ,voltageebnly are applied o the
. stator of induction machines a synchronously rotating field
is produced which rotates in a direction opposite to the

- rotation of the rotor. This field induces currents in the

- rotor,.which in turn produces a synchromously rotating

field-in a direction opposite to that of the rotor. Thus
all the currents and voltages in the stator would be of

o negative—sequence. "Because, the zero-sequence currents,
~which'are in phase with each other in the three phases,

v_produce;no flux in the air gap. Hence these currents can
o produce only voltage drops of ﬂhe zero seqnence.

A‘i‘l

tt; 7. Sequence Impedances i

It has been shown that 1n symmetrical networks the
componelmts of current of the different sequences do not.
react each other. When a voltage of a glven sequence is
applied to a piece of apparatus a very definite ocurrent
‘of the same sequence flows. The apparatus may be characterized
as having & definite impedance to this sequence. Special
- names have been given to these 1mpedancee namely: the
impedance to positive-sequence currents, the impedance to- :
- negative-sequence currents, and the impedance to zero sequence
~currents .or by means of simple expressions, negative-sequence
-impedance, positive sequence impedance, and zero-sequence

| hmpedance.

mhe 1mpedance of symmetrlcal static networks are the
same for_ the positive-and negative-sequences but may be
different from the zero-sequence.. For rotating machines.
the 'impedances will in general be different for all three

o sequences.

: Now, let Z]_ and Z, and 23 in Fig. 37 represent three '~
- unequal)( connected impedances whose scalar magnitudes are
independent if the current flowing through them; and let the
three line currents be Il I, and I The correspondlng
voltages drops in the thTee Impedan os are then .

Vv, = I
V3= Iéglz
V 3= 133




-~

and the sume of vth‘ese drops
will in general differ from
zero. They may therefore be

resolved into components consist-
ing of a zero sequence, 8 posi- "~

tive: sequence and a negative
sequence, given by '

= "‘(vl +V2+V3)

W Q

-;(Vl;\— aV2,+‘an’3)'

N “QJ‘E REFR
n

<
k
'l

~:
Lo . —

In like manner three unbalanced line currents may be
resolved 1nto s:Lmlar symmetnlcal components such that

'"‘Il = I +Ig+1;

I2 = Io+ 'azld.). aI-‘

: 13 = o+31d+a211 (39)
Substitutlng Bqs (37) and (39) in Eq (38),
“terms o I

f_~1 Vo
R 'I o
G+ *-<zl+azg+a “25)

' ,From which it qppears th.at the impedanc
in groups similar to zero-, positive-,

groups of phasors. Writing

Zq = ?Zﬁ BZy+ a%2,)
| ol =."(Z1+a Zz’faZB)
11; 1s found that

| Vo = oZo+Idz‘1+ 1324
'/Vp. - Idz + 1124+ IOZd
v, IiZ +I zﬂJfIdzd

’(38?\

(Zl+ zz+z )+_d (zl+a zz+a2.3)

| (—Loﬁ), |

(41)

and c ol lec ting

es are here arranged
and negative-sequence-




The three impedance ZD, Zy are called respectively
the equivalent zero-, po gtive— and negative- impedances,
‘but they. are not equivalent &mpedanoes in the sense -
ordinarily associated with that term.. Thus, it is not
true that the zero-sequence component of current I, -
- multiplied by the zero-sequence: impedance will give the

~ zero-sequence component ‘of voltage drop, as is plain .

- from Eqd 42.  The symmetric of the three equations: in
group (42) should be noted; thus, if the equivalent '
impedapces are written in fornm, o

| - Zg Zy 'zd;
\ Z { Zj_ Zd‘ |

Zo Zi -Z'd T ] - . .
The three component impedanceldrops V Vd and- V can be.

. formed:by inserting as multiplies the ﬂurrents Iy Id’ Ii
taken 1n the cyclical: order o—d—n, d—n-o, n-o—d. a

In the case of a circuit that is physically balanced
the three branch impedances will be equal, and their .
separate magnitudes may be replaced by 2. It then follows -
from Eq. (41) that Z =2, Z3 =0, and Z; = 0, and in that "
case, from Eq. (42) 9 = Io2, Vg = 143, Vi = Iiz. In order .

, words, if the circuit is phsycally balanced, the component
s voltage drops are each directly related to the corresponding
 components of current in accordance with simple lows of -
:-ordinary circuits. : .

. 8 The Symmetrical comgonents of the resultaht volbages

Consider connected three-phase voltage system of
Vl, Vz, V3 with their symmetrical components V .V, and V.,

1 a*
The related resultabt or line voltages are. : :

U12 Vl - V2, U23 = Vz - V3, . 3 = VB - Vl

Sinoe the resulteht voltages form a closed triangle, it is b
determined that, .

Y

3U = 012+U23+U31 =

' and the positive and negative Bequenoes may be written as e
follows'j~7» P .




- ._.:‘.-.(Ul2 ¥ 3%23_.. a ‘U3'l")

.
1

4"

.

;[Ulz(l‘a)“’zs(a"aﬂ -l ;a (Uiz'a?uzs) o W3)

" On the other hand let's express resultant voltage sequenoes
.. Ugs U;in terme of phase sequences V., Vy

-

N V“ngl- a2U23 = (v - vé) -8 (V V) o L
L smey <14+a2).+a2v3 7

e e 'vl -Vz (1+a)+av3 avi i )

' Q'from this relations we obtain ;

o vl’v ’v

'aAtion and the resultant vector is equal to 3V

é-(l-a)vd_ 3vd\

(1 -8) V= f w-z (&5)
Combining Eq. Lk with Eq. h5 it is possible to write '
2 t
e G
vi =z —3-(Ul2 'a,U‘23)' o ", T )

4ijimilar1y same relations may be written for the line currents
Iy Iny 13 and resultant currents. that 1is 112 = Il - Io,

123.11-'13 I3 -13-11

f 9; Deteiﬁinationwor Poéitive—and negative-sequences of the
- ‘resultaﬁt three-phaae systams by the'Graphioal Me thod.

The positive and negative sequences of the phasors
3. may be easily obtained from Eq. 4L6. To find

Va E23 must ‘be rotated 60 deg. in the counterclookwise direc<

o Similar
.. construction is applicable to the negative sgiuenco systam.
-:,Theso eonstruction are shown in Fig. 17. ' o



}‘*18 ‘shown in #@. (10a). It is
baged on the fundamental
‘equation (35) and consists
in teking one-third of the -
vector sum of the three phase
veotcrs.,

hY

, Another method ‘shown,
. in Fig. 18 requires the
determination of the neutral
point of the system with
~ zerg~Sequence components
‘eliminated. The neutral
"~'point of this system is
"¢ found at .the point O, the
"< 'intersection of two median
" lines. The vector connect-
' ing Oend 0' gives directly -
. the zero sequence voltage
~in its phasezwith respect

o E;‘w‘}‘;}gr

~to the phase voltages Vl,

V2 and V3. Foilhan

10A‘¥Betermination and Elimination of Zero—eeqnenoe COmponents

One method for determining the zero sequence component §f¥




NOIEINUSOIDAL PERIODIC FUNCTION

1. Introduction

_ The usual theory and oalculations of

and mechirery are based on the assumptio

That is, 4t 18 essuming that thavolte,

the 4,C, circuits are silne wevetiz: :

iz sufficlently the case, it is*-‘-ﬁot always so, “and eSpecially

t.hey difrer from the sins wave. _
Such ’88 distorted voltages end currents or a periodic

nature can be resolved into a Fourier seriles consisting of

a ftmdamental and higher harmonics, -The resulﬁ can always

be expressed 1n ‘the form of a qeries, ' :

y‘ - G +Cl Bin (Wt - 901)-}02 Sin (2 Wt - ?2)1- -.Ounocooo |
A 0ogein n e - P 4o, (W7

The wave Cj sin (wt. 1) of lowest frequency 1a the ftmdamental o

its freguency determines. the frequency of the 1rregu1ar wave.
The other component sine waves will have frequencies that ere
intergal. muMiples of the fundamental and are called ugper '
harmom.cs. The wave nav:.ne: nwt is called n-the harmonic.

~ The above expression mey also be written in thc fcllowing
form

"‘{—:q gin wt+A2 sin 2wt.+ ..........+A’Lain nwt t+

+Bl cﬂswt+B2 COB mt‘{* .t..“...l’l.+.8°n'0°8 n‘ﬂt (hs)

e -’lTﬂe ¢Onst~ants‘ of. the s‘eries is given by the following
,integrat;ion:'»‘ . - SRR

R g,m
Tlo

} ynin nwt db

x
"
w3 fe

o

M- RINE

p'r“f‘/“%~ S . -
J y cos mvt dt - ‘(49)'\

N o '

' 2
Bp =<

Ry

of 'Bhe function for one period. : :
_15 equal the sume of c and the following eerv:




- 2.  The Relation ‘Se'.‘;wéen tﬁa Sha'pe'of the Periodic
W*‘unetion and its Harmonics

l. In Fig. 19 shown one complete cycdB or a v

-~ distorted alternating wave form; if the loop B

. 18 moved back on the timehxis to B', then A and -
‘B! are symmetrical with respect to the time axis.

L All alternating current and voltege waves produced

v by rotating machinery have this characteristioc,

‘ ’g;Such a like curve satiaﬁes that |
i y .«f {we + T ) = -f(wt) - B (51)
Qt T T e U
V» ";"r f : 1',, b
5 i S S
S

" When this function resolved into the Fourier Serles,

i1t:is seen that, the series haa only fundementals and = '

odd harmonics.
f(wt 4+T) = -Alsinwt -\—Azsinavt -A351n3w1; + -
. -Blooswt +Bzc082wt - T -

'-f(w )z -Alsinwt - Ayinzwt - Ay elmiwt — -

] -Bjooswt - - - . o | (52)
o ‘By puttinp ghis two equ.ations in Eq.(Sl) we ob
Y. Al sin wt—\-AB sin 3wt —\- ----- —+ A(znﬂ)s n?%n+l)wt+
+Bl cos wt+B3 cos 3wt + ----- ---\- Bm _H_)eos{zn +1)wt + -
| (53)

For suoh like curves the integrals whioh are gilven t.he
~ocongtants of monits may be talcen only half period.

T

n-=

y ein nwt d¢ S ‘ ;
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3. Thelnetermining of'the coefficient of'tha,Foquer Ser;ea

By | y‘éos‘n.wt at 7 A . (54)
“._;'.4, Jo jv . : 3 ' ‘ '

2e Iﬂ Flgs 20 ia shown a flat-topped wave; if a line draw
" _from the T on the time axis, then A and B are symmetrioal
with =~ 2 respect to this line, that is o '

£(wt) :‘f(115.wt)';g?_ ;

4

il d f;{‘*iﬁ;&"

' Iﬁ'that cage all thé cosine _ =
~ . terms does not-exist, and oo e e
* i%s enough—to take integrals . o

‘onlygfdr e-fourth period,
foe oo pets

A eiZ (" yatnnwe s (55

3T

o

3. A% 1&8%;'1f the curve symmetric with raspedt to_brigin,
. that7ls _ : ’ S

Lo fwe) = £ (=wt)

ﬁ:;in that cese all the cosine terms does‘hot exist.

.r. . . o - S e ey . . B .j.-
¥ S FEIERT R o N
- £ F y oo .
f . RS .
©# 2 L ) !
R :
o g
S A - S rrmn v s i
. ‘\. : l’
Y 2
> ) . i
bl L
7 RPN 5 :
’ .
& "y .
r { i i { ~

ihen the funotion y = £(x) is given in amalytical for,

Bqs(49) omn be applieds If this is not the case, step- - e

by-step integration oan be applied. -Referring,tc‘ﬁqg(§9);f j;f

 these equations can be written in:She form

:
;
p
:
:
E
;
o
i
s
;
R




g

o =2 yAn
” :

€, =
2 o°
27
Ay = —= y 8in n x Ax
n = TS5 "
o 2 : _
ﬁBn = - Z y cos n xA;v | _ ; v (56)
S .0 S

-If ’che wave length 2 radlans, is divided in p equal parts, :
then Ax = 2T/p.x is the distance to the nid-point of the
- _‘vintgrzv,al and y the ordinate_oorresponding to x,

,? Y e B
,Effective Value of & IJonsin;;soidal Currant

'ﬁle affective value of & variable current 18 deﬁ.ned .
as 'chat continuous value which gives the same total 12R lcss.
‘If I is the effective value. or a periodlc ourrent 1 and T,
the’ time of one cycle, _

IZRT J 1%Ras
v' . o )

o fromt_;'l}ich, ,
i (57).

