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ABSTRACT

DATA STREAM ANALYSIS

In this thesis we give a survey of online machine learning algorithms for data
stream analysis. After giving an overview of standard batch algorithms, we explain
batch-to-online conversion, and we give a in-depth description and analysis of data
stream mining techniques. We particularly focus on online k-means algorithms and
multilayer perceptron models as representative examples of online clustering and clas-
sification algorithms. We also present theoretical and empirical analyses of different

approaches for online versions of these algorithms through numerical experiments.



OZET

VERI IRMAGI ANALIZI

Bu tezde veri irmagi analizi i¢in ¢cevrimici makine 6grenmesi algoritmalarini aragtir-
dik. Standart ¢evrimdisi algoritmalar: gozden gecirdikten sonra ¢cevrimdigindan ¢evrim-
igine dontigtiirmeleri acikladik ve sonra veri irmagi1 madenciligi tekniklerinin genig kap-
saml tanimlamasini ve analizini yaptik. Cevrimici gruplama ve simiflandirma algo-
ritmalarindan ornek olarak oOzellikle cevrimici k-ortalama ve c¢ok katmanlh algilayict
modellerine odaklandik. Sayisal deneylerimizi yaptiktan sonra teorik ve deneysel ana-
lizlerimizi farkl bakig agilari kullanarak bu tezde algoritmalarin ¢evrimigi bigimleri igin

bu deneyler tlizerinden anlattik.
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1. INTRODUCTION

1.1. Motivation

Recent advances in technology created an explosion of data volume because rela-
tively simple, or even mundane everyday interactions, such as the use of a credit card or
a phone, creates some amount of data per individual. Telecommunications and social
networks often are awash in user-generated or system-generated data too. Considering
the scale, in aggregates, we have massive collections of data that need to be processed
effectively, and in some cases, in real-time if data arrives continually. Such large data
collections and continuous data streams present unprecedented challenges, especially in
resource-constrained scenarios. Unfortunately, most standard machine learning tech-
niques work within batch learning scenarios in which the algorithm has unfettered
access to the whole dataset. Traditional statistical or machine learning techniques do
not directly apply to such large collections, or data streams that arrive continually,

that need to be processed within tight time and resource constraints.

In situations where data is arriving continuously, and we cannot wait until algo-
rithm collects a static sample of data that faithfully represents the whole data, any
static model obtained at a certain time will be outdated sooner or later. So, under such
constraints, standard machine learning methods would have to revise their models by
re-executing the underlying learning algorithm in batches. But, the cost, both in terms
of computation power and available storage, for these algorithms to re-generate their
models from scratch with updated data is rather high. Incremental learning algorithms
are better suited for such scenarios in order to efficiently assimilate the novel data to
the existing model. These algorithms must be able to incorporate new data, adopt
their models to the most recent state of the data, and if necessary, forget outdated

data.



In this thesis we give a survey on data analysis techniques, problems and algo-
rithms that work particularly well for large data collections, or continuous data streams.
We are going to investigate a handful of machine learning algorithms that are suitable

for analyzing data under tight time and memory constraints.

1.2. Overview

Most machine learning algorithms are posed as optimization problems, finding
optima for specific cost functions, and the algorithm needs to optimize this cost function
within certain constraints determined by the problem, the data, the processing type
and even platform on which the algorithms is run. As such optimization theory forms
the bedrock for the whole theory of data analysis and machine learning algorithms.
So, we start with Chapter 2 where introduce the general theory of optimization and
its relation with machine learning problems. We then discuss different optimization

techniques in the same chapter.

In Chapter 3, we introduce commonly used machine learning algorithms, but
without any resource constraints. We investigate these methods from the perspective
of optimization delving into the process of designing the cost function associated with

these machine learning problems in detail.

We discuss the main challenges of streaming data analysis in terms of solving basic
machine learning problems such as clustering, classification, regression and pattern
mining under different scenarios with tight memory and time constraints in Chapter 4.
We investigate using different optimization methods such as the stochastic gradient
descent in order to re-implement standard machine learning algorithms to process large
volumes of data that can not fit within the memory, or data that arrives continuously.
We also investigate online and iterative versions of perceptron models and competitive

neural networks.



In Chapter 5, we focus on facility location problem and general clustering prob-
lems based on the k-means algorithm for streaming data. We begin with Lloyd’s
batch k-means algorithm, and derive an online version of the k-means algorithm using
the stochastic gradient descent method to solve the resulting optimization problem.
We also introduce a version of the competitive neural network algorithm called ART
which can also be used as an online clustering method. Then, we discuss semi-online
and fully-online k-means algorithms which are recently introduced by [6]. All of these

architectures had a lot in common, but some crucial distinctions.

We develop the standard backpropagation algorithm and then, introduce two
different versions of online backpropagation using stochastic gradient descent and re-
cursive least squares in Chapter 6. These algorithm use backpropagation to train a
neural network, and are similar algorithmically. The main difference between these

methods arise from their respective cost functions.

We analyze our numerical experiments in Section 7.1 and Section 7.2 for online
k-means and online multilayer perceptron algorithms respectively in Chapter 7. We
discuss the results of our experiments in Chapter 8. The code we used in our experi-

ments are listed in the Appendix.



2. OPTIMIZATION

In this chapter, we are going to investigate optimization and its connections
with various machine learning algorithms. Optimization refers to the task of either
minimizing or maximizing an objective function that expresses the model at hand. We

can formulate any optimization problem as follows:

Given an objective function f : X — R, where X is our search space, find a subset

X* of X such that:

X ={z"| f(z") < f(x), for all x € X} (2.1)

In constraint optimization, we want our solutions to satisfy some properties expressed
by equations or inequalities, which restricts our search space X to S C X. The set S can
be defined in terms of functions that correspond to equality constraints and inequality
constraints. In this case, points x of S are called feasible points. In general, one has

the following type restrictions:

S={z|g¢g?(z)=0and hV(z) <0, fori e I, and for j € J} (2.2)

where {g¥W}ic; and {h};c; are two finite sets of constraint functions. Then the

optimization problem reduces to find a subset X* of X such that:

X' =A{z" €S| f(a") < fz),z € X} (2.3)

There are two main categories of algorithms for solving optimization problem:



(i) First order optimization algorithms use the gradient of the cost function with re-
spect to its parameters. The gradient gives the information whether the function
is increasing, or decreasing at a particular point.

(ii) Second order optimization algorithms use the Hessian of the cost function to
estimate the curvature of the objective function together with the information on

whether the first derivative is increasing or decreasing.

If an optimization algorithm uses the entire data set, then it is called a batch algorithm,
or a deterministic algorithm because the algorithms processes all of the data reserved
for building the model in a large batch. In contrast, an optimization algorithm that
processes a sample of data points at a time is usually referred as a stochastic algorithm,
or as an online algorithm. However, the term online is usually reserved for algorithms
that use a continuously arriving stream of data points instead of a fixed set of data
points on which the algorithm has random access. These concepts are discussed in

detail in Chapter 4.

2.1. Optimization for Machine Learning Models

The traditional optimization algorithms differ from the optimization algorithms
used for training machine learning models in several ways. In pure optimization prob-
lems, the data-generating probability distribution pg., is usually known. In contrast,
in most machine learning tasks we only have data samples and our objective is to mini-
mize the expected generalization error which is known as the risk. One can reformulate
a machine learning task as an optimization problem in which we aim to minimize the
expected loss function on the training set, which is called the empirical risk, expecting

to minimize the risk as well.

If we assume that we sampled the stream uniformly and independently then we
can expect that the training set and the test set share the same underlying data-
generating distribution. With this assumption the expected training error of a ran-

domly selected model is going to be equal to the expected test error of that model.



However, we can only take samples from the training set in order to choose the pa-
rameters that reduce the error on the training set. We then sample the test data set
and measure the error without updating any parameters. Thus the expected error on
the test set is always going to be greater than or equal to the expected error on the

training set.
2.2. Expected Risk Function

A learning system is designed to minimize a function J(w) called the expected

risk function which is expressed as follows:

J(w) = E[d(f(z;w),y)] = E[d(7, y)] (2.4)

where d is a non negative function, called the loss function. The loss function measures
the discrepancy between the real value y and its estimate f(z;w) = y when z is the
input, and w is the parameter that must be adapted in the learning process by observing

events y occurring in the real world.
2.3. Empirical Risk Minimization

We emphasize in Equation (2.4) that the expected is calculated over the true
underlying distribution pgu, such that:

J(w) = Eld(f(z;w), y)] (2.5)

In machine learning, we cannot minimize the expected risk function directly since the
data generating distribution is unknown. Instead, we minimize the empirical risk in the
training process and expect the true risk is going to decrease as well. So, the training

process corresponds to empirical risk minimization:

> d(f (e w). ) (26)



The expected value of the empirical risk jm(w) is calculated via the empirical distri-

bution p(z,y) given by the training set, and m is the number of training examples.

Optimizing the empirical risk function J,,(w) also yields a good estimate for the
minimum of the expected risk function J(w) if the training set is adequately large [7].
However, empirical risk minimization may cause owverfitting. That is, models may
simply memorize the training set. This area of research is related with generalization
phenomenon. Generalization can be described as the capacity of a system to learn
from a set of examples from a finite training set, and yet provide results that are valid

in general.

Below, we present gradient based methods for batch and online processing.

2.4. Gradient Based Learning

Gradient based learning algorithms are first order optimization techniques which
only require first-order derivatives of the terms of the parameters w in the objective
function J. A commonly used variation is the gradient descent method. The gradi-
ent descent is an iterative optimization algorithm thats looks for the minimum of an

objective function by following the opposite direction of the gradient.

Here, we consider two different versions of the gradient descent algorithms. These
algorithms differ in how much data they consume in estimating the gradient of the
objective function. There creates a trade-off between the time it takes to perform an
update depending on the amount of data available to the algorithm in constructing a

model, and the accuracy of the parameter update.



2.4.1. Batch Gradient Descent

In the batch gradient descent method, the algorithm computes the gradient of

the objective function with respect to the parameters on the entire training dataset:
w=w —nNVyuJ(w) (2.7)

For a convex cost function, the batch gradient descent algorithm converges to the
global minimum. Thus convexity of the cost function is desired since the algorithm

may converge to one of the local extrema points otherwise.

One can minimize the empirical risk function .J,,(w) using a batch gradient de-

scent algorithm. Successive estimates w; are computed as follows:

wlt 1) = wt) = 1w nw(t)) = 0t) = 12 > V(i 0), )

Here 7; determines how big the updates are, and it is called the learning rate. When
the learning rate 7, is small enough, the algorithm converges to a local minimum of the
empirical risk function jm(w) We give the pseudocode of the batch gradient descent

algorithm below in Figure 2.1.

Initialize W
repeat
for all (z;,y;) do
Vi (w) = 5370, Vad(f(25w0), yi)
w(t +1)  w(t) — NV J (w)
end for

until w;’s converge

Figure 2.1. Batch gradient descent algorithm.



In the batch gradient descent, one needs to calculate the gradient for the whole
dataset. This process can be slow if the training set is large, or even intractable for
datasets that do not fit in memory. The batch gradient descent also does not allow us

to update our models online.

2.4.2. Stochastic Gradient Descent

The second variation of gradient descend algorithms we are going to consider in
depth in this thesis is called the stochastic gradient descent (SGD) method. The SGD
algorithm does an update on parameters for each data point (z;,%;) in the training

data set:

w=w — NV J(w;x;,y;) (2.8)

Since the stochastic gradient descent method works with one data point, or sometimes
a mini-batch of data points, at a time, it is much less memory intensive. We give the
pseudocode of stochastic gradient descent algorithm in Figure 2.3. In each iteration, the
online gradient descent chooses an example x uniformly randomly, and then updates

the parameter w using the following formula:

w(t+1) = w(t) — 0, Vud(f(zi;w), y;)

If we average the updates over all possible choices taken from the set of training ex-

amples, we would obtain the batch gradient descent algorithm.

The term stochastic comes from the fact that calculating the gradient on a single

training sample is a stochastic approrimation of the gradient of the true cost function.
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— Batch gradient descent

— Stochastic gradient descent

Figure 2.2. Due to its stochastic nature, the path towards the global cost minimum
might be not direct as in batch gradient descent, but may make a zig-zag if we

visualize the cost surface in a 2D space.

Initialize W < to small numbers
Learning rate schedule 7y, 1o, . ..
repeat
for (z;,y;) in random order do
Vi (w) = d(f (213 w), 1)
w 4+ w—nV,J(w)
end for

until w;’s converge

Figure 2.3. Stochastic gradient descent algorithm.
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2.4.2.1. Convergence. Batch gradient descent needs to make one full pass over the

data until an update is performed. This means each update has the time complexity
of O(nd), and also the computations are prone to be repeated on redundant data
points. Since SGD performs one update at a time, it can be used to for online learning

algorithms, and also it is usually much faster since the complexity is O(d).

Batch gradient descent is shown [8] to converge to a local or the global minimum
for non-convex and convex optimization functions, respectively. In stochastic gradient
descent, random sampling of m training examples introduces a source of noise which
causes fluctuations. This behavior of SGD enables to jump to a better local minimum,
however, a non-vanishing gradient may cause to skip the global minimum. Therefore,
the batch gradient descent algorithms can use a fixed learning rate effectively. However,
Robbins and Monro [9] showed that when we gradually decrease the learning rate, the
SGD algorithm converges as fast as the batch gradient descent for stationary data

streams.
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3. MACHINE LEARNING AS OPTIMIZATION

We continue with basic algorithms for unsupervised and supervised learning in-

cluding linear and logistic regression, regression trees, and support vector machines.
3.1. Linear Regression

In linear regression problems, given the input data X we want to find the pa-
rameters that predict the output Y in a linear fashion. In this model, the output is a

linear combination of the features. In other words,
yi = [z, w) =w’ -z (3.1)

Then we need to find the model parameters w that provides the best fit for the training
data set. The best fitting model is measured using the mean squared error (MSE) over

the training dataset:

Tw) = 5 > (F ) =) 32)

In order to find the best fitting line, one needs to minimize the MSE function J(w).
One can derive a closed-form solution, but one can also use the gradient descent to

minimize J(w).
3.1.1. Least-Squares Estimation
We can estimate the solution of least squares by minimizing the sum of squared

errors over the whole data set. This leads to a closed-form expression for the estimated

value of the unknown parameter w.
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— XW|?
1
= ®(’y — XW)"(y — XW)

The minimum of J(w) is obtained by setting the derivatives of J(w) equal to zero.

1
Vo (w) =0 = Vw|xT|”y —~ XW[:=0

= Voly — XW)(y—XW)=0

Voly = XW) Ty — XW) =Ty —y" XW - WTXTy + WIXTXW)
= 2XTy+2XT"Xw

=0
This setting gives the normal equations as:
XTXw=XTy
Solving for w, we obtain parameters estimation formula:
w= (XTX)"'XTy
provided that the inverse of the matrix X7 X exists. This happens when the matrix X

has rank k. Since X is an n x k matrix, we must have n > k which means the number

of observations must be greater than or equal to the number of parameters.
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3.2. Logistic Regression

Linear regression is used to predict continuous valued outputs as a linear function
of continuous input while the logistic regression is used for predicting binary-valued

output values again on continuous input.

In logistic regression, for a given collection of data points {z;,y;}Y, where each
z; € RY and y; € {0,1} we need to define a linear classifier. The logistic regression
algorithm defines an objective function using a likelihood function on this data set.
Then it optimizes this objective function using the gradient descent in order to to find

the optimum parameters that yields highest probability for this data set.

Let us assume that the conditional probabilities are given by

1

Ply=1]z;w) = hy(x) = oo == o(w’ - z) (3.3)
Ply=0|z;w)=1—Ply=1|z;w) =1 — hy(x) (3.4)
where
o(z) = 1 —|—1ez

is called the logistic function or the sigmoid function. The logistic function maps the
value of the dot product w’ - z into the interval [0, 1] so that we may interpret h, ()

as a probability. Combining these probabilities we get:

P(y | ;w) = hy (@) (1 — hu(z))' ™

Assuming the training set was sampled independently, we write the likelihood function

as:
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In order to simplify the process, we can maximize the logarithm of the likelihood

function instead of the likelihood function:

{(w) = log(L(w))

- Z yilog(h(w:) + (1 — ;) log(1 — h(x;)

Similar to linear regression, we can use gradient descent to maximize the likelihood.

Note that o'(z) = o(z)(1 — o(2)). In order to optimize this function we need the

derivatives

ol(w)

8wj

Zm: Yi B 11—y O (W ;)

i=1 how(wlz;) 1 — hy(wha;) ow,

S Yi 11—y - . ow'z,
; (hw<w%z) 1- hU,(wai)) oy (W) (1 = hao (w7 21)) =5 j

Then the update rule for maximizing the log likelihood becomes

wj = w; + 772(3/1’ — h ()23 (3.5)
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3.3. Regression Trees

R
3 Ry

TS GI

R Rz

[ A

Figure 3.1. Tree model: Partition the feature space into a set of rectangles.

In regression trees, we create partitions of the feature space into a set of rectangles.
Then we fit a simple model, e.g. a constant, in each rectangle. Figure 3.1 shows

interpretation of these partitions.

Given input X € R™? and corresponding outputs y € R". Each observation

corresponds to (y;, x;) € RPT ¢ =1,... n. Suppose we have a partition of R? into M
regions Ry,..., R,. We predict the response using a constant on each R;:
m

f(z) = Zci-XRi(f) (3.6)

i=1

where xy is the characteristic function, which is also known as the indicator function,

of a subset U C RP. In order to minimize Y, (y; — f(2;))?, one needs to choose:

¢ =avg(y; : x; € R;) (3.7)
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3.3.1. Splitting and Pruning Criteria

For continuous variables, we picked a constant in each box R; to minimize the

sum of squares in that region:

miny Y (y — i)’ (3.8)

i xRER;

As a result, we choose:

where N; denotes the number of observations in R;.

In order to determine the regions R;, we need to decide on variable we are going
to split, and where to split that variable. Unfortunately, finding a globally optimal tree

is computationally infeasible. So, we use a greedy algorithm as follows:

(i) Take a splitting variable j € {1,...,p}, and consider a splitting point s € R.
(ii) Define the two half-planes:

Ri(j,s) ={z e RV :z; < s}, Ru(j,s) ={reRV:z; > s} (3.10)

(iii) We choose j, s to minimize:

. . 2 . 2
min glé% Z (yi —c1)* + gléﬁ Z (y; — c2) (3.11)
;€R1(5,5) z;€R2(j,8)

One can find the splitting point s very quickly, and therefore, determining the best

pair (7, s) is feasible. Then we repeat the same process for each block recursively.
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Figure 3.2. Support vector machine.

3.4. Support Vector Machines

18

Support vector machine is a supervised classification algorithm that aims to find

a suitable collection of hyperplanes that separate the data into a finite number of

classes. Given a labeled training dataset {(z;,y;)}, the algorithm outputs an optimal

arrangement of hyperplanes to categorize new examples.

In our model, separating hyper-planes are given by y = w’z + b where y cor-

responds to classification label, w is a normal to the plane, and b which moves the

hyperplane from origin. On the decision boundary we have w? - 2 + b = 0. Let us

define

Yi =
-1 fw-z;,+b<0

The distance of the i** sample (z;,y;) to the hyper-plane is given as:

(3.12)
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We are looking for data points, called support vectors, for which this distance is
minimal, for these data points, we can add the constraint w-x; +b = 1. Then the total

distance, i.e. the margin M, is equal to ”72”

The problem of finding a classifier with the maximum margin, i.e. maximal total

distance of the support vectors, can be formulated as an optimization problem:

2

argmax 2d; = argmax —— = argmin ||w|| (3.13)
i wo  lwll wb

Therefore, maximizing ”120—", is equivalent to minimizing ||w||. To turn the problem into

quadratic programming we can also minimize ||w||?>. Hence, the original problem 3.13

is equivalent to finding
argmin |w||*  subject to  yi(w - z; +b) > 1.
Now, we have a constrained convex optimization problem in which we have a convex

quadratic objective function with linear constraints. The solution gives us the optimal

margin classifier.
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4. DATA STREAM MINING

In this chapter, we are going to investigate data analysis techniques over data

streams.
4.1. Introduction

A data stream S is an ordered sequence of data objects S = {z;}¥,. Each data
object is usually described by a finite dimensional vector z; = [z4]9_,. The components
of these vectors called features that belongs to an attribute space ). Attributes can

either be continuous, categorical, or mixed.

Most machine learning algorithms assume that there is a finite sequence of data
points generated by a fixed unknown probability distribution. In batch learning algo-
rithms, the algorithm passes over a static dataset, called the training dataset, at least
once. Then the model generated by the algorithm from this training set is used for
making predictions on a different dataset, called the test dataset. In this approach, we
assume the data available for the algorithm has stationary statistical properties that
do not change over time. Since the data is assumed to be stationary, one can store it

and analyze it in multiple steps.

For streaming data analysis data objects arrive continuously, and the unknown
distribution that generates the data might also be non-stationary. The changes in
probability distribution over time is also referred as the concept drift [10]. There is
also the possibility that we have no control on the order in which the data arrives and
is processed, or even the possibility that data objects need to discarded after they are

processed due to tight memory constraints.

The most common data streaming data analysis tasks are regression, clustering,
classification and frequent pattern mining. We particularly focus on online methods.

Roughly speaking, online methods are methods that “process one datum at a time.”
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We give a brief introduction to these data stream analysis tasks below. But before we
embark on this task, we are going to investigate the differences between batch learning,
streaming data analysis, and their variations.

4.2. Batch, Online and Incremental Learning

4.2.1. Batch vs. Stream Processing

Table 4.1. Differences between batch and stream data processing [5].

Batch Stream

Number of passes | Multiple Single

Processing time | Unlimited | Restricted

Memory usage | Unlimited | Restricted

Type of result Accurate | Approximate

Distributed No Yes

Machine learning algorithms that use the whole training dataset are usually called
deterministic or batch methods, because they process every point in the training ex-
ample at least once over a single pass. On the other hand, machine learning algorithms
that use only a single data point at a time are usually called stochastic, online or
incremental. The term “online” refers to the cases where examples are taken from a
data stream of continually arriving data points rather than from a static training set

over which the algorithm may perform several passes.

An online learning system does not rely on stationarity of the data, and makes
no distinction between the training and test datasets. An online learning model con-
tinuously learn by using the most recent information available since every data point
updates the model at hand with new information. As a result, if the statistical prop-

erties of the data change with new examples, the model easily adapts itself.
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4.2.2. Online vs. Incremental Processing

In an online learning scenario, we only know the features of the new data point
but without labels. Then the system reacts and suffer a loss or a penalty, and use the
loss to update our model. Our model here may be a set of different models so that
one can update them or remove the bad ones. In an incremental learning scenario, we
receive new data points with labels, and the system updates our already-trained model

without using the entire dataset.

Online learning may also refer to the case where each example is used only once
while incremental methods usually sample one example at a time from a static dataset
and may process the same examples multiple times. That said, the distinction between
incremental and online is not always clear. In fact, the same method can often be
applied to both situations. An example is stochastic gradient descent: in the online
case, each new example is a sample from the data distribution, while in the incremental
case typically one picks a uniformly random example from the dataset. Online meth-
ods typically require recursive techniques that update faster than the sampling rate.
Also, while the updates are similar the objective functions we need to optimize are
different: we calculate an expectation over the data distribution for the former, and an

expectation over the empirical distribution of the dataset for the latter.

Some of the oldest algorithms in machine learning are online. This comes from
the fact that many machine learning algorithms use stochastic optimization techniques
such as online backpropagation. There are also such online extensions of support vec-
tor machines (SVM) [11]. All prototype-based models such as radial basis function
networks (RBF), self-organizing maps (SOM) and supervised learning vector quanti-
zation (LVQ) are online learning algorithms, since they use stochastic optimization

techniques [12-15].
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4.2.3. Stochastic Descent

Many machine learning algorithms are either online by design, or can be made
online even though the standard implementations may not support it originally.
For example, decision trees has online variations [16]. The support vector machines
(SVM) method was first described [17] with traditional batch processing optimization
techniques. The stochastic gradient descent for perceptrons [18], and for the Adaline
method [19] are also examples. Table 4.2 illustrates tha way the stochastic gradient
descent is used in some classic machine learning algorithms [20]. There are also al-
gorithms which the standard implementation already supports online learning. For
example in nearest neighbor clustering [21] one simply adds a new instance to the set,
and from then on it is available to match as a nearest neighbor.

Table 4.2. Stochastic gradient algorithms for various learning systems.

Model Loss Stochastic gradient algorithm

J, erceptron — 1AL 0, —ywlx
Perceptron pereept { Y } w — w + ny, if ywlz, <0

y=F1

o ) k* = argming (x; — wy)?
k-means Jh—means = Mingz(x — wy)

Wi 4= Wi + 0T — Wi )

Jsom = Mw? + max{0,1 —yw'2} | w +— w —npIw if ywlz, >1
SVM { Yy } Ul Ut t

y=F1 w 4 w — n(Aw — yzy) otherwise

For many machine learning schemes, stochastic gradient descent algorithm is use-
ful for processing data because it allows online processing. Traditional gradient descent
methods, such as the conjugate gradient descent, compute the gradient of the entire
dataset first, and then search the optimal learning rate along that gradient. Such
searches are expensive since they need to calculate likelihoods over the entire dataset
in order to update the parameters along the gradient. Each global gradient is unlikely
to point at the solution and the search curve resembles a zig-zag because each next up-
date direction must be orthogonal the previous update. On the other hand, stochastic
search methods, such as the stochastic gradient descent, move in the direction of the

contribution of a single training pattern and a scalar multiple of the prior gradient.
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With such incremental updates the algorithm searches the optimum more directly in
the direction of the global minimum by making small adjustments with each training

mstance.

Stochastic approaches are commonly used with online machine learning algo-
rithms because they store only the parameters and a single training example, but they
need to make multiple passes either over the same data more than once, or over fresh
data. With a large volume of data, it is typically better to use an algorithm that visits
each data element once or a few times rather than sampling a small batch and feed it
to a batch algorithm. Hybrid algorithms that sample batches of larger than one but

smaller than the entire dataset are also frequently used, and called mini-batch methods.
4.3. Regression on Data Streams

In many machine learning applications, one often formulates the parameter es-

timation problem as a linear regression problem. Online or sequential, recursive es-

timation of such parameters can be done via the stochastic gradient descent, or the

recursive least squares (RLS) algorithm.
4.3.1. Recursive Least Squares Estimation

Suppose that at a given time we have a collection of input vectors X, and
corresponding output vectors Y(,). Recall that in linear regression problem we want

to find parameters W such that:
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Suppose that we have n observations on the m input variables. Let us write our data

set as a matrix.

T
Xy 11  Tim Y1
xd Tor +++ T2 Y2
2 m
Xn) = = Yin) =
T
xn xnl o e xnm yn

Then the least squares solution for the optimization problem is

W(n) = (X(yXm) X0 Y

Here W(n) corresponds to estimation when we have n number of data pairs. When a

new data point (z,11,y,+1) arrives, we must increase n by 1. This requires that we

need to calculate W(n + 1) from scratch by inverting large matrices, but recalculating

an inverse matrix is expensive both in terms of time and storage. So, we are going

to develop an iterative method below utilizing the expansion calculation we performed

for already arrived data points X, and Y ).

Let us define P! el = X(nH)X(nH)

n+1

n+1—§ €X;x E xx +xn+1xn+1

=1

_ —1 T
- Pn + Tn+1Lp41

As for the newly arriving data, we get

n+1 n
X Yot szyz D Ty + Tos1Yni

=1

= X%;1)‘3((71) + Tpt1Yn+1-

(4.4)

(4.5)
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Then our calculation of W (n + 1) yields

W(n+1)= Poi1 Xl Yinin (4.6)

We can derive recursive formula for W (n + 1) using W (n)

W

S
+
\’:
§U

+1 (XY n+1))

I
=

1 (X Yy + Tn1yny1)  (Equation (4.5))

I
=

(Pt ( ) + Tn1Yn+1)  (Equation (4.6))

[
sv

(Pl = g )W (n) + paynsn)  (Equation (4.3))

[
=

T
n) + Proy1%Tni1Ynt1 — Pop1Tni1 2, W(n)

n) -+ Pn—i—lxn-‘rl (yn—i-l §+1W(n))

I
===

(
(
(
(
+1(Pn+1W( n) = Tp2h W(n) + Zo1Yns)
)
)
)

n)+ Kn+16n+1
where

Koi1 = Poi1nt1, and €01 = Yo — 2, W(n) (4.7)
Here K corresponds to gain vector at each weight update, similar to learning rate.
Now we take attention to recursive formula for P where P,y = (P, + zp 127 +1)71 .
We will use Woodburry’s [22] matrix inversion formula:

If A,C, BCD are non-singular square matrix (the inverse exists) then

[A+ BCD]™ = A — A'B[C™' + DA'B]'DA™ (4.8)
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Now, in Equation (4.8) we identify A, B,C, D as follows:

A=P B=z,4 C=1 D=2z, (4.9)

So that, we have:

Pn+1 = Pn + Pn+1xn+1[f + Z’Z+1Pn+1$n+1]71$g+lpn (410)

Here the term which its inverse is calculated is scalar since P, is m x m and X7 is

1 x m and X is m X 1 matrices.

Error term decides the magnitude of change, and it is scalar. K decides the

direction of the change should be made, because W is a vector.

The pseudocode of this procedure is given in Figure 4.1 where A is a parameter

called forgetting factor.

Initialize wyg =0, Py = ol
repeat
fort=1— |X| do
wy <— w1 + Py (yr — th_ﬁt)

P+ Py — Pt7133t95tTPtfl)

o
Azl P_qzy

end for

until w;’s converge

Figure 4.1. RLS algorithm.

4.3.2. Least Mean Squares Estimation

One can solve the least squares optimization problem by using the least-mean
squares estimation (LMS) algorithm, which is also known as the delta rule. The algo-

rithm starts by randomly assigning small positive values to the weight parameter w.
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Then we update the weights in each step by finding the gradient of the mean square
error (MSE). The LMS algorithm uses the stochastic gradient descent to minimize the

MSE by recursively estimating of the optimal weight vector argmin,, J(w) for
> (i —w'ai)?, (4.11)
Using batch gradient descent we derive our update rule as:
w(t+1) =w(t) —nVJ(w) =w(t) + ki Zm:(yl —wlw)zy; (4.12)
M3
We can use the stochastic gradient descent for online processing as follows:
w(t +1) = w(t) + ny; — wlx;)x, (4.13)

Figure 4.2 shows the pseudo-code for a solution with stochastic gradient descent.

Initialize w(0) to random small values
repeat
forj=1,...,|X] do
w(t+1) + w(t) +n(y; — whz;)x,,
end for

until w’s converge

Figure 4.2. LMS algorithm.

4.3.3. RLS vs. LMS

The LMS algorithm is the standard first order SGD and takes a scalar as learning
rate. The recursive least squares algorithm (RLS), on the other hand, is based on
weighted least squares in which past values are taken in account to determine future
values. It considers an online approach to the least squares problem, and optimizes the

mean square error by processing the input deterministically rather than stochastically.
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Compared to the LMS, we need higher precision implementations for the RLS. In
other words, in comparing the computational costs of the LMS and the RLS in terms
of the number of operations, these numbers should be interpreted along with the fact
that the calculations used by RLS have to have higher precisions. Otherwise, the result
may diverge which adds another computational disadvantage of the LMS.
Additionally, if the input data is non-stationary, we must set a suitable forgetting factor
A in order to determine the covariance (gain) matrix P, that controls the convergence

speed.

Because of the matrix-product operations, the complexity of the RLS algorithm is
O(m?) per iteration. On the other hand, the complexity of LMS is O(m). This means
the RLS algorithm does not scale well with dimensionality. The main advantage of
the RLS algorithm is that it converges much faster than the least mean squares (LMS)
method [23].

4.4. Classification Algorithms for Data Streams

Recent research on streaming classifiers similar to data stream clustering are
mainly based on modifying batch methods to obtain incremental versions, or batch
methods applied to sketch of the data provided from summarization techniques such
as frequent pattern mining which we introduced in Section 4.5. For example, support
vector machine can be made incremental using stochastic gradient descent to by updat-
ing the training data with the continuous data stream. Hoeffding trees [24] is presented
for tree based data streaming classification. It relies on the idea that in the split stage
of a decision tree a small subset of the training examples may be sufficient. The size of
this subset relates with Hoeffding bound [24]. This algorithm has advantage with lim-
ited memory necessity. The drawback is, when a concept drift occurs its architecture

does not allow to handle this, since once a node is created, it can never change.
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Most neural network algorithms need to iterate through the training data many
times to determine their model parameters. Even though in the streaming scenario
this is not possible, it may not be necessary if the number of samples are large enough.
Incremental approach to the model update process of neural network algorithms makes
them particularly suitable for data stream scenario. The extensions of multilayer per-
ceptron to the stream scenario is discussed in the Chapter 6. Below we first introduce
basic units of a neural network, perceptron model, to compare its online structure with
different algorithms that can be converted to online using stochastic gradient descent.
There is a number of different neural network architectures [25] specifically designed
for clustering which are mostly based on the concept of competitive learning [26]. In
Section 4.6.1 we introduce competitive neural networks, and in Chapter 5 Section 5.5

we discuss its variation adaptive resonance theory.

4.4.1. Perceptron

In machine learning, a perceptron is a supervised learning algorithm used for
binary classification problems. Original model is proposed by Rosenblatt [18]. It is a
linear method because the classification model is represented by a linear function. Its
task is to learn a classification function which corresponds to a hyper-plane separating
two classes of data points that lie in a vector or an affine space. The perceptron takes
a linear combination of the weights (parameters) in combination with the features of a
data point, and feeds it through a step function. The neuron fires if the linear combi-
nation of the inputs exceeds the threshold, and it lays dormant otherwise. Figure 4.3
shows the architecture of the perceptron model. We are going to investigate multi-layer

perceptron methods in Chapter 6 in detail.

Assume we have n points in the training dataset (x;,y;);_, where each z; has d

features. We need to obtain a classification function f : R? — Y. Let

. 1 fw-x4+b6>0
f(x) = sign(z) =

—1 otherwise.
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Figure 4.3. Perceptron model.

We minimize the following objective function:

J(w) = (fx;wi) — i)’ (4.14)

Here, w represents the real-valued weights, w - x represents the ordinary inner product
> i, wiz; where m is the number of inputs, and b represents the bias. The bias does
not depend on input values, and pushes the decision boundary away from the origin.
The algorithm looks for an optimal hyperplane w - x = b that separates two classes of

input by updating the parameters w using the gradient descent
w(k+1)=wk)+n.(y—9)x (4.15)

where 7 is learning rate. The convergence is guaranteed only when the two classes are

linearly separable [27].
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Initialize W to random small values
repeat
for (z;,y;) € X in random order do
if y;w - x; <0 then
w(t) <~ w(t —1) + yx;
else
w(t) < w(t—1)
end if
end for
until 7" time step

return w < >, w(t)

Figure 4.4. Perceptron algorithm.

4.4.1.1. LMS vs. The Perceptron. Difference between the LMS and the perceptron is

that for the latter we can construct a differentiable cost function J while for the former
the hard non-linearity f is replaced with a linear function. Also, LMS has a continuous

error while for the perceptron error is discrete: it is either 0 or £2.

’

Y =nly—§)f () (4.16)

If we set a linear activation function, e.g f(z) =z = f (z) =1

=Vw=nly—y) x (4.17)

If we choose activation function as the logistic (sigmoid) function, the single-layer

network is identical to the logistic regression model.
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4.4.2. Logistic Regression

Recall that in Section 3.2 we defined a linear classifier optimizing likelihood
objective function for a given collection of data points {z;,y;}Y, with z; € R? and

y; € {0,1} as follows:
f(w) = 3 ilog((z) + (1 — ) log(1 — A (.19
i=1
We have the following update rule:
wj = wj +1) i(yz — hoy ()4 (4.19)
i=1
Using stochastic gradient descent for a sample (z;,y;) the update rule becomes:
wj = w; +n(Yy; — hw(z:)); (4.20)
We note that the stochastic gradient descent update is identical with the update rule of
the linear regression with a squared error objective function as given in Equation (4.13),
with the logistic regression update rule with a log likelihood objective function as given

in Equation (4.20), and finally with the perceptron update rule with a sign objective

function as given in Equation (4.15). However, in each case the model is different where

we have 0 - 7, He—lﬂm, and sign(w - T), respectively.

4.4.3. Online Support Vector Machines

Our task is to find a suitable w that minimizes an objective function of the form

rnui]nz fi(w) (4.21)
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The stochastic gradient descent iterates over such functions f;, and updates the vector

w as in
Wey1 < Wy + ntthfi (wt) (422)
after each iteration where V,, f;(w) denotes the gradient of the function f;(w).

Recall that the SVM optimization problem is defined as:
"~ argmin = 3 max{0,1 )+ lul? (123
w* = argmin — max — YW - X5 —||lw .
gw m 2 ) Y 5

If we apply SGD to SVM optimization problem we see that here the functions f; are
of the form f;(w) = max{0,1 — y;w - z;}. The gradient of these functions are not easily

defined. But we can use their sub-gradients which are defined as follows:

—yr fl—yw-2>0
Vypmax{0,1 —yw- -z} =

0 otherwise

Hence, the sub-gradient of Equation (4.23) for a sample i is:

—yr+w ifl—yw-x>0

Aw otherwise

We can now use this in our iterative updates.
4.5. Frequent Pattern Mining

Frequent pattern mining refers to extracting frequency information from a given
dataset of the form of item sets, sequences, or subtrees depending on the type of
the dataset and the mining tasks. One can also consider any such information on

frequent patterns within a dataset as a particular form of a summary of that datasets.
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Initialize A, 7
W<+ 0
repeat
for (z;,y;) € X in random order do
= oA
if 1 —yw-z; >0 then
w(t) < (1 =nAw(t — 1) + neyizi
else
w(t) + (1 —mpM)w(t —1)
end if
end for
until 7" time step

return w < Y, w(t)

Figure 4.5. SVM by stochastic gradient descent.

The method can also be used for other machine learning tasks, such as classification,

clustering, and change detection [28-31].

Many frequent pattern algorithms require multi-passes over the dataset, therefore
they need persistent storage for the datasets they process [32-34]. With recent interest
in mining data streams, where only one-pass is allowed, new frequent mining algorithms
are proposed over data streams. However, such streaming algorithms can only yield

approximate results.

Lossy counting is introduced by Manku and Motwani as a one-pass algorithm
to find all frequent item sets over over the entire history of a stream [35]. Their
algorithm does not allow false negatives, and has a provable bound on false positives.
The algorithm uses a user-provided error parameter E that controls the quality of the

model.
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A popular approach in data stream clustering is using a time window, a con-
tiguous subsequence of the data of a fixed length, that covers the most recent data to
summarize the continuously arriving stream of data by giving greater importance to
most recent objects appearing in the stream. Among the distinct window models used
in the literature, we highlight the landmark model, sliding-window model, and damped
model [36,37].

The landmark models consider the data points in the stream starting from the
beginning. Algorithms processing a stream using landmark windows perform their
task on disjoint chunks of the stream separated by relevant objects called landmarks.
Landmarks can be determined in terms of time, or in terms of the number of elements
observed since the previous landmark [36].

Objects arriving after a landmark are kept and the algorithm creates suitable summary
statistics within that window of recent data. All objects kept previously are removed
once a new landmark arrives, and the algorithm repeats the summarization process in

the new window.

H 0000000000000
+1000000000000
200000000000 0

J

Landmark at time (t-13)

Figure 4.6. Landmark model [1].

In the sliding-window model, we consider a specific interval of data between
now extending to a certain range into the past. Algorithms using the sliding window
model store only the most recent information from the stream. Algorithms using the
sliding window model maintain their frequent item sets in sliding windows usually by
employing a first-in-first-out (FIFO) data structure. Such algorithms store and process

only the part of the data stream within the sliding window.
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The particular size of the sliding window depend on the application and system
constraints. All the transactions within the window are kept until they move out of
the range of the sliding window. The challenge of using sliding window method is in
avoiding load shedding effect. This happens when the data arrival rate in the stream is
higher than the processing rate of the algorithm, and packets of data may be dropped

which may never be processed.

Hm 0000000000000
100000000000 e
200000000000 0

Window length

Figure 4.7. Sliding window model [1].

Damped model, also referred to as time-fading model, associates weights to data
points in the stream in such a way that recently arriving data has higher weights than
the data that arrived earlier [37]. We do this by assigning each data point, or a trans-
action, a weight that decreases with age. In calculating the result, older transactions
contribute less than the newer transactions. This is suitable for applications in which

newly arrived data has more effect on the results, or the effect reduces with time.

(w)

Figure 4.8. Damped model [1].
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4.6. Clustering Algorithms for Data Streams

In this section, we are going to give an overview of clustering algorithms for data
streams, and briefly mention commonly used methods. We will investigate the k-means

algorithm in depth later in Chapter 5.

Clustering algorithms belong ta a basic class of unsupervised machine learning
algorithms that assigns data points labels from a fixed finite set in order to split them
into partitions. We would like to form such partitions in such a way that points within

each group are more similar than the points in different groups.

For static data sets one can use a number of algorithms such as k-means, k-
medoids, hierarchical clustering, and density-based methods [38]. The standard clus-
tering algorithms need to access all of the data points and typically iterate over the
available data multiple times. This requirement renders these algorithms unsuitable for
large data streams especially for datasets that are too large to fit within the memory

available, or for datasets where data points arrive continuously.

Data Stream

Y
Data Abstraction

Step

(online component)

Data Structure for
Statistic Summary

Clustering Time to
time
Step
(offline component)

v

Data Partition

Figure 4.9. Data stream clustering framework with abstraction [1].
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Most stream clustering algorithms can be thought as object clustering algorithms.
One strategy is to apply a data abstraction step, such as using a summary of frequent
items (see Section 4.5), and then obtain a data partition via an offline clustering step.
This strategy is usually very efficient in practice [39]. In this setup, traditional cluster-
ing algorithms such as DBSCAN [40] or k-means [41,42] can be used very effectively

to partition data into relatively small clusters over the summaries.

4.6.1. Competitive Neural Networks

W

Input Layer Competitive Layer

Figure 4.10. The winner-take-all competitive neural network. This is a network of k
perceptrons with recurrent connections at the output. Each unit at the output
reinforces its value and tries to suppress the other outputs. Under a suitable

arrangement of recurrent weights, the maximum suppresses all the others.

Competitive neural networks are used mainly for online clustering problems. The
input layer contains the input vector z, outputs are fully connected and there is no
bias unit. Only binary inputs and outputs are considered. Figure 4.10 shows the
basic structure of a competitive neural network. The values of the output units h; are

perceptrons:



40

T
h; =w; -x

The activation, of the i"® output node is just the inner product of the weight vector of

the node and the current input vector:

d
hi = Zwij -l = w] - at = il - [lat]] - cos(6) (4.24)

i .

j=1
which is closely related to the difference between the two vectors:
lwi = 2|1 = [lw|* + |=']1* = 2lJws]| - [|2"]] - cos(8)
where 6 is the angle between the two vectors.

In a competitive network, only one output unit, called the winner unit, can be
become active at a time. The winner unit ¢* is the only node that fires and it has the

largest net input. Hence, we must have

wp x> w; - x, for all g (4.25)
where the winning unit ¢* has h;» = 1. If we normalize all the weights to ||w;|| =1 for
every i, since we have

lz = ylI* = ll=]1* = 24z, ») + [lyl® (4.26)

we see that the winner unit is the one that minimizes the squared distance

i* = argmin |w; — || (4.27)

i=1,...,

where the term £ represents the number of nodes in that particular layer of the network.
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This means the unit with the minimum Fuclidean distance is the same as the one
with the maximum dot product. In other words, the winner is the unit with normalized

w closest to the input vector x.

Initialize W < the first k& distinct vectors in X
repeat
for 2! € remainder of X do
i < argmin; [|2* — wy]|
w; — w; + n(z' —w;)
w; — ”Zj—z”
end for

until w;’s converge

Figure 4.11. Competitive neural network.
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5. ONLINE K-MEANS

In this chapter we introduce the k-means algorithm and its variations using batch
and online processing. The k-means clustering algorithm, which is an iterative method,
is one of the most popular unsupervised clustering algorithms in machine learning for
partitioning data into representative clusters [43-47]. The standard k-means algorithm
requires renders data multiple times. This requires all of the data to be available. In
the online version, the algorithm takes action as each point arrives. In the stream-
ing case, the algorithm can defer action until a group of data points arrive, de facto
forming batches. The main difference between these different processing techniques
is the amount of memory available. Even though the nature of the data itself plays
an important role in determining which type of processing is suitable, it is crucial to
analyze trade-offs between these algorithms appropriately for our objectives and cost

constraints.
5.1. The K-means Problem

The k-means algorithms aims to find optimal centroids for different clusters of
data that lie in an Euclidean space for a desired number of partitions. One can refor-

mulate the k-means problem as an optimization problem as follows:

Given a finite set X C R? and a positive integer k € Z*, we need to find a function

w: X — RY such that |im(w)| = k and the following cost function is minimized:

> e —w(@)|*. (5.1)

zeX

Our search space for an optimal solution is the set of all functions w: X — R? with

lim(w)| = k, i.e. we need

argmmZHx— )%

zeX
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Since the sum of the squared Euclidean distances is minimized when w assigns the
mean of the cluster that the data point belongs to, this problem now is equivalent to
finding cluster centroids and writing the function w(z) that assigns the centroid of the

cluster to each point x € X.

Finding globally optimal solution for this problem is known to be NP-hard [48].
So, rather than using an exhaustive search whose complexity is exponential, iterative
and refinement based algorithms are commonly used to approximate the solution of

the optimization problem we described above.

5.2. Facility Location Problem

In this problem we have a metric space with a multiset of demand points chosen
from the space. It is a version of the k-means problem in which the cost of adding a
centroid is added to the objective function to be minimized. For the facility location
problem, the number of clusters is not a part of the input, as it was for k-means.
Instead, we have a facility cost function. An algorithm designed to solve this problem
may have as many clusters as it desires in its output simply by denoting some point as
a facility. Then the optimal solution is going to be the sum of the resulting k-means
cost, which can be considered as the service cost, plus the cost for opening the facilities.
Our task is to find a set of locations in the metric space that minimizes the total service
cost and the assignment cost where the service cost for a demand point is its distance
to the nearest open facility. We determine the coordinates of the facilities we are going

to open so that the sum of the total facility cost and the service cost is minimized.

In the online version, the set of demand points is not known in advance. Demand
points arrive one at a time. After the arrival of a demand point, the algorithm has to
decide whether to open a facility without any information about the further demands.
In the plain k-means problem, |im(w)| which is the total number of facilities, must be
equal to k. In both cases, we are looking for solutions by optimizing a cost function.

In this case, the optimization problem we need to solve can be summarized as follows:
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Given a finite set X = {2}, of points z* € R?, find a function w: X — R? such

that

> lz — w(@)|* + Cost(w) (5.2)

reX

is minimized where Cost(w) is the total cost to open the collection of facilities deter-

mined by w.
5.3. K-means Clustering Algorithm

The k-means clustering algorithm we are going to define in this section is a multi-
pass clustering algorithm, and it requires access to all of the data points multiple times.
The algorithm groups the data based on their mutual euclidean distances, and therefore
closer data points are more likely to be in the same group. The algorithm takes the
mean value of a group as the similarity parameter and forms clusters by assigning data

points based on the closest mean. This algorithm firstly reported by [49].

Given a data set X = {2!}¥,, and a positive integer k, the algorithm starts
by randomly selecting k points as the initial cluster centroids. Then it assigns each
data point to its closest cluster centroid. Let W = {wy, ..., wx} be the initial cluster
centroids then each data point z! is assigned to a cluster based on:

w(x) = argmin ||w; — 2'[|*.
w; EW
Then the algorithm recalculates the cluster centroids {w; }le as the mean of the data

points in the current clusters.
Let S; be the set of data point assignments for the i*" cluster. Let us define

1 if 4 = argmin, ||z" — wy|

hﬁ = (5.3)
0 otherwise
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The batch algorithm, k-means, updates the centroids as

Mat 1
VL s DIk (5.4)
TIPS

w;

Data points are reassigned to their new clusters with respect to the new cluster centroids
and centroids are updated until the cluster centroids stabilize. The first four iterations
of an example run of the k-means clustering algorithm is illustrated in Figure 5.1. The

pseudocode of the k-means algorithm is given in Figure 5.2.

k-means: initial After 1 iteration

3 3

2 2

1 1 x

= =
X
a a
X X
-1 -1
-2 -2
-2 o 2 4 i} 8 10 -2 a 2 4 5] B 10
Xy L1
After 2 iterations After 3 iterations

3 3

2 2

1 X 1 X

& P

0 X 0 X

-1 -1

-2 -2

2 a 2 4 [ 8 10 -2 0 2 4 ] 8 10
X X

Figure 5.1. Illustration of the four steps of the k-means clustering algorithm.

5.3.1. Cost, Convergence and Complexity

The cost function of k-means algorithm is the squared objective function:

N k

T W) = 5 35 Wil ' (5.5

t=1 =1
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for i < 1to k do
Randomly initialize w;
end for
repeat
fort=1—|X| do
¢ = argmin; ||z* — w;||
for i < 1 to k do
if + = ¢ then
ht <1
else
ht <+ 0
end if
end for
end for

for : < 1 to k do

> hiat

end for

until w;’s converge

Figure 5.2. k-means clustering algorithm.
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The k-means algorithm is guaranteed to converge because J is monotonically decreas-
ing, and J is bounded below. However, since J is a non-convex function, it is not
guaranteed to converge to its global minimum. In other words, k-means can stuck on
a local minimum. In other words, random initialization of the cluster centroids might
give different results. In batch processing, a simple strategy to avoid this situation is to
run k-means many times using different random initial values for the cluster centroids

wj, and then pick the one that gives the lowest value for J.

The complexity of this algorithm is O(kNdT'), where k is the number of clusters,
N is the input length, d is the dimension of the data points, and T is the iterative of
time for the algorithm. Normally, £ < N and d < N, and we can see that k-means is

linear in the number of data points.
5.4. Online K-means with Stochastic Gradient Descent

In this section, we make the same assumption that there are k clusters. The
crucial difference is that we do not have the whole sample for the training, and we

receive instances one by one.

One approach [2] to obtain an online version of the k-means algorithm is to use
stochastic gradient descent. Let X = {2/}, and ' € R% Then the objective function

for a single instance is:

th\x—leZ Zth — w;j)? (5.6)

2131

where h! is defined as Equation (5.4). Using the gradient descent method on this

function, we get the following update rule for each instance x':
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Given a data point z, we update only a single centroid at a time, which we call
the winner unit as in Section 4.6.1, by moving the centroid in the direction of x! by 7.

We give the pseudocode of the online version of the k-means algorithm in Figure 5.3.

Initialize W < the first £ distinct vectors in X
repeat
fort=1—|X| do
i = argmin; ||z* — wj]|
w; — w; + n(z' —w;)
end for

until w;’s converge

Figure 5.3. Online k-means algorithm with SGD.

5.4.1. Cost, Convergence and Complexity

In order to gain convergence, we must let 7 go to 0 [9]. However, this may lead to
what is called the stability-plasticity dilemma: If n is going towards 0 we may achieve
stability but we may lose adaptivity because updates are now too small. On the other

hand, if we keep n large then the values w; may oscillate.

In a non-stationary environment, the initialization of cluster centroids with the
first k instances from the stream may cause the algorithm to stuck in a local optimum,
and give rise to centroids that are never used by the algorithm. For competitive
networks, these are the centroids that would always lose because the initialization step
put them too far away from most of the data points. There are algorithms for adding
new centroids if an input is far from the existing centroids defined by a threshold value.
One example is the ART model, which we discuss below in Section 5.5. To avoid this
problem, one can also include the information of the global cost function to obtain an

adaptive system as we do in Section 5.6.
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_

Il

Figure 5.4. Centroid update in stochastic k-means: the closest centroid w; to the

input z moves along the direction of (z — w;) by a factor n [2].

Algorithm in Figure 5.3 keeps updating a set of k£ centroids using one sample at
a time, so the complexity is reduced to O(1) from O(N) in the batch case for each

iteration.

5.5. Adaptive Resonance Theory Networks

In the algorithms we discussed above, we needed to know the number of clusters
before the algorithm starts processing the stream. If the number of clusters is not
known, then we follow an incremental approach where we start with a single cluster,
and then we gradually open up new clusters as data flows in and we need new centroids.
The adaptive resonance theory (ART) algorithm [50] is an example of competitive

neural networks, and it can be effectively used for this purpose.

In the ART method, all of the output units of the network calculate their values of
similarity for any given input. Only one centroid, the one with the minimum Euclidean

distance of its weight vector and the current input, can become active at a time.
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Figure 5.5. Distance between ™ and the closest centroid w; is less than the vigilance
value p and the centroid is updated as in online k-means. However, ™ is not close
enough to any of the centroids and a new cluster should be created at that

position [2].
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The update is performed as in Algorithm 5.3 only when the minimum distance is
smaller than a chosen wigilance parameter. If this distance is larger than the vigilance
parameter, a new output unit is added and its center is initialized with this instance.

See Figure 5.5.

Let W = {ws,...,w}
fort=1—|X| do
ri = [lwi — || = mini_ [lwy — 2|
if r; > p then
Wiy1 < T
W W U wgi
else
w; + w; + n(zt —w;)
end if

end for

Figure 5.6. The ART algorithm.

We can see in the algorithm in Figure 5.6 that each output unit w; corresponds
to a cluster formed within the disk centered at the centroid with radius given by the
vigilance. If an upcoming point does not fall into any cluster disk, a new cluster is

opened.

5.5.1. Cost, Convergence and Complexity

In the ART method, we do not make an assumption on the number of clusters.
However, we assume a prior knowledge about the density of the data in order to
specify the vigilance parameter. This parameter is used as similarity criteria based on

the Euclidean distance in our case.
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Given a data set X = {x'}Y | one can write a function that relates the number
of clusters |W| to the vigilance parameter p. For a normalized data set, this function
is expected to have a minimum value of [W| =1 for p = 1 and a maximum value of
|[W| = N for p — 0. Forming clusters as disks of radius p limits the reconstruction
error per instance by the square of the vigilance p.

Using Equation (5.6) and summing all over ¢, the total error is calculated as:

N ok
_1 ¢ )
T W) =5 337 B — o 539
t=1 i=1
Notice that since each cluster lies within a ball of radius p, and only one of the terms

Rt is non-zero for each t, we can get a hard bound to the objective function as

k
hip® <N - p?

J(k,W) <)

t=1 =1

independent of the number of clusters k.
5.6. Semi-Online K-Means Algorithm

In this section, we are going to use a combination of streaming and online process-
ing for the k-means clustering algorithm. The algorithm we are going to define assigns
clusters using an online method while keeping the space and the time complexity at
most poly-logarithmic in the length of the stream. To do that we follow the steps as
in [6]. First, we need to introduce the semi-online k-means algorithm and then we are

going to derive the fully online k-means algorithm from the semi-online algorithm.

In the semi-online model, we assume we have a lower bound j* on the total cost of
the cost function J* of the k-means algorithm , and we have an estimate for the length
of the stream n. In the fully online model, we do not assume any prior knowledge nor
on the lower bound j*, neither on the length of the stream n. Algorithm in Figure 5.9
operates in this setting and opens a comparable number of clusters with the algorithm

in Figure 5.7. But, its approximation factor guarantee degrades by a log(n)-factor.
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For the semi-online algorithm we are going to use ideas from the online facility
location algorithm [51]. In this algorithm whose pseudocode is given in Figure 5.7, we
begin with an empty set of clusters. In this setting, data points arrive in an arbitrary
order. When a new data point arrives, the algorithm either assigns it to one of the
existing clusters, or opens a new cluster which consists of this newly arrived point.
It also adds the cost of creating a cluster to the total cost. This is analogous to the
vigilance parameter in the ART algorithm. The cost of opening a facility is given in

Equation (5.2). Our task is to find an approximation for the optimal cluster centroids.

In this algorithm, we start with a facility cost f; which is far less then the lower
bound of the total cost j*. So, in the beginning the algorithm tends to open many
facilities (centroids). On the other hand, the algorithm also checks whether there are
too many facilities because the current facility cost might be lower than optimum. If

that is the case, the algorithm doubles the facility cost for future facilities.

In algorithm in Figure 5.7, the distances between a data point z and the cluster

centroids W is denoted as
D(x,W) = min ||z — w||.
weWw

Note that, if W = @) then D(z, W) = oo for any x.
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W0
r1
q <0
fi #g(n)
for r € X do
z « random(0, 1)
if 2 < min(D?*(z,W)/f.,1) then
W+ WU {x}
¢ < g +1
end if
if ¢- > 3k(1 +log(n)) then
r<r+1
¢ <0
Jr 2.
end if
end for

return W

Figure 5.7. Semi-online k-means algorithm.
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5.6.1. Cost, Convergence and Complexity

Let S}, ..., S; be an optimal solution with cluster centroids wy, ..., w;. Let

Jr= 0 Ml —will3

z€S}

be the cost of the i-th cluster in the optimal solution, and

T=>"J (5.9)

be the total value of the cost function for the optimal solution. In [6, Theorem 2]
Liberty et. al. (2015) prove that the estimated expected cost of the clusters opened
by algorithm in Figure 5.7 is

E[J] = O(J*)

where J is the cost function for algorithm in Figure 5.7. Moreover, if we write W for
the set of clusters defined by algorithm in Figure 5.7, then by [6, Theorem 1] we get
that the expected number of clusters opened by Algorithm 5.7 is

*

E[|[W]|] = O(klognlog ;7—*)

5.7. Fully Online K-Means Algorithm

Algorithm in Figure 5.9 processes the data points in a fully online manner. The
number of the data points n is unavailable to the algorithm. We initialize the cluster
centroids as the first k + 1 distinct vectors as the data points arrive. The algorithm
determines a lower bound j* based on the initial cluster centroids. Our task is again
to approximate the optimal centroids as data points arrive one by one. We again use

a threshold value similar to the vigilance parameter that we used in the ART method.
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Note that j* is trivially smaller that J*. Any clustering of k£ 4+ 1 points with at least
two points in one cluster incurs a cost of
o — 2> _ ol — 2
- >min

z,x’

Figure 5.8 shows an illustration of the steps of the fully online k-means clustering

O

@) )

|xs — 25)* > f

algorithm.

5

p = llwo — 5%/ f
O
O

Figure 5.8. If the minimum squared distance between the entering point and the
existing cluster centroids is more than the cost of creating a new cluster f, a new
cluster is created. Otherwise, a new cluster is created with probability p. When the
number of created clusters with the current cost f is more than 3k(1 + log(n)) the

value of f is doubled.

The online k-means algorithm aims to bifurcate an online arriving stream of data
X into relevant clusters. The algorithm is conducted in r phases. It takes as input
a parameter k that denotes the minimum number of clusters that will be formed as
output of the algorithm. Hence, the algorithm produces at least k + 1 clusters. The
initial £ + 1 points arriving from the online stream of data are assigned as the initial
cluster centers. The distance between each of the points in W calculated and the square

of the minimum distance divided by 2k is the initial facility opening cost.



57

Let f. represent the facility opening cost for the 7" phase of the algorithm. Let
us also use ¢, to denote the number of clusters in r** phase. Since no proper clusters
are formed, the value of ¢, remains zero in the beginning. New cluster is opened with
the probability p which is the minimum squared distance between the incoming point
x and the existing cluster centers divided by the cost f, of that phase. With each
successive phase, cost f,. is double of the previous cost so as to ensure that lesser
clusters are opened in later phases. The algorithm moves to the next phase when

gr = 3k(1 + log(n)) [52].

W < the first k + 1 distinct vectors in X; and n =k + 1

’
lz—z |2

z,x €W 2

j* <= min
r1liq 0, f1 =% /k
for t € remainder of X do
n<n+1
z +— random(0, 1)
if z < min(%, 1) then
W+ Wu{zx}, ¢ < ¢ +1
end if
if ¢, > 3k(1 +log(n)) then
r<r+1;q < 0; f. < 2.f,_1
end if

end for

return W

Figure 5.9. Fully online k-means algorithm.

5.7.1. Cost, Convergence and Complexity

Let J be the cost function for the algorithm in Figure 5.9, and let J* be defined

as in Section 5.6, Equation (5.9).

E[J] = O(J" logn)
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Let W be the set of clusters defined by Algorithm 5.9, and let

_ max 2 — 2/

" Wit oo
Observe that,

J* < nmax ||z — 2|
x#x!

Then, by [6, Theorem 3]
J*
E[|[W]] = 0O (klognlog J_*) = O(klognlog~yn).

The idea behind the proof is that if the cost for creating a cluster is too small, this fact
results in creating many clusters because the total cost, the sum of squared distances,
is going to be low. At the same time, every time 3k(1+log(n)) clusters are added, the
cost for creating a cluster is doubled which increases total cost in the long run. On
the other hand, a large enough cost value for creating new clusters makes adding new
clusters hard enough in such a way that at most O(klog(n)log(n)) clusters are created

in expectation.
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6. ONLINE MULTILAYER PERCEPTRON MODEL

6.1. Introduction

In this section we introduce multilayer neural networks with its standard back-
propagation algorithm using batch gradient descent. Then we discuss stochastic gra-
dient descent and recursive least squares estimation to implement backpropagation
algorithm. The literature on the subject observes that neural networks need large vol-
umes of data [53] to train a machine learning model. With current availability of large
datasets in different applications, the main concern for implementing a neural network
algorithm to solve a machine learning task is the computation time. We also discuss

performance of these two models based on their training time, and accuracy.

Artificial Neural Networks are used for data approximation and data classifica-
tions problems. Originally, the inspiration for this architecture comes from biological
neurons [18]. In this architecture, we have a collection of nodes and directed edges
called arrows, and all computations flow through the network along the arrows. The
value of a node P is determined by the nodes flowing into P along the arrows connected

to P. Each arrow contains a weight which determines the strength of the connection.

Our discussion also contains the case of online network training. As in earlier
sections, any online training method seeks to adjust the parameters as training inputs
are presented rather than after a complete pass through the training set. In this case,

we are going to use online techniques to determine the network parameters.

In the standard backpropagation algorithm, both for the stochastic and the batch
cases, the weights are updated according to the generalized delta rule. In the recursive
least squares backpropagation algorithm, the algorithm minimizes the mean-square
error (MSE) between the target and the actual output with respect to the summation
outputs. Delta values come from the standard backpropagation algorithm to correct

the summation outputs.
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In this algorithm weights are adjusted using these estimates together with the
input vectors using a system of linear equations at each node. We solve these systems
of linear equations using a recursive least squares estimation which we discussed in

Section 4.3.1.

6.2. Multilayer Perceptron Model

The Multilayer Perceptron model is a modified single perceptron model which can
separate data even when the data is not linearly separable. It has several layers between
the input nodes and the output nodes. The data fed to a network flows from the
input nodes to the output nodes. The training is performed using the backpropagation

algorithm.

Input Hidden Hidden Output

layer layer

Iy —

Figure 6.1. A multilayer perceptron model with 2 hidden layers, 3 input nodes, m

hidden nodes and a single output node.

In the feed forward neural networks the information travels only in one direction
as we calculate the sum of the the weights connecting one layer to the next. The value
at a node then passes through a transfer (or an activation) function to determine if

the neuron will produce a value propagating towards the output layer. See Figure 6.1.
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Hidden layers with a non-linear activation function creates and maintains an in-
ternal representation of the data that can then be combined in different ways to model
the functions we want to approximate. The nonlinearity of the activation functions
causes most loss functions to become non-convex, hence, without a guarantee for con-
vergence. For this reason, most neural networks use iterative gradient-based methods
to find a minimal value for the cost function instead of linear solvers that we used
in linear regression models, or the convex optimization algorithms which find global
minimum that we used earlier to obtain logistic regression models or SVMs. Thus,
initialization of a neural network becomes crucial since all feed-forward neural network
algorithms initialize weights to small random values while the biases are initialized to
zero, or to small positive values. In convex optimization, convergence of an iterative
approximations is independent from any initial parameters one can choose because of
the requirement of convexity on the objective function. However, the convergence of
a stochastic gradient descent method applied to a non-convex objective function is

sensitive to a chosen initialization.

6.3. Activation Function

A neuron in a layer of a neural network takes all its inputs from other neurons
that are connected to it from its previous layer. After it multiplies these input values
by their respective weights and calculates the sum, it passes this sum through an

activation function. The output of this function is in the range (0,1) or (—1,1).

We prefer non-linear activation functions because linear activation functions re-
duce successive layers of a neural network to a single layer. This is because if all
activation functions are linear, then the activation function on the last layer is just a
linear function of the inputs on the first layer, and one can replace all layers with a
single layer. In this way we loose the ability of stacking layers, and no matter how we
stack, the whole network reduces to a single layer neural network with a linear acti-

vation function since a linear combination of linear functions is another linear function.
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Additionally, in the backpropagation algorithm we use gradient information of the
activations, and the derivative of a linear function with respect is constant. That
means, the gradient of an activation function has no relationship with its input, and
the descent is going to be on a constant gradient. If there is an error in the prediction,
the changes made by back propagation are constant and do not depend on the change
in input delta. So, the preferred activation functions are usually contractions which are
non-linear and differentiable. Below we introduce commonly used activation functions.
(i) Logistic (Sigmoid) function: o(z) = - where 0 : R — (0, 1)
pe— - where tanh : R — (—1,1)
(iii) Rectified Linear Unit: R(z) = max(0, z) where R : R — (0, 00)

TANH o :._S'IGM'OID/-R-ELU

Tre=
(ii) Hyperbolic Tangent: tanh(z) = £7¢—

Figure 6.2. Graphs of sigmoid, tanh and ReL.U.

6.4. Backpropagation Algorithm

The backpropagation algorithm is a recursive algorithm that searches for the
minimum of the mean square error function in the weight space using the gradient
descent. This means it adjusts each weight in the network in proportion to how much
it contributes to overall error. We expect that the iterative reduction of each error
associated with a weight eventually provides a series of weights that produce a good
prediction. It propagates errors backward to obtain gradient information from hidden
layers. This is crucial because for the hidden layers, the error E¥*! is not defined

explicitly in terms of the weight parameters of the layer (k + 1).
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For input vectors x and target output vectors ¢ in given a training data set,
the algorithm propagates the error back by scaling according to the weights in the
previous layer, and the gradients of the associated activation functions. After this

step, the parameters are updated by using the calculated gradients.

@ W2

Figure 6.3. For given input vector x in a training data set of and target output vector
t, the algorithm backpropagates the error by scaling it by the weights determined by

the previous layer and the gradients of the associated activation functions [3].

The algorithm for a neural network with a single hidden layer (Figure 6.3) can

be decomposed as in the following four steps [54].

(i) Feed-forward computation
(ii

)

) Backpropagation to the output layer
(iii) Backpropagation to the hidden layer

)

(iv) Weight updates
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The algorithm stops when the error is sufficiently small. The mean squared error

function we use has the form:

jedJ

where ¢; is the target value of node j, and O; is the output value of node j which
is obtained by the sum of the weighted input values passed through the activation
function. The algorithm needs to find the best combination of weights to minimize the
error. For this purpose we need to find the rate of change of the error function with

respect to given connective weights.
6.5. Derivation

The cost function at the output layer (with index k + 1):

EFL — lz(tj _ Ol.“+1)2 (6.1)

where t; is desired signals at the output layer, and Of“ is the actual output at the
output layer, and its output of a function v whose variables include weights in all layers

such that:

Of“ = y(wy,wa, ..., wy,x,t) = f(SJ’?“) where SJ]?H = wajOf

Our task is to minimize the error E¥*! over the weight space of the network. To do
this, we need the gradient information at each layer. The gradient computation depend
on whether the nodes are on the output layer, or on the hidden layer. Nevertheless, we

deploy a single gradient descent to minimize the cost function.

OEk+!
ow

Aw = —n (6.2)
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Since the equation above involves all the weights w, we can not compute the gradients
directly because errors do not have readily available gradients at the hidden layers.

But, in order to derive gradient equations we can use the chain rule.
We use the following notation:

k: Layer index
i: Neuron index of k' layer

j: Neuron index of (k + 1) layer

h

wr. : The weight between " neuron of k™" layer and j** neuron of (k + 1) layer

Sk: Net input to the i** neuron at the &' layer
OF: The output value of node i at the k** layer
f: The activation function

t;: The target value of node j

6.5.1. Output Layer

OE  0oE 9S;M
8wfj 85;?“ &ufj
OE 00 o5kt
~ Tk & 2
O Sk Owy
af(sJkJrl) aSj{Hl
85]]?“ 3wfj
8Ziwijf
Owy;

=] =) f (S;*H0F (¥

=0 —t;)

=05 — 1)) (57

= —— =O0Fi™ where &7 = (0FT — tj)f/(sjlﬁl)
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(*): In the second step the summation disappears because w;; is a specific weight

connecting ¢ — th node to j — th node from hidden and output layer respectively.
6.5.2. Hidden Layer

Assume that we are at an arbitrary layer k. We would like to generate the update
rule for (k+1), Vawy;. In this case layer (k+1) is a hidden layer, and there is no explicit
realization of the E**! in terms of wfj Let unit indices be i, 7,1 at layers k, (k + 1)

and (k + 2) respectively.

HEk+1 OEk+1 85;““
ok E)Sk“ &uk»

]
aEk+1 ok
Sk+1 awk Z Wi O

EH D0
- aOkH asjfff—i—l
oEM
8Ok+1f (Sk+1>0k

Ek—i—Z ask+2

- Z Sk+2 Ok+1
_ Ek+2 k—l—lok—i-l Sk+1 Ok:
Z Sk+2 Ok+1 Zw ( i )O;

aEk+2
_ Z 35k+2 k+1 (Skﬂ)Ok

— f (SJk—H)Of Z(sk—ﬂ k+1

]l
l

:Ofdjk+1 where 5;?+1 Sk+1 E 5k+2 k‘+1

k

e (S7ToE ()

oE

—
aw,-j

(*): In this step we use total derivative concept.
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Combining the results, back propagation algorithm updates the weights itera-

tively by:

WPt = WP — bV, B (wP)

The update rule for all the weights (output weights and the hidden layer weights) is

OEFt!
Awk = pst 1ok = —pZ—/ 6.3
wzg TI J 4 T/ awf; ( )
k+l _
Let S;7 =37, wOF.
(i) If we are at output layer:
= (1 - O ) (SE) (6.4

(ii) If we are at hidden layer, for index k + 1:

5;?"!‘1 — (Z 5lk+2w§31+1> f/(S‘;C-Fl) (65)

J

Implementation of the algorithm is done with a backward recursion, hence the name.
We start the algorithm at the output layer, and go back through the hidden layers all
the way to the input layer. We propagate errors backward to obtain gradient informa-
tion from hidden layers. Algorithm in Figure 6.4 shows pseudocode backpropagation

algorithm using the batch gradient descent method.
6.5.3. Convergence

The total error function E**! for the MLP model in the weight space can not
be easily determined since we have intermediate layers with non-linear activation func-
tions. In particular, we do not know if it is convex. This means it may have many

local minimum apart from the absolute minimum.
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Initialize each w;; in the network to a small random number
repeat
for each sample (z,y) in examples do
for each node 7 in the input layer do
O; + z;
end for
for each layer k from 2 to L do
for each node j in layer k£ do
S; >, w;0; /] forward pass
0; « [(S;)
end for
end for
for each node j in the output layer do
0lj] < f'(S;)(y; —O;) /] backward pass (6.4)
end for
for each layer k£ from L — 1 to 1 do
for each node i in layer k£ do
o[i] «= f(Si) (32, wiols])  // backward pass continued (6.5)
end for
end for
end for
for each weight w;; in network do
w;; < wij + 1 x O; X 0[j] // update network weights
end for

until w;;’s converge

Figure 6.4. Backpropagation algorithm using batch gradient descent.
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Initialize each w;; in the network to a small random number
repeat
for each sample (z,y) in examples do
for each node 7 in the input layer do
O; + z;
end for
for each layer k from 2 to L do
for each node j in layer k£ do
S; >, w;0; /] forward pass
0; « [(S;)
end for
end for
for each node j in the output layer do
0lj] < f'(S;)(y; —O;) /] backward pass (6.4)
end for
for each layer k£ from L — 1 to 1 do
for each node i in layer k£ do
o[i] «= f(Si) (32, wiols])  // backward pass continued (6.5)
end for
end for
for each weight w;; in network do
w;; < wij + 1 x O; x 0[j] // update network weights
end for
end for

until w;;’s converge

Figure 6.5. Backpropagation algorithm using stochastic gradient descent.
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The convergence of the update rule given with BP algorithm is not guaranteed
to converge to the global minimum. Error might get stable at a local minimum point.

Thus the choice of learning parameters gain importance in the update rule.

6.6. Backpropagation with Stochastic Gradient Descent

In the stochastic gradient descent (SGD) algorithm uses one sample at each it-
eration to update the weights of the model depending on the error determined by the
example instead of using the average of the errors of all examples at each iteration.
The only algorithmic difference between SGD and the ordinary gradient descent is
that each algorithm optimizes a different cost-function. The cost-function for gradi-
ent descent iterates over all training samples while the cost function for stochastic
gradient descent only accounts for one training sample chosen at random. Algorithm
in Figure 6.5 shows the pseudocode of this algorithm. The trade-off for this pair of
algorithms is between correctness (gradient descent) versus speed (stochastic gradient
descent.) However, SGD converges to the global minimum when the cost function is

convex, or pseudo-convex.

6.7. Backpropagation with Recursive Least Squares

Due to its fast convergence rate, Scalero et. al. [4] proposed using the recur-
sive least squares algorithm to speed up training process in the multilayer perceptron
model. The proposed algorithm uses the sum of squared error between the actual and
the desired inputs on the output layer. This objective function differs from the objec-
tive function used in the standard backpropagation algorithm which minimizes the sum
of squared error between the actual and the desired outputs on the output layer. The
reason behind this modification is to reduce the non-linear problem to a linear opti-
mization problem in order to apply recursive least squares estimation. Non-linearity of
the backpropagation algorithm come from the use of the non-linear activation functions

of the network.
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Given an input and desired output pair, the outputs from the output layer are
determined using forward propagation of the input, and the desired summation outputs
S;, which are now inputs for the output layer, are calculated using the inverses of the
activation functions on the desired outputs ¢;. For the hidden layers, the summation
outputs S]’?J’l and the inputs OF of a node are estimated. Since O;“H = f(d?“), it is

sufficient to estimate the desired outputs df“ only.

The estimates for the summation outputs S ;“H and the inputs OF will be denoted
by CZ;‘?H and Of , respectively. The desired summation outputs can be estimated using

Equation (6.4) and Equation (6.5)

dith = