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S'lUDYOF POLYPHASE SlSTJM) 

A 'system oonsisting of a number of winding groups 
displaced in space from each other, in whioh alternating 

. amra are produoed of the same frequency but displaoed ln, 
time trom eaoh other, is oall,ed a polyphase system. 

i' ,. 

The most important ot the polyphase systems are the 
2-,3-, and 6-phase systems. ' 

~ - POLYH{ASE BALANCED SYSTEMS 

_ ~e windings of the types 
,a,alled balanoed,polyphase 
'windings. or •. briefly~ 
polyphase windings. ' They 
are oharaoterizedby the . 
oondition ~that the several 
oomponent windings are 
symnletrioally s pqo ed. 

A balanced polyphase 
'winding having 9 separate 
. Windings is oalled a 
9-phase winding. The phase, 
-Me pleo ement betvleen, the 
emfS ot adjaoent WindingS 
is in general 2TT 1'1 rad. 
Thue, it the emf of one ,of 
the windings, arbitrarily 
desligneted 8S the first, is 
represented bY' 

illustrated in Fig. 1 ar~ 

':- .. ' 

. 'i \ 

' ... 

.--- ... 

e1 = FE o'os wt (1) 

the emts of the remaining (9-1) Windings are 'suocessively . 
displaoed in phase by the angle 2n/9, eo.that ' 

e2 ='j2'E OOS (wt - p) . ". 
e3 =,(2 E o,os (wt _2;7T) 

e9 ;r;' E oos (wt - <9-1) ¥-l (2) 

," ", . 

. . .;, ~ 



Such a system of emrs is called a' poly phase system~ 
In a balanced oirouit a balanoed voltage system.produoes 
a'balanoedcurrent system. In a balanoed poly phase 
oirouit theoo'nditions in a 11-, phases ,are the same, that 
is, the voltages upon all phases, the power factors for 
all phases are the same in magnitude. 

The sum of all sleparate emfs of a balanoed poly-
.. ' Iphese system, at any given moment, is 

(3) 

The result does not hold for the speoial case where 
'1 - 2, in a two-phase winding. 

The phasors of a polyphase balanced system form either 
a symmetrical star or an equal polygon. 

1-, ' ", 
:1 

:.'.-.----.-------:-----.,....--.---.-_ ..... _>"'-' • .;.~o... •• c:.: _, 

'i 

:I 
!i 
II 
11 

, I 
) , \: 

If the vectors form a olosed ,polygon, the algebraic sum of 
, their individual, projeotions ,on any, axis of referenoe must 
be zero. 

1. ' The phase sequenoe, of poly-phase system' 

I ' In Fig. 2 five equal and uniformly spaced vectors ar'e 
intended to represent any general set of ba'lanced' phasors ' 

.:' ::.: 

" I 

. '." : 
, , 
~. j 

, .. 

',' 

" 

. . ~. i 
,. 

i 
.' .1 

. .:. 

'.I 
I , 

(say of voltage or current) comparising an 51-phase system.', 
This particular group is numberedoonsecu,tively in tlle 
negative direction (The olockWise direction) and the angle,' 
between consecutive phasors is 21i/9.radians; such a' phasor 
system is called )OSi ti ve sequence sys~em of the first of 
order. {Mg. 3- (a' ).. , 
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Fig. 3 (b ) represents a
e 

wholly different s~t of balanced 
iphasors for the same number of phases, the difference _ 
b'eing due to the fact that consecutively numbered phasors . 
differ in plias e by 2 (.G.1!) radians • This system· is called' 
posl tive sequence systei of the B.econd of order. In the' 
same way, Figs 3c, 3d -represent still other balanced . 

~ f.. '.- , 

groupings, the angles between consecutively numbered phasors 
being '). (21i/:J) radians in the first case and 4. (21(/1.) ra.dians 
in the second. These are positive sequence systems of the 
third and fourth of order. It will be seen that when CJ= 5, 
as in the diagram, no other balanced groupings are possible; 
in general when 9. has any value (except 2), the number of 
be lane edgroupings is (.9-1). . _ 

If' a balanced phasor system is numbered c.onsecutively 
intheposi tive direction, (counter clockwise direction) and 
the angle between consecutive phasors is 2lTradians; such a 
p,hasor system is called negative seguencefSystem of ~he first 
of order. It 'will also be' seen that--5-phase systems-in . 

. Fig. 3d, c, b, a are the negative sequence systems of the· 
first, second, third, and fourth prder consequently. Thus, 
nl{2lr) spacing results in a positive sequence of numbering is 
eq~valent (9-m) ~ spacing ~esUlts in negative sequence system 

Positive sequence components and negative sequence 
components of the same order are always conjugates. 

The vector' sum of anyone o.f these groups of balanced 
vec tors is zero; 

If 9is a'prime number, it is poasible to form positive 
sequence system (2-1) of the 1.,2., ------C~-l) th of order. 
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It is also possible to form negative sequence system 
(V-1lth ot order; but they ar.e equivalent to positive sequence 
aystem ot the (7-1).; (~-2).,--------,2., 1th of order ' 
consequently. 

If r is not prime number, it is possible to form with 
prime numbers which are smaller than 1. The value of these 
prime numbers gives the positive sequence ,systems. 

For instance, let's consider 12-phase balanced system; 
1, 5, 7 and 11 are prime numbers with 12. Henc,e, it is 
PQssible to form 

1 

One l2-phase 'positive sequence system ,of the 1st order 

" n t1 It n 'ft n It 5th " 
" It It It " " ,It " 7th If 

" " " It tt " tt It '11th " 
Each of these posi ti ve sequenc e systems may be taken 

as a negati va sequence system of the ,(12-1) ::: 11., (12-5) =7 ~, 
(12-7) = 5., (12-11). 1st order. 

2. Connections ot polyphAse circu:i ts 

, While it is evident that theseparete windings shown 
in Fig. 1 'm9.y be connected to indpendent cirelli ts, considera,­
tiona ot economy in the use of wire for the transmission' and 
distri hu tion lines call for interconnec tion of the, phase 

. windings so· that ,the total, number of wires shall be le'ss 
than 2r, and 'more specially, equal to 9, 'except in the 
spacial case where 9 • 21 , 

'!Wo different methods of interg.onn~fc""tlons may be used 
to produce a balanced system. 

!e) Star connection 

Thes ymbols band e at the terminals of the' several 
windings indicate,' res pee ti vely, the "beginning" and "ending" 
pointa. In star connection, in Fig.' 4 all the poin-ts marked' 

, b are connected together, ana. the points marked e are connec t 
to the line wires; 1 tis equally possi.ble to connect the 
all epointsto a c,ommon' jundtion, 'and the all b points to 
the line terminals. Such a system haa 9' phase line and 1 
neu tral line. 

... 
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In case of poly-phase balanced currents the current 
flowing thrOu.gh the neutral line being always zero, this 
wire nay be cancelled. Thevolta'ge between the neutral 
and. the lead of any phase is called star voltage or phase 
voltage. 

" The voltage between two 
~onsecutively numbered phases 
is called ldona voltage. ' This 
voltage is equal to the 
difference of consecutively 
nUmbered line voltages. 

.- . ~:"" 

, ,I 

! 
.". .~ 

, 
, , 

, I , 
, 1 
, ~ 

. ,; 

Consider the star volta­
ges forming a positive sequence 
system of thetirst, order. The 
grafical construction shows that 
the line voltages also form a 
positive sequence system. 

U12 = Vl - V2 

U23 II V2 ~V3 

~ .... ...,.' _' ..o.-;~ ___ ' _' _t->_' .;...,!'_~D·_, '~_'~: ,,' .: •• ~~~~~,~~~ i 

From the geome,try of Fig. 5, 
it wlllbe seen that the argument 
of' line voltage" 

and the magnitude of'the line 
voltage is given by the rela-' 
tion 
! ' 

U : 2 V sin¥ (6) 

For three-phase systems (9-3)" we 
obtain, 

, 1\" =' ~ = '30
6 

U = r; V 

Ul2 =, Vl J3l iTj6 (7) 

-. 
. ~: 

, 
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:riO\'( ,let t s assume that the star voltages Vf'orm a negative' 
::~equence .system; the line voltage system also form a: negative. 
sequence system. In a similar manner the al"gument and t~e 

"magnitude of' the line voltages are given by the following . 
relations 

; Tf 
1jJ : (~,- 2>' 29 

, :' 11 
U = 2 V sin" (8) 

'~In that case the line-voltage system. l~ in respect to the': 
.phase-'voltage system. 

For three-phase negative sequence system.we obtain 

i: "/' I;: - { " - J 0
0 

B nd U12 = V 1 F ! -: ( 9 ) 

'b. Mesh connection 

In the .esh :connection, in Fig.' 6, the "end" of' each 
wibding is ~onneoted to the "beginning" of" the n.ext phase 
Winding, taken in c YClioa~order, . a.nd tlie '.I line wires. are. . 
,·oonneoted to 1. junction points. 'In the mesh. oonnection· 
:the line voltage and phase voltage are same, but the line 
current at any junction is clearly equal ~ccording to the 
"f'igure,to the differenoe of' currents 'entering the' junction 
;'from phases. To f'ind the line current I2 it is ·theref'ore 
'. neo es sary to take the phas or . 
:sum of' I 23 and ';'I12 . 
-that is . 

~. = I23 ~Il2 

(10) 

From the above relations ·it 
f'ol~ows that the magnitude -
of the line current in case; 
ota 7~phase balanoed mesh 

: connection is , . 
Tf 

II - 2 112 sin 9' (ll) 

and the phase sequenoe of line 
currents and mesh ourrents are 

. ' same. It has been seen that 
it the currents form a positive 
sequenca system, the line 
ourrents lags by (9'-2}..!!:.. to the 

. 2C1. ,",1 f 

" .. '." . ....,,, .. 
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phase ourrents, it they form a negative sequenoe system, line 
-ourrents leads by (9-2)...!!:. to the phase ourrents Fig. ·6. 27 " 

:: ,-,~, , .. 
. ~'~';, rt ,," 

"I' 

'. ;"(:Y~:'; ..... 
i 

'...... "j 
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For three-phase spstems 

4,~, the positive sequence system 
.... 

At the negative sequence system 

or 

At the positive sequence system 
'" . . 

I 
at the negative sequence system ,_I'\ 11' 

I12 ,- .:J. - '6 __ f-:3 ~_-. 
__ ~ -.J _, ... 

3. The Power in Balanoed PolYRhase Circuit 

',: . ~ ',1 

~', ' 
" 
.; 

-' ; 

.... ; ' .. ' 

. i 

. '11 

, 

Consider a 9-phasebalanoed circuit,. let the'suocessive ',: 
emts and :8D:rrents in the '1 phase be' 

:Vl = f2v oos' wt 

v z =/2v 008 
. 2n 
(wt - -) 

1 

=j2v . 47r' 
Yj cos (wt - -) r· 
~--------------------

j 



:,' ,,: ," - ", .": 

. . ~ , . 

and 

11 = fa I oos (wt -~, ' 

i 2 = .,[2 I oos (wt _!1f ~. <f) 
9 

, 27T ' 
(9-1) - .(() 

tj .1. 

... '. 

. I' 

: The instantaneous power in, the entire oircuit 1s then , " 

P • vl 11 +v2 12 -+ __ ------~"'"~ v9 19 {l'J"'·.::·~ 
;:: and on mul:UplJing' the terms ot Eq (14) in pa'irs and. 
'~ 8upstitutlngthe produo ts in ICq (15). the result 1s 1n th~,.""::< 
.. form· it:: 9 . .... ',:t, 

p = 2 V I L. Oos (W1i+~)' 60$ {W1H.Jt~[ - Cf) (l~·l .. 
. k:O ' . ~ 

'. SiDoe 008 x 008 1 = *' [o08IX -1)+ OOB Ix t 1 )] • Bq. (16). ". 

: 08n be transto~~l to '. .,:': 

. P,. VI L L cos l{'- coa 12wH 2k, '": Ifl] (171:', 
k.O .;, . ' 

'1hesummation 01" the 9! oonstant terms 'g!ve8the total.averfl~; 
\:p' ower. or' . ' '. . " '~ .-....... ' -

.> 
p :: V.V.I •. OOS cr. , ~ .... 

,. " 

. ::Wbere V and I are· the etteo tive val ueil ot the s1tiusoldal . 
'andourrent8~ .. As we, 888 trot4the above expression the'<1u~: . 

tanlenot18 power in thepol;rphase. oircuit, lsconstant and the' 
sum' of the average . power. ~t phases and f;he. tluetqant poWer, 
which alternates<,at double 1m~ frequency, 18 oanoelled •. · :, 

, In. th~ three-phase oucndts" ao,*v8, reaotive. and _a....,·~ 
powe'r8 areg1 vEtn bY' thetollowl1'lg expressionS 1 , . . . 

. p • ) VIoos TT:3 VI sin 1) : )VI (19) 

sinoe U :: .[i V or. 

··P=PUIOOS =,j3UI sin' l' =[30I,' . (20) 
... 

" 
.' 
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Where V 'ie the phase voltage, U 1s the line voltage. 

-. H,·4~ Representation of poly-phase Systems by Complex Quantities • . :,~ 

j1ll 
Multiplication bye. 9 rotates the radius vector in . 

a positive sense (countercloc'Wise) by-the angle 21T. Euler's "<,: 
'~ormula states that . -y ",' ... :?;·.·I 

3.JI 211: ' j2 TT ·~.·li 
.(cos 1 +j sin 9i = e ? (21) .,: ...... j 

~t is possible. to abbreviated fom if a :' eJy "'.<~:J 
{'. t~' 

a = llL . ' . " 
~n a corresponding manner multipli:C!ation by e-j~TT rotates . . ":; .... .1 

the veotor an angle 2JT in a negative. direction • . ' rr ". . '. 
Referring to Fig. ), the several sets ,of vectors. may 

pe represented" as follws: . 
. . 

Al , 
_j2 TT . . ' ..;rJi,gj[ , 
e'f Al , e '9 A 

1 
c" • 

. eji~Tf ' 2" 
Bl • 

. e-j 47j , 
Bl B 

~j'~ 1 \ 

-j 3 .&1f , e V , 
C --

Cl ' e9 1 

, 11. ' -~--.. ----, 

. or, in general by the expressionS 
.j 



' ........ , .-
>.> c • 

' ...... " .. 

-2 -(9-1) 
'a AI' ------------- a A .. 1· 

... .,. ... ,~, . ,-2{1-l) 
------------- a B . . .. 1 

" -3{1-l) 
------------- a . C . . 1 

-3 
, . C1 , a 
,~ 

'f-
~ ... 

-----~--------------~-------------------------

-,('9-1) a ' Ll , . (24), 

ff. The phasor sum of anyone of these groups of balanced 
phasqrs is zero; for example, the pOOsor sum of the first 
s~ ~ . 

, -1 -2 . -(9-1) 
1+ a + a + ----:--:-------+ a. . : = O{ 25Y 

Assuming that the ordinary laws of multiplication 
. hold for this process, it follows that 

a9 = 1a:9++ - a 'a(<1+2 ) = a 2 

a (9-1) -1 = a 

,or ,in general 

I' 

a (<,1-2) 

n = a . 

=a a{</-3) = a -3 

., 

. 'Where n !sany positive and negative'Th'teger.,. . 
'Accordingto the. above definitions, a positive sequence 

. system of the first of, order containing the. vectors A~ , 
':A2 '. A

3
, --------- may be written as follows: .. ' . i 

('~(~) , -1 ' -2 . ~CI ) 
~ld(A) = (AI a AI,' a Af',-- .... ~---a? AI ... ; (27): 

And ~he 'positiv~ sequence systen of the s~condof order., , 
(~(t) -2 4 2 
oJ" d (A) :: (AI' a AI' a-AI' -------- a AI) 

As a result, the conjugate of pOSitive seque,noe system 
of the -th of order gives a negative 'sequenc~ system of the 
same order, that is 

S1 (9). = S d (-m) 

BOGAZiCI ONIVER~ITESi,KlJTUPHANES' 
(29) 
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!J!ree..phase, Systems 

The three-phase sYBtem~.is the most important ot. the. 
- -..,c-pQl1-pbase systems. Now, consider J-p.hase balanoed sY'ster1s • 

. In 08se ot 3-phase system the unite veator or. operator is . 

a 
j2Tf 

01" a 1 \ .jlr , = e ) = 
~ .;-, 

if (30)-r 

1+j ;,.;;<' 

'! either a = -
", ~~ 2 2 

In the following table some proper:ties ot the 'unit::· 
., vectors 1_ g1 vent 

if 1+a+82 = 0 
f 

. " 3 : 4- '2 8 0 1, a • 8. 8' it a 
-1 2' -2 a -e., 8,.:8 ,. 

e)+n = an ()l) , 

8: 

2 
a = 

1'[3 - 2Tf 
-2-j~=1\ r 

, 

1 +a ,. - a2 
a ~ J.Ii = 1 

1-a .Ii d~3 - j) ,. pl- i 
1 ... 2 , .. Ji ([3"'+ Jl : [i' Ii 

..•.•.... ,4-?'··· 

".', > ..... " 
" . ..: . .... 

~-.... 0 • 

;.:i t.j',':" 'f:' ' .. : 

:' ,".' .. -

- " - : '. - ~ " 

,~ -~ ... 

,. ":~ -: ... " . 

. ,,'" :;'.' 
:,-.:' _ .. 

'I 



. , 

1 1 -
2 - a -, , 

_~~_ .. _f" 

1-a 3 
. 1 lL 
=~6 

1 - 1 - a - ...1.... \- f_ - - F 1 a 2 3 
.' 

1 2 l' 1 tL - a - a = -V(=jT-2, - (32) 
a 2 3 a -
2, 

Note that, a·and a are conjugate complex quantities. 
'~ And the positive sequence components 'and negative sequence 
~ ~omponents are always conjugates, that is 
~ * 

a2 =a*or ' a • a 2 (33) 

Consider a 3-phase balanced system •. Three-vectors may be 
two kind of sye tems • 

10 positive~sequence system of the first o~ order 
:' Fig. 6a. 

Sd(l) (A) = (A1, a2A1' sAl) (33) 

'This also a negative sequence system 
:' of the. second of order; . 

'20 Negative-sequence system 
. of the tirs ,t of order I 

Si (1) (A) = (A1 , sAl' a 2A1) , ()4) .-.... 

This also a positlvesequencesyetem 
; of the second of order. 

", 

, ; 

., 

, .J 

.0 •• ; 

, 
..... ': 

'. . ~ 
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II. UNBALANCED POLYPHASE S1STEMS 

(Symmetrical Components Theory) 

. In the preceding articles weanalys ed that in the cas,e '.' . 
9f balanced polyphase systems, whether mesh or star connected,:,", 
the circuit'donditions in terms of the voltage, current, .' .:: 
impedance, power, power factor, etc., concerning anyone 
phase can be computed easily from the consideration of the 
equivalent single-phasecircui t. Consequently, if an unbala,nc":', 
ed system of volt~ges( or currents) ,could be resolved into, .' 
component systems each of which is balanced, the effect of ">':~'. 
~ch of these components could be oomputed as for an equivalent· 
sIngle-phase circuit; 'and the separate tesu! ts could then be', .' 
~ecombined by the principle of super posl tion~. " " .. , . ~-

" -:." 

The analysis of an unbalanced system 'of ,polyphase phasors , 
(voltages or curren.t) ,due to C.t. Fortesgue. This new analy-, . 
tical tool: is called the method of symmetrical' components. 

f'. The S;ymmetricalCoinponents in three-phase system. 

Consider an unbalanced ,set' of three-phase phasors(vol­
tages ,or currents,) YlJ V2 , V3 , whose. sum diffe~s 'from zero, 
can be resolved into three ,groups of, components, as' follows: 

a. 

\. 

A group consisting of three equal' and cophasel 
each represents by V ~ ,Where 

vectors, " 

1 " ' 
Vo = 3 (Vl +V2 +V3) 

.-- -
{35) , , 

, ":. 

This group being called the uniphase or zero-sequence 
component. 

b. ' A balanced three-pheS! group Of~osit~ye sequence, 
represented byVd, a- :Vd"and a:- Vd,6-. 

Where' . 

Vd = 1t(V1 - Vol + a(V2 - Vo'l +a2(V)-Vol]. 

_.! ' 2 Vo '·2 
- 3 (V 1 + aV 2 + a V3) - 3~ (l + a t a, ) 

(:36) 



c. A balanced three-phase group of negative sequenoe, 
represente,d by Vi' aVi and a2vi, where 

. -' ~Vi = 1: ~[(Vl ;. Vo)t a - l (V2 "':'".Vo)t-a-2 (V; - va.>l 
'" 3 j 

:: ~ (Vl + a-lv2+a-2v3) or since a- l = a 2, a-2 :.a 

(37) 
.''t.' 

three 
These/groups then posses the feature of complete symmetry. 

"-

2:<Gr.aphioal AD.alPtis of· unbalancedtnree.;.phase phasors 
. ---.. . 

The'~bove n:athematioal a.~lYSi~ ~t' an unbalanoed three­
Pllase sYS'\iem pOints the way to a gt"a~ph'Oal method 'tor resolving 
a given set of ve'otors into symmetrioal sets' ofcompon$nts. 
The given~phasors are V1 , V , V 1 ··~9". Oil adding them . 

. geometrioally their resultam is. 3Vo , 'from which Vo is' obt~ined 
by-triseotion, .(Fig 9a). . . ' 

Re,f'erenoe to Eq 36 shoWS that if V2 is shows that if V 2 
isrota.t'e~, olookwise through 120 deg., and V1 th,rough 240 deg • 

. in the same direotion, the 'phasor sum of ,theSe, flew phasors, 
together ,!ith Vl, gives 3Vd1 ,(Fig •. 9b). 

- ~;!,. ,.-;. " . 

;:~~~-.' ,~'~'.',~ . 

:'. :;~::~~: . ',- ~: }~: ~ 
.. '!.:~~'" '. - ' ..:.. - . 

''- ~ . 

. , 
-\. ",! ... ," 

, . ' 

" •. ,'.c,'_ -'--'-'--";~~..m.i.I""""'~_~~~~~~~r 



Similarly, to find ~il' phasors V2 and V3 ~are rotated oounter 
olookwise thro.ugh 120 and 240 deg. ,respeotively, as. in Fig 
90 ,and are then oombined veotorially<with Vl to give 3Vil, 
in aooord~~ge with Eq( 37). The remaining phiisors, V d2. and 
Vd3, and Vi2 Clnd Vi3 have been omitted: From Fig. 9. 'm-e 
f1rstpai-r' is, of oourse,. symmetrioally plaoed with respeot to 
V dl insuoh manner that any two of the three are 120 deg. apart 
and with the sequence of nwnbering in the positive direotion 
sim~lar r~lations hold for Vil,:Vi2 andV!3 except that the 
se<1:uence,9f numbering is in the negative direotion. . 

3.S~etrioal Components ina j-phasesystem 

- ... ~ It will b~ evident that if Vl, V2', V3J--~~--- Vgrepresents. 
any-unbalanced ~.ottpof·~-phasephasors but .subjeot tb the 
oondition?tha~-' . . , . ' . 

. (:. , ! ' 
:;Vl + v2 +V3 +----------t- VCj = 0 (35) 

, <"j 

It is possible to write 

Vl = ,Al -+ Bl -+ 01 + ----------+ Ll 

" . -2' -4 '. -6 + i -2(1l-1) 
V . =' a· :Art a B tao -------~ a ~ L 3, 1,1 . " 1 

-------~---------------------------------------
~TQ _-' a-'l9-1)A + a-2(CJ-l)B + a-4(g-1~0 + ______ ~ a-(9-l,)2Ll 
v~, 1 . 1 1 ' 

(36 ) 

For an add'ing the separate equations in (36) the sum is identically. :' 
zero. This means ~hat any unbalanoedgroup ot ~ veotorswhose . 
phasor sum is/zero, exoept when 9 =nQ, may be resolved into {g.'!""l) 
balanoed' ~ou!ps whioh have angular spaoing respeotive~y equal to 
21f/9 , a(2tr/<J)~ 3(211"/2)'. ----~ (q-l)(21T/~) radians. . 

The most general case that can oocur is that of' Il group of 
2 phasors"V1 , V2 , V3 , ----------- V2' whose phasor sum is no~ 
zero, in tha'G oase . . 

. ,I 

, .;. 

, .. ", " ~. ~;' ~ 

... 

(37). 

"' 



which may be wri tteh in the form 

, (Vi:=~'Yo)+ (V"2 - Yo) +(V3 -:Vo) -I:~----~-+ (V2-Vo ) = 0 

consequently if Yo' computedtrom 

Vl + V2 + V3+ --------+ Vg 
, Vo = , (38) 
, ,g' 

,'~ ~-.. '0 

is substracted from each of the given phasors the 'remainders 
, satisfy the condition that their 'phasor sum ,shall equal zero, 

therefore it is possible that, 

Vl =~V + Al +· B "" 01 +~~------------+ L ~ 01 . 1 
... ~-. 

,. ----::------------------------------------------
V9 =:::Vota-(CJ-l) A 1"" a-2(2~1)Bl+ a-4(q~1)01 +--____ +a-(9-lfLl 

-L 

(-39) 

By adding the separate equations in (39) tile sum is identi­
cally equ~l" ~ 0' in ,accordance with Eq. {J 7). 'nlis means that , 
any unbalanced group ofg phasors, whose phasor sum is ,not zero, 
nay be resolved into (9'-1) balanced groups and one zero sequence 

'component.' , ' , 

.. 
, .. ~.:' 

To "find any one,~of'the components, 'Suoh as ~, divide 
each equations of group (39) by the oorrespondi~_ooeffioient 
of Al and ,add the results. There 1s thus obtained. 

':1 
Vo = ''2(Vl + V2+ V3 + ---..:.------:----t V2) 

l' 2 d L 
Al - - (V + aV + a V + ------------+ a -z--y: ) 

-,2 1 2 ,'_, 3 , q 
'-1' L L '2(9~l) " 

Bl = - (Vl + a'-V2+ a-TV 3 + -----------+ a Vf}.> 
i ' ' , 

-~~----------------------------------~ 
1 (9-1) 2 (9-1) ,(q-l) 2 

~ = '9 (V1+ a, V2 + a, V3 +---------+-a ' . V~) 
(40) 

, ' 

.~ . 

. '-~ . . : ." ',' '- . 

t·;>··.··~- "~; 
.-,- - -.. , .~ 

•. /~ 
. :~ 

~~il~l 
"~; '~ 
-H -~.J .. ' ~ 

~~~~~ 

I~l 
, ~~..\~,-" 

I!Fl~ 

. ,',;,:- ',: .' . '~ 
. Y.~~;~~: / :' ~ 
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This means that any si3g1e phqse system maY'resolved into: 
> .. ' ". ..'. U 

1 ° One .posi ti v~ s equenc e which have the magni tUde2,f)' and 
. lays.' :30° to the refereW'le phasor.. .' 

20 . One :'negative sequenoewith same magn1tude2]y but leads 

30° ,to the referenoe, Fig. 12 • 

. \ 
J 

,> 

.... 

L. 
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5. Symmetrical Components in aiWo-phaseoirouit 
, , 

An unbalanoed set'Or two phase phasors, say, of voltage 
_,jor ourrent" 'oan aiwayebe resolved :lnto 'one or the other of 
"'two com~~.nations:'(a,> a single-phase sys:t;em and ,one balanced 
:two-'phase system; or (:b) two balanced two-phase systems of 
opposite phase, ,sequenoe. ",' ' 

a. Let'VI and V 2 :i.n l!1g. I3',be any pair of unbalanoed two­
v "pha,~e veotors, and let Vo' be the single-phase (zero 

, s'eq~Ience) oomponent in each phase~ It follows that 
\ "(VI~- Vo ),an9- (V2 ,-'Yo) mus~ represent two vectors of equal 

'nagilitude but ,which, are in tuadrature. Let it be assumed 
, ~at, , 

...... 

:, .. ,;,,; " ,", , 

f"~i:."Js ~O 'de~. ahe,d ot ~1 ~ Yo = EI, in other words,. that 
,i'~ir:~;::the ~sequenoe of the balanoed two-pha~evectors, Xl and 
~!e/'E2' i;~positive. ,It follws th8:n, that ' 
~;G :,- ' . 

. . -' Vi ':" Vo = EI 
, , (32) 

~,'" ,Taki~g first 'the, suln,,"and'theri the differenoe, ~f Eqs. (32) 
" i tis found that,', ' . . ' 

~YI +V2' = 2Vo+,El (ltj) 

'YI-V2 =EI (l-j) (32) 

when,- cby elimina ting Xl' 

= VI (I~j){ V2 (l+j) 
'" V-

,,0 
2 

(33) 

If' i t:is assumed'that E is 
90 'deg. ahead ofE2 , oo~respon­
ding ~o a negative sequenoe of 
vectors, it will be found that 

"Vl(l+j) + V2(I-j) 

2 
(34) 

It is ,seen that Vo is not halt' the sum of Vl and V2 , as 
might have been expeoted by analogy witJ:t the three-phase 
and m-phase OBses previo~ly disoussed. 

\' -

, ... - '~'. ' .. ' 
. -' . .' ~ , ... '. ' .. : .' .","'.' '. .~ 

,,' .1 -'J 



h. If. it is desired to resolve 
V l' and V 2, and general pair' 
of'. vee tors, into two balanc ed 
:twg:,::phas e groups of o'pposi te 

;' sequence, Let Al and jAl in 
, ' Fl'g. _ 14 be the pair having 

positive sequenoe, and Bl and. 
,3Bl be the pair having negative 
sequence. ' 

. l .-

~en 
, Vl .Al tEl 

.... :;", 

V2 = jAl. -jBl 

.... whenoe .... -. , 
Vl jV2 .. -..-. -

~t Al = 
!' 2 .-
~ Vl + jV

2 " , ~~ 

Bl --
2 

(35) 

, (36) 

Equ~:tions (58) to (62) leadjgrafical methods tor 
'resolvingVl and V2 into either of the possible types 

of o'omponents inoluded incase (a) and (b). Thetype 

~.--'-.. -.:..~--.: ... 

. ot resolution represented by oase', (b) is ordina,rily 
'used iriapplying the method, of' symnetrloal oomponents to 
practioal problems. ' 

. " 

6~ The 'Phy!ical Meaning of Symmetrical Components 

In symmetrical system the different sequences do not 
react,eaoh other; positive-sequence ourrents produoe only 
positive-sequence voltages,negative sequenoe ourrents porduoe 
only ne,gative sequence voltages, and zero seqllence ourrents 
produoe'only zerrrsequence voltages. '!his method may be 
applied to both statitl devices and rotating maohines. 

" 

Statio networks. Consider a static network shown in Fig 15 -
: which may be represent a transmission or distribution line. 
If only balanoed posl:fire-sequence currents be pJade,to flow 
through the line conduotors, it follws that no ourrent flowe 

," tm:Qugh the neutral. The posi tive-sequenceourrents produce 
,only positive voltage drops. It can be ,similarly shown that 
, negative sequenoe ourrents produce only negative-sequence 
voltage dropsl It. only zero-sequenoe ourrents tlow,.equal 
currents' flow ineaoh line, ani the oombined currents .or.the 

" _ threelinel"eturIi 'tbro~gh .th,e :~eutral~' In' ·this oase,J~quai 
~l.:~,g~Vli+~ ~e 1~9-~~~_ iIi all :tp.ree.lines, an(1 i'nol~dtng-' 

".,.:.\"tll~'i'cJit9P In·the,n.eutt-,~l::iDlP~,da,noe ,~.,;drops'!,11:t:b',~e>Same:_ 
":";:?:,,::~~:'~.t.;1':<:'~.~~.'.J)~~:,$f!.~''':-;-)/~:,:,, ,: ::,",' .,: ... :,}'" ;i : " '~;.~<};ii> 



Rotating Maohines, The positive-sequenoe ~urrents in the 
stator of a symmetrical maohine produoe B rotating field 
which .. rotates in the samedireotion as the rotor. It is 
apparel!.'~:·that under normal oonditions with positive sequence 
vol tages. applied to the stator of rotating maohines only 

, positive-:sequenoe currents are produced. 

It negative-sequenoe voltagespnly are applied to the 
stator ,of induotion lIflohines' a synchronously rotating field 
is ~ro~uced whioh rotates in a direction opposite 'to~he 

'rota ti~n of the rotor. This fieldinduoea ourrents in the 
rotor', ;which'in turnproduoes 'a synohronously rotating 
field':1:nadirection opposi teto that of the rotor. '!hus 
all th-e -:currents and voltages ,in the stator :woutd be of 
ne.g~ti~e-sequence. 'Beoause, the zero-sequence ourrents, 

, which :are in 'p!!.~seWi'th eaoh other in the three phases, 
produc~no flux in the a'ir gap. He,noe ',these ourrentsoan 
produo~r' only voltagedro,ps of 1fue zerc; sequenoe'. 

i/ 
"t>-.. 
11~' 

:. 
/~ 

7. Se 9 uenc e Impeda nc es 

It";,has been shown that in symmetrioal'netWorks the 
componeJmts of our rent of thedif;ferent' sequenoesdo not 
reaot ~ohother. When a voltage Qf' a given sequenoe is 
applied." to a piece of apparatus, B, very definite oUrrent 
of the same sequenoe flows. ' 'll1e apparatus may be oharaoterized 
ashavi;ng a definite impedanoe to this' sequenoe. Special, 
names have been given to these impedanoes, namely: the 
impedance 'to positive-sequenoe currents, the impedance to, 
i1egative:-sequenc~currents, and the impedanoe'to zero sequenoe 
currents ,or by means of simple expressions, nesative-seguenoe 
impadano e. posi ti va sequence impedance, andzero-seguence 
impedanoe., 

iJUie- impedanoeof syDmetrioal statio networks are ,the 
same for. the positive-and negative-sequenoes but may be 
different from the zero-sequence.;, For rotating maohines. 
the 'imp'edances will in general be different for, all three 
seqli~nces • 

. Now, let Zl and 7..2 and %3 in Fig. 37 represent t~ee , 
unequalY conneoted impedances whose scalar magnitudes are 
independent if the oUITent flowing through them; and let the 
three line c urre~ts be I l , I2 and I~. The 'corresponding 
voltages drop~ in the three impedanOes are then 

Vl = Il~ , 
V2 =' I 2Z2 
.v l=t3Z3 ",(37) 



and the surne of these drops 
will in general differ from 
zero. They may therefore be 
res QIved .into components consist­
ing oJ' a zero sequenc a, a posi-~' 
tive~ sequence and a negative 
sequence, given by , 

. 1 
_., V?= "j(Vl +V2t V3) 

v~ = l(Vl + aV2 + aZv'll ; 3 .,J 

~..., 

Vi':= !(Vl + aZv2 + aV,) {,8} 
, ," , ' 

~ ---
In l}ke manner, three unbalanced line currents may be 
resorved into similarsymmet]fical compone~ts such that 

j( 

, ~~Il - Io+Id+li 
'2 = 10 + a Id + ali 

= 10 t aId + a 2ri (39 ) 

Subst~tuting Eqs (37) and {39} in Eq (38), and collecting 
"termS, 10 ' I 2 

7' Vo = 3' '(Zl + ~ 1- Z3) + ~ (Zl-t a z? t a~3)' 

, (40) 

From Which it ~ppears that the i$pedancesare here arranged 
in groups similar to zero-, positive-, and, negative-sequence' 
gro'up~- of phaso;rs. Writing 

~Zo = ~(Zl + Z2 + Z3) 

~'Zd = l(~f a~+ a 2z3) 

.vi = ~(Zl + a2Z:! + az3) (41) 

it is found that 

Yo = Io~ -+ IdZf. + Ii Zd 

·Yp. IdZo+ IiZi + IoZd 

Vn = IiZo+loZd+ldZd (42) 



The three imped~noe Ze" Zd' Zi are oalled', respeotively , 
the equivalent zero-, pos1"tive-, and negative- impedanoes, 
but they: a;re not -equivalent 4lmpedanoes in the sense , ' 
ordillBl"_~ly assooiateii wi ththat tel'-lD.. Thus, itls not 
truetpat the zero-sequeriCle oomponentot ourren~Io" 
multiplied by the zero-s:equenoe impedance will give the 
zero-sequence componentot voltage drop, as is plain 
fromEq.l 42. ' Thesymmetrioot the three equatiQns' in 
gr.gup ~42} should be note,d,j thus,. it the equivalent 
impedapces are written in form, 

:,;y 

'·Zo~ Zi Zd' 

'i~. Zi' -Z.d '~ 
l ,', " 

Th~ thfee component,impedanceldrops VOl Vd and Vi oan be 
to~me~~ by inserting as,mul tiplies the, 1!~rents Io, I d , Ii 
taken, !in the cyclical order o-d-n, d-n-o,n-o .. d. ," , 

,In the case of a oircuit that is physically balanced, 
the three branoh impedances will. be 'equal,and their 
separa~e magnitudes nay be replaced by 2. It then tollows 
from Eq,.' (41) that Z =Z, Z(t :0, and Zi = 0, and in that " 
~ase,t.rOIrL Eq. '(42) flo = IoZ, V d = IdZ, Vi = Ii Z~ ,In orde~ 

, words, it' the circuit, is phsycally balanced, the component 
;, voltage drOps are each. directly related to the corresponding 

components ot current in accordance with simple lows ot 
, ordina'ry circuits. ' 

, ...... . 

a.The Symmetrical Components' of 'the resultaht voltages 

C,onsider connected three-phase voltage system of 
Vl , V2:.,.V

3 
with their symmetrical ,co,mponents Vo"ViandVd• 

The ret'ated resul tabt or line voltages are 

tt12 = Vi ,-V2, U23. ,. V2 - V3 • ' u3l • V3 -.Vl 

"'Since the resultaht voltages form a closed triangle" it 1s 
dete~ned that, 

= 0 

~nd' the positive and negEJtlve sequences' maybe written as 
tollovis: ' ' , " ',' ," '}Y' . ' 

. "." 

. . :P'd = ,i(l!12+' ~U2j + 'a~ .11,> . ,. ',,'-:: ""'- ",:~ ::' . r, .', ' ' 

'. '.' . .. ~ '. "', ': . 

?~~~'!:3~ji~ll~i~i~~},~~~~~~~!i~t~>~t~ti~~1.~',,.;~:,',;;;,';'.~';~.:,';'::"':;~;':"'ri~';'~ .• 1i ',gVt;~'~i;;?';:?;':;;C::::"; 



, (43) 

On thEf"o1;her hand le:t'sexpress resUltant voltage sequences 
Ud , Ui:,in terms of phase sequences V

d
• Vi " , 

..,u12 - a?u23 = (Vl - v2l-a2,(V2-V3) 

t = Vl -V2 (1+a~),+a2v3 :3Vd 
:' ~. 
~' ... ii,. > • 0 

Ul~ -au23 = (Vl - V2) -a (V2, - V3) 

• __ ::i-- (Vi -V2 (1+ a)+ aV3 = 3Vi 

'from tlj;j s relations we obtain ! 

'i{ 2 r:' IT' '114: =, (1 - a ) Vd=~3 VdLL-

Ui :. = (1 - a) V:( = J3 Vi \ - ~ 
combini~g Eq. 44 with Eq. "45 ,it Is possible to write 

Vd~;:. ]; (U '- a2 u2 'l) 
',' 3 12 .J 

(45) 

, ..-: '3: 
~i;: = ~(U12 - a TI23) (46) 

~.", 3 
" 

Similarly same r~lations may be written for the line ourrents 
I1',I2' I3 and resultant currents that is I12 = I1 - I2, 

I23 =:'I~:- I). I)l: I). - Il 

r 
r 

2. Determination of Positive,.;and negative-sequences of the 

resul tanttbree-phase systems by the' Graphioal Method. 
, ' 

The positive and negative sequenoes of the phasors 
,'Vl , V2t;Y) may be easily obtalned from Eq. 46. To .find 

, " . 
Vd}E2) ~ustbe rotate~ 60 deg. in the oounterolookwi~e direo-
tion and the resultant veotor is equal to. 3V • Similar , . 
oonstruotion,is applioable to the" negatiye si~uenoe-syst~. 
These construotion are shown in Fig. 17. -, " 



. ',16i:Determinationand Elimination ofZero"seguenoe Component~" 
. -- :'.>.:'. ). 

lOne metho4 for determining 
:.. 'is, shown intJi(t; (lOa) ~It is 

.', .,'" based on the fundamental 
equfition (35) and oonsists 
in taldilg one-third of the 

, veotor, sum otthe three phase ' 
1:i·, veo tors •. 
'F 

:.;;~ 

! Another method, shown, 
;. .. in Fig. '. 18 requires the 

determination of the neutral 
"7 point of the system with 

~ ze~sequenoe components 
,c.-",' eliminated. The. neutral 
~'point of this system is 
K found at ,the point 0, the 

'tinterseotion' ot two median' 
, lines. The vector connect­

ing oand 0' gives directly 
. the zero ,sequence voltage 

. ," in its phase with respect 
::.' to the Phas~Jvoltages, Vl' 

. :': V 2 and V3• L posihan . 

":. ' 

the zero sequeno e component.',) 

'j 
. ..] 

. , 
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NON:1INUSOlDAL P:ERIO'DIC FUNCTION f;;f!i 
. ~1- ~ {o- ~/.<:::.~ .. 

;'" ,.~. . ':';..,;. ;-i~!~ '/ 
Introduction 

T!le':usual, theory and oaloulat1ons 
andmaohili::~~Y are baSed on the 6Ss 
That is-~ 'it'is assuming that t '. 

';~j :;: :;~ . /~' .­
of~"~:(e'trloa:t~ circul t8 

or t 'wElve. .' .. \In 
the A.C. ~lroults are sine we 
is sufficl£mtly the case, it . 
they differ fram th~ sine wave; , 

........ , . .-.. ' •.• ':oases thIs 
so/end especially 

~"c' , '\~ ,'. .. . _ . . 
.Suchfas distorted voltages and currentsot a periodic 

nB tureca~O'be 0 resolved into a Fourier series consisting of 
a fundam~Ii~l and' higher. harmonics •. The result oan always 
be express~d in the torm 'of a series, 

;. ~~.y = Cci,+cl.:.~.lntwt - '1'1)'" 02'sln, (2 wt-Si'2l+ ••••••••.•• 

+ ~riJSin {n wt -<fn) +. ~i (47) 

The \vave ct sin '(wt'P1 ) of low~st frequency iathe' flUldamental;, 
ita :frequency determlnes the frequency ot the irregular wave. 
The otheroomponent sine' waves will have frequen.oies ~hat are 
lnt,ergal,'l11ultiples of the fundamental and are called ,,-\ppe1'" . 
harmonlcs." The wave llavin~ nwt is called n -th. h~rmol11c. 
~~=;;..;;.;;;., , .. ~ .' . 

The liJlOVe expression may 0180 'be written in the following 
form: -:,; .. '. . 

Y' '= C~+.til sin wt +A2 sin 2wt + .' ......... T ~ slnnwt +- . 
+.J3i :,"ooswt +B2co~ 2Wt + •••••••• ~ •••• + Ba oos nwt ('4')' 

The oonstants' of the aeries is giVen by the following 

lntegra~ion:_. ,i fT ,.;" 

" , 00 = T ) Y , dt 

2JT 0 
... An =:r 0 1 .sin nwt dt 

'T . 

Bn =: ~ j y cos mvt dt 
T . 

o ~. 

:~f~;~ ' . 
.As we See 'from the above exprJ:asiori~ Co~s ....... , ~~ ot thefunot1onfor one period •. The adt,us-l 

. 18 equal. the 8 ume oro' . and the following,s 

.0.. , 

. y.:: Al .,in wttA2 eln~,~'1-~~ ~·!,.··~~f\~·-\-~~ ~1n ~'.4r1~f;ti#EJ!~;\' 
.... 131 coe wt+B.2 :cOiJ72vit4-";j.~~';~~);f.AnO()8 .d!:tw\4'·,~-·fl'O) .. 

. . . ....: "~< ..... ,' .. ,> .... _.~,:~.:,;.j"';'.~I.,:.:.,_ .. ,:.:.·.:.:~.~,_': .•. '.d,",',< .. , .. ', •. _" ~~' .... '_, .. _" . . : ". ", . ;. '~". 
, ~.~).. - - -- -- -- --_~ ~_~_~ _;":PM:~oo;::~~;;~~.~,:,.,,,,~~~:-,,,,,,,,,,,,,,,~ 

'. ,,':' 



2. 

'~ 

, 

The Relation Be't.ween the Shape of the Periodio 

}i'unc tion and its Harmonics 

· .. l:=In Fig. 19 shown one complete cyct£ of a 
.... .... d.istorted alternating wave formi if the loop B . 

. is moved. bao k on the tim~xi8' to B' J then A and 
B' .are' symmetrical with ~espeot to the time 8xis. 

,,' All a1ternatlngcurrerit and voltage waves produced 
&.by. rotating maohlneryhave this charaoteristic. 
} Suc~ a like curve satisfies that 
w 

'r (wt -+ Tf ) = -t(wt) (51) 

, .' .... '. \ 

'Wben thisfunctlon· resol ved into the Fourier Beries, 
i.t··~.iB, seen t..1l:at, theasries has only fundamentals and 
oddharmonio8. . . 

'-~( wt-+ tr) =, -A1sinwt * Azsln2Wt -A J81n~t + 

'-BIOO,8wt 
'. . 

(52) 

By' putting this tWo equations in. Eq~ (51) we obtain. ) '">., 

y. A1 sin wt+AJ sin 3Wt -+------+ A(2nt1)sln(2n+lwt+· . . 
. I 

...... 

; .... 

".' .' 
;" '. ~ 

:"_",l 

i . ~ 

, 



]
1 

Bn = -L. y cos 
" T -..... ~- .. 

o 

nwt dt (54) 

2. In ElK- 20 is shown a flat-topped wave; it a line draw 
.froIn the 1f on the time axis. then A and B are symmetries 1 
with. 2 respect to this line, that is 

"' t f(wt) d( 11- wt)p~~"1~~5:~r' -'1 
I· '. I' - -- . "j . ·1' 

Irttha t case all the cosine 
terms does ,not -exist, and 
1 ts enough--to ,take integrals 
onlYftor .Sf1le-fO,urth period~ 

,,8 Jt;: .', 
.A .. t.T . '1 ~in n wtdt. 

: 0 ... 

r :/; ~ 1 :\ '. ·1 . L.4-_.__. ' .. " I '.' . --.-.~-, 

! .!£}7"-:··~f"J . n \1 

I . . Fl.':;.. ,~(" ~ '., tv· ~ I 

). At ~st, if the curve symmetric with respect to origin, 
'. that·;ris 

1:, t(wt) = -f(-wt) 

in the t case all the cosine terms does not exist.' 

• • 

The.Determining 01' the ooeffioient ot the. Fourier Series 

When thetunotion Y = tbe) lsg1ven in.8D£\1"1081 1'orm, 
Eqs ('49 loan be applied". It this 18 nottheoase.. step- , 
by-step 1ntegra~lon can··be applied: •. Reternng to Eq,(49),. 
thea E' aqua t1.otl!J qan be 'fIr1 tten lndshetorm. . . ..... . . 

- j. , . 

:", 



'" 

"., -A . n y sin n x Ax 

21r 

~ B . =....!..;;- yoos n x Ax 
~,.n 1T-
~ 
i>;Y' ,0 

(;6) 

,- ~ J.: 

It the wave length, 2 radians. is'divided in p equal parts, , 
then Ax = 2Tr/P.X is the distanoe to the mid-point 01' the 
inter:val and y the ordinateoorrespondlng to x. 

;i . ---... 
Effeo'tl ve Value of a Uonsin\!soidal Current 

<'-
~, . 

. !!'he affective value 01' a variable current is defined c • 

as that, oontinuous value vlhtoh gives the same total 12R loss. 
If I .. is the effecti va Value of' a periodic current 1 and T, 
the time of' onecyole, 

;;;. T . 

.. ~2rtT = J 12Rdt 

, 0 

from whioh T 
2 

i dt - ....Lf· 
I ._ 

T . 
\ 0 

A nonsinusoidal ourren,t nay be represent· that, 

i {Io tJ2' II ein(wt -ifll-+ fa 12 sin(2Wt - 'f2l -> .. 
. ~- . 

" 

. '. 

~ /:.~ -~ 

~~~~~ 



T 

+ . .:;-J 0 (,[212 )2. sin
2 

(21'1t - r 21 dt 

' .. 
:-:' 'l' 

+~1""" 2 r:; E '. T', VI:., 0 
, ,'0 ! 

t . - ., 
~-

so~ying the above integrals, 
'* 
By we obtcin 

2: 2 2 2 
I·· ,'C= 10 + 11 + 12 -+ 

or"r ~,j~~+ I12+12~" (59) 

'" ~ , 

Nhere 1 0 , ~l' I 2 , are the effecitlve value of fundamental and 
"; ~ 

harmonica qfthe nonsinusoidal wave. 

Thus the effective value of a nonsinu80idal current' is the 

square root of ,the swn of the sguaresot the'eft'eotlve values of 
all oomponent, our:j~ents. 

, 'The affective cakue of a nonsinusoi,dal wave of v&ltege is 
Si.milarly 

.",E = (57) 
. 

Where Eo. El • E2 etc. are the effective vadues ot the fundamental 

and harmonic' respectivq1y. ,. 

4. Ohmfs raw in a Circuit wi th r~onBinusoidal impressed Voltage 

Consider a circuit ,containi'ng resistanoe, indut!tance and 
capacitance ,in series. a nOJiBinuBoida1 voltage applied to' this 
oirouite. It is always possible to vJrite that' 

e - RitL S! + 1:. fi,dt (58) - dt c . ' 

since, e • Eo +.r; El cos wt+fE2 co~ 2Wt -t .~. 
It can be also write same relations tor any components. that is 

" i + L d 1n +....!... j' indt 
en = H ~ dt 0 

Adding the' equations tor all harmonics we get " 

II: R lin + L -d 2.1n -t!. r i, Indt 

, ~ 



Eq. 59 is the solving of Eq.58.· From 59> it'is possible to 
wri te the followlng.resuJ. t: 'Nhen a nonsinusoldal ourrent­
applied> ]~" a cirguit having R, L, 0, the current 1s determined 
bysupa.rpo8ition all component ourreq~s due to components ot 
v:oltageB..~-· 

. ~ 

the 

If ELU' is 

. e =~ Eotj2El cos wt +/2 E2 oos 2Wt. + --. 
i7' 

curr,ent will be .. 
l";' Io+,/2 I1 (cos wt - tf1 )+{2 12 oos 

'-- ·Y!here 

I' &-.;... In 
En 

0'= --':?' R JR2+ (Lnw 
,,-
~~ -• 1 Lnw -

tg,in enw -- R 
'" .-. 

(Note ~at, if the circuite contain C, 10 

5. NonsinuBoidal I;!oll-nhas e s;mtems. 

~ 

1 )2 
C nw 

(60) 

- 0) -

Let'8 consider an unbalanced nonslnusoldal 9-phase system 
- of voi-ta:ges vd th period T. It the voltages la, eaoh other .. 

.by J! ~espeotivelY, that 1s 
g " . -. _ 'B 

:ei.:t{t) t 8 2 = t{t -~). 83 = ~(t -g:-). '(61) 

They form. a nonslnusoidal .9-phase balanced system. Now it 
can to resolve all the voltages into the Fourier Series. 

(62) 

. .i 
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':1 

.j 
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r 

.~ f-- . 

~ ~~~~> , 'r tt;::'; -'. - .'-~ 

'; , .. ", 

, , 
. ," ..... : 

'<J : Al. C?~ tt -(9'-1 1: IT) - ttl] +A2 oos [2 (wt _, '(1-1 )2 1T - 1
2
Jf .. ::· _~:! 

! , 
,Hn co~ '[ n (wt- \1;1 I 21f)Lrn J + 

;c 
_~f 

(63) 

, , 'I'" 
If we consj;ger only n-th terms of all phases, these elso t ... rm a, 
9'~phEtse bal:linced system., 'Similarly, the, terms ot fundamentals 
of all phases also forma 9'-phase poslt1vesequenae system of 
the. first ,order"li th the angular, veloni ty of w t ~~ t ' though 
the ·n-th harmonics VJill hSve the phase ~ngle with -n .&§ respect1 v~-
ly. these f9rm a 'positive sequence s~tem or the fJ. 
n~th ord er::wi th ,the angular va loct ty or nw. 

, ' . , ' . 2ff 
" . ' If the' terms., of fundamentals 'have the phase angle w1 th .... - ' 
and form a ,negative sequenoe system ot the ~irst order, then K-th: 
harmonies also 'have ,the phase angle 'n .&Fand torm. a negative-
sequenoe sy:s,temof the n-th order. ' , '/., ' 

In 'general if the fundamentals form a posit1ve-sequnnae 
system of the m-thorder. (or a negative-sequence,system ot the 
(g-~)th ord~r) .. ~-th harmonics forma poaitlve-seq.uence system 
of the (n:.ml:-th order. ' , . 

Jlow, c,onsider the following ;-phase nonlinudol4al balanced 
system. .~o 

el = Al OO~'{Vlt - Cfl }+A2 aos(2Wt - ~2)4: - - --I- An008~nwt - 'fn)..J-I. 

I . r2", {wt - _2 lTl_ (f)2]' + 
e2= Al oos (wt - ¥l -'flJ+A2 oos L 5 J I 

-+ An oos l n(wt ... ~ I').,. r n ] 1-

". [.( 2.2 II ) <P 1 + A 
e 3, = Al cos wt·

5 
. - '1 2 oos 

+ . \" 2;2 Tr)_ LDn1 ~ , An cos In(wt - 11 -r .. -... 
, , . 

. ..... 
'.: ... 

. "". ':: 
'. 



, . ~ 

-,"-" 

-+ A'~~:' ~~a r n ~wt ·····n L 

cos .~ '(wt _ 3.2 TI) 
L· 5 

- 3; 2 IT)_ 0/ n 1 + .. :. 

coe [ 2(wt - l;2 If)- ~ ] -t . 

Fun<iaih~tals oan be shown by the ;-phase balanced phaeor 
syatemot the first order (Fig. 2l (8») 

~. - -_. 
J.-~~--'f?-'--~--- .... ---.. "-...... ~-:--~.,...:.:..:..-->--:----",~--- ... "~~--:-.-...... ____ .. ~. ____ ~ .... __ "' .... ~~, 

'i:.,_ 
" . 

......... , 
-. 
.. :~.;-' ...... ~.---.-"I: .... ~ 

,,'t' :" 

," 
~_J. 

.... , ~'.-' \"':.' 
?'-, ~;;, \. 

''''-. . 
:'t" 

" >;- ~"' •. "--"}o> 

' . 
. ,' ': 

'\ 

" ~ 
. '~ , 

Similarly, the'terIllS ot the second harmonics canaleo be 
shown by the 'p~Bitive-sequence system ot the seoond step 
(],ig.~ ?2(b}) and etc. 

~~ But· in a ~-phase system there is only 'I different 
syate1!l1i', as the 0,1 •. 2, • ~ •••••••• (~-l) th order. 

The system of the 9-th order is equivalent, to the zero­
sequence. system, and the system ot the <Vtl )th order is the. 
system of the first order. 

In: general J if . m is any integer and hi.gher than 1., 
then thus system is equal to the system of (m-9') oonsequently, 
it may <be expressed t.wt: 

i 
J 
'I 
~ i 

:01 

.I 
.. 1 
.J 

• '.J 
1 

1 



30 _ The'harmonics having the steps n = 1i!j-l = (k - i)9'+ (9'-1) 
form a 1-pha se posi ti ve-scqup.nce system. (9'-1 )th order, 
thaj;.:.is equal to 1-phase negative-sequenoe sys,tem. 

As a:" s~~ple. let fa talee three-phase condition. The following 
rule may be prepared by assuming the fundamental terms form 
a positive-sequel'iOe systam.. 

, .. The ,s~eps of harl!lOnics· 
}-- '!he st epa ot the s18 tam. whitfh 

1 4f:r 7 10' ••• ' •• is ~nned posi tive-aequenoe . 
:': system of the first order. 

. ;,. 

2 5 , g 11 ••••• A pos .-seq. syst. of the ..... seoond order 
, -

.. -_. 
-it or 

a neg.-seq. system of the f'irst 
[ order 
." 

3 6'; 9 12 •••••. Zero-sequence system. 

> , 

In oase: .. of four-phase (2=4) system, by assuming also the 
fUndamentals form a p'siti ve-seQuence system of the first 
.order. ~he foilowing rule rmy be obtained. '. 

The f?teps of harmonios 

1 5~:' 9 13 ••••• 

2. 6 10 15 ••.•• '. 
~ 

7 11 15 ••••• 

'. 

4 8 12 16 ••••• 

The steps ot the system which i& 
fOl"JUed. 

A pos.-seq. system of' the r'irst 
order. 

h pos.-seq. system of the seoond 
order. 

A pos.-seq. system of' the third 
order 
or 
a neg~~seq •. system. of the first 
order. 

Zero-sequenoe system. 

, 
6. The' Results. Now, the following resu1 ts. my be written 

for the'three-plurse system. 

If the emf's of a three-phase system' are produoed- , . 
into the delta oonnected winding gro~p, th8ll 3th, 6th, 
9th ._. etc. harmonios otthe emf's addln alg~b~10 
and 8 oiroulating our.rent ex181l into the deltaoonnect-
.ed winding group. The ergum~t,ot thJ.s OUlTent 4.e}fen4,$ 
t9 the' zer-seq~enoe impedanoe ot'the w1n41ng .}!lnce ~h~ 
impedanoe esp$Olally' 1n~e rotating _ohinvT' ~. ,!~ry,~,:" ':'~"fi . 

.... -
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small, high c.irculating .ourrents exist due to this emfts. 

20. It- :the emf'a-is produced into the star conneoted 
~'Jinc.t:i,ng. in th~t case 3th, 6thj-; ••• harmonics doesn't 
'erl'st into the line ,voltage. 

7. l~nsinuDodinl unbalanoed Eoll-Ehsse s~tems 
~ - ( 

In~'a three-phase unbalanced system each harmonic having 
. anystePB forms a posItive -, a negatIve- and zero sequenoe 
systeIll:l3,~ . Hence in a three-phase system the (3-6 •••• etc) tqe 
harmonlcs are produced 3th, 6th •••• harmonics into the line 
volta.ges. 

(~ , ... . . 
~~,t 1 
,", ;. ,-
~. .~ 
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GEl:v1m.AL INSTRUCTIONg ABOUT THE ROTATING FIELD 

1. The~6:fi.~s,truotio;"n ot the magnetic oircuits ot rotating 
rraohin-ery •. The field distribution in'sEaee. 

. A rotating ,maohine consists of two armatures with the 
, same .axis. and separated by'an air gap. Either both or one 
of, 'them l{8ve ooilsin, slots. Th,.s vlind1ng distributed in 
space so Iwthat th.ey form the tnap-.netio poles regularly. 

The ~length otthe 
arch '6 be.t:w.een. two pi. es . 
axes is oa11ed pole pitch. 
If-~the ntitnber .. ot 'Pole . 
pairs of .arma'ttt're is 
- f' 
equal totP, the ;pole 
pi tch is ~, 

'b: ~ 2fT .,rr 
2p 0 P 

.' 

. fIG 23 
'", . 

(65 ) 

Theseoon4armature may be a smooth 'phase or salient pole. 
o This' arma~'ure may ,have ,8 distributed Windings in slots or 
a ooncentratedwinding in the salient pole. 

~.:.~~ 

'file 'maximum. value of the 1'1 ald, is on the' pole ax·es • 
. Under the'·:.'qpposite·pOle axes" it has opposite'value and bet\veen 

two pole ~:iesi8 'zero. 'the, field 'in spaoe around the . 
air-gapof!a~nges periodically; its period is equal to double 
of pole pitch; that 'is " . 

o,r:, @ :: 2 rr : 20' (66 ) 
'c ", c" P 

'.~ .. 't 

Such a periodic wave oontains any 'number of spaoe harmonics 
in additioq t9 the 1'undamental of amplitude B, and let their 
ampli tude2be B' " .. B" t ••• etc • It the coordinate atis is 
taken through the o enter ot the pole, t(-p9) '&is 1"{p9) and only 

'. cosine tel"IDS are present. Further. since f (p9+m· = -:f'(p~, 
only odd harmonica are present. It may be written that 

o • 

r() 2if,ca 21r..o 
JJ (x) - B oos -~ + B' cos 3 -"7r ..,.~ 

< - ,2~' . 2~ 

or ~ ". c~ 3 iT' 4J + __ 
. (x)" = B a os ~ + 13' 0 os b ( 67) 

i. 

. ; . 
,. , 
t,"'­, 
, . 



K".o/>:phasearmature with 2p poles may be obtain 'by 
distribl.tting r:l phase winding, whioh-are separated eaoh 
other- b#- 2a and everyone has full pole pitch. . . T . . 

Let's.' oonsider a three-phase arnsture: . 
The pole axes of the first 
p~se alt" Nl.si. The pole 
axes of~the second phese 

r . ". I-'---'~''''''-~--''':-'''''''-':'-·-·-·· , 
ere dislvlaced by . 
M = .21l"~ tram .thepoleaxes T )pt<, ;'. 
of the f~rst. phase. And 

-. t.ho pole axis of the third 
pll.8se displaced 

·'U :lLTI:4rorri ."t1lef'irst phase. 
3 . JP~ .' 

. If· the' cipordinate axis is 
taken tllrough the axis ot 
the firfit phase and the 
clookVds's direction as a 

'. ~:ositive:.dlreotion. then 
the fiel~ produoed by the 
windings;:'are, 

:~, < 

' .. for the *~.rst .Phase,':Bl (x) 

for the ~ ~oond: phs s e .:8'2 (x ) 

I 
I 
I 

! 
1 

~"i J. :J! ;.j 
'0 

~ • -------+ .. , ._ ..... 

1:\ ---A; I:-b ..• :-l!~ ,~ .... 
, \ <! _ ...... ,;..-' 

. , t .. 1 ~ .. ..1 .• 

I 
I . 2'; L--. ...... __ ............ __ 

',' 

for the .~j.lrd phase, ~3(X) • B3 aos 

or in general for k-th phase ot a ~-ph8se armature 

tBk(X<}~:-dik oos (pg -(k-l) ¥> t B~ aoe(3pQ -)(k-l) ~~ + -', .. 
:.' Z . ~ (68) 

. ;; .'­
;: ~. 

3. sinusbldal rotating fields. (5) !nree-EhSA8 armature 

Consider a three phase 
armature and take only 
fundamentals and nqglect 
the hermbni os. 

If the second wind­
ing 1s displaced in the 
positive direotion by 
.21T trom' the first Vllnd­
ring, third winding 1s 
replaced also in the seme 
diretltlon br lt1l from the. 
tirst one J b13 taking 
the .ans '~ot the first 

f . ., .. "'-"'-~"",.~---------':"" ......... -•.. ---'----.,...,-
~ 

-' J" , . 

. " 

:.\ 

' .• ' 
." \ .- " ;, 

,." 

~l~ .. 4 
i l., .!: . . ,'. , I "' 

• I··', 
o"~B '.' (:'16,- 25" . 

. ..: ~. 
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phase as ordinate, for 
expressed as follows. 

given time three' fields maY' be 

~~(~r'= Bl co~ P Q 

~2(X): :B2 cos (pQ - Tl 
.~ @3(¥) = B3 cos (pQ - ~ 

.rr 3 . 
~ 

(69) 

These form a positive sequenoe system ot the first order 
in· the o<?mpl'ex plane. 

'~.' If·~tha second-winding is displaoed by 2.11 in the negative 
dlrectl9<nffom the first winding's third wldP ding 81so is . 
displao&d by li.J[in the same d~reotion from the tirstone, 
similarfY' 3p the three field are: 

. if 

@lfx)' = Bl oos 

rg Z(x) -: '92 OOS 

$t(X ):B3 aos 

,~ 

pO 

(pQtZ!) 
:3 

(pQ t lLrf ) 
. J 

(70) 

Thili,li these three fields form a negative-sequence system 

j~.;..: . 

,'. ' 

in the ctomplex plan. ": 
.. " '! 

,0;-;, 

In[general it may be written 8S: ;} . 

$ (;~.'.) = 31 cos pQ 1- ~ . 

(pQ _ m211) 
. 3 

(pQ -2m ~ 
. 3 

(7l) 

where, if the phase rotation is in the positive direotion 
'm : 1, if the phase rotation is in the ne~tive direction 
m : 2. ~., 

/. 

Consider now three windings are exol ted by the 
sinusoi ~al three-phas epurren t systems.· 

for first phase 11 = I)d oos (wt - r) 
;:::. 

.12 = ~ COB. (wt - ~'" m' !!f) tt second I, 

. 1) ~ X. ooa. (1111 -tf-'2ln' ~ tf third n . 

. ~ .. . . 

, 
.(72) 



'If' the currents' form 8 positive s,equenoe system, m' = 1 and • if the currents form ane{!stlve ssquance system, m = 2. At 
last oOlJEl.J.der that the field produced by each winding is 

,proportional to its currents. 'Since all the viindings are 
id.en.tic.~l·, using sameconstand, it :may b~ written as: 

(73) .. 
w:q. ... ere' cqns tant A depend-'=! the number of windingS, the 
length qf the ma?petic oircuit and the kind at distribution 
of'the '.vindinge, ••• et9, then we shall determine its 
actual value • .. :- ~ 

. Henca'; (i):': ' 
, . -; .W"l(x,t): A, ~McOS p Q .cos (wt -Cf) 

! --- .. A: [cos (;1It wt - '1') + cos (pQ - wt -I-'f) ] 
f, 

@~(;,t) = A IM oos(pG -rot) cos (wt ~ m' }.-f) 

"A ~l.1 {cos .r pQt wt - ¥<m+ m ') - If J · 
+ DOS {PQ - wt - ¥ (m - .. l+ '-P J} ) 

.:; :-.,; , 

'i ::.< 

The field;, at any ppint in space is equal to the sum ot these 
three fi ~,ld • tha t is 

fB 1+ ft2 + $3 
, , 

if ~= m, that 18, if tho rotation of the windings 
in t.lJ.e air gap is the same the phase rotatlop ot the 
ourrents in time , 

mtm -2 -
'r:' t 

or mtm .4. 
" 

and 
,-

;.' 

. L>. 

f: 
( 

" 

~~:'.s.~ 
:';"',,-' . , 

.. : ~ 

" ~ .. 
' •• j 
/~ .' . ., 

!ll 



oos (pCH-"t - <f l + ODS [P9+ wt - r -(m';m 'l f l 
~,:,~-~ •. 

, ,:" + OOS [P9+wt -Cf:(m+m'l ~ ] :; 0 

COB (p9- wt+tfl + cos [P9 -wt+ 1 -(m - ~ 'l f J 
, ~ r "+009 [pe -wt+ T -(m - m~ l ¥] 'r 

_. It. 3'008 ":. (pG - wt+- tp ) 

... --" 
The re~~ul tent field therefore _is: 

@ l~tl = 3 011 oo~ tp9 - (wt - 4' l ] 
2 

(75) 

This equation indioates a rotating phaeor, it's a~litude 
is oonE(tant and rotates in thepositlve dirsGtion wlth 
angular;'velooi ty of !!. 

, -:. P 
-"",. 
~;,~, 

.,,;~ 

20 • If m]i .m', . m:1 and m t:: 2 or m = 2 and m 
1 

;; 1 
tor 1:)oth·. case 

.:: . ..• 
, 

l1l+m = 3 
• m -m: 1 

Hence 

009 (PQ:~ wt -.'fl+ oOB [PQ - wt + <f - (m - m'l -f) 
t 1\08 I p9 - w1I -+ 1- lm - m'l ~ J 

~. . . ..; 

oOS (pee_ wt - tf l + oos [PH wt - 'f - (mt m' l t1T ] 
-I- oos LPQ -I-wt - 'I' - (mim') 'T] 

.' 

:: 3 oOs~ (p9 + wt - <.p ) 

and ;3 A Xu 
2 

= 0, 

(76) 



~hls is the 
-- -; - ~ . 

W-,,-''''K.-

a.mpli tude' 
• .,.. .. L 

wi th angu~la~ 

~ 

expression ot a rotatingtleld, whioh has 
.31~ It.I . 

"and rotates in the negatlvedlreotion 
2 

velooi ty ot -...'!. 
p 

h~ ~ef·polY-J2:h.!lsearma ture 
r 
kY 

. . In~ general, consid.er a poly-phase armature whichhas a 
'l-phase"synLrnetrical winding axoi ted by a cj. ph8se balanoed 
curr~ntJystem. Let In.is the number ot equal arch, , 

- .... ~ .e ll.!. = .al, between the it-tho and {k+ l)-th winding. 
p . 19-~· 

. J'-' 
'!if 

T"ne pos~ible number ot steps iin the posl tive direction is 
(9:-1). "ha~ is 

m = 1, 2, -------- (1-1). (77) 

On the other hand. l.et ..m "ls the number ot equal aroh, 'l.!! ~ 
betWeen~kth .'~ and (k tl).th phase ourrents on the 1 
oomplex:;plane. Aswa know, the possible number of steps 

, is aqua);, that 1s 
f.~.~.> 

i . \-. 

2 ••••••. (~-l) (78) 

Now, fOr', ~ny time the correspond.ing eqUfl'tione tor the 
fields are: . 

~r$l(X) ;. Bl cos P Q 

•. t8.2(X) = 131 cos (p9 - m £E') 
',~ 3(X):: 33 cos (p9 - ~9 fi 
.... ~ ~' 

:;;'~. ---,----_ .. ---_ .. _ .... __ .. -.. -..-..-- ... _-.. 

;f)q(X! :: B'I GOS [PQ - (>1-1 ) )it ~J (79) 

and the.<? urrents through the phases ere: 

~. 

11 = If..I oos 

1
2
': ia oQS 

1) = ly oos 
. . . 

-~-~~--~-~-~~~---~-~~-

(80) 

; ,­

;;". 

F' 
f:~.' -. , .. -

f~t';f~~ 
" ,-I . 

_' ''" :::1 

r~i?',j 

.. ~~~ 
::~ 



IIence, the resulting field is: 

'~ 

; :111 -f- Q32
w 

-f -+l1r 
.,.. .. 
'Ii 1M [ l' J = "2 cos {pQ+wt -tf. 7 +C05 (pO - wt i- 'f )" 

t t ~M {COS [po~wt - ,,- (~+O1') ~ J 
.! + cos [PO - wt+ If - (m - m') fJ ] 

+ :'Z"_Ioos[ p9t wt - cr:- 2(m+m') fJ 
i .. 1- aoe [ pi - wti- tf - 2(01 - m' ) FIrJ J 

, kt - - - - -

+ l ~ {COS [p9 t-wt - r- (~I-l){m+ m') ~1r] . 
K + aOB [PO - wt+1- (~-l) (m- m') fJ] (81) 

J,'" 

10. ' Vlh~;e; ,m and m' are integers between 1 and (g-l) , 
0, 8~d" (~-l) respectively. 13e1n~ a any lntrger number 
(may-ce a • 0, a = 1), if m - m • ~g, m+-m = 2m+a2 
is ~',r~o any integer, sinoe m is not zero. 

Thus· 
" ; ': 

.' : 

',' n = 2-1 

L oos (82) 

n :: 0 

Be'oalise this algebraic series shows a closed regular 
po1igon h~ncG th~ BUIDe of the projections of its sides 
on any axis 1s zero. 

. ' 
, . 

, ~ 
,. 

n.;Jtl oos [p9 -wt - r- n(lI\ - m') fJ ~ '.{ C08 (pO "'!'t+~) ;, 
!-~;' _ .... ; 

! 

trom which 

:"13 (x,t) = .1Alil 008 [P9 .(wt -f1] 
,. 2 

(~) 
" 



, 
Therefo~et if m - m = ag and in private for (a = 1), 

, that is,' if rotation ot the windings on the erma ture 
and ro.tation of the phaseourrents are same, the resultant 
field ili":a rotatlng field whioh has oonstant magnitude ot 
! AIM ",~hd rotates in the positive ;otation with, angular 

, VJ 
velooi ty of· -. 

" p 

o. t d ' t t 2,:,. I:r&~ +m :: s, J m - m = a9'-2m is any integer differs 
from zero, then 

,I>:Y 

n~- 9-1 :It OOG ~Q - wH tf- ~(m - m'l ¥'"J = 0 

n'u 0 .. --* 

from Whtf6>(x • t I • ;AIy ODS [ pQ + (wt - cr I] (84J 

The~efor_e~ if m+ m' = a,/ an in private for ,(a = 0). that 
if th~ ~lt~ps of tlie windings on armu ture end the' phase 
currents? ilre equal, but their rotations are opposite' each 
oth.er t the total. fieldgi ves a rotating field whioh has 
oonstant magnitude :l. ' 
'" "":" 2.AIu and rotates as in the negative 

direction~ t91 th angular velocity of -.!!. 
, ~ p , 

is, 

3°. At ~~e same time, if 
the two :fsum of the' cosine 
field (IJ =.0) is zero. 

"-1. ' m +m T a2 and m - m::/; e,'1. then 
terms are zero, hence the resulting 

Poli:;'nhase symmetrical armature with 

.As 've know, a ~-phase unbulanoed ourrent system may b~ 
resolved into poly-phase 1 systems of the 0, 1, 2, •••• (2-1) th 
order. When such an unbalanced ourrent ~'ystem is passed 
through the ~-phase winding of the symmetriesl ~-phase 
'armature~ot the rlrstorder (m. • 1). the ~urrent system. ot the 
til'St order (m' = 1) produces e rotating field in the positive 

) 

~" 

r.:r 
• r.-' 

~ . 



, " 

direotion, because lnthat oaBe m - m If: O. The ourrent 
system of the m' .. 1-1th order will pJ'oduoe a rotating 
field'-i_;!,.:. the ne&1tive direction, beoause m+m' 11: 1-

. ~ . . .,. 
,,:·,A~·-laat, each of the current systems ot the m' =0. 

2, 3, -'--,---:-(51-2}th order produoes fields; but their sum 
always zero,. because in that OBSes m+m.'-t-a'1 and IIrm.'=I= 8'9 • 
. ~ NO~t consider a three-phase balanoedarmature windines in 
which up-balanced three-phase ourrents passed. 

r 
w 

The positive-sequenco oom.ponents of the ourrents, that 
1s the syetemof the first order, prodilce a rotating field 
in the p~sitive direction. 

The negatlve:"sequenoe components, that is the system 
of the ~econd order, produce a rotating field, whioh rotates 
in the ~egative direction. I 

~ . 

Th~ zero s eQuenoe components produoe fields j their sum 
1s always zero. . 

'!he clre.:ulur and Elliptical rotating. field 
;~::-' 

As twa know, thetield produced by a balanced poly-phase 
clrou! t \:18: ;/1 (x, t) = Ilt.! cos [i + (wt- ~)] (S5) 

Thls;reeul tant field fray be shown by a vector of 
cons tant~jWJ gni tude EM and argument + (wt-f). The tip 
of thisphssor dbscribes a airel,.. 

-
Nt)\,,:,ponsider a field 

produced~'by an unbalanoed 
current ~ystem; as we 
studied ~Cforet it oan be 
divided ~nto tr~ocomponente 
one of' which may be indioa t­
ad a rotating phasor in the 
posl tive dirac tion, 

, IJ d(X, t{) = BMd oos pG - (wt-Lfcl) 

and its coordinates 

xd :"1\1d oos (wt r d)~ 
td :~l\td sin (wt r d) '. (86.) 

r, 
• t·," 



Xi ='~i oos (Vlt - t1) 'r ~. c 

01 
'if·· 
~. 

:"1"li oos (wt - fi) (86) 
.; 

.• :' "41" 

Their reaultant is an 
- ..el1iptics'lly" rotating field 

whose ni'gl1it.~!1e clianges frOIll 
point' to.: point as the rota­
tion oodtlnuous. This, resul ... 
te.nt fii\l. d is 

:{"/J f) /J 
!:' [/J.= fj.J d + (Pi 

its ooordinates: 

(87 ) 

X :W, Xdf Xi = (I\id oos f d, + 1\11 oost 1) ooe wt 

::> 1-- (~d ~i -+ l\u.e1n 11) sin Y't, ' 
. , (-

y : Yd:~iYi :-(l\1d oos etd - I\{1 cos Y'i) sin wt 

"r-_. + (BMd sin f d - 13m sin 1 i) oos wt 

or taking 'ct l.{J. 
" ~:t~n 11 = _B-:n:.;:'d:::.--Si_n __ d +----:;~=i __ s_ln_, ~i __ 

~d oos r d - \U cos if i 

'.~n ~ 2 = _i1-:;::4i~o_o_s _'f-=l~-_,1\1~·l ___ C_os_f..::i ___ _ 

BMd Sin? 1 - ~i sin Cf 1 

, , , 

, " 

'] = J '\:/ + l\t12 + 2 I14d ll;!i cos (id - 'Ii) I 

its 

Q. = j~l + 1\x12 - 2 ~d 1\11 000 

aoordl.nates: 

X : ,Poos (wt -/1) 
Y = Q cos, (wt - f 2 ~ 

{~-fl)l 

, , 

(88) 

" ~ 

: 
.. ; 

I 
" 

.j 
.i 



It may b.e Baen that the tip of tho phasor having ooord1nates 
X and Y desdribes an ellips.lntaot Eqs. (88) oaD be written 
ss rol16vJ8"~ i ~ 

~ .. 

.,. ' ..... x(), 
~ = cos wt cos rl 
y + Q = cos'wtcos ~ 2 +sin wI! . sin! ~ (89) 

10" 

Multlplyi'.p.g first equation by sin f2and second equation by 
s~n f 1 and than sUbml tine one t"rom the other, we obtain 

~ s'in' wt; (lin ( ~1 - f 2)= ~ . coo 12 - ~ OOB (11 
._. Q 

simiiarly~ multiplying first equation by sin a2 and seoond 
by ai·n (S 1 { and then s ubinkting bne i'rom the O~her. we also 
obtain. ~ , a a Y 

. -':~os w sin (r1 -(2). ; sin/? - q, sin 11 
Let's square ~q. 90 and 9'1 than add them. 

, . .' '.. ';, ' X 2 .' y 2 2X Y 
, . sin

2 !~fl' - f2) : -;2 + (:,2 - ~ oos <fl --12) 
c t~.~. 

This is.t h'e,' '=lqml'tion of an ellips. 

Sin&1e..;.phaae Ar.r.l.8ture. 
, , 

A singre':'ph~se armature winding, oarrying the current 

(90) 

(91) 

(92) 

I, oan be consider Be a three-phaS6 winding oarrying the 
currentst1irot1gh the first phase II as I, second phase 12 = -I 
and third ?lv:~ge I) = O. ., 

'-:. 

In the, 'preoeding aha ptar we snw that the pos!. ti Va and 
. negative sequenoes of. such e ourrent system aloe: 

I I TI 
Id ':: ~3- (I-a) = 13"- 6 

12 Ili- . 11 &1:;- (l-a.) = p "6 (93) 

The poei tive and neg8t~ ve sequences have same effect1ve values. 

~ • > • , 

,'.' 



" 

Therefore, the single-phase armature prodlloes' two rotating 
fiselds, one of ~hem rotates in the posltlve-, ,_he other in 
the negati va direotion; the !tlag,nl tudes of two fields are 
same., ·L.~:t the inetantaneousvalue'~o:t' tho' ourrent 1 = 1M oos wt; 

, the ~'ins:tan:taneous values of two oomponents are: 
" . , I M " If. Iy' 11 

id=,FCOS(wt - 0),11 = pOOS (wt+-r ) (94) 

, ' 

and that-expressions ot two fiel:dSare: 
r _ 0 ' • 

If) W '.2... AIM [, ff] 
V.J.d: III" 2 .[3009" ,pQ -(wt ~ T ) , 

'If) -:' ~ ;', AIA~ " [ '-rr ]' 
"U.)i"=~ '/3'~' oos p9+ (V/t :.t-T ,) 

,;~. 

The ell~p5, 'Nhich' i~ drawn by the ,tip of the resultant field 
ph6f!or ~im.t.ts to '0 ,aA:raight: line; because in that oase the, 
aroo.ll axis' 2 (i1Md - lO'M1) is equal to zero and the max1mum 
magnitude of the resultant field are equal sum ot the . 
ma5n:t'~ud.:s of positive-. And negative sequenoes. 2lind = 

.7 

,The pOli~pha~e: armature windings. which is distributed, 
'~' , , , . 

sinusoida'l:11 in.' space. wi th a 'ilonslnusoidal balanoed poly-phase' 

,ou:rr~n~ ~j;e..!!!. 
Con'~£der '5 !I--phase armature winding ot the'm-th order, 

whioh i~ ;J~ci tad by a nonainueoldal ~-phase ourrent system • 
.AS We saw 'before, if 

, 
: ,'.; m· n - In';: a:1, 

than all 'the harmonics of the n-th order produoe rotating 
fields, It§hlchrotate in the pOSl tlve direction with the angular 
velou:l ty i.of nw • 

" ';;;.T 
It m: n f1il :: 82(97) 

i,n that case, all ,th~ harmonios of ~he n-th order also 
produoe ~otating flelda,.·which rotate in the nogative direotion 
with the·angular veloei ty of - !!!. • . , p 

All the other harmonica produce pulsaitlng fields, their 
Bum: is always ZI)l"O. 

, , 



For instanct3,' lat's constder a three-phase winding of the 
first order and exict this winding with a three-phase 
currentsysteni ot,the first order. ' 

Let'scotisider a three-phase windln~,and excite it by a three 
pha se<nQMinueo1da1 current system. In that oase 

(8 =0, 1, 2, ••••••• ) 

that 1s: n = 1,4.7,10,13, •••••• 
";;.' 

Therefore-, th~B e harmonics wll~ produoe rotatingfielda 
in the nositive direction; and 

. '" 
': n :: 38 - 1 

that is ' 
n --·? 5 n. 11 _~, .• 0, , •••• 

ff' 
these harmonioa wiIl produce ~otating fieldS in the 
nagatlveidirectlon. At laut, all the harmonios that are 
Inul tip'le~ of :3 will 'produC?e pulsai tlng fields. their sum. is' 
always zero. 

:t~!isinusoidal Fh~ld Form 
;.r 

In gener~J., let's consider the case, inwhloh the fiolds 
produoed','pythe 'Nindlnp~ t which are not distrlbutedsinusoidally, 
in space.~ . In that case, ~ach of thef'ields produced by avery 
windings :In?Y be ,eX~irese ed as follows. ' 

. ~ 1 :: ~;~l , , " 
cos pQ + »1 OOS' 3pQ + Hl COB 5pQ +-. 

(}y 2 ;:'~ BIZ oos 
, 2fT', t 

(pQ - i ) t B2 cos (:3 pO 31E) 
51 .: ff 

: +. [32 
"-

cos (5 p Q - 5 £ ) + --
, ~ 

--~----------------------------------------

;':> 

a, The c'urrent~ are sinusoidal 
. 

First of all let's assWlledthat all the l$indings are 
exci ted by the sinusoidal currents • 

. ;--



" -t.. • _ ..... 

Subetitu1ng the currents in Eqe. 73, tor any oomponents 
, space' harmonics of the field form, say the k-th, .. 1s ,then 

ot the form 

.~ /f] 1 (k) = .AIM OOS (wt - '0 cos kpQ 

't@, (k) 
:: 2 

~~------~-~~----~~---~-----~-~-~--~----~~ 
'" B ,./':.) = All! OOB r wt -(9'-1) y -U"OB [ kp9 -kl<J-1)¥ J 

f (99) 
y 

i 
It will b!~ noted that eaoh term product ot thetorm oos x 
oos y v~hich 'oan be wri tten 

,(OS xaos 11 = ~ [cos (x - y) t- OOS Ix +y) J 
Henoe the:.~abov~ expressions are 

Ii) (k );. I' [ cP", J lD 1, (~: = A 2J..'[ oos (kp9 t wt , - .' ) + OOS (kp9 - wt + cp) ..) 

If) (kf ~ AIM [ "+ cp + 21r.) 
(Jj 2' :=~ F""2 oos (kpQ wt - I -(k 1) ~ , 

+ OOs IkpQ - wt+l/-{k-l) ¥) ] ) 
~~--~----------~--~---------~--~-~--~----~--

{kpg twt - c.p -(k+l)(9-1) f} 
{kp9 - wt -+ <f -:(k +l){!l-l) T ) ] 

The resultant field of the k-th harmonics is 

+ cos 

d3<k) .. {B 1 (k)~2 Ik) t ----------+li] :tl 
10 • If k :. 1 :/= a9and k f 1=1= a9 (where a' is any intege't) 

In that oase, as we indioa ted before this harmon1c~ 
does not g1v~ any rotating field. 

2 0
• It k-l :I a!l and k t 11= ~, the res uJ. ting field 1'I8Ve 

therefore 1s , 

(100) 

(101) 



'1. AIM 
' r,{~), (x,t) = --_­U5 2 

(102) 

jQ):i.} , 
That "is,:'.the equation or a rot~'(1fl'ng tield moving by ...!... 
in the'" same direo tion or the main'''f1eld 'kp 
(f"undamental) • 

)0. It, k t 1 = ;a!i. and k- 11='a7, then 'bhe 'equat1on 
becomes' " 

' .. 
l' n(le) (x,t): '~AIM C)os (kI>9t wt - 'f) (10,3) 
~' ~ " ,~, w' 

this sftows a rotating field moving by n' 1n the oppos1te 
dlr~otioD ot the tundaDlenta~ tor'instanle, in oae8 ot 

--..~tllree-pbase armature 1, 7. !J3
" 

••••••• th 044 harmonoB 
produce ro.@.-ting'fields by the angular veloo1ty ot 

it w w W I 
1; - - - ••••••••• : (104) : • 7 '1) II • 6- P 'p P , 
'I ' " , ' 

in the/same direotion; '. 11,17 th h:arm.onio8 preduo'e 
, rotat1ng fields by the angular vdoclty ot 

w w w • 
--- t --- , ---, ••••••••• , 
;p "llp l7p " 

(lOS) 

In the ,oppqs1te direotion. And all harmonics, that are 
mul~iplfes 'ot 3, 'don't give allay rotating fields. 

, Whfl-e thetunda.menta1 wave produces the useful , 
torque', ?the harmonios produoe paras1tio torques. BODle 
at thea e ~torques end to dri va the motor in the sao direotion , 
as the, tU~Hiamental and some in the opposite direotion. 

Ih. addItion, to theparasitio torq,uelt, the harmonios 
may produoe :vibration in the oore, causing undeSirable 
noise. and also they may produoe addItional lOBsesin the 
iron ancti in the oopper. 

~~., 
,.' 

b. Nonsiiiusolda1 Current Form 

, In general the ourrents, through the, armature wind1n~ I 
may haV8~harmonioS. Now oonsid~ing the hBrDlO~os ot the 
field curve 111 spaoe and the harmonics of the ourreats, it . 
ID$1' be wrl tten 8S to 1 low : ' 

B oos (Iwt (106) 

,~~~ 
"'i\'?i:" 



, .... 

(Where Jl iethe order of the ourrent harmonics) 
By adding thea-e fields in the different phases. we 
obtain rotating fields i which rotate in the positive 

. S.nd ne~'i ~e direction ·by velooity ot i. .' . 
~'. 

(107) 

-..rhe terms having i = k give the rotating ,fieldS which 
. rote.te~at the samQ speed as the tundamental. 

r 
.VY 

... 
~\; 

·.~·~~i 
~f~i"( ~1 
t':~"',1.~;~ 
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THE POLY-PHASE' INDUCTION MOTOR 

, The 1n~uotionwmotor waa invented by Nikolo, Tesl. in 
,1888.,' 'It:dl.t:f'0re from. most other t1P.Q8 ot motors, 1n that 
'no durren.t·,ie oonduotedto oneot the atator or roto:r~ 

.~.. ",..~, 

': Th~i~~~rent:in the, stator or rotor results trom an 
induotfd{voltag~ and tor that reason it 1s oalled an indllo­
tion motOr. Induction motor" aresoinetimes oalled as 
88 yiioh~onQl1smaohinea. ' , 
. :~-

~ c ~ < 

Induqtion 'motor's may beei thor s1ngle-phas e or poly-
phasema~1p.nes. Therear(!<two principle, type at ',POlY-PhaSe 

.1nduot1onmotors:. (8) the liquirrel cage. (b) the wound­
,r-ojior~maohine. These' two maohinesare very muoh the same in 
,either principle ot-Operatlon. Dif'f'erenoes in oonstruotion 
p.xist iI.1,the· s~ondary., In two type machines the stator 
~lw~:l'yal1B'1!~ a·, poly-phase ~lnd1n~. In the squirrel-oage type 
rotor oon4uotors evenly'spaoed,~round the periphery ot the 
rotor havfng their endsshort-olrcul ted ,by oonductors in the, 
form ot el{d rings. ' The wound rotor is pronded w1 th poly-

'phase windings that are slm11arto these of" the stator.· The, 
rotor must be VJound f'or the same numbeJ:of' poles as the ' 
stator in :which 1 t is to operate. 

'In practice only three-phase motors are used. In that 
case, theatator has a three-phase~wind1ngt rotor in case ot 
squirrel-cage type has' a 'squirrel cage, 1n 06se otwound 
rotor typE(has a three phase ''linding. Stator winding may be 
conneoted in star or delta. 

, ,-

In F1~g; 28 the donneotion diagram ot three-phase induc': 
tion' motor: tor bothtype8 ,are shown. 

, The stator....-:-w1nding is oonneoted 
to the, three-phase line. The 
main "purpos ~ot this winding i8l'-'':'''~ " -'--'-,~-'----~"" ,',' ,.' 
to .produ~e~'~~ rotating tield. I ',=-==.}t·;~~~:·= '" ,::'=~~T :'-:~-~-:, 
, ,If P if) the number ot 1'----·"l-t r- , ,·--"--1" 1 " . 
s,tator pol¥: pairs and f'l the I 1 : : '1 } 1 
frequ9ncY'~f the l~ne ourrent, I /-:/ .I l-i / 
,the speed ~t ,the rotating rleld I 1\ 11 "; 
or synchro~ous speed 18 given 1\, ' ! ! 1 t l" 

b ' : , I I 

Y , 60 tl I' ;, ,~, \ . 
Ds :;', pi'? '.? '; ;' ; 3 ,,~ '.":, 

i '", , :'\"_~:'I '( 
\." ,j-jL, 

n:J,2d,. Lt~ 
. /~&"..:~jf\~t;··';,» 

~. -." 

( 

(,' 

to" 

.~~ . 

I: 



This rotating field produoes the ourrents in the rotor and 
at the same time this field .exerts a force on the ourrent 
carrying ~onductors therefore a rotating 'torque on the rotor.' 
The rotor travels and ita speed inoreases, but it oan not 
travel at exactly the same 8S the rotating tle~dJ for under 
this coridition the rotor oonduotors would be stationary 
relative 'to the field and no voltage "could be induoed in 
them; .:oons"equentlY the, rotor then would carry-no ourrent and 
no force would be exerted upon it thus the speed n' ot the 
rotor, must be less than that of the rotating tield (ns). The 
differenoe ns-n is oalled slip; but it 1s always expresQed 
in 'pej['oen~age, ot ns t the t is, the ,sllp S ot the rotor 'wi th 
respect t,p the rotating field isdef'ined 8e 

r 

;- . s ~ ns - n , ( 109) 

.>!:.~\r k ns 
At- rio:'10a~~ the slip is almost 1%. at the full load J;;% • 

. The t'~equency of the rotor Qurrents depends to (ns-n) 
and which~1s given by , . ~ , 

~' t2 = 6~ (DS - il) (110) 

Introducing Eqa. 108, 109 intoEq. 110, . the result is 
, '. 

(111) 
;: 
~,,~ 

E.M.r. and?,::,Crurrent Relations ,. 

The E~1,S induced in each phas~ ot the rotor and stator. 
due to ro~t:ing field will be given respeotively by 

and 

?y:_~'~"'El = 4.44 flNl kdpl ckt 10-8 volts 

" E2 = 4.44 t2N2 k dP2 % 10-:8 
tt 

"'~~ 

E2 fZ ~2 kdD2 = - - = 
= s N2 kt1P2 

:; -' El fl Nl Kdpl NJ. kaPl 
~ .. ~ 
',f~ 

N2 kdP2, .; . 
• _of" 

E S -2 -.'''; 

~ k dP1 :( 

< ' kdpn = ~ kpn A kd 11 

kdn = distribution factor 

k pn = pitoh factor 

N1N2 : turns in series per phase 

(112) 

, ' . ' 



. ~. . 

Under standS.till oondition, 81noe s • 1, 

,N2 'kdp2 • IJ. • oonst_ 
N]. kdPl ' 

":: ... when the slip is S,t the Ef.m.f' o"r rotor will be 
'.,.. ... 

. I 

(ll)) 

E2 :E20 .8 , (114)! 

It R2 is the res~stanoeand L2 the ooetticient or selt-lnduo­
" tiOD per phase due to the ,leaxage flux of the rotor winding, 
'~·th~nf~~ any slip 8 the rotor ourrent 12 per phase 1s 

I,' SE20 
,2· ~.--------~----
" '/ 'Rl2 of (2-n:f~2)'2 

It 'numerator and denominator d1 vided by- S t 
'. 'c 

f _ E20 
~ 12 --;. I~R~2::::;;2:::::::::::~::=::2::-:c , 
~ '" ¥(-s-) + (2TltlL2), (115)' 

, in the last equation 2Tf:t'lL2 = X'20 ,1sthe leakage reactlinoe 
~ ot the rotor winding at standstill (S=l) • w!len t2=:f'1- Sinoe I 
;." ~ i8 the emf' ~nduoed in the rotorc 8;t standstill', It follows 

, {:' t the rotor' ourrent i"na motor, opera,t, ing ata ,SliP S ,18
j i? .the same as that in a s~tionary rotor having'8 resistanoe 

':'equal, '0 R2 ~nst~d 01' R2 • This in order for the flullas'~w6 
, r: :' S a~ the our:r:entln the statlonarytnduotipnmotol 

,,' i" to be the same In the maohine operating at slip 
;':- ~aareslstance ,having the magni tttude ", ' 

':::" ','0 "R' '0 -',', 

',-;. :Se .. t -R~ = R2 " (1. - S') (116) 
.8 

.. ,:, ~must be o onneote,d' in series with eaoh pl?-ase of 'the rotor. 
"-r. ". _ 

, 'l'he induotion motor when is running, thereto~e ,behaves 
.£:;88 a transtormer with s' pure ohm1o resistanoe. The load, 
?',oircuit ot the induotion motor may be oonsidered as ,8 transf 
;~-'er. oontalns oDlyresistanoeand no ~eaetanoai sinoe, the po. 
,: 'i-ot the rotating 1nduction motor 1& ameohanioal power and 8 
': power oan be represented by a'res,is'ta.nee and not by 6: r~ct, 

;, 'It shot1ld be '~ted that th~ induction motor represents, I 
general ldndot tranSformer; it does ~t only delivers ele9~ 

~ power to the secondary (rotor). as ordi,nary transformer do~ 
,~ bu.t delivera lIl8ohanioal POWf)l' at the- shatt ,at the swue't1me; 

It thereby ,transformers' the trequenoy~andat."the same time 
oan transtom the number 01' phases. 

" 



The EguivalentCircuit and Phasor Diagram 

The equivalent oiroul t of' a poly-phase induotiQIl motor 
oaD be de.veloped"on ~. per phase 'by considering the maoh1ne 
as atranstorJIler. In Fig. 29 the stator winding per phase 
is shown as an ideal prchmarl winding in series w1 th a 
resistanc& Rl ,and a~ constant leakage reaotance Xl with. the 
impressed Pha. se voltage Vl. l'--'-'~\ .,....c -;...,' ---:~~--"""""!"'---------.::--- .' 
It will .. be assumed that tlle t'.', t, ~ T. ~.. I~;:"i:,-
prinary and seopnd~ry wind-i ·i··<-~./\/';./\.,-~·,J'/i·"X}f',.~__ "? \/ ,.< 
ings ar.s partee tly coupled t':' .' . 4 .C, Y " i 
and that the secondary r~sls- I ,! . ...... 

tanQ)'} , R2 are external to " 1 . ,~. ,.~~.; ., 
the "~indfng. The cirou.it haa ~ 'f, -", !.. ::~~,; ~. X20 
all"the,: gllaraoteristioB ot a i.':' " "i}'; ," 

trans:t,ermer except the secon-j '.' , .' , = ... \. . 

dary vol tageE2 and reaotanoei ""·c"-.. :'-'-'-·-.~·f.L---~-----' '. ~._ .. fl.-f., 
X.2 are ·.'~a1;i8ble ,in nature -1.--'--- '-.' c c" f:16 122 . _ . '. 
('l'u.nation 'of slip). .' , < 

" , 

In ~nerrir-tl1.e -~otor 'wi11 \ .;"'. ," . -. 111/S' I". i ..• · .... :. 
move 6nd~have a sllp, the equl-.I' .. '.' /,,\':.C .:\. t,:' 
valent olrou1t oan be form with "1 " I".., .,-' , ' .', 

!~f"hq~t:~~!~i~t:g~i~g(!~; l~;.,-;L· Xzo .\; I 
The ternL~ oan ·be separate' .I' , I 

as tha s~S ofRdRz i l~: I L_______- .. (a).~~.~-.:-.-l 
1~, :~;E~.t ~~E:~ !!:i:it::i~;~;I: -,~ ~.\£ :(\... , ; . u • "~·~,,·l 
mer loadeCl:w1 th a pure (thm1o . ,.c

O b 
res1stan~e;J. _ S) . . I . :,] ;: . rI.(irS{ , . 

RZ • s i ,..." -.J:. 
'.', :,' I . FIG.30. th) , 'l . 

. ;:...;..--_._-----.-.. 
As ,in the' equivalent ciroui t ot the transtormer.all sooon&ll.ry­
values ar..s- referred to the stator. The reduotion tor the 
voltage ~sr " "ml Nl kdpl 

,,~~,' . a =---- (117) 
,~. : .... m2 

" .,..:: 

The rotor ourrent must be reduced by the ratio ot 1/8. 
Inoreasingrotorturns 8 ratio '. ot a and the redutJlng the 
ourrent by l/e will provide the same rotor M;M~ F. . 'fhe 
1mpedanoe~ required to limit the ourrent to this new value 
must be B,uch that the resisten.os is 82 2!2. and .the 
reactanoe/ ,2X2. '!his equi~lent S 
circuit 1s shown.1n Fig.)l. 

! , ' 

. ... ,:. 
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The tOrque developed by-the motor can be determined from 
, the above'~;relationshlp8. Assume'that the motor 1& operating 
at a sli.p';. ',s', its speed 1s N rpm, and developing a torqua , 

,T foot-poUnds. By definition, the developed horse power output . 
1s 2 "IT N "lit -_ Nr liP : ......,.:;;,...;...;;.;.....;:.II!.----

}, , 33 000 ;2;0 
T ~ HP x j~ 000 

21fN 
1b-ft (;1.19) 

" 

.'., 



but the' developed· horse power is 

.... ,. .. 
33 000 

2lrN . 
lb-tt 

I' 

(120) 
. -.1 

I 

. c·· ! 

lb-tt 

33 000 
-;-.' ..... . T = . "flower developed in watts x ' 

. --.:. ·746 .... 21iNS 
"lb-f't 

" . ·'f· 
t; 0 

= ·7.04 watts .. 
RBI ' , 0> • 

(121) 

The' Appro'ximate Eguivalent. Cirouit 
• • .... ,.: c • 

. , The tl.~~O olr~u1 ts in ·Fig 31 nay be OOn1'l9.ct each other and 
i tis" also ~J>o's~ible to. treat ,the two windings as a shunt plrcu1t 
carrying ~~ no-load ourrent .• '. . ____ . 
Such circuit"is shO'tVri in '--'''-'-~-----------' , 
F~g· .. j3. ,'fh:ie" oircuitcan )'.1 
be us'ad' to .determine 'the 
characteristics of the-

. ,'~ '"\ ...... ' 

maohine.. To; 1Il6ke use , of ,. 
, . -.. 

..-""" 

., 
• ! ., 

.: 

the oircuit the following 
muet be, knoWn: (a), the 
Btator.resiat!3nae 'and 
reaotanoe, J1lt :the rotor' 
resis tanee' tabu r.es, c tanee. . , ',ll./(1::!.· I 

{o} the ma,gnet1zing· Ql:U"rent. < . Co $ ; 
This 'o'an be';;- determined from,' , . ,. 
the input,c~rrent at no lOad __ ~._,, __ ~~_. __ ~,;.,.~~~ .. ~:"/~2--- .. :_~_,._,,_._. __ ""; I 

is .uaad'the~;<~~iBtance rn- '" . .', : .' 
The input pQwer is ·thefric- . ' , 
tion,w1ndage;,and iron' lo~s,eB at no 'load. The resls~no$ r 1s··. 
purely: fiatt tious _ It 1s only used to oalaula te the above ioes.. ' 
FOr' approxlma"te oalculations it 1e c also to inodify the oirou! te 
<iiagram9t.,Flg.'33 by ass U$1ng that. the .shunt path' 18 oonnected 
d1rectlY6otoss the voltage source shown in f1g.)4 this prooe-. ' 
dura tendS to raise the voltage slightly on shunt -cironi'and 
woUld bend to indioate a s~iglltly hlghertlux end o~e los8 thaa 
aotually' exists in the ~oh1ne •. At the same t1me. the Ooppel' 
loss in the 'stator will be reduced beoause the non-load ourrent 
no longer tl.ows throu€p' the stator resistanoe. 

r" . 



rrhEl errors intJ:oduolng in ohanging from the o1roui t ot 
lig. 33 to that of Fig. 34 tend to oanoel. For this 
reas·on .the appro::dmate equivalent olrcui te ot Fig. 34 
is oomnic)"tuy. used in' the analysis ot.. the maohine. This 
cireui t··can be used to determine the oharaoyeristics 
of . tlle··iuaOhi'ne. . . , , 

Other TOrgue Equations 

'. , Fr,Qnfthe a pprOltiIllBte equivalent oirouit wlthmagnetlz­
'. ing branch, moved to themaohine terminals 

'.~ , 

(assuming a .. l) 

... :', V1 ,.12 (Ri +.ixl)·~:2 . + jX2) 
'Multiplying, by s and eliminating the operator j, ' 

'if' I . ---, 

f SV-= 1
2
/( R1B f. -8.

2
)2 ~ S2(:lt1 t- X2 )2 

Then 

torque as 

lb.tt 

,~, ~ 

. S~bstl tu ~~rif~> the above value of 12 
~ '. 2 

'10'. "ill E2 ~ T = ~ - x ' 
( R2 /S ) 2 +. X2 02 S H a 

.: 7.04 

. ' T:: N 
s' 

.' .... 

, 2 
, Inlr

E2 Rz 

., •... 

(122) 

(12J) 

(124) . 



2 
~,' .ml Vl R2 S 

T'~ " 
.. Ns (R

1 
S + R2)2+ S2(X

1
'+X

2
)2 

di Vldin~g'~'by' (8) 2 ~en 

. ~ ,. 
if· 

The maxi;mum torque may be f'oun~ by, differentiating Eq. 124-
with resnaot to s. The slip at'maximum torque or pull-out 

. ,(ST ma~)~ls thus toundto' be 

(127) 

.,Some uset~dJ.-relationsmaYbe derived from ~he above equations • 
.At 0 any g~~en . Sl:~P ~ N'Vl

2 so that Ts AJ Vl wi t~ a 'constant . 

R2 and 'vI: T 1'112 / S ' 

It isso~~times oonvenient to' use a simpll1'ied torm 01' the 
torque equation. It may be shown that, if. the stat9r resis­
tanoe isneg1ected (R1 :0) Eq. 125 may be wr1tten 

2 

r. 

T . -: 
Tmax s 

(128) . 

B'1!max 

. ThiS' 1s the 'expression of the relati va torque wIth respect : 
tp S. Now, let ust.ry to drElW the ourve or this tunotion. 

For . S/~x« 1,' T/Tmax of¥, 2$/BTmaX' thI~18 the eq,Wit.ion 

.. 



of a st~aight line, therefore wi thi'n this range the torque 
changes as a 8tr~lght line. At startlh~ 8/BTmax 1 

nerJ.ectil'lg the seco'nd term at the denominator we get 
T/Tmax··:.. 2 STmax/S ; within this range the curve, desoribes 
ti hyperDol~ Thea,traight line and Hyperbo1 out eaoh -other 
at point .. of, value T/Tmax = 2 and S/rBTmax • 1. '. But the 
actual :botatit'.maximum torque. is eqw;tl-'l the above 'stra1ght . 
line end hyperbolsare aaemptots ot the actual torque curve. 
Th!»re ctl,I'ves' are shown in Fig. 35 . . r·f·--·'----.-... ··~-·--· -~-_"""-,; __ .8-. A~~;;";""""';"" __ ~ 
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Ti\ls ourve'shows that· in the range at motor aotion between 
stand s~~il~ find the speed at which maximum torque ooour.s • 

. the :torque; increases mora than: propurtionately to the speed. 
This maena' that within this range there is a condition of 
instabili1;y, in the sense that it the torque developed is 
greater tJlan" the. reaiatfng torque the speed will continue 
to rise $t11 the point of maximum torque has, been passed; 
beyond the. 'p.oint of maximum .torque, and up to synohronism, 
the conditions. become stable tor here any inorease ot load 
torque causes the motor to· slow down and therefore automa­
t'-oallyto develop greater torque to balance the load 
requiremept. 

Operation"'ot ;eoll phase induction machine as generatgr And 
brake 

. lJha polyphase induot1on maohine is a general~ti". 
whioh has .:many ldnd of llae. In' the tollowln.g tabl6'''S; 18-
shown. " " 

• 'i( " 

. ;-



Operating point 
or ran:ge' C 

. 40-~ . 0 

.,.. 

~okward operating 
range 

.. " 
itand stillf·point. 

r 
NY 

~n 

. 
n(O 

I : n=O 
I 

".f<. I 

s 

,s> 1 

0= 1, 

" ' ' 

l)s)O 

0 

s=O 

, ' 

S (0 . 

t'2 The, kind ot use 
,-. 

-
t 2 ) 1'1 Brake! Frequenoy 

noreaser ' 

j 
Induotion voltage t 2= tl 

regulator 
1) Phase regulator 
2) Voltage regulator 

fl/f210 Induction motor 
Frequenoy 4ec~8as8r 

11'2=0 SYDohronous maohine 
exct'llntJ oonverter 

D-C maohine b.'i. p, c. 

,1'2< 0 4synohronouo generator, 

'. '~"" '-.". .; 

},'f~1fr3':f\\" '. 
;,.<,.i:':;.-;.o:, . 

- . " /,:, ;" 

Ii :the p£ime mover drives the, rotor 'at f4 speed lsgreater than 
s~cronous~~_speed NS, the rotor emf Is opposit.e in/sign to the 
ata SUpsYDqhronous speed and. the direction otthe rotor ourrent 

reversed, t,fiemaohine'operates all a generator and delivers ourrent 
the lines. 0 ~'Thus an induotion, maohine ' ~~ ven above synohronous 
ed.operates';,ss ~n 80Y'oohr,onous generator~, '. . 

. .~., ( ~ 

The prime,~·niover oa'n influenoe oillY' aotive oomponent ot ourrent 
. not the reactive 1)omponent. Consequently" the induotion generator 
ttakelts r~otlve current'trom the lines just the same as 
lIctto.ii;moto*.~ Theref'orean induotion genera to,!' OBn operate only 
a,n1~iYl:l(Jhronous generator are pr~ent in the line., 

" -~::-',";:~.~'(~~-.- '; ~ .' ~-:": . . -. '. ~ ., . 

j::t'the rotor lsdrlven' in ~ direction opposite to that ot the' 
atting field '(n negative), s is ,positive and greater than unity. 
th1sregion'the maohineope;ratesas a brake. The machine" 
eives electrioal power from the supply line and'also meohanioal 
9r through i:ts shqtt. ' 

Typical speed-torque ourves are plotted in Hlg.36. 'The two 
res are identioal; one being drawn tor the torwarddireotlop 
l'Ot~tion and the other tor ,the reverse. . The ;taot th8t the' 
)r1l:l8 ourWe in the first quadrant, extends into, the tourth, 
trent ind10ates that the positive torque Is 8'9811abl$ .... en 
19h_. motor 1s rotatingiJl the reverse·direct10n. '!'his 88.8 '8 alsQex~eJlds into'the '8$Oond quadran~. lAdlostlag a negaislve 
IU~: (b:r~k1.Qg) w1th 8pettcl8, above 8;ynohrono,tl.~." ' .' . 

. .~'.. . '. ~ . ~. . . . :"-- . - . 
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Balanced Methods' tor' 

Obtaining of the Torgue 

a) Impr~-gsed 'Voltages: 

The torqu~at any value of 
slip varies as' the .s quare 
or the impress ad vol tag., 
as indicated by Eq. '124 • 

. Th.is ''relj:ltionmay be used 
to oomp~ete the oharaoter-

'!stics'o:r a maohine ,o'perat 
1nef at ally voltage, "when 
the datitare available tor 
some one ,voltage. .A set 
of ipeed;""torque 61lrves , 
will b.efoun d tn~Fl g. J 7 
which were computed, by 
this 'inet~od. ','1'11e., curves 
of Fie_ B.81ndiaated that 
the ellpr·atmaxiniwn torque 1s 
independent of the terminal 
vol tags j. ' . 

r
-".~'~- ....... s ··-'-""....., ...... -----------~a.,1 

. -' I 
j I 

'. 'lheaddi i'ion ot be lane ed 'J f.." .. ~,. -':'.:"" .. , I 'b) Rotor~'Reslatano0: 

reelstor(to the rotor' circuit'~" I 

,of, a':wo~arotor' motor 'will . 1 '0." " "0. "".. '.\ :> 
produoe Ef ohange ,in the . speed .' , 
torque'ot#yeas indioated.in, L'" .: 
Fig. 38~ ~:-F1g-:38 shows that 1 ,. f , 

the value: ~f "pull-out torque i ,./" / . iI"; 
1s not '.e.·rteated bv the nag... . 

# I I I' n! tua? ,of ~2' a ~ot verified 1 I' / 

. by Eq.126~ •. ,,· , 1 ' , , 
,.r~ 'j J 

1he rami'ri ,of' aurves for', varl- i ," \ 

oue v.alue.,B~ of R2 oan ;be comput. I I 
ed quite':~ocuratelY by notingf, -. / '. 
tp.at at aJ.;.,g1ven valUe of 
torque th;:a~ ra tio R2/S is a 1 ,> 

constant '~o~, a.ll curves. Thus j I. 
if' the resistanae of :the i;otor i. / l.L.··.l. 
o.1rouit Is. known for anyone' i i. '. I :.', 
ourve. tlle oharaoteristicfor f, ! i ;:: 
any other; value of :R2 r.l8y be , i /.' i \;' 

oaloulat'e,d: dlreotlyl'rom it. , '. ~~ 
I 
I ... :;,.-. 

.,.... 
I . (':. ;". 

!'; , '.' ;'. . . 
I' 

"' 

l> 
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~~ 
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Unbalanced' U:-ethods for 

qbtain1ngthe Torgue 

Charaoter.istll!s 

_ 'lh~-·speed-torque . 
charaote'ristics ot an 
induction motor may be 
de t.ermined' oonslderablY,' 
if tn..e 'mpch1ne 1s used . 
under oOl1ditions where 
the im.pI:~ssed. vol tages 
or . the lriptor cira ul ts 
erenot··bal.6noed.· The 
co!nplete analysis o'f'. 
such.~ unbalanoed opera­
tion :requil,'es ~~etr1-

. oal oomnonents. . 
. .~. . .. 

1a • Unb~ lana ad i.m.orass ad 
LY 

. Voltage: 
, . 

As westudles before en 
unbalanoed system of three 
phase ~r,ee-wire vol~ges 
1!Sy be resolved.into· its 
positive~~nd ne@8tive­
seq.uenoe 190mponents •. and 
,each maY' )le though1;of 

! . 

1 
" . 

II ,-' 
" 

. f •• : 

. . 
'"', 

, 
, . 

'. / ....... 

. . 
1 

i 

/ • 
\ . / 

f 

{ 

'-.".,. "., .. '". }" ~; /. 

as' produo-ing 1 ts own aIr-gap flux. 'l,'he positive sequenoe flux 
thus'rots_tea in the air gap at synohronous speed in the forward 
or posit~y~d.ire"tion. and the negative-sequenoe oomponents 
rotates a~;thesame speed 1n the opposite direotion. .Thi8 
situation!llaY be depicted graphically as shawn lnFig. 39. 
A tt'lO pale,-maohine ;1s 
assumed, :fl~d wsl and 
iVs2 repre~e~ts the 
veIooi ties'; of' the 
posltlveand negative 
eequenoeoomponents of 
stator ma:gneto moattlve 
force. re~pectively~ 
The aotua~-,"rotor veloc1 ty 

-\'iR is shown in ths'direo­
tion. There is a slip . 
r·requency. in the rotor 
dQe toeaoh of the tWo 
sequenoe voltages, and 
these resUlt 1n the rotor' 
IlIagtletomot1 vewl tages t 
and these;result in the 
rotor magnetomoUvetoroe· 
waves' whioh move around 
the rotor '·surfaoe. . '!he 
pOid..1 va and negatl V8 . 
eequenoe oompo~nta of 
·theae ~t~ 'wevea are.·. 

, .... 
.....: • ~C!.-', 

".4 --. 
'-t". ' 
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~r ~'A' ' .. / :<.' ... Ji/', 
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designat~dwRland wR2 , . respectively; these two angular 
velooities being measured with respe6t to the. rotor. One may 
theI"efor,~f:write .. ;., - . 

:::"" , . IIVJt t w~ I "::: uJ s I 
, WRi-, wR2 = wS~ (129) 

We shall adopt the, viewpoint. that the prodUction of torque 
a'rises as areault ot induced t!urrents 1~ one winding, inter­
acting-with the .. flux that produoes them. The torque will then 
have 'n s~gn which is posltiV'e lithe flux wave, viewed :trom the 
winding in which theourrent are induoed, has a posi tivs 
directiofi. .Suoh a, torque Is a motor torque. A negative, or 
braking,~,-.torque arises when the flux wave has 8 negative 
velooity with'raape~t to the winding in whioh theourrents are 
iri-duced.~ -: Wi ththl s oonvention, it will be observed in Flg. 40 
1;ha'fi'~ ,th~~ po'si tive sequenoe torque is posi ti-vo tor all posl tivs 
values of slip; ~nd' this torque oomponent beoomes negative 
only whef.! the slip is l 

negative~ The negative 
sequence~,tor,qua .18 ,seen, 
to have e-,negat~ve Sign 

, for a11,9+i1's les8 then 
2. At a slip 'of 2 the' 
negative'~torque beoomes 
zero,anq~ at slips of, 
graa tar tlian 2 this, 

. -: --l 
. . . ! 

. negative~~equanoe torque 
will have:c a 'Ooei,ti ve ' 
e1-gn. ,calcuiation of ' }~~,_, __ ,,, ,/ft~i!h',S"f"!';'": 
the spee~~torque ourves j1 -.;~ ........ ,-,"'- ' ..... 

for the cf.lse of unbalano- ." .' III . ,J ; '/ 

ed lmpres~ec:lvoltagas may be ,:,Nf;.~!ftNi~tl.' I ;' /' ;l.k,~,d: !~.:,; , 

. oar,ied out in' the tollow~ I.' ,,~'2?~~(i?t; 'I .J' ,' .. ~;-~:~~Jl~v, 
. , . lndm. anner';> The unbalanc, ed ' , .. ,' 1.. ,:.,,:.~ I ,'€t. ,.'1,., ... : . 

t.:<- 01 ~1 .., I" . I . 
'voli'tage system 1sflrstjre.J Vt:a l ~,--:~-. -"r-';l:"-~ '>O',i"j ... --.70ty,'l}.? 

into its :positive and t, 1 ~~' " I! ;: . 
negatlv'e :~equenoe oomponents j . 'I I I ",' 

b . l' E 121 I " / / . ~- y us ng ; qs... 1 l ! / i i 
V q is. p'oss1.~i v.a seq uano e, I I i II f! 
oomponent"~5 of voltage, Vi I : I 
is th ';nAtiv U nc I' \ ...... ~, -1 __ 1 1 . e ne,l'-r a-sega e I 
oomponent"';,Vl' v2 , v'1 are' I 

I , I 

I 

the unbalano ad vol ta~es • 1. ' "',", 

~;!~r~~!ii~~!p~~:nt8 "~"'!I"~. _. ____ F_ .• _l,-0-,;".-/-'~-) _...:-_____ ._ .. .." ....... J .. voltages.< one may calculate ' 
the value' of1iorqu~ at any 
speed bY' oombining the 
~sit~ve, and negative-
Sequenoetorques. At any 
slip a' the posi ti va 
sequence 1or~t~e '1.'d 1sfound 
from the relation . . . 

,,74" =, {T)." (Vi/V)2 (1)0) 

~ ", " 

'~ .. 

," .. -



!lihere'{T)s is the torqu~ tor a balanced vol tags V at the 
slip 'S.;h. Like\vise, the negs tive-sequence torque is round' 
from th~jt:,elation ' , 

'~".'" , 2 
:=/:~""~,"Tl ': (T}2_S {Vi/V),_., ' (l3l) 

where (T)2_S is the torque for a'balanoed voltage E at a 
slip 2-S.' This is the slip for the negative-sequenoe 
woltage. The resultant torque is simply the differenoe , 

(132) 

..• ~ .i, c. 
'fP-e 01 role Diagram of Indue tion Moto:t: 

. ,~- ,A large number, 9.f graphical methods have been developed 
sinoe 1894 for- t.hasnalysls ot induotion motor oharaoteristios. 
They di1;;fer greatly in their aoouraoy and simplioityof appli-

, dation. 1 The oircle diagram most' freqUently round in the text­
books., ~t is 'based on .the approximate equivalent netvwrk of 

'Fig. 34 r. The method makes use ot many approximations, but the 
errors i:ntroduoad by tq.ase approx~mation are suffioiently small. 

Derivation of the C1roleDiagram 

In'~he'approx1mate equivalent oircui t tor the indWJtion 
.iootor. t~e~o-load admittanoebranoh is" shifted to oonnect across 
tlieternd.nals . ot the motor oirouit (J:1g. J4h This means that 
the stat9~ Imped~noe drop caused by the no-load ou~ent Is neg­
lected. ;;);.a." most ;motors the error of this assumptj.on is small. 

, ? 1 , . . . ' . . 

.' It ~;o~nstant v:oltage' V 1s applied to the oirouit, the 
load ourre-nt 1"low11i'e thro\1gh the stator·and rotor 'windings 
will be ';.J~ssurning a' : 1) _ 0 • 

, 
- V - ,:, t 1:

2
.= , 

r ,_ " 'I \Rl+ ~~2 1- (Xl t XZO)2 
:r ' S 

The 'otirrl~t I2 flowing thIs;oirouite is out 
applied-V;0l ~ge' b'y an Gangle Q2. suah that 

(133) 

ot phase with the 
, . 

1134) 

, )~~:;., 
By combining Eqs j 134 and,' lJ~ we get another expres81ont~~\~~I2 : 

I -2 -

.; ... 
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TwoJtests'a:~enecess~ttr in or,der to predl,t the oharao­
teristi(,)s of an induotlonmotor from laboratory data. These 
ar9 the'->;~no-load and therollor-blocked tests. . . - ~" . 

a lEy 9pera ting the motor at no-load wi thrull primary 
voltage, meaeuringthe no-load ourrent and power input 
by means of an ammeter and wattmeter, the point 0 (Fig. 42) , 
is ~etermined; under this oondi tion the power input as 
measured hy· ewattmotel" will be praotioally al~ due to 
oore lQsses, friction losses and windings loss. Thus it 
at ~o load. the primary voltage,ourrent, ~d power input 
per':phase are V, Io • Po respectivelY',' ' 

;-

cos 90 = -~"II--­
VI o 

" . (1)6) 

., 
, " 



, .. 

Then. use the applIed voltage V as the referenoe veotor, 
draw\Io behind V by Qo degrees. 'nlevolt&ge·and ourrent 
osoal~~ oanbe ohoeen arbitrarily; the power and torque 
sealas will be depend upon the flrstt'Wo. 

. -
.. ··'\'latta per inch:i Vx Amperes per inoh 

Torque per inoh ;; , Vx Amperes per inoh. 

b) On ploaking the, ro tor' end impressing upon the primary just 
Sl'lttj.oient voltage to circulate full-load current In the 

. primary, point a' will 'be fixed., Under this condl tion the 
povJ~r input as measured br a wattmeter will, be pr~otlcalli 
al:t ~due to the prlmar Y' andseoondar;r oopper 108s. since ' 
oore. loss, Yfill be -tJellg1bly s~ll' because of, the small 

-. impressed voltage, and the friotion and windage losseS do 
nQt,exist. I:f alkshort-circuit (standstill) the oorrespond­
ing rnagni tudes are V. t 11 , Pe t where Il Is adjusted to' . 
apprf:p.matelY full-load va1ueip~Y" sui tao1e oho,,"se ot V s. 

,~' "Cos Q2";;, Sl ' , 
~ . s 
;:. ~ ~ Va Il 

and 
(137) 

.'(,.,;.' 

- ~~! ~ 
, . thepolnts 0 and 'a must, be 11e on the loous "ii-ole. To 

draw:;the oircle. determine 1 tB oenter by extendi.ng a horizon­
tal U,ne' from 0 'to l{ and erect a perpendioular biseotor on 
the l~i,he' oQnneoting 4) and a. The interseation' otthis· bis-

"eator: with the horizontal extension from 0 is' the ·oenter of 
the cd:~"cle I shown as 0.' . 

'~.r-"'~_ : 

:Using a as the oenter, draw the semioircle OPK. Draw 
the.·~e'rtlCal line ab and divide it ,by the point d ,0 that add 
is 't~~dO as the rptor oopper '1098 (in R2) 1s to the stator 
lIaddedtt copper loss (in Hl ) • in terms ot. the ,reeistanaes and 
the v:e~torlal difference ot current (Ibl- ,10> , 

'~Io )2R2 ~·;.ad· . .Rotor efteotiVe resistan .... parphaS8 in stator t .. rms 
.... .:.:".-.......-.. ~ ., • t .. 

,2_ I.o2) li1 . ',' do, ' Statoreftectlve resistanoe per phase 

, t._ 

" , 
(138) 

/ ' , 

It no' resistance measurement can he obt~ined tor the rotor, 
8S 18~ the oase 'tor squirrel cage or other short-cirouited 
rotors. the point d C8n 1?e dete~m1ned 88 tollOWSI 

. ;--

" . 

, I' 

, ' '. 



... 

- ........ r-.~.- .. -, . . --' 
.:. ........ ,~. 

"". 

Any vertical 'line' drawn trom 'thebase ~o the cirole represen'ts 
an in "'phase oomponent of current and henoe is propertional 
to pawe~~ If the rotor current is' Ibl and the stator rosis-
tance 18,Hl , ohms, per. phase, ,the stator oopper loss on short 
ciroul~. 1s Ibl2nle The power component of current needed 
to sup~~Y the por'tioD of this loss inaxoes8 ot the no~load 18 

.I' , ")' . 2" 
:l',.' (Ibl ' - 10 ) Rl : 

--:-~------........ = I'e d (139) 

y' per' phase 

Draw Ic'd; t.tle current B'cale and thus determine the position 
of, 6..';.Or8\"1 ad., The rat.e'd.-;eurtient ot the mtor per phase 

, is. 11'. ~,:~ i,B'y otf MP eq 001 to I , and drsv{' the vertical line' 
Pr. with the correct so ales tAefollOw1ng values can now be 
determined.' . 

'M,. ;, 

)J~ioBdcurrent : !'tJ) (amperes per phase) 
St~tor current' a MY (ampnres per phase) 
Rotorou:rrant ,= OP (amperes per phose in the stator terms.) . 
Power input, to stator = TP (watts per phase) 
CO;llstant losses :0 TS (watts. p'er phase} 
stator tf6 dded" oQPper loss ii SR (watts per phase) 

. Ro~tor oopper 10S8,:: RlQ.. (watts per phase) 
. Power transferred across air gap = RP (watts per phase) 
Useful output = ~ (watts per phase) 
PoWer factor :: oos 91 = prr/JI2 . . 
Slip = RlJRP (aa fraotion) 
Effioienoy =, a.T/fP (a8' 8 trlot1Qn) 

.... 

-, 
• 



The torque is, equal to UP in the watt soale. '!he torque, 
scale in pound-feet equals the watt scale times 

'33.000-

~::,7J~ 

,1 
--~--~~------------ ~ (140) 

2« ~ynchronous rpm Synohronous rpm 

By 8ss~m1ng 4ifferent values ot ourren't 11. the performanoe 
ourves,of the motor can be caloulated over the ent1re load 

o • ') 

'range • 
. ~ ~ 

MaxiD1a1~ll ""'" 
NY 

:'Yno maxim"
'
''p! at whlol1 the motor oan operate w111 oo,ur 

when'~theaurrent vector Il 1ft tangent to the 'olrole. II;ispeo­
-.. tion ot the diagram shows 'that the maximum rotor pt, ooours at' 

, no, load.' '!'he marlmum power which tne motor oaQ take tl"om 
" supply is ind:teated8S mI. The maximUm power output wl11 
, coo6ur0~\¥hen ttr~ 'length (ip is s' ,IIl8rlmum. To determine this 

posit;ion it is neoessary to draw the ,line p'q' tangent to 
the o}1role and parallel to Ql. A perpandioula~ biseotor, ' 

, ereot'ed"on the line C6 is oonvenient means ot looating this 
pOint of tangency. Th18biseotor is shown as crt, and .the 

,uiaximtlIl1 is then.1 gt etthe "current input -ror this condition 
1s obylously'D. ' 

, ~inoe the torque is proportional to RP. the ~x1mum 
torqu'~ oan be found by drawing a tangent to the oirole 

o pa~allel ,to the 'line Ode This maximum torque 1s indioated 
, as htle". If MP, is the rated oUT'rentthen RP represents 
the fuJ;l-loarltorqua t and the relative lengths of RP and 

,h"e't s:i;ve' the,ratio or 'tt1l1-1ottd to pUll-out torque. 
c 0 .'-{ :; • 

Tp:.e line Od 'is oalled torque line, since'vertloal 
distanoes from it to the oirole represent the torque at the 
variou~ slip. Then the starting torque wl1l1 be prop8rtional 
to th~;length. da,in as muoh a9 this represents unltyslip 
oo~dit1on. If MP represents tull-Ioad statorourrent. the 
full-lqad torque 1s RP and the ratio o~,atartlng torque 
to fu+r-load torque 1s da~ 

i~ " 
.~ ," 
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,. 
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HIGHER HARMONICS. IN INroCTION :MOTORS 

A~.:.,~e i!1dioated betore-l the usual theory and calculation 
of induotion motors is based on the assumption ot the sine 
wave. ::.~'lhat 1s 1t is assumed that the voltage impressed upon 
the motor per phase. Bnd theretorethe magnetl0 tlux'and the 
ourrent, ,are sine waves, and 1t is turther assumed, that the 
distribution o,t the winding on the oirottmterenoe ot the 
arma,tw;e 'ls sinusoidal in spaoe'. While in most oases th1s 'ls ~~'I 

, suftlc~ent11 the oase, it is not always so, an4 espeoially J 
or air-fgap d1stribut1onot the magnetic ,tlux may suttlciently 
dlffer:trom the sine 'shape, s1~oe harmonios lIIl)" be present. 
These"harmon1os ,may be oneot two varieties: (a) ·time or 
(~) spsqe~ , 

, 

Time' Harmonios:. ,. ~" "";..' ,I \ t ~. ---
, lit the vol.tage supplied to is ,polJ'l)hase lnCluotion i1otor 

contains harmonios, the a1r f!JlP flux may have oomponents that 
rotat'eo~t.speeds otb,erthan that oorre~pond1ng to the tunda­
mental 'frequency. As an example, a tifth time harmonio would 
t~nd to,' rotate the motor ,at 5 times the speed ot the tundamen-

· tal. 'I'!le time harmoniovol tage ,is .usually small in proportion 
to the~damental voltage. The reaotanoe'ot the motor to 
thet1~~ harmonics is h1gh. Consequently, little harmonio 
ourr entf~ flows ~ and therefore the torque produoed by this time 
harmonics are negligible. . . . 

Spaae harmoilioa. oan be produoed by sinusoidal currents 
. reoeive.d~tr~m the' supply. They result when the stator windings 

do not POSBe8 parteet distr1bution. Fig. 4) a ahows a stator 
· carrying ';aotirrent I~ whioh is sinusoidal 1n t1me. The tield 
wave B.: produced by this sinusoi.dal ourrent is reotangular in 
space -\1!1g-. 43 b) ,but the amplitude ot this rectangular wave 
variess1nusoidal11 v/i th time. 'The spaoe distribution 1s suoh 

· that th!3~rield wave oontains, in ,addit10n to its tundamental, 
an inrl!1~te number ot space harmonics. EBoh ot this ~rmonios 
has an ~mplitude that varies Sinusoidally in time at the s~me 
frequency: as' the fundamental. As the current Taries e1nuB'oldally 

o in tims'i' as shown cng. 43 0), the amplitude ot the rectangu- -., '. 
lar wav;e will vary sinusoidally. The third spaoe harmQniof'ield 

'wave B~ Jsshown in Fig • .4~ •• d. It should be noted that the 
amplitfi~e ot thisoomponent also varies sinU$oidally in time 
wi th the, ourrant I.. The thndamental. Blot the space wave 1, . 
also shown in· Fig 43d. These ef:f'eotB oould be produoed by' one 
phase of~ an inct\t8tion motor it the' windings ot eaoh· phase are 

. conoen~e.ted. It, is, ev1dent from Fig •• ~ g.. d that the th12!'d-

.~. " 
.' " 



harmonic flux' produoes ), times as 'many magnetio poles 8S 
the tun~amentaloomponent. Likewise, the fitth harmonic 
would 'produoe,timss ,the number ot poles as ,the fundamental, 
"etc. TJieretora, it the apace harmonics ot thIf '98riotlS phases 
donot~anoel ~oh other

l 
they, will produoe ,rotating fields 

,that tr~vel around the a r gap at' a 8peedequal to the 
8ynebro;t~US speed divided by thee order ot the' harmoDio. ' 
Harmcin1~;tl elds 'may rot8t e in 8i ther direotion" dePOd1Ag' 

,upon th~;nttm~er Of phaSes and ~e order ot theha~D1o. 
Now let"s: study'the,intluenoe of the time-and space harmoDios 

,to the output torque of induotion DIOtor. J1rst ot all lett s 
consider :two, phase 'induotion 11lOtor. 

C • c," ~ ~ 

's) Tw~-~~ite Induotion Motor 

Let then: 
,yo .~ 

~/ ~, 

E ': ~f, ~os wt':+E) oos (3wt ..:. )0»)+ Is (008, 5w~ - cp,) 
* ~;:' cos (7Wt-<f7) + ~ oos (9 "t - 'f9 ' . ~-

be the ro1tage impressed upon one phase ot the induotion motor. 
The volt!age ot the second motor phase, whlo'h laJS 900 or!!. ' 
behind <~e tiret motor phase, is: ,,2' 

I 

, I 



l -= El" cos ~ (wt - %> + E)OOS ()wt - ¥ - If))+ EScOs( ;wt - ¥ - <fS) 

+ E7 OOS:;~~~?wt ' .. ¥~ <f7) fE900S (9Wt-.- ¥ -' Cf 9> + .... 

,= El COS"'(~t- ~)+ EJ oos -()1It - f) +~) E, oos(SWt -If's -~) 
" 1f' 1T 

+ E7 coe~( 7wt - ~ 7+"2)+ ~cos (9wt ',- Cf 9 -'2) + · ~ -
r ' 
NY 

(14.1) , 

." .. ~ , 

'The magnetio' flux produoed by these two voltages thus consists 
of a eerl~es ot oomponent flUXes, oorrespond1ng to the successive 
oompoll(lnts. ,'The, secondary currents induced by these oomponent 
flUXes and the to-PqU$ produced by the secondary ourrents t, thus 
show'thetsame components. 
,}J.' . 

, , 'lhu~ the motor torque at the motor. given by the usual 
sine-wave theory ot the induction motor, and due -to the funda­
mental voltage wave; 

E1 008 wt 

'El oos (wt - ~~ 
(142) 

is 8hown.~ils '11 in Fig. 44. ' As we know it is increasing ,tram 
standstl~l" wl.th increasing speed. up to max1m~ torque, end 
then dec~.eesing again to zero at synohronism. , . 

~"1 . 

, The J~hirs harmonios" otthe voltage waves are: 
~r'.-· . 

. -. ? 

" (14) 

As 8~en, these also constitute a two phase system ot voltage 
but the s'~ond wave, whioh 1s ldgging 1n the tWldamental, 1s 900 

leading l~'r the third harmonic. or in other words 'the thil'd 
harmonic gives a· baokward rotation at the poles with ':'iple 

. trequenoy •. It thus produces a torque in opposite direotion to 
the fundamental, and would reaoh its synohronism, _hat la, zero 
torque, at one third ot synchronism in negative direotion, or at 
the speed" S : - 1/,), given infraotion ot synchronous speed. ' 

.~C?r b~9,~~wOl'~ rotati'on above one-third synohronism, this triple 
biz-monio thengi vea an induction generator torque, aDd the 
complete torque cUrYe gl ven by the third harmorilos thus1s 8S 
shown by ourve 1') ot Fig. 4l+ 

I ... 



The fifth harmonics; 

,ES 00& (~"t - if,) 
' . .­
........ ,.-i 

lI; oos (Swt - fs -~) 
(144) 

g1veaga.in phase' rotation in the' same direetioll as' the 
:fundamental, that ls, motor tOl"que, and 8s.d .• ' the fundamental. 
But -ClY,'pohronous 1s reaohed at one f'ltthot the tundamental, 
or at lr a = + 1/;, and above this .peed. the fifth harmonic' 
beooll1~i induotion ,generator, due to overs7l1ohronous rotation, 
and l\!(tards. Its torque o,~e ieshown 8S '',In Fig. 44 

ii::"~ ; 

.'~ '1 

., 

The sev::e~th harmonioagaln' gives negative torque, due to baok­
ward phase rotat10n ot the phases, and reaohes iJynohrN,t:,. as 
S CI - 1/7 t that; 181 one __ se~enth speed in baokward rotation 
Shown: br: O,\n"V9 '17' n Fig. 44. . 

Th~Tseventh harmol11o again gives negative torque, due 
. to back~ ~ard phase rotation or th$ phases, Bnd reaohes 
synohro~ at S .. - 1/7, that' is, one-seventh speed 1,n back 
ward ro~tlon. a,B shown by ourve '7 in Fig. 44. 

The''''ninth harmonio again g1 ves post tl va motor torque 
up to 1 te synohronism. S =+1/9, and above this negative 

. induot~on ~enerator torque, etc. 
I 

We': then have the effects 01' tlte various harmonios on the 

, " 

; 
I 

I 

,I 
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Two-phasG Induction UOtor 

. 
I ! -

Orde~ of' . J:i!rmonica I i 1 J ; 7 ! 9 11 1 ._, 3 
..... , 

Phase rotation + 
synoh ro no us speed: s =" + 1 

Torque pesl t.1ve up to: s - +1 .;,;:,. -r-
o otherwls'9 negptlve 

:: 

... 

- + -
-1/3 +1/5 -1/7 -f 

.- -t lis - + 

+ -
fig -1/11 

fig -

rt-
+ 
1/13 

of 1/~3 

J'tdd14g.,now"the torque. ourvesotth~ various voltages harmonics' 
f3' ,T5,' T7; to- 4Uletundamental torque ,ourve, '11_ of the induotion 
motor; ~lves the resultant torqu

j
8ourve, 'I.. . 

it '.' . • '. . .' 

. ~81seen :f'r~m 'Fig.' 44, if the voltage harmonio. oonsiderable, 
the tor7q,ue ourve, ot the motor at lo:wer 8peeds, forward and 
baokward, that is, when used sS' brake. 18 rather irregular, 

. showing ,depressing or "dead pointe" • 
. ' 

b )Thre~phase Ind.uo tieD Motor 

AS~tlme now, the general voltage wave (1) 1aone ot the 
thr'ee-PnaSe voltages, and Isimpreseed upon one ot the phases 
of a thi~e-phase induc;tloD motor. Th" second and third phase 

. then18:~(?ging by 2lT and lfJr re8p~tl ve1y behind the tl~Bt 
o phase (l:J:: . . T"' T . . .' 

. E I i~1~1 cos (wt - ~1T) t E) QO~ (3.wt -. §!T ... r '2) 
. -<- ..J ..3 J .. 

ttE-5 oos (Swt - 1~1f - r;) + E7 008 ('7wt _1j1r -1.,) 
-; .... 

t:E9 oos (9wt ~ 1~1T - lf9) +' ... 
1.~. -
f ~ 

'>f~ 008' (wt - ¥> + 1 3. oos (3w1; - t.p 3) 

t ,E, oos (;wt - Y'5+¥) + E7 oos (7wt -, fir? - f1J ' 
-+ IcJ 008 (9wt - <f'.) -+- _.' 

1/ c 9 
E :' Ei 008 (wt - ?)+ I) 008 ()wt -~) 
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Thus the voltage oomponents, ot d1tt'erent frequency. impressed 
upon the three mqtor phases. are: I 

" , 
~.",,·.~fi , - . ---:- ! 

cos'wt. ~."l' EJ 008 ' E 0015 

. (~wt-tf5) 
E7 00a ~ oos 

, I ' (3wt- tfJ ) 
I 

(7Wt- f1)' (9"'-f9) 

cos , EJ OGB ES O()S , , E7 COS 19 00. ., 
"" -. -ll) 2Tf (Swt-fs ~!.!) (7wt- f7 (9Wt-f9 ) s-

(3wt;.;tpJ) ~t --) ~ r ) 3 k;c :3 .,. 
, >" 

,oos B 008 E) OOB E; C08 ..... E7 00S 

~t _lm}: ()wt.;.T3 ) ~ lt2! (7wt- f7 _ 1tJ!) , (§wt -f9 ) (5wt- 5""" .3 ) 'J, . --- 3 
ro· 

ndflinental ~ 3rd 5th 
j 

7th 9th !f 
".: 

~ -

As seen'. in this case' ot three-phase motor, the third harmoni's 
bave ,no phase rotat1on. but. are in phase w1th each other, or I:. 

single~phase voltages. The tifth harmonio g1ves baokward phase 
'. ro,tatio~,' andthuB negative torque, while the seventh hBl:'mon1~ 
has the swns phase rotatIon, as the fundamental, thu8 adds its 
torque~~pto its synohronous speed'S =+1/7, and above th1s 
gives' ne'gatlve torque. 'ae ninth harmonia again' Is sibgle 
phase. ,;:~ ~Fig. 45 shows the :fundamental torque. 'l].. the hiSher 
harlllOnio~s of torque, T; and '7' and the resultan torque. T. 
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As seen, the distortion of the torque curve 1a materially 
.less, due to· the absenoe, in Fig. 45, ot the third harmonio 
torque. . 

How:ever, while thethlrd harmonic ( and its mul tipli as) in 
the three-p.hase system of voltages are in phase, thus give 1U7 
phase ro~tion, they maY'. give torque, as sin.gle-phase induction 
motor. has torque, at speed,though at stand still the torque 
is zero • 

. ~ Th~.fundamental motor torque, T1 • ot Fig. 44 and 4', 1s 
given bYL-y6. sine wave ot voltage and "thus ot flux, it 'bhe 
winding ' .. ot eaoh phase is distributed around the o1roUlllferenoe 
of the.lwitol" air gap in 8slnusoldal manner. 

. I~ 

Thls~honever. is never the oase, but thewindlngis always 
distributed in a non-sinusoidelJ!18.nner. The spaoe distribution 
·or magnetizing "'force and thus Of~lux ot eaoh phase, along the 
circwnlei,!eno e ot the mQto~ air ~p, thus oan in the general 
osse be~represented by 8 trigona metrioseri8s, with g as 
space angle, in electr1cal degrees, that 1s counting a pair 
of poles{"ss" 2 IT or 36o(} It is then: 'Phs dIstrIbution o:t the 
1'luli: of one phase, in the motor air gap: 

B ~~ro [coa Q t 8 3 OO~JQ t as 00859 t 87 00879 + 89 00899 + .. J 
;;" (146) 
t~T 

here the~asumtrl:on ';Ls made, that all the harmonics 8rein phase·, 
that is •. the magnetlti distribution symmetrioal.· Thisla 
pra:ctioallltalw6ya the case, and if 1 t were not, it would· . 
simply 8d~ ~pha8e a.p.gle, If'm. to the harmonics, but ",auld make 
no changs:;;in the reault, as the component torque harmonics are 
.independent: of tho phase relations between the harmonic and 
the fundamental. . .. 

. In '8 ,~~.~o phase motor * the second phase 1s looe ted 90° or 
Q : 1r dispraced in space, from the first phase, and thus 
repr6sente~ by the expression: 

B' = ~;o [COB (9- ;l+ 8
3 

Oos (3t<-lfl + 8S C08 (59 --f!i 
t .~~ 0 as (7 Q - 1.!) t a 9 008 (90 - ¥ )+ . -' ] 

2 . . 

. [if Tr ' :"7-

.... ~o oos (9 - '2) + 8 3 COB (3Q+ 2l-t 8 s OOB (59-f), 

~ . . ~ J 
~ t ~7 cos (79+-

2
) + 119 cos (90 - '2) ...,. . _. 

(147) 

. I , 

~- " , .. 

, .. " , . 
~~:. 

i> 
~. r " 
j, . 

. . E· 
f>' ., 
~f, ~ 

). 

~. ; 



Suoh e general or non sinusoidal space distribution 
of' ;.nagrietic flux, as represented by Bend B' Qan be considered 
as' the super post tionot a series ofsinuaoldal magnetic 
nUX~~i ,v - . 

_ 'Cos' Q 

.• 
oos '( g:....!.) , 

. " 2 

, 
9.{r'OOS 7t;) 

r 
NY 

at oos (7Q+ ~) 
", K 

, .' 

oos & : - -~' .. 

. ri:' 'iT. 
oos (& - -) . ~:' 2 

!~ . 

8 J cos 39 

8) COS()Q-1) .. 

8
9 

oos 9Q 

89 OOs( 99-i> 

gLves the fundamental torque ot, the motor. 

as 008 SO 

as C08 (5;' ~) 

(148) 

. (149) 

The': second oompon$llt ot spaoe distribution of field: 
~, 

(lSO) 

,,~Ir : 

gives f;t ;;ci;'stribution, whioh makes three times as DJ!l11Y' 010188 
in the nip·tar-gap' oiroumferenoe, . than (10), that 1s, oorresponds 
to a mot,9r. o~ three t1ntes as many poles. Th1$ oomponent of· 
space d1~trlbut1on of magnetizing taro a or field would thUD, 
with the fundamental voltage 'and current ",e:ta, give a tOrque 
curve reaohing synchronism as one-third speed; with tha third 
harmonic,;, of the voltage" Thls torque ourve would reaoh 
synohron~sm at one-ninth, \'Iith the fifth ha~on1o ot the 
voltage ~e at one-fifteenth of the nor.mal synohronous speed. 

In ~~.: 150 the sign of the second term 1s r,8vereed trOll! 
that in ~q 149, that ls, in Eq 150, ~e space rotation 1s : 

. baokward frOli\ that of' Eq. 1l;.9. In Qtlier' words', Eq. 150 gives 
~ synchronous speed S:; -!. with the fundamental or tull-
:t:requenoy vol ~ge wav~. 3 ' , 

.' The: third oomponent of spaoe distrubutlon: 
.,' 

8S008 5Q 

(
ca __ IT) 

. , a; 0. 08 -,,, 2 (151) 

. g1 Yea a mator ot tille time8 as maDY pole. a8 '8q 149, but. with 
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.L£Ph>~~}:2~;~~k~~ ...•.. 

Order o-r harmonics 1 J 5 7 

;,-phase motor: I use rota ti.on + I - -+ -I 
s :shronous speed' +1' \. -l/J +l/S -1/7 

Frequenoy f I 3f Sf 7t 9H Timl 
No.of pole pairs p p p p 

Frequenoy 
aoe H i 

f f t r 

No.of poles p. 3p 5:p 7p 
. --
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is e rota tiqn -+ 0 - 4 
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neH 

} (3p) 
.. 
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same apace rotation as Eq 149 t and this oomporum, thae would 
gi va a· torque, reaohing- synohl"onism at S -: 1/'. In the aante 
manner, the seventh space harmonic gives B = 1/7. the ninth 
space har.mQnio S • -1/9 etc. . 

As B.oen the component torque cnrves_ ot the harmonica ot 
the space distribution ot magnetizing toroe and magnetio flux 
in the motor air gap, have the same characteristios aa the 
oomponent torque due to the time harmonios ot the impressed· 
voltage wave, and. thus are represented by the same torque . 
diagrams :1·· . 

r 
UY 

Fig ~ 44 tor a two-phase motor, 
FGlg- '" it S for a three-phase motor ~ 

-Hera agairi, we see t~t the three-phase motor 1s le8eliable 
to irre-gulari tie .. in the torque ourve, caused by higher hamonioB, 
than the;two-poose motor ls. TWo 01ass8s of' harmonica thus 

.. nayooourf-in the indue tion motor', and give component torques 
of lower :synohronous speed: 

." ~"~, . . 

time-' harmonics, that le. harmonics ot ~he voltage wave, 
which are of higher :t.requ8ncy. but the same nwaber of 1II)1;or 
poles. an~ spaoe harmonics, that is, harmon1os in the au-gap 
d18trlbu~ont whioh are ot tu.ndamenta1 frequenoy. but ot a 
higher nU!flber ot' motor poles.· 

;:> 
, CompOUnd 'harmonics _ that'ls, higher spaoe harmonias ot 

higher tlI!lo;har.ra.onios, theoretically exist, but their torqne 
neoessarily is already so small that they oan _be neglected, 
eicept wh~T:e they are intentionally produced 1n the design • 

..... '1 

We tiitis got the two olasses ot harmonl~s. and the1r 
charao terts-tics: 
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Ol"der ot harmonic s 1· J ;. 7 
I 

lIlo-phase motor: I 
I 

Ilaae . rota tion + L - + 
" -
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''i.-As we indioated betore, the spac~( harmonios usually 
are more important then the time harmonics, 8S the-space 
distribution ot the winding in the motor us oall, zaatartal!y 
dif'fers>-f:rolll sinesoidal. while' the_~ev1at1on ot the voltage 
'wave ;f1f9!f1 sille shape in mode:Bn electrlcpovier. supply system. 
is, sma~ll·, and the time'l;1armonics thus us uallynegllgible. 

I 

I '~e 'space harmonies can ese-fly be 6aloUlated from the 
. distribution ot the winding arouild the peripheryot the--
IDQto~ air gap. ' . 
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