‘A nonsinusoidal current may be represent. that

i- IO+F11 sin(wt - Lfl -+ FIZ sin(2wt - 7"2)4
: The effectiv'e vqlue of this current is '

(Ij} 2 I sin(wt- ﬁpl) +J-;Ig 'sin(2wt,-_‘fz)+ -2 )as




tel | (2100 sin? (2w - ) av

f5o Y ' . e
+ - j~2 ﬁ Eq E) sinwt - ¢) as
o _ ,

| By solving the above inte grals, we obtein
2 S
E 1"\*": o] +Il + 12 4+ - -

-

= Sor > ! ‘ - o _
S IW:"J +Il +Ia+ . o (59)
ihere I, Il, Iy, are the effec‘bive value of fundamental and
harmonics of the nonsinuseidal wava,

'mus-the effective value of a nonsinusoidél current' 18 the
square root of the sum of tns squares of the- emaotive values of
all oomponent oury ent8. ' ' '

‘The effee'civa oalfue of a nonsinusoldal wave of véltage is
ﬁmilarly .

=%

LB 5 “rm e B%- 0 6n

here Eoy El, E, "etc. are the effective vadues of the fundamental L

and hermonic respecv'tivqu,

l}., Ohm's- Law in 8 Girculit with Nonsinusoidal impressed Voltarse

Gonslder a circult -containing resistance, induBtance and
capacitance in series, a nonsinusoidal voltage applied to this
circulte. It is always possible to write that

e-Rii—L’q'i“-l-—[lt I o8y

8ince e = EO +,/2 Ey cos wt+£ Ep cos 2wt + - -

It can be 8ls0 v'rite same relations for any componenta, that is

—2dn + 2 [ inas

en_R1n+L P

Adding the equaﬁions for all harmonics we get ) .
S VIR SIRR & fz s 69




| }:.q. 59 is the solving of Egq. 58. From 59 1¢ 1s possible to
write the following result: When a nonsinusoldal current
applied %o a cirgult having R, L, C, the current is determined
by superposition all component currents due to components or

voltages. |
Ir o F is ,
oﬂ[éﬁl cos ':~t+.E E, cos g +--

'y

_ tne current will oe )
1 Io+ 21, (cos wh - Py )+ [2 1, cos (2wt - F,) + -

Cee

= -zv,hel;.é § '
o -Io.;i?-»gaf" . Inp = n. a
. T. R | _ : . 5 - 1 2
, /R4 (Low = ———=) (60)
te 701‘1 - n o

(Néj;e tl{ét, if the circuite contain C‘, 1, = 0)

5. I\‘aneihusoidal poly-phase svétema.

Let's consider an unbalanced nonsinusoidal 9-phase system -
of volta{res with pericd T, If the voltages lag each other. .

by-% respectively, that is | ]
of = 2{t) , ez f(t -3, e3zflt-g), "(61) |

* |

They form & nonsinusoidal 4-phase balanced system. DNow it o
can to resolve ell the volta{res into the Fouriar Series. o ;
]

‘Al cos (wg - ‘fl)-} A, cos (2wt - ‘fz)-l- - -+ Ay cos(nwt 7’)4.

Al cos[(utm;’—) ‘f]{-A cos [ﬁw(t - ...) - 502} » j,f;:fj.-: : ;
o + 4y cos[nw(t-l')-ﬁpn]+-. :

eg_ = Al cos [w(-t .(2...21 (fl]‘i'AZ cos [2@7 (t - szlJr .
: + Anrvcoa {mq (t -(3_;_]_._)___)_ (f)n] *  ”  . ’ . (62)

1

91
2,

"




1 = A1 c0o(ut = Fy)+ay coa(ams - Fp)+ .- + &y cosfast - )+ -
2 = Ay-oo8 [_“_"t “3" - )+ Ay cos [2(% - -2—'5)} +

' An cos [nm- RN
» = Alco§ %ﬂt - W““Z m ‘/’1]+ 42 oo ]:2 (e, - Mﬂ 7’2}
-{-A cos [n {wt - ﬂ:l.?.?_f) ((’ ]-l— | . (63) o

- e N .
= "‘, ) '

ica
¥
=

If we consider only n-th terms of all phases, thess alao form a
¢-phase balanced system. Slmilarly, the terms of fundamentals
of all phases alpo forn a 9-phase positive sequence 8ys tem of
the first order with the angular velocity of w,. thus, though SR
the ‘n-th harmonics will have the phase angle with -n ﬂrespectiv» :
ly, these form a positive sequence system of the : S
n-th order wlth the anyulexr velocity of nw, ~ L T
- If the te“ms of fundamentals ‘have the phase angle with+ 2 .
and form @ negative sequence system of the first order, then g-th
harmonics also have the phase angle , 27 and form a nepative- :
sequence system of the n-th order. g. : :

'In. peneral if the fundamentals form a positive-sequonce :
sys’sem of the m-th order (or a negative-sequence system of the
(¢-m)th order) n-th harmonics form a positive-sequenoe system - .
or the (n', m) th order.: R ‘ R D

- Now, consider the followinp‘ 5-phasa nonﬂ'inudoiﬂal balanced ShE |

Ay cos(w'b -Lfl)+A2 cos (2wt _60 )+ ---+ 4 oos(nwt - (lo )+ -

Al oos [(wt - ---) - ‘fl _}+A2 cos {2 (wt = -;5-) ?2]4-
}-+ A, GOé[D(Wt-'ﬁ"‘"} ‘f’nl‘*’* ‘ ,‘ ‘ | )
Al cos {\(wt . ?;21") -‘201_]-}-1&2 cos [z(wt 2;2?[)- 702]1-

+ An cos Xrn(wt -' .2..52! ) ‘fn] 4 - . ' N - ‘

el

-~

82~

3




‘ .ela» {j.:‘, ) ‘L P
~{-A--cos {n(wt .21 2“ ({’]4-

Ai COB [(Wt -‘L'-g—r) ‘ ‘fl«t—.l& cos [2(wt - .’L!-.._' (F }“"

Al cog ‘ (1;'6 .. 2-—-.-“_) (fl] -+ A .COoB [2(‘7’; 2:-2_;"- ‘70 ]+

M A:n cos'[n (wt --4-2-%-).-»‘{’ ]4— o t (6&) |

; Fundamentals can be Bhown by the 5-phase balanced phasor
syatem of the rirst order (l?‘ig. 21(a)) _

-~
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Sim:liérl'y, the terms of the second harmbniés can also be
shown by %he- positive-sequence systen of the second step ‘
(Fig. 2?(1))) and etc. . . “ . T

. *~3u<b in a g-phase sysbam there is only g dirferent
systems, as the 0, 1, 2, ssvceeses,(J-1)th order,

. The system of the 9-th order is eouivalent to the zero-
sequence system, and the system of the (7+1)th order is the

, syst.em of the first order.
. In general, it m is any integer and hixgher than ¢,
then thus system 1s equel to the system of (m-9) consequently,
1t may ‘be expressed that. . _

The terms of fundamentals in the nonsinusoidal g-phase
balanced system form a ?—phase system of the rirst order.

20.. n = k g-¢h ‘harmonics form a Z8ro sequenoe aystam' where n
18 any int'.eger number. ‘




:’ a posltlve-saquence systam.

30. The" harmonics having the steps ne= kg-l (k - 1)74'(7~1)
form & $-phase positive-sequence system (¥-1)th order,
that s equal to ¢-phase negative-sequenoe system.

As a- sample, lst's take three-nhase condition. The rollOW1ng
rule may be prepared by assuming the fundamental terms form

The steps of " harmonies

. | ‘The steps of the system whifh
X hw 7 10veees is.ﬁunned positive-sequence
S T - system of the first order.

.2 5 g 11,.... A pos.-peq. Bystem of the

PR o second order
. . ; . o |
3 ' & neg.,-seq, system of the first
z ~ order
3 6? 9 1200000 Zeio-sequence’Syétem.

In case of four-nhase (9= h) system, by assuming also the )
‘fundamentals form a p-eltive-sequence system of the first
_order, the following rule may be obtained,

The steps of harmonics - The steps of the system vhich is
: : , o formed. ,
1 5i;f 9 o 13;.;.. . A-pos.-seq. system of the first
D - order, o L
2 6ff, LlO 15.,.;. :. A pba.-seq. syatem of the second
IR = R order. | -
3 7 11 150s4.. A pos.-seq. system of the third
R - order ' »
or - o '
‘a neg.-seq. System of the first
order, . i )
4 8 12 160asee Zero-sequanoe system.
6, ‘Thé?Results. Now, the following results may be writben
 for the three-phase system. -

1°, If the emf's of & three-phase syatem are produogd
. ‘into the delta oconnected winding group, them Bth,éth
. 9%h ,.. edc., harmonics of the emf's add in algebraic
and a oirculating current exist into the delte connect-
‘ed winding group., The srpument of this ourrent depends
. te the zer-sequenge tmpedanoe of the winding since the - |
impedance especlielly 1n the rotaung mohinery 18 very;__ ol




emall ﬁigh circuleting cdrrents exlst due to this emf's.

2°' If the emf's -is produced into the star conneoted
' winding, in that case 3th, 6th,5... harmonics doesn't
"exist into ‘the line voltage.

7.':anéihdsodial unbaiénced poly-phase axstems-

3

" 'In ﬁa three~phase unbalanced system each ‘hermonie having
-any: steps.forms a positive -, a pegative- and zero ssquence
systems, Honce in a tnree-phase system the (3-6....etc) the
harmonlcs are 3roduced Bth 6th..,. harmoniocs into the line
voltagess

\..

e {4‘?-,; ‘. ‘;‘."o;&q B , P

b
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CENTRAL INSTRUCTIONS ABOUT THE ROTATING FIELD

1. Thewééﬁﬁtruchidh'of the mapnetic circults of rotating
fnachinéry.- The field distribution in'space.

4

, A rotatin? machine consists of tWO armatures with thae
' same axis and separated by -an alr gap. ¥ither both or one
- of them Heve coils . in slots. This winding distributed in

epacs sokxhat tnsy form: the maanetio poles reeularly.4

The ?“length of the . | M= 5 -s
arch G between two mes ST I
- axes is callead pole plteh. oo o w;mé;
_If ‘the number of pote jj?“;;ff:(;&;wufﬁi;\!mm
-pairs of armat&re is A
- equal t05b the pole : pepl
piton 1s ¢ A - FIGZB’ e
| g T
'6.. .........2._’1._. - —— » i ) (65)
,2p, R . S :

, ”he s»eond armature may be a smooth ‘phasge or salient pole.
. This armature may . have & distributed windings in slots or
& concentrated windinv in the salient pole.

The maximum value of the field is on the pole axes,
" Under the’ onposite pole‘axes 1t has opposite value and betwseen
two pole axes ig zero. Te fleld in space around the

air-gap changes periodically, its period is equal to doublé'
ofpﬂﬁiﬁWh mmtis .

@-—-—-——-—-—-.-22;’ o (66)

- Such a periodic wave contains any number of space harmonics
in addition to the fundsmental of amplitude B, and let their
‘amplitudeibe B' , B", ... etc, If the ooordinate agls is
 taken through the center of the pole, £(-p8) = £{p®) and only
_cosine terns are present. Further, since £(po+T) = -£(pes,
only odd harmonics are ypresent. . It may be written that

: 3(::,);{ B cos -—6+B' cos 3 61— --
T Buis

-

[ 3

B 008‘{64' B' cos 3«@-&- -~ : | (67)




- p}mse dfsplaced

2. Po lj-ghase arma tures

 ATY phase armature with 2p noles may be obt;ain by
. distrlbuting ¢ phase winding, which-are separated each
-other by 2a and every one has full pole pitch. '

Let’g consider a three-phage armture. '
" The pole axes of the first
rhase are I, S1. The pole
axes of ‘*the second phase

- oare. dlsp&acpd by ' Lo e e
%3 = 272 from the pole axes I
~.of the first; nhase. And B O

“the pole axis of the third

'5_’_6 H':.f‘rom The first phase.
- B ;
B If the c:nordinate axis is o Clo

taken through the axls of ' TR e
. the first phase and the ‘ - : ,
. clockwlse direction as a S 24

- positlve. direction, then A ' »
~ the fleld produced by the

winding,ﬁ are, '

g.

- / ,
: jfor the- first phase,g (x) = By cos p8+B] cos 3 poe+ - -

' _for the second phese :5’ ()

By cos (pG - g_‘_T_F)+ B" cos{3p0 - 3,%.75{-

kfor tne-third-nhase 3'3(::) e 3. co8 (po - ﬂH—BB'cos(BDO - );”H-'-.} |

3
or in g'eneral for k—‘hh phase of a q-phasa armature

Bk(x) @L cos (pO - (k-l) %lT) +B cos(3p0 ~3(k=1) 713-1--")

v

3. binusmﬁal rotating flelds. ( } Three-phege srmature |

% .

f,-'

uonsider a threes rhase
armature and take only B o :
fundementals and neglect e
‘bhe harmomcs. : : S

If the second wind- Foe e
-ing 1s displaced in the - R
positive direction by ' ; Lo
21 from the first wind-
3 ing, third winding is

replaced also in the sanme B * o AL
direfition by 4T from the R I A
firat ene, by3 taking I

| N -
. the axig'of the first ~ | = o Ao 8



rhese as ordinate, for pgiven time three flelds may be
exnresged as fol.Lows. v

@1({);: Bl 008 pe -

@ngé)f

’ @3(§“) = By cog (po - ﬂr | (69)

B, cos (pO - é~)

: These form a positive sequence system of the first order
in the cgmplex plane.
. . If the seoond winding is dlsplaced by-gﬂ in the negative
: direotion fIOM the first windlng's third widP ding also 1is
displacad by 47T in the same direction from the first one,
-sLmilarly ‘3p the three field are:

ﬁ? (x)

@ (x) =B, cos (po+§’f)

693(x)-i

Bl cas pPe.

»3_008 (pa—flhﬂ-) ’ | (70)
, "hus these three flelds form a negative-sequence system
in the comnlex rlan. ’ :

In~ peneral lt may be written as'
ﬁ (x)
) N 2T

AN

, ul cos pO

-83 cos (p@ -2m %15 (71)

where, if the phase rotation is 1in the poqitive direc tion
'm =z 1, if the phase rotation is in the negative direotion
'm-2. &

‘ Cohsider now three windings are eyoited by the.
sinusoi@gl three-phage gurrent systems..

- fér f‘.—l’r%tv phase | il = Iy cos (wt —5”)
L Seco’nd w o ' . IM coB8 (wt - 2“) .
. " third " IM cos (Wt ‘f——2m -2-% (72)




'If the currents form s positive sequence system, m = 1 and
if the currents form anepative soquence systenm, n' = 2. At
last consider that the field produced by each winding 1s
.proportional to its currsents. -Since all ¢he windings are
'identlcal using same oonstand 11: may be written as:

By -'z-. ll ~"'.B2 =A12 ' Bs =41, ' (73)

whnre constant A depends the number of windings, the b
~length qi‘ the magnetic circult and the kind of dietribution
of the windinge, ... et.c, then we shall determine its

actual value. :

)
%

: _‘Ience
) @ (x t) = & I. cos p 0 cos (wt ‘f)

a A Ly

3. - ZM (:coa (p@—\—wt —‘f) +coa (pO -wt+‘f)] .
@ (x t) z A Iy cos {p® - m -3-) cos (Wt -~ m '-3—-‘-‘?) -
B 35‘—-—;—- cos ,[pgf Wt - '5*'(:14—::1 ) - CP]

-+ eosv[po - wt --‘;—Ir_(m - m')+“-P] }
- @3(;!’3) 2‘3 I, cos (pQ =~ 2m —2-‘;-35 cos (wg = 211' edie lf)

L - .
,:A Evcos [p@fwt-g—ﬂ—(m m)-(f’]
23

+ COB [pg - 'w{;"e _lg_T (m -n ’) + (fj} (74)

The field at any poinﬁ in space is equal to the sum of these
$hree field that is

@H@Z'f'@ o T

3

1°, ir n = m', that iﬂ, if the rotation of the windings
in the alr gap is the same the phase rotation of the
ourrents in tsime

C e
R

mfm = 2

or . | ntm w b




o8 (p@)}wt -CF)+cos [ PO+ WE - <{’ (m+m ) --?]'

o -\— cos [ O-l-wt —A ‘-'(m+m ) ﬂ] =0
coé (pe - wt+lf’) +cos [pe - wt+‘f (m -m )_ l
’ %; %oos[ -wt-l-‘[’-(m-m)ﬂ]

3 cos (pe - wt +‘-P )

The 'reeggéyultént field therefore is:
By = 20dn oo o [00 - s - ¢ ] (75)

' Tm.s equ&‘blon indicates a rotating phasor, it's a"ﬁlitude

'200

is oonstant and rotates in the positive direction with
angular vducity of ¥
I

e
i

Ifm#— '; ;vm_.;.landm'e.?,,orm:Zand'm'gl
for bobh case . : :
T m-n = 1
Hence :
cos (DQ -wt -<f)+cos [po - wt + (f- m=-mnm ) 2“)
: c‘-,.(;‘ ) L‘rr
+nos[pe-m+‘f-(m-m)

~ cos (!-‘9:;% Lf),\-cos [pg-}-wt -Lf’- (m-\-m ) 2. ]

4+ cos [p@«\-wt - ‘f’- (m-lr.m } %‘W]

- 3 008 (p0+wt -

B(x 1;) = }—-——I‘M‘- cos (pG—}wt - (P) . - (76)

Poa

.
¥
;
¥
L
AN
wl
L




Tnis is 'b‘le expresqion of a rotating ﬁ.eld, which hasg -
. S e ‘34 '
. ,anplitude'

and rotates in the nagative direction
2

with angfular velocity of - -iwr-;.

ve '.Ehrs'l noly—phase armature

= ‘
: In* general, oonsider a poly-phaae armture whichhas a

| §-phase“symmetrical winding excited by & ¢ phase balanced

curreng system. ‘Let m is the number of equal arch,

Tuie 20 _.Z between the k-th-and (k4 1)-t,h winding. DR o
The nosaible number of steps iin the positiVe directlon is o .fffi
- (9-1), that is i

| mazl, 2, ~mmmom- =0, -t
" on the éthnr 1and Let ,m 18 the number of equal arch, 2”,
~ between: zC‘bh. - and (lc-}-l)th phege currents on the ‘ 9

complex »plane. Ag we know, the possible number of steps
- is aqua],:’ that is

S m.=o" .1; Reseens (9-1) (78)

I\ow for any tirae the eorrespmxding equ&tions for the
v rields are. '

.}.‘TBl(ﬂx)-'Bicos'pO" .‘ | )
L Bawm
i/ 3(x) = 331008 '(pO - ;W)

--—Pc—-no-..n.—— G . W am wm O g W Ve e U N

@?(x) B. 608 [p@ - (?-l) m ”J (79)

Bl cos (pG -m---)

and the _gu.rrents through the pheges ere:

, 1y = Ty cos (wh -‘f)
:_ £ Igq co8 (wt - m' %F'- Py
1, = Ty cos (wt - 2 -2-—-?)

- gy ——-.-.u-——-u




Hence, the resulting field is:

.1.

v:_éﬂ + B+ - +By

| 3 Iy [cos (potwt - <p}+cos (00 ~wt +¢)]

2
+ ?2& {cos [p0+wt —Q~ (m+m ) ;-{TJ
ﬁ +cos [pO-—wt+‘f—(m-m)"“Jf

2

+cos[p8-—wt+‘f— ?(m-m ) 2"]}

+ ....._}.‘L... cos):p9+wt - (-f- 2(m+m ) ?TFJ

R

T

b Iy,

_ X ’e s-'-<-.m )2’7
t v {COS [D ps - P- (21 ngm s

“' : + cos [pg - wt+‘f- (g-1) (m‘- n ) "“'] (81)

.f

Where. m and m are 1nte,?ers between 1 and (9—1),
0 and (4-1) respeetively. Being a any integer number
(maycea-o a=1), ifm~-n w89, mtm' = 2miad

- is &l1so any integer, sinee n 18 not zero.

| VrThus,

2"_' . cos [pe LWt - (-f -'n(m—l-m‘)_ %—ﬂj = 0  (82)

Becauss t‘ﬁ.s algebraic series shows a closed reguler
polygon hence the sume of the ‘projections of its sldes
on any axis 1s zero,

' n _ =i“‘l : | 1" 5
. Z cos Ipe-wt -?- n(m-m')%ﬂ} = ¢ cos (po -wt+¢)
\ | | g
n =0 - : , ‘ :
from which

/3 (x t) z 2AIM cos [pa -(wt -S‘))] | (83)




. , ,

 Therefors, if m - m - a9 and in private for (a = 1),

- that 1s, if rotatlon of the windings on the armature

and rotation of the phase currents are seme, the resultant
field 188 rotatling field which has constant magnitude of

gﬁIﬁ and rotates in the pos:.tive rotation W:lth angular

veloci‘by or
. p“

29 If-m-\-m = a¥, n - m' ;_aq-Zm' is any integer diﬁ‘eré
from zero, “then ' : :

E GOS8 [pe;vat-\-tf- n}(m'-m') _g‘_’f_l'] =0
; n;,u 0 __“ - : - _" .

Von the otncr hand
. n(}‘- 9-1 C
——-_>_ gos (p9+wt -¢- n(m'“” ) 2fr'] 9°°B(P°+wt Cﬁ)

i

,1‘1;'.-.-_0,

Ehaah e

from m-ic

t/ (x t) ,2 ATy OOSIPQ'P(‘% -¢ )] f (8&).

Therefore, ie m+m = ad an in private ror {a = 0), that is
if the steps of the .vindin;;s on armature and the phase '
. eurrents’ are equal, but their rotations are opposite each

- othér, the total. field pives a rotating field which has

_eonstant mmltude 1 AIM and rotates as in the negative

direction wlth anp‘ular velocity of - .ig.

39, A% ”the same time, if m+4m #ai and m - m -'/»'ag then
the two ‘sum of %he cosine terms are #6ro, hence *he resultinex
rield (.B-— 0) is zero. .

L, Poij%-nhése pymmedrical armature with unbalanced current systen?;f—

" a8 Wwe kuow, & g-phase unbalenced ourrent system may be

' resolved into poly-phase ¢ systema of the 0, 1, 2, .eso(9=1)th

order, ‘When such an unbalanced current =ystem is passed
through the ¢-phase winding of the symmetrifal Y-phase

‘armature: of the first order (m « 1), the current system of the ‘
- firs¢ order (m 1) produces & rotating ﬁeld in the poaitive




dlreotion, because in that case m - m = O, The current
gystem of the m' o« $-1lth order will produce & rotating
field in Jthe negative direotion, because m+m =9

: At‘last, each of the current svstema or the n' = 0
2, 3, ---e--(g-z)th order produces fields, but their sum
always zero, because in that cases m+m '+ ag and m-m 7& ay.

Row, consider a three-phese balanced armature windings in
which upbalancad tnree-phase ouwrants rassed, :

: The positive-sequence components of the currents, that

"~ 1s the system of the first order, produce a rotating field

~in $he positive divection.,

~

© - The negative-sequence comnonants that 18 the system
‘0f the second order, produce a rotating fleld, whioh rotates
in the nepativa direction. b

The zero seouenoe components produce fiblds thelr sum
is always Z8r0, :

- The cir#ula; and Elliptical rotating field

‘ As we know, the field produoed by a balanced poly-pqase
cirouit ia' '

6(«;1-, = By | cos[ +(Wt-‘f)] - (85)

”hia resultant field may be shown by a vector of
cons tant. megnitude By and argument F (wt- 70) The tip
of this phssor dbscribes a oircle.

‘Npw,consider a field . ?54
rroducad by an unbglanced ' :
current gystem; as we
studied before, it can be : : L
divided into twc componentea EERER D e
one of which rmay be indicat- ' R
ed a rotating phsasor in the S
posltive direction, : =

ﬁ?aﬁx,t) = Byg c03 p? ~(wt~73 R N
and its coordinates | fi,_ ‘ .

C xgemg oo e - P, e
| :}d =:Byy 8in (w¢ - ‘fd) o - (86)




The other. ney be 1ndicated another rotating nhasor in
the negafsive direction, e

By ama [w-m-go] T T
and its coordinates L S o ,}" /\ '”\‘ C TR
SN Ty *
% -%1 ~oos (ug -7"1’ N R P N e
. . | : ‘,‘n v\:/‘ ' . \:
_ Tneir resultant is an . , TN
" elliptically rotating field : : . L
‘whosie megnitude clanges from L T o g
point to. point as the rota- "
tion ocontlnuous, This resul+ 1 ey
' tant ﬂpld is - 1 I
- /)’ +ﬁ [T N . et e
v . : - ) M7 P / _
its coordinates
X: xdf’xi = (BMd cos Lfd +Bm_ cos ‘fi) cos wi
L ey BM1+ Pt 51“?01) oin ws, |
c + (BMd Bin(fd BMI. sin Y’i) coa wt o

or taking

b RERE)

P oByq cos Py - By o8y

p, et ety
p 2 s

e  Bya sxn_‘fi - BMi sin¢. ‘ T

./

f

= J g+ B 2 P Py com (fg-fo
/Bm + B,,u - 2 Byg Bm cos (Y - L/’i) (88)

1ts coordinates:
- x .= Poos (wt _(A’l)
Y Q cos (wh -{?2)

]




It may be seen that the tip of the phasor having coordinates ;
X and Y desﬂribes an. ellips. ‘Infect Eqs. (88) ecan be written
es follows*'; _ ‘ '

s

= cos wh cosf‘@l s‘in wh Sin/‘gln

- cos wh coaﬁz Jrsi.n vat sin/é’z : (89)

}.ault* plying first enuat'.z.on by sin{g and second equation by
sinﬁl and than subniting one from tﬁe other, we obtain

| S S?_n wt gin (ﬁl %32} --—%— cos. %2 -...:’;./.. ooeﬂl (30)

E:imilarly, multi; 1ying first equation by sinfg and second
by sinf,; and then subificting bne from the other, we also

iz

b . ¥ 1
o t&in -f{)o% w sin (Fl Pz) o .-_-.... Sinﬁz -,-T)Y- Bin fl (91)

Let's c*quare Eq. 90 and 91 than add them,

(32 + Y __ 2?% cos (f?l }2) (o)

This ie the mquation of an ellips.

The axes cf “this- ellipe are 2(Byg {.BL ) .and 2( B’é Bgl)y
beoause the mﬂtnltude of vectar B changes betw gBNﬂ+BMin

Singl e—nhase Armature

A sinple-')huse armature windinc,, oarrylng the current
I, can be consider as a three~phase winding carrying the
currents - tarougrh the first phase Il = I, second phase I2 I
‘and third Jlnse I3 = 0. : ‘ ‘

in the preceding cha pher we ‘saw that the positive and |
negative qoquenc g of guch & current system are:

-

i

Id:"j‘" -a)—-r} ——5« . | -
Ii =7(l_a2)——ﬁij , | ' (93)

The poaihive and negative sequences have seme effeotive Values.




Therefore, the sing 1e—phase armature producea two rotating
fields, one of *hem rotates in the positive-, $he other in

the negative direction; the magnltudes of two fields are

same. ‘Let the instantaneous value of the current i = 14 cos wt;
~ the: instantaneous values of two components are:

Iy i
1, M cos (wt - ), i cos (Wt-l- ) (94)
d 4/7 "6‘ | i T’* | “6"

xpreSSLOns of two fields are:

; and th‘é
g3 ATy iT j
ﬁ Pu cos DO'-(Wt - =)
,iégi,; ;3 a% %IM \_cbé [p@-k(wt + (I )] - (95)
g R '{3 o

. The ellips, which is drawn by th@ tip of the resultant field
phasor limlts to & 3§raight line; because in that case the
smll axis  2{Bg - ) is equal %o zero and the maximum ,
- magnitude of the. resultant fisld are equal sum of ths, . T
marnitudes of positive-. And negative sequences. 2 nd = ‘ﬁ?

~!,The uolybnrase armature wxndings. which is distributed,
sinusoidally in’ 8pace, with a nonsinusoidal balanoad poly—phaae‘

reurrant svstem.

: onsmder a_g-ohase armature winding of the m-$h order,

,whioh ls edcited by a nonsinusoidal g~ phase current system.

Ag Ve saw before, if . o ,

| nmon-az aj R L A‘ - (96)

than all the harﬂonios of the n-th order produoe rotating

fields, vhich rosate in the posifive direction with the angular
velonity of ow . : i

: > o } . ’

If g¢n+rx= ag S B on -

in that csse, all the harmonios of the n-th order alao

produce rotating flelds, which rotate in the negative direction
with the °ngular veloci%y of - BW ,
p B

[

All the other harmonice n*oduce pulsaiting fields their
aun- 1s always ze;ro. :




I' For instance, let's consider a three-phage winding of the
first order and exiet this winding with a three—phaae
current svstem of the first order.

uet's eonqider a three-phase winding- and exclte 1% by a three
phage” nonsmusoidal current system. In that case

1+33 ] (a - 0 l 2, oq'.nco)
n - l l} 7' 10 13' aseg s .

n

n

that is

-

"’herefove,v, these harmonics will produce rotating flelds
in the nosltive dixeotlon, and

‘Bhat is .

’ ’n':"z, 5_, 8 ll. cneve

‘t‘mse ,.armonics will nroduoa i'otating fields in the
negativeidirection. 4% last, all the harmonics ¢hat are

multipleg of 3 will produoe pulsaiting, fields their sum is
always ZEero.,

3:150113*:1115;-:11 r’al ;eu*ld Form ‘ q

- 'In general let's conslder the aase, in which the flelds

- produced | bv the windlngs, which are not% distributed sinusoidally.
" in space.. In that case, each of the fields produced by esvery
wiudin(,s mav be ex: Jressed as trollows.

@1 Bl cos pO + B)_ co8 - 3p0 + Bl co8 5p6 +--

T
@2 ‘32 cos {(p8 -'%" H‘Bg cos (309 - 3 2[)

£ 4 g
+32 coe (5139 -5 ‘g"" ) +

- —..-.-...-n—--y...—--.—c-—--’---—...-_--———-.—---o--.—-----——-—.-

6?_ ; Bg cos [DG -(¢-1) -g-'] fBg cos8 [3;)0 - 3{p~1) Q"J
+Bg cos [5;:9 - 5tg-1) —->] oo (98).

8, The currents are sinusoidal

First of all let’a assumed that all the Wlndinga are
'excited by me sinusoidal currants.




i
. ig ©

Subetituint, the currents in Eqs. 73, for any oomponents

- space harmonics of the fleld form, say the k-th, 1s then
of - the form ! .

Iy cos (vt -, 12 Iy cos_(wt - %E* ¢y,

im OOB [Wt -(9—1) (P:I

it ¥

- AIM cos. (wt - (A cos kp@

v s 1 =
i ;@2( ) = AIM cog (wt = 2 _§p) cos (kpe - 2"3
Rt g kg
o~ k) | 2” f/’.
. N ﬂg 2 ATy cqa I -(Y—l) -‘f aos [kpe -k(g-l)a—'
‘ 5 b.-g R C | ' , | (99) )

It will be noted that each term product of the form cos X
cos y which can be written ’

- .cos X cos v = ]2' Icos (x - YH-oos(x +y)]

- Hence the ahove exnreseions are

@ (k) .A M cos (kpG—f-Wt - CP ) ¢ cos (kpe = wt+¢ )_]

B, “" - Ay [oo8 (kpo 4wt -P-tet1) 20,
B I , s d

| 4 cos (pr - wt{‘f—(k-l) -2-7—"»)]‘:

@g(k) _.I_TA cos (kpa-l'wt - ¢ -(k+1)(9 -1) 2r)

it
R

L

‘ + cos (kpe - w -l- ‘f -(k +l)(Sl-l) )] (lOO)
The resultant fisld of the k-th harmonics is

B(K) 6 (k) @ (k) _________ _{_62(1‘) -  (101)

19, If k ~1#a9 and k+1#a9 (where a  1s any integer)
-~ In that case, 8s we indicated before this harmonic»
does not give any rotating field.-

2°.- If k-1 = af and k-l—l?': aj, the resulting fisld viave
) therefore is _ ‘

h Y




~' Aly o
Bk‘) (x 1;) 2 2M ' »oqé“ (kp9~;-wt+cf) | (102)

That is:the equation of & rot&t ng rield mnving by .
'4n the same direction of the maln’ rield kp
(fundamental)

3°, If k+t1 = ag aindx__- 1#!@9, then the -equauon N
‘ hecomes -

N 4

3 n(k) (x, t) = ! “l - oos (kpotw - ¢) (103)

o .. o
this showe a rotating field moving by in the opposite

~ direction of the fundamental for: 1nstange, in case of
..three-phase armature 1, 7, d?,A....... th odd harmonics

produee rotg;ing rielda by the angular Velocity of

r, I seeevenee) (10-';.

é p l.7p ,’ 13pt 3 )
in the ‘same direction; 5, 11, 17 th harmonios produoe
rotahing fields by the angular velooity of

‘ 5‘; ’ l:p . l‘;p’ 'A'.‘.oOtuoog - (105)

In the eppoaite diraotion. And all harmgnioa, that are
mnltiplies of 3, don't give amy rotating fields,

While the fundamsntal wave produces the userul ,
torque, “the harmonios produce parasitic torques. Some
of these-torques end %o drive the motor in the sams direction
as the. rundamsntal and some in the Opposito dirsction. .

"In addition to the parasitic torquees, the harmoniocs
may produce vibration in the core, causing undesirable
noise, and also they may produce additional loasaain the
iron and‘in the gopper.

b, Nonsxnusoidal Current Form : ' '-ff ‘

' In general the ourrenta, through the armature windings,
may have  harmonics. Now considering the harmonies of the
field ourve in space and the harmonics of the currents, it -
may be written as follow!:

%ﬁ o " Boos (jwt - ‘fix

BT/ 7 s



(Wher‘é ‘ is"vthe‘or'der‘ of the current harmoniog)
By adding these flelds in the different phases, vwe
" obtain rotating flelds, which rotate in the positive

- and negative direc'cion ‘by velocity of

} P
| -iB- cos [kp'@, F v(gwt ;‘[’)] - (107)‘

'I'he terms having = k g.ve the rotating ﬁ.eldn which
rotatetaf; the san apeed as the fundamentsal, .
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THE ?OLY;PHAsﬁfINDvCTIon MOTOR

The 1nduction motor was 1nvented by Nikolo Tesla in
1888, It differs from most other types of motors, in that
no nurrent 48 conducted %o one of the atator or rotor.

- The urrent in the stator or rotor reeults from an
induoedwvoluage and for that reason 1t 18 oalled an induc-
tion motor. Indnction motorad are somatimes callod aa
asynchronaua machines. ' : .

Induction motors. may be either singla-phase or polya
phase: machines. There ara.two principle type of poly-phase
Anduction motors: (&) the squirrel cage, (b) the wound-
.Totor machine., These two machines are very much the same in
“eéither principle of operation, Differences in construction
exist in the awvondary. In tWwo type machines the stator
alwvays has &-poly-phagse windlng. In the squirrel-cage type
rotor conductors evenly spaced Around the periphary of the
rotor having their ends short-circulted by conductors in the.
form of ernd rings. The wound rotor is provided wisth poly-
“phese windings that are similar to these of the stator. The.
rotor must be wound for the same number of polea as the |
}stator in'whieh it 18 to Operate.

In praotice only three-nhase motors are used. In that
case the stator has a three-phase winding, rotor in case of
- 3quirrel~cage type has a squirrel cage, in case of wound
- rotor type has a three phase winding. Stator winding may ba
-oonnected in star or delta. }

In Fia. 28 the @onneotion diagram of three-phaae 1nduc-
4tion motor: for both types are shown.

The stator--winding is connected

‘t0 the three-phase line. The

~main ‘purpose of this winding is -+~
ta nroduce -8 rotating fleld, | g

PSSR N.

stator. pole pairs and f£; the ‘ i RN
frequency of the line current, T A Jd S
- the speed 6f the rotating field : : :

'gr synchronous speed is given

If P is the mumber of | T o “§T'“"
S AN

_ 60 1 . ST ' P
s ST | CIEL o wd

-
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This rotating field produces the currents in the rotor and

at the same time this field eoxerts a forse on the current
carrylng conductors therefore a rotating torque on the rotor.
The rotor travels and ite speed inoreases, but 1% can not
travel at exactly the same as the rotating field, for under
this condition the rotor conductors would be stationary
relative ‘to the field and no voltage ¢ould be induced in :
them; -congequently the rotor then would carry no current and
no force would be exerted upon it thus the speed n ° of the
rotor must be less than that of the rotating field (ng). The
differcnce ng-n is called slip; but it 1is always expressed
in percentage of ng, that is, the slip s of the rotor with
reSPeOt tg the rotating field 1s defined as . :

S 1))
e |

At no load t;he sno is almost 19, at the ruu load 3*-5%

—an

. The ﬂrequeney of the rotor qurrants depends to (ns-n)
and whichﬁis given by

BN «x‘.\'x

:‘rzr= %5 (ng - n) | s (1;0)

Inprédnoiég Eqa{ l08, 10911nto'Eq; llO,'the result is
B £, = 8f) o (111

LR
.»,‘t,’.

.. T, and’ Current. Relations

The Eﬂr's induced in each phase of ths rotor and stator
due to rot&ting field will be given. respectively by

Ry = babd rlml kap1 ¢, 1078 volts

By = kb faNp kgpp 1078 m

and ' My =fp. N kgpp = o Nz kap2

R N, k o ‘

B, z 9 2242 B L (112)
Nk - |
N kap |

whe‘ré : o den =K ‘kpn X kd " *

T kg - distribution factor

kpn = pitoh factor

7
>

n
'4

- turns in series pef phase
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Under standstill conditlon, ainoa 8 = 1

| .. kdpz songt. | -
B - Ezo - By = oomst. - (113)
» 2 5 l‘dpl '
when the slip 1a B, the e.m.f of rotor will be
A Eé | = Bpg .8 R o B (114)

If R, is the resistance and L, the coefficient of self-induc-
tion"per phase due %o the leaﬁaga flux of the rotor winding,
then for any slip 8 the rotor curreat Iz per phase is

8 Ea0

5.
R
ny

&3‘/
3

. . | | [Rl + (ZﬂfaLz)
) I:t numarator and denominator divided by s,
: Ezo .

I
A/V( =) i (2111‘11,2)2

e -

(115)

~ in the 1aat equation 2nr 18 the leakage reactance
= or the rotor winding at s%andstili (S-l), when fo=fy. Since
. is the emf induced in the rotor at standstill, t follows
tﬁat the rotor current in a motor operating at a slip s 1is
_i* the same as that in a stationary rotor having a resistance
n equal %o R; instead of R This in order for the flul &s’wo)
4., ‘g as the curre%e 4in the stationasry induction moto:
o7 R 40 be the same in the machine onarating at slip
as reslstance having the magnititude ’

:‘ Re :-g-?-v- RQ‘QRQMJ.' PR (116))

,S ‘ : o |
muat be ocnnected in saries with eaoh phase of the rotor. |
The induotion mntor when 1s running, thererora behaves
Efaa a transformer with a pure ohmic resistsnce. The load.
7 -oircult of the induction motor may be oonsiderea ag a transf
S er, contalins only resistance and no reasctance, since the pox
~of the rotating induction motor 18 & mechanical power and 8
" power can be rapresented by a- resistance end not by & Teacts

It should be noted that the induction motor representsJ
‘genaral kind of transformer; it does not only delivers elec
~ power to the secondary (rotor), as ordinary transformer does
- but delivers mechanical power at the shaft.at the same time;
1% thereby transformers the frequency. and at’ the same time

can transform tho number of phases. ’



The quivalent circuit and Fhasor Diagram

The aquivalent circuit of a poly-phase induntion nmotor
can be developed on & per phase by considering the machine

a8 a trensformer.

In Fig. 29 the stator winding per phase

. is shown as an ideal prémery winding in series with a
res;stancevﬂl and & constant leakage reaceance)(l with the

impressed phase voltage Vi
It will.be assumed that tﬁe
primary and secondary wind-

ings are perfectly coupled . 'tgi’

and that the secondary resis- |
tanae R, are external %o
the windiIng.

all .the: gcharacteristics of a

The cirouit has | -

tYransformer except the secon- § -

dary voltage E, and reactance
are-variable 1in nature '

v, Py
*

(%uncticn of slip). -

In generar“the rotor will
- ‘move andtheve a slip, the equi-,
vaient circuit can be form with'
the equlvalent rotor circuit,
wnich is 'ghown in Fig. BO(a)

; The berm~—~g— can be separate
‘”as the sum of Rer R2( 1 8 )

As.vwe saw from Fig,. 30(b) the 'f
induction’ motor, when is running

: T Xy
:{*‘ ;;;;;;u~-, - 2;, L b ,
e 'j - <€9§g
S e N S N AT
et K
r a )“ _:-

'therefore beshaves as & transfor- .~

mer loaded’ with a pure ghmio
, resistence ' ‘

51 - )

As in the equivalent circuit of the transrormer, a1l sacondmry
valuaes are-referred to the stator.

- Ny kapl.

voltaga is “my

T 30

S

. r 3
e 18
. L e ‘

_iﬁdf,ww; i

aRE
s

a
mz

The rotor ourrant must be reduced by the ratio of l/a.

. N2 kdp'g

The redustion for the

{(117)

Inoreasing rotor turne a ratio of a and the reduSing the

‘current by l/e will provide the same rotor M;M:iF,
impedance required to limit the current ¢o this new value

az __132 and the

must be such that the reslatence

reactance q2X2. This equivalent
circuit is shown 1n.Fig.31.

B
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The resistanee R azkz is the ro;or resistance referred
to the primary c%rcuit.~ Likewise X, = 8212 and Izalg/a.

The three circults of Flg. 30 and Flg. 31 are equivalent as
viewed from the primary side. Now, from knowledge developed
for the transformer, the phasor diagram for fig 32 can be
oconstructed ss shown in Plg. 31.

Kow, for any slip the = = g~ T e ¢é
losses, output ;-effi- ;g‘(, : - it ;
olency, forque, power e =1, ~ -
factor, #nd nrimary can  gF .o R = R S L
be calculate, B . L S

L Power received by zil:r~ ffijw”,ftgf“’; L ;_ﬁ; g e
‘bh& I'OtOI‘ = : "?~r»- I : : ; ' ."':';7.‘;_ S < kt-:.‘u!v %
n, To By 080 R & | R
il cps@, = m o3
wéttg. 2 ;,«9 2 22 2§“ - i Ff6 JZ i e
Akbi‘or IOSSF.S _z/yV\Z I El"‘ /mLI,_ 22 - l S 2 p: l -v» S .y
The 1nternal developed power = mgl R2 ( ; ) = mglz Rﬂ('fg"").

e i? e ’ o ’ wattg.

Rotor resigtance loss . _ mplz Rp ac 2 fa =8 (14

Powerwrecéfved by rotor m2122 (E&) 'mzig @J&)- -
s _ ) ) L 8 o . '

- TORQUE:‘ffw |
V The torque developed by the motor can be determined from

" the above reletionships. Assume that the motor 1s opsrating

- a% a slip -8, i%8 speed 18 N rm, and developing & torque
T foot-pounds. By definition, the develoned horse power output

is -
8 .33 000 5250 : | :
p s HRX 33000 g5 & 1beft (119)
o 2T | N o




but the daveloped horsa nower is

I, Rz (*s—)

z ‘per phase
- RN 7&6 L . o |
oz 12 32( ’ x —2 °9° lv-£¢  (120)
o N Loemm A
but ®, 2 B ~(s S S D
SI" ; - .
TopeXi® o 23000 e
[ B R
Pe 33000y e
R P Z Power developed in wattS‘x(—22~**-- 1b-ft
R Y = 746 & VZENS
L o 7.0k watts (121)
% | REa.‘ - o

The.épproximate aquivalent Cireuit

.. The two oircults in Fig 31 may be connset eech other and
it-is also: “possible to treat the tWO windings ag a shunt oircuit
carrying the no=load ourrent.~

Such circuit is shown in R e e ,,‘; T
Fig.33. Thie oircuit can .| I e [ o
be used to dotermine the | e T s
characteristics of the
machine, To:mdke use of
the ¢ircuit the following
nust be. knowWn: (&) the R S
stator resistunce and o R R
reactance; (b) the rotor | o - ’
resistance and reactance,
{0) the magnetizisg surrent. |-
This can bedetermined from | - : e
the input current at no loadj ~ . . i

R j /‘;s,
& (L2

is used theiresistance rp.
The input pcwe* is ‘the fric- : e T
tlon,windage, and iron losses at no load. The resistance
pure].y fictitious. It 1s only used to caloulate the above fcsaa
For approximete celculations it is.also to modify the circuite
diagram of .Fig.33 by assuging that the .shunt path is connscted
directly acfoss the volkage source shown in fig.34 this proce~ -
dure tends to raise the voltege slightly on shunt circuit and

would send to indicate & slightly higher flux and core loss than

actually exists in the machine. At the same time, the copper
loss 1n the stator will be reduced beosuse the non-load current
no 1onger rlows chrough the stator resistanoe.4 




The srrors introducing in chenging from the circuit of
#ig. 33 to that of Fig. 34 tend to csnoel, For this -
reason the approximate equivalent circulte of Flg. 34

is commonly used in the analysis of the machine. This

~circult-can be used to determine the characyerietica
of the maﬁhine. ,

. Other Torque Equations .

Pronmthe apnroximate equivalent circuit with magnetiz-
S.nr branch moved to the maohine terminala

(assuming a4 = l)

-~

*ultmlying, b#‘ 8 and eliminating the operator ¥,

¥ —
5, ; ] . . oz(x ~r )
'gf'sg?g:z . ‘(R18+R2) + 87T 42
“atnée . B |
tmoe el B
DR - W2 L 2
e /\/(’RZ/S_J. + }Lzu
B e R 2 G2
Cpie b>,°_~(Rls ¥ R2) ‘+tsz(X1 + X,) |
" _ Equation 121 gixma the developed torque as
".T 70‘*-‘3111212  1b.ft
- Si}bs.fi‘tuéi:'xiggathé above value of I,
g2 .
cmon 7404 . 3 x 52, :
Kg (Rz/.S)z-}-c Xa0° SN
2 R - (124)"
T‘ N, 32+L82'X2
_’Substitut}ng Ez from Eq. 123.




[

R, S

- ﬁ~." 2
- (R S 4 Rg) +52(x1+x2)

dividing by (s)2 then E

7. OL o omy Vl RZ/S’

5 ‘ 2
Ny (R1+R2/s) + (Xl+ X,)

T} (124)

v :z
The maximum torque may be found by differenbiating Bq. 12l
with respect to s. The slip at maximnm torque or pull-out
(Sp max) is thus found . to’ ba o

L STmax 2

\ (1:25)
Rl + (Il+x ) |

rfvThe maximnm (pull-out) torque which ooﬂurs at the above
: Blip 18 ) 2

ez = AT\ S 3 (126)
N '~'2[31+\/Rl+(X1+X) 1
The value ‘of the maxlmum torque is independent of R, although
the slip et which maximum occurs is a functlion of R The

starting torque (T N is obtained rrom Eq. 12; by se%ting
8 equal to 1. B ‘ 2 t Lo
n B o n "R SR
;3' . T o 7001& e 1 _l_.( 2 : (127)
e - - : s '
e 8 TN

_9, | ’(R1+,Rz)?+‘(x1+x2)2

e

.Some useful relations mag be derived from ghe above equations.
'At any given sliy vavl 80 that T ~ V with a ‘constant

'Rzandvl ,r~12 /8 ,
It is sometimes convenient to use & simpliried form of the

" torque equation. It may be shown that, if the stator resis- ..
'tagce’issneglecbed_(Rl = 0) Eq. 125 may be written

8B = z = , _ (128). .
o - -~ Tmax STmax,*_ -8 - -
. o8 STnax

 This is the exprassion of the relativo torqus wlth respest
tp S. wa, lot us try to draw the ourve of this runctloa.

‘ l;For B/BTmax <@, 1. T/Tmax Aﬁ 2573Tmax, thie 18 the equation :




‘,shown.

of a str&ight line, therefore within this range the torque
chanpes as a straight line. At startihg 8/8Tmax 1

7.neglec+1ng the second term at the denominator vie gob f
T/Tmax “ 2 Spmax/s 3 Within this fange the curve desoribes

- d hyperbol, The stralght line and hyperbal cut eagh- other
at point of value T/Tmax = 2 and  S/8 e 1. But the
“actusl sotatifmeximum torque is equalTTa the above stralght

~ line end hyperbols are asemptots of the actual torque curve.'
3 mhbs@ curves are shOﬁn in Fig. 35
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Tzis ourve sncws that’ in the range at motor action between
stand still &and the speed at which maximum torque oceurs,

" the torque; increasaes mofré then proportionately to the speed.
This means that within this range there is a condition of
~instability, in the sense thet 1f the torque developed is
greater than the resisting torque the spesd will continue
to rise until the point of maximum torque has been pasased;
beyond thé polnt of maximum torque, and up to synchronism,
the conditiona become stable for here any increase of loed
torque causes the motor to slow down and therefore automa-

 tlcally to develop greater torgue to balance the load
requirement.‘ :
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-anration of poly
brake ' '

The nolyphaae induction maehine 18 ‘a genersl wkibAn
which has many kind of use., In the following table it is




e

Operating point I .n | £, | The kind of use
- or range e 5 |
ackward operating n'\/O 8)1 r2> fy Brake FreQuency
range R B ._ inoreaser = -
tand'stili%point, n=0 8z 1 fox £y Induotion voltage
- B % - ‘ T regulator
s 1) Phase regulator
B i , ‘ 2) Voltage regulator
orward operating Nl 0cadK 1>s>o £, 71270 Induction motor ,
range o ‘”i I o - {I Frequency deérmaser
ynchronous onerat- n= Ny 8=-0 !fégo Synohronous‘maohine '
, ‘poiné - éawhw - eonverter
T e D-C machine
enerator Operating ‘ny N_'| a<0 £,{0 ||asynohronous generator

‘ range

If the prime mover drives the rotor at a speed 1sgreater than

syncronous. speed

Ng, the rotor emf is opposite in; /sign to the

-at a. subsynthonous speed and.the direction of the rotor current
reversed, the machine operates aw a generator and delivers current

the lines,.

~Thus an induction machine. df@ven above synchronous
ed Oparates aa an aaynchronous generatorn\

R The prime mcver can influenoe only active oomponent or ourrent

Consequently the lnductlion generator
t take its reactive current from the lines just the same as

-not the reactive Bomponent.

uction‘motor.

Therefore an induction generator can operate only

any:synchronous generator are present in the line.

If the rotor is driven 1n a direetion opposice to that of the

atdng field (n negative),
this region the machine’ operates ‘ags a brake.

-8 is positive and greaster than unity.

The machine-

elves electrical pawer from the supply line and also moohanical

ar through 1ts shqrt.

Typical speed-torque ourves are plotted 1n Fig. 36.

The two

ves are identical; one belng drawn for the forward: direotion

rotation and the other for the reverse.

‘The fact that the -

>ring curie in the first quadrant extends into the fourth
irant indicates that the positive torque is available even

igh tige motor is rotating in the revarse direotion,

‘This sdms

re also extends into the second quadrang, 1ndioat£ng a nagative
;ue (braking) with speede above aynnhranoun. )




BalanbedpﬁbthodS‘forf

Obtalning of the Torque

_a) Impraesed‘Voltagﬁs.

Tne uoraue at any value of
slip varies as- the square
of the lmpressed voltage
. as indicated by Eq. 124,
‘This Trelation may be used
‘to- complete the character- -
istics Of a mechlne operst
ing et any voltage,. when
the data are avallable for
some one voltage, 4 set
of speed~torque Hurves
will be found in-Fig, 37
- which were oonputad by
this method. ' The curves

of FPig. 58 indicated that -

the slipiat maximum torque is °

»*ndependent of the terminal
_ voltage,:c U ‘ .

) Rotor Reaistance.

e addition of balanced

resistorito the rotor circuit
"of a- wouhd rotor motor will

. produce 8 change in the speed
torque curve asg indicated in
g, 38, - Flg.38 shows that
the value of pull-cut torque
is not affected by the mag~

nitude of R,, a fget verified

~‘by'Eq. 126.

ﬁhe fam*ly of curves foxr’ vari-
ous values. of Ry can be comput“‘ s
ed guite accurately by noting RS SR

that 6t & given value of
torque the retio Ro/8S is a
constant for all curves. Thus,

if the resistance of the xotor:‘§k;i

circuit is known for any one
curve, the characteristic for
any other value of R, may be

'calculated direotly %rom‘it. '
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- powislve and negagive .

Unbelénééd“éthods for
Obt&ininc_, ‘the Torgie
Characteristiﬁs B E

~ The snead-torque
characteristics of an
induction motor may bhe
determined considerably
if the machine 1s used
under conditions where
the imprpssed voltages
or the motor circults
ere not balenced, The -
- complete enalysis of "

- sush unbalenced opera- '
tion requires sggmetri-
“ecal comnonenta.

. £ ; i
la. Enbalanoed imnreased :

Voltag :

As we studies before an
unbalanced system of three
. phase three-wire voltmges
may be resolved into its .

posltive-=and negative-~ :
- sequence ‘components, and
each may be thought of
ag. producinp ige own alr-gap flux,

rotates at:the same speed in the opposite direction.

A A e et b Bttt s 1

The positive sequenoe £lux
thus rotates in the air gap at synchronoue speed in the forward
~or positive diredtion, and the negatlve-sequence components

This

situation may be denioted graphlcally as shown in Fig. 39.

A two pols. machine‘is

essumed, and wg, and

Vg represents the

‘ focitias of the
~gosibive and negative

~ Beguence components of
stator magneto moptive
force, respectively.. ‘
The actual.rotor veloclity:
is shown in the direc-
t on. Thers is a sliy
frequency. in the rotor
due 4o each of the two
sequence voltages, and
these result in the rotor
_ _snetomotive_voltages N
and these result in ¢he | .
rotor magnetomotive force| -
waves which move around
the rotor surface. The

. peguence componsnts of
;ﬂgthesa rotor wavea are ..
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desinnated le and sz, 'respeotively, these two'angular

veloeities being measured with reSpeﬂt to the . rotor. One may
thexefore write . o
. VJ}U‘ wg, Wg ¢

#a+ Ypy T Vs2 - '  B (129}

e shall adopﬁ the view polnt that %he produntion of torque
srises &8s a result of induced Burrents in one winding inter-
acting with the flux that produces them. The torque will then
have 8 sign which is positive if the flux wave, viewed from the
winding in which the ourrent are induced, has & positive:
directiofi. Such a torque 1s a motor torque., A negative, or
braking,’ torque arises when the flux wave has a negative
valccity ‘with respe@t to the winding in whioh the currents are
ipduced, -%With this convention, it will be observed in Fig. LO
thaf the positive sequence torque 1s positive for all positive
values of slip, -and this torque oomponent beoomes negative
~only when the slip is '
negative“‘ The negstive
sequenceftorque 13 seen -
to heve & negative sign . : » ,
~for all 'slips less then . = - e e
2. At a slip of 2 the - B T . S '
negative -torque becomes"
zero, and. a2t slips of .
f\reater than 2 this
‘negativeeﬂequence torque
will have' a positive
‘sign. . Calculation of
~ the speed-torque curves
. for the case of unbalanc-
- ed impressed voltages may be
"~ carried out ln the follow~ -
. ingmannery- The unbalanced | -
i voltage systenm is first/reslved
_into its positive and |
-negatlve ‘Sequence components
by using Bqs., 124
Vg is positive sequence
components’ of voltage, Vi
is the negative~sequence
comporent,- Vi, V,, V, are T - : :
_ the unbalanced voltages. - b S : s
Heving obteined the - LR Al ' '
syammetrical components : . L
. vodtages, one may calculate | = . IR T -
the value of torque at any | ' S .
8peed by combining the - : ‘ : - '
positive and negative~
8Sequence torques. At any
8lip 8 the positive
-sequence Torque T, 18 faund
from the relation .

A AR A I T A e T AT

m, (vd/v) 1)




where (T) ‘13 the torque for a balanced voitage V at the
s1lip 8 il Likewise, the negative-sequenoa torque is found
»from th elation ’

= ET)E_S' (Vi/V)-[ﬁ,. I ”, (131)
wﬁcfe (T)és ig tﬁe torque fér a balenced foltage E at s
slip 2-8." This 1is the slip for the negative-sequence

-‘woltage. The resultant torque is simply the differenoe
frr;T"-'ri o

e ’ﬁ ’w‘a}!

‘The Circle Diapram of Induction Mbtor
T sa large number . of graphical methods have been developed : '

- since 1894 for the analysis of induction motor characteriastics. -
_ They differ greatly in thelr accuracy and simplicity of appli- ‘
 ¢ation, ! The circle diagram most frequently found in the text-

books, It is based on the approximete equivelent network of.
"Flg. 24% The method mekes use of many approximations, but the
-'errors introduced by these approximation ars suffioiently amall.

| Lﬂerivation of the Cirole Diagram

In the anproximats equivalent oircuit for the industion
motor, the no-load admittance branch is shifted to connect across
" the terminals of the motor circuit (Flg. 34). This means that -
- the stator inpedance drop camsed by the no-load current is neg-
- lected. In most motors the error or this assumption is small.

If a- constant voltage Vv 1is apnlied to the circult, the L2
‘load current flowing through the stator. and rokor windings L‘
will be (assuming a s 1) L - .

. 2,* C
\/ﬂ"l+ Rg)? T+ (Xl’r Izo’
N &. ‘

s
5

. The current 12 flawing this: oircuite is out of phasa with the
- applled voltage by an angle 28 suoh ‘that .

N . . X X o N B ;.‘v :
ein G l‘+ 20_ ~ RS ‘.134)

\/ v 32" (y+ 20

By combining Eqs. 134 and 135 we get another expreasion foffiz :

S e A . ___sne, (135)

R LTI




S ¢ « the 1eaxage reactances are assumed to remain constant
_regardless of the load, and the applied voltage is constant,
.- then Rq. 135 18 the polar equation of & circle having a dlameter
Cof /(X134 X X5p)s By changing Ro/8 (the lomd), the sin of ©
~ will vary ang cause Io to change in magnitude and diractiog

with respe¢t to the vol’sage V., Such 8 locus 1a shown in I*'ip:.
k1 (e} the entlre current taken by such an equivalent circuit
. 15 not only I, ; the second leg raquires the constant current
g To conform to the physical facts, 1t i8 necessary that

tne ,change in load (or in R,/5) must result in a variation in
“the cudrent I, with no change in I;. The eircuit rulfills
this requiremfnt, and by adding the ourrent vector I, &s shown
in Flgs 41 {b) the circle dlagram is also 1 agreameRt. The folal
- motor ncuvrent pey phase is Hhen the veetor sum o} T,
:ID dV‘.L4 o The d,g,a,.fmw\ ghaws three P} aMdfll.Y He no Loa,,_i

} Mlg (s 0,,, ﬂtseundﬁv‘y PJL 0‘”‘*‘7‘ i's ﬁz) ol Ho

mokor as - has the P)L otm;e of &4.

s T IR

!'Construction of the niaa:ram SR

o tests are necessary in oraer to prediet the charac-
- teristlcs of an induotion motor from leboratory data. These
ara ?hewno-load and the rotor-—blocked tests.

" aj) :.By onerating tﬁe motor at no-load with full primary
_voltage, measuring the no-load current and power input

hy means of an ammeter and wattmeter, the point 0 (Fig. 42)
is determined; under this conditlon the power input &as
measured by e wattmeter will be practically ell due to
core losses, friction losses and windings loss. Thus if
~at no load ‘the primary voltage, current, abd power input
.per phase are A I0 s 5o respectively,

cos 90 %ﬁ-l——— PR . (136)
R I, - e

T

-




'Then uge the applled voltage v as the referanoe vaotor,'

arawilo behind V by 65 degrees, The voltage and current
~ _scales can be chosen arbltrarily; the powsr and torque
~'scal®3 will be depend upon the first two,.

= atts per inch = “Vx Amberes per inch
Tbroue per 1nch = Vx Amperea psr 1nch.

b) VOn blocking the rotor and 1mpreseing upon the primary Just
: ‘sufficient voltege to cireulate full-load ourrent in the
‘primary, point e will ‘be fixed. Under this condition the
powe¥ input as measured by a wattmeter will be practically
all‘ﬂue to the primary and seoondary copper loss, since
. ,core loss will ha'@eligibly small because of the small
<~ impressed voltage and the friotion and windage losses do
hot exist. If at.ahort-circuit (standstill) the correspond-
~ ing magnitudes are Vgs I, Py, where I is adjusted %o :
g apprbximately full-loed value by suita%le ohoise of V .

L—

B " Cos @ R -
| N 28 Vg I,_
enda =~ B
RE I -——-’-11 (137)

iathe points 0 and ‘a must be lie on the looua ﬂirole. To

. @raw_the oircle, determine its center by extending & horizon-
tal 1line from o to ¥ and erect & perpendicular bisector on
the line connecting O and e. The intergection of this bls-

.ector with the horizontal extension from 0 1is the oenter of
tha oircla, shown as C. : v

- ‘Using ¢ as the center, draw the aemioirel& OEK. nraw
the vertisal 1ine eb and divide it by the poimt 4 go that add
is to doc as the rotor copper ‘losa (in Rp) 1s ¢o the stator
tadded™ copper loes (4in R;) , in terms of the resistances end
the vestorlal diffaerence of current (Ipy = L)

% 'Io)232 }':-,,adz;vlﬁotor effeotive resistance per phaaein stator terms
2;';02)ﬂnliﬁ¥_a§c'_‘; Stato; érregtive reaistancq'per_phaae‘ ,
SR : TN 138)

It no reeistance measurement can be obtained for the rotor,
ag is the cese for squirrel cage or other short-oirouited
rotors, the point d can be determined as follows!
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Any vertlcal line drawn from the base to the cirolo representa
an in phase component of current and hence is propertionsl

%o power. If the rotor current is I;; and the stator resis-
tance i8 R, ohms per. phase, .the stator copper loss on short
cirocuit is Ibl2R1. The power component of current needed

. %0 bupply the portion of this loss in excess of the no—load 15‘

e : \Ibl ) R

=T "(139)
V ner phase S

e R “-.j

T

Draw ch the current scale &nd thus determine the position
- of d.. Draw od.  The rated:éturrent of the motor per phase
s Il'~ iay off P equal to I,, and draw the vertical line -

PP, With the correct scales t%e following values can now be

Letermined.- , :

ANo-lo&d current = ! (amperes per phaase)
Stator current ~ = MP (amperes per phase)
" Rotor current .= OP (amperes per phase in the stator terms)
Power input to stator = TP (watds per phase)
- Constant lossesm = PS (watts per phase)
Stator "sdded" copper loss & SR (watts per phase)
 Rotor copper loss = RE (watts per phase) A
‘Power traneferred across air gap = RP (watts per phase)
- Useful output = ®P (watts per phase) ’
Power factor : 008 9y = PT/MP
S1ip = RA/RP (as fractlon) '
'”Efflciency' QE/TP (as a friotion)




The torque is; equal to RP 1n the watt scale. The torque‘
acqle in nound-feet equals the watt scele times

Es N EUSSCS U p—" .. ST 7
,w7u6 »s: 2tlsjnchronous rim Synohronoua rpm

C .

- By assuming dirfarent valuas of ourrent Iy, the perrormanne

curves .of the motor can be calculated over the entire load

(‘range.

l:faximai n

The maximﬂ“pf at which the motor can operate will ocaur

- wheh ‘the current vector I; is tengent to the circle, Inspec-
~ “%ion of the diagram shows that the maximum rotor pf .oocurs at

no loed, The meximum power which the motor oan take from
supply is indieated v mI, The meximum power outputs will

“ocfuri when thie length @GP 1s a maximum. To determine this

position it is necessary o draw the line p'q' tangent to
the q;rcle and pasrallel to @&, A4 perpendicular biseotor,

" erected on the line 0a is convenlent means of locating this
' polint of tangency. This bisector is shown as cd, and the

maximum is then, g's® tha current 1nput rfor thls condition

. "’ is obviously m).

‘Since the toruue ia prOporttonal %o RP the maximum

torque oc&n be found by draviing & tangent to the circle
‘parallel to the line 0d. This maximum torque is indicated
- a8 h"em", If MP 1is the rated current, then RP represents
~ the full-load torqus , and the relative

lengths of RP and

é,qh"e" glve the ratilo ot full—loqd to pull-out torque.

The 1ine ca 15 called borque line, since vertioal

vdiétanoes from 1t to the circle represent the torque at the

verioug slip. 'Then the starting gorque widl be propdrtional

‘4o the ‘length, da, in as much as this represents unisy slip

condition. If MP represents full-load stator currens, the

full-load torgus is RP and she ratlo of. starting torque

to full~load torque is dafngn



| HIGER BARMONIOS IN INDUGTION MOTORS

AB. we" 1ndioated before the usual theory‘and calculatlon ‘
of induction motors is baséﬁ on the assumption of the sine
wave. . That is 1t is &assumed that the voltage impressed upon

. the motor per phase, and therefore the magnetic flux and the
current, are sine waves, and 1t 1s further assumed, that the

- distribution of the winding on the circumference of the

~ armsture is sinusoidal in space. While in most cases this is
Lsufficﬁently the oase, 1t is not always so, and especlally
‘or alr<gap distribution of the magnetic flux may sufficiently
.~ differ:from the sine’ shape, since harmonies may be present.
‘These-harmonlos may be one of two varietioa. (a) time or
(b)smma. T - . '

Time Harmonics‘-, SR “:v'””*f”f‘ﬁhi :

o If: the voltage supplied to a polyphaae induction motor
.contains harmonlos, the alr gap flux may have components that
rotate.at speeds other than that correaponding to the funda-
mental frequency. As an example, & fifth time harmonic would

- tend to rotate the motor at 5 times the speed of the fundamen-
. tal, The time harmonic voltage is usually small in proportion

%o ths fundamental voltage. The reactance of the motor %o

v'—-the time harmonics is high. Consequently, little harmonic

_current:flowe, and therefore the ‘torque produced by this time
harmonics are nagligible. o .

Space darmonios.i

: Spaoe harmonioa caen be produoed by sinusoldal currents '
" received from the supply. They result when the stator windings
- do not posses perfect distribution. Pig. 43 a shows a stator
‘carrylng a current I, which is sinusoldal in time., The field
wave B, produced by hhis sinusoidal ocurrent is rectangular in
- 8pace’ tfig. L3 b} but the amplitude of thls rectangular wave
varies sinusoidally with time. The space dlstribution is sueh
. that the.field wave contains, in addition to its fundamental,
an 1nf1nite number of space harmonios. Bach of this harmoniocs
- has an amplitude that varies sinusoldally in time at the same
frequency as the fundamentel, As the current varies sinusoldelly
>in time; as shown (Flg. 43 o), the amplitude of the rectangu- ..
lar wave will vary sinusoidally. The third space harmonioc field

“wave B, 1s shown in Fig.43..4. It should be noted that the
amplitgde of this component also varies sinusdidally in time
with the ourrent I, The findamental By of the space wave is
also shown in Fig a3a. ‘These effects Could be produced by one
- phase of an industion motor if the windings of each phase are
‘concentrated, It is evident from Fig. .4 8.. d that the third-




o Harmonig ‘fields may rotate in elther direction, dep#Rding-

Hpsgecwiggly o onr C L
. - v B . {53 - - .

harmonic flux produoea 3. timna a3 many magnetic poles as

the fundamental component. Iikewise, the fifth harmonic
would produce 5 times the number of poles as the fundamental,
.etc. Therefore, if the space harmonics of ths various phases
do not cancel each other, they will produce rotating fields
that. travel around the alr gap at a apeed equal to the
synchronous speed divided by the order of the harmenic,

. upon theé ‘number of phases and the order of the harmonic. :
- Now let’s study the influence of the time-and space harmoniocs
- _to the output torque-of induction motor. First of all let's

< Cconsider ;wo. ‘phase induction motor. : o

’ ‘a) 'rwo-phaae Induot;ion Lﬁotor
Let then. | ( .
E= El eos wt+E3 cos (3wt - ‘f3)+Es (cos Wt - ‘!05)
+B7 cos (7wb-‘f7)+Egcos (9 wt-ﬁ”g -

be the voltage 1mpressed upon one phase of the induc&lon motor.
The voltage of the second motor phase, which laya 90 or'lT
_ behi.nd ‘the ﬁrst motor phaee, is:

>




/2 El cos” (wt = -)+E3008 (3wt - 2L - 730+ Esoos(‘smwt”é P

+;:.7 005 (7Wt - .ZI (P?)'f'Egccs (9Wt,¢ » (fg) + -
1='E1 cos (wt ~---)+-E3 oos (3wt - ?3 -) Bg cos (5wt - ?
+ E7_cosw(7Wt - ‘f’7+»-5)+ B ‘008 (9wt - 7, SRR (1)

'\gt.' ( "“i

~‘The magnetic flux produoed by these two voltages thus consists
of @ geries of ocomponent fluxes, corresponding to the successive
components,. - The secondary currents induced by thease ocomponent
fluxes and the borque produced by the secondary surrents, thus
ahow the sane oomponenta. . .
: Thus the motor torque of the motor, glven by the usual .
sine-wave theory of the 1nduction.motor, and due to the funda-
mental voltage wave. : )

El cos Wt o
: (142)
p El coa (wt - _)

- 1s shown ‘as T in Fig. hh. As we know it is 1noreasing from
standstill; with inoreasing speed, up to maximum torque, and
then decreesing again to zero at synchroniam.

The thirs harmonics or the voltage waves are:
. By cos ( 3wt - $3)

(143)
E3 ogs (3% - ‘f’3 -)

("'

As seen, these also oonstitute a two phase system of voltage
but the second wave, which is ldgging in the fundamental, ias 90°
leading in.the third harmonic, or in other words the third
‘harmonic gives a backward rotation of the poles with triple . -
frequency. . It thus produces & torque in opposite direction to
the fundamental and would reach its synchroniam, that is, zero
torque, at one $hira of synchronism in negative direotion. or at
~ the speed & = - 1/3, given infraction of synchromous speed, -

. For back-ward rotation above one-third synchronism, this triple

harmonic then glves an induction generator torque, and the
completée torgque curve given by the third harmonios thus 18 as
shown by surve TB or Fig. Lk




e

Tha £ifrth harmonics;

B cos (Swt - B o 3
e 3 b | (L)
T E5 cos (Swt - ?5 - .

ek

'.giva'again phasé rotation in the'aame direstion aa the
fundamental, that 1s, motor torgue, and assist the fundamental,
. But aynchronous is reached at one rifth of the fundamental,

or ati B =4+1/5, and above this mpeed, the fifth harmonic -
becomes induction generator, due to ovarsynohronous rotation,
and retards, Its torque curve is ahawn as T, in Fig. Li

l
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. The aeventh harmnnic again gives negative turque, auo to back-

ward phase rodation of the phases, and reaches synchrepnism as

8 =~ 1/7, that is, one-seventh speed in backward rotation
-shown by ourve T7 in Flg. L. ~ ,

Tha seventh harmonic ageln gives negative torque, ‘due

. to back ward phaae rotation of thhs phases, and reaches
‘synchrondem a% 8 = - 1/7, thet is, one-seventh speed in back
: ward rotatian, as shown by curve T7 in Pig. L4.

| The ‘ninth harmonic again gives positive motor torque
up to i1ts synchronism, 8 =4+1/9, and above this negntive
.induction generator torque, atc.

3

T )
We then have the erfects of the various harmonlos on the

o



Two~phase Induction Hotor

—an—

erer of harmonica
hase rotation
:ynohronous, speed. 8

forgue pesitive up to:

otnerwise nega $ive -

T b3 s
= |+1 |-1/3 [+1/5
sz |44 | = |+#s]

/7

9v

4

+ 1/3
+ ’/3

11

13
.

-1/11 H1/13
— |+ 1/43

e

~ ﬁdding now -the torqua curves of the varioua voltages harmonies
T4, T , to- ¢he fundamental torgue curve, Ty, of the tnduction
' motor5 zes the resultant borque ocurve, 7. , o .

R ﬁa,fseen from Fig. L&, 1f the voltags hamnni.es eonsiderabla,

the torgque curve of the motor at lower gpeeds, forward and ,
 backward, that is, when used as brake, is rather 1rregular,
: showing depressing or "daad pointa',

nduc tion Hotor

’b) Threa-ghase I

, Assume now the general voltage wave (1) 4is one or the
»threa-phaae volhages, and is impressed upon one of the phases
induction motor. The second and third phese .
y %_Irand %_11' respeotively behind the rat

of a three-phase

_ then is lagging b
»_,PhaSe (l) -
: E El con

. (-{;??E_,)-troos‘

+ E9 oos

= El cos-

\ + .E‘5 oqs

f Ry oos

noc .

B =z Ei OOB

« +E5 ocos

- _ +39 oés

(Wt — —I)+E3 cos (Bwt --5- -‘/’ )

107

(SWB -5 (7”5)1L E., cos ('Nt - 375- 7-',)

wm~%?-?>+

(50t - S"5+———)+E7 cos (7wt - ‘f7

(9wt ~‘f’l + -

‘(wt‘- g)+E 608 (Bwt - LFB)

(wt ~£’-U)+E cos (Bwt -9;

ZTT)‘

LW e T
(m 5‘3{5+§- )+x7,oos~ (e =y = &),
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Thus the voltage componenta of different rraquency, impressad
upon the three motor phases, are: ' _

et

cos wh.

co8
f o~
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ndamental

e Eq cos
(Swt-y)

'y

Y R s T
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B, cos

3rd

«rv‘wmm Ay

(micty)

E, oos
: (gwt-’fg)
}E cos
(Swg-y, 21
, 3
(swt-P.+ L3
. %; 3 )
5¢h

E7 0-58 ' oos
(7wt ) (Gws-y)
37 008 ./ Eg aos
(Pt = -§-’-’-T) (Gwe-fg)
En coB B
7 © cos
(Twt-fy = 400 (3“ -t
7th 9th

As seen, in this case of thres-phase motor, the third harmoniés

have .no phase rotation, but are in phagse with each other, or

8ingle-phase voltages.

forque -up to its synchronous speed 8 =+ 1/7, and above this

- Elves negative torque.
" phase,

Twe ninth harmonic again 1s sihgle

Fig. 45 showa the fundamentel torque, T, the higher

harmonlics. of torque, ‘1'5 and g, and the resultan torque, T.
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e
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The £ifth harmonioc gives backward phase ' .
" rotation, and thus negative torque, while the seventh hermonic

has the same phase rotation, as the fundamental, thus adds its

/

'y

et



: Aa seen, the distortion of the torque dﬁrve is materially
. less, due to the absence, in Fig. 45, of the third harmonic
: torque.

However, while the third harmonic (and its multiplies) 1n
- the three-phase system of voltages are in phase, thuas give 2w
phase rotation, they may glve torque, as single-phase induction
?otor hag torque, at apeed, though at stand atill the torque

8 Zero. '

Tha.fundamental motor torque, T of Eig. 41, and As, is
given by a slne wave of voltage and %hua of flux, if the
winding 0f each phase 1s distributed around the circumference

of the motor air gzap in a sinusoidal manner.

T~ This: however, 1is never the cage, but the winding is always
- digtributed in a non-sinusoldel manner. The space distribution
‘of magnetizing force and thus of{lux of cach phase, along the
‘circum@sfence of the motor alr gap, thus can in the general

case be,represented by a trigono metric series, with 0 ag
space angle, in electrical degrees, that is, counting a pair

‘of poles’as 21 or 360Y It is then The distribution of the
Tluog of one phase, in the motor air gap: ' ‘ :

B = BO [cos 9+ a3 00838 + as oos59 + a7'eos79 + ag oos90-+..]
? S :'_ R o (146)

here the aseumtion is made, that all the harmonios are in phase,
~ that is, the megnetit distribution symmetrical, This is
practically always the case, and if 1t were no%, it would -
simply add phase apngle, (., to the harmonles, but would make
no change:in tue result, as the component torque harmonics are
Andependent of the phase relations betwasn the harmonic and

the fundamental. '

, Ina. two phase motor, the second phase is located 90° or
e = T gisplaced 1n space, from the tirat phase, and thus
repr@senhed by the expression:

Bl -;.;_Bo[eos ‘(9'- §)+ 8., €O8 (36-2{—"-)v+ a's cos (50 --g-’-r) , |
f.av.oos (70 - 1—)+.a cos (9¢ - ) + - ] o

= 1}0 [ cos (8 -3—5) + &5 cos (39+—-§) 4 ‘8‘5 cos (59-3‘:?)-
% Be cos (76+ =) + 8, 008 (90 - =) + .- -
! B @ i (147)




. Such & general or non sinusoidal apace distribution
of magnetic flux, as represented by B and B' can be considered
ag- the super pesition of a geries of sinusoidal magnetic '

- fluxes .. A
Cos 9 | _ a; cos 36 - 'a5 cos 590
| §93 (Gm§~) - ag gos(30+§)_. | asrcoa (56~ 3)
’ a7,oos % 8y cos 96 | o
a,r “oos (70+-) %9 cos(98-71 | (;h&)

) Thé flfs%,component;‘
~ cos @ :,'”L R
?” ’ ) ;

» 008 (e "‘—) o b : : : o ‘ -(159)
‘gives the fundamantal torque of the motor.

* The second aomponbn$ of space distribution of rield

a3 oos 36

o 850 coa (30+-) f_v R | o (150)

. glves a distrihution, which makes thrse times as many c¢ycles

" in the motor-gap c¢lrcumference, -than (10), that is, ocorresponds
to a motor of thres times &s many poles. Thig component of
8pace distribution of nagnetizing force or field would thus,
“with the fundamental voltage and current wafe, give & torque

- curve reaching synchronism as one-third speed; with the third
harmonic-of the voltage., This torque curve would reach
synchronism at ons-ninth, with the fifth harmonic of the
voltage ﬁ%e at ene-fifteenth of the normal synchronmous speed.

In Eq. 150 the sign of the second term is reversed from
that in Eq 149, that is, in Eq 150, the spacs rotation is ° -
- backward from that of Bqe 149. In offer vords, Bqg. 150 gives

a synchronous speed S = -~ & with the rundamental or full-
.frequency voltage wave, 3 s

L g
‘The-third oomponent of epacs distrubut;ion' R
85 003 50 . ' :

T .
85 008 (50 - 3) | s

_jgiVea a mntor of fime tinoa aa many'polea as Eq 159, but‘with
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Order of harmonics | 1 3 5 71 9 | 1 13 15 | 17
Two-phase nmotor: . , ‘
Phase rotation + - + - + - + o +

Synchronous speed . |+l | <1/3 [+1/5 | -1/7| +1/9 | -1/11 |41/13 | -1/15 |+1/17
' - Frequency r 3¢ | 5 - Te . 9p 11 13 15, | 1
Pme H | 3¢ P £ g | 1 £ P L%

' No.of pole peirs p p p P P P P |

~ Frequency £l £ |2 £ K £ £ ol
; No.of poles D 3p 5p 7p 9p 1lp 13p 15p 17p
Thfee-‘phase motor: S ® . ' , |
- Phese rotation -+ 0 - | 0 - + > -
 Synchronous speed +1 | (21/9) | -1/5 |41/7 | (}1/27)| -1/11 |+ 1/13 |(#1/45) | -1/17

. ‘Prequency £| 3¢ | 50 | 70| 9 |1 | 132 | 1s¢ 17¢

No.of pole peirs| p | !(3p}| P P (3p) | P - (3p) P

. PFrequency £ £ | £ £ r o £ o £
. Smca H .,,' . . S : . ' . R 1 R R L S ) A -
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same. apace rotation asg Bq. lh9, and this oomponant thas would
give a torque, reaching aynchronism at S 2z 1/5. In the same
manner, the seventh space harmonic gives 8 ,/7. the ninth
Bpace harmanio S = 1/9 etc. ' _

A8 goen the component torque curves of the harmonics of
the space distribution of magnetizing force and magnetioc flux
in the motor ailr gap, have the seme characteristics as ¢he
component torque due to the time harmonios of the impressed
voltage wave, and thus are represented by the same $orque
, c}iag.rams & .

Fig %‘44 for a two-phase moﬁor,
F&g 45 fora three»phasa motor.,

‘H@re;again‘ we see that the three-phase motor 1s less liadble

%o irregularities in the torque curve, caused by higher hammoniocs,
than the two-phase motor is. Two clagses of harmonics thus

‘may occur-in the induction motor, and give oomponent torques

of lower synchronoua speed:

Time harmonics, that is, harmonics of the voltage wave,
which are of higher frequanoy, but the same number of motor
poles, and space harmonics, that is, harmonles in the air-gap
distribution, which are of fundamental frequency3 but of a
higher number of motor polea. . :

Comnound harmonies, that 15, higher space harmcni.cs or

higher time harmonics, theoreticelly exist, but sheir torgue

necessarily is already 80 smell that thay'can be neglested,
eacept where they are intentionally produced in the deaign.

: Ve thus get the tvio claases ot harmonics, and their
characteristics. _
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. Two-phase motor :
Phase'rotation

' Frequency
Timo H.
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. Three-phase motor:
- Phase rotation .
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“i.As we 1ndicated before, the space harmonlcs usually
are more important then the time harmonios, as the space
distribution of the winding in the motor usually materially
differs-from sindsoidal, while the_deviation of the voltage

wave from sine shape in modefn elaeotric power supply systen |

- is. Bmall, and the time harmonics thus usually'negligible.

The syace ha*monics ean easily be ﬁaloulated trom the

" distribution of %he winding around the periphery of the-
: motor air gap. ’ .
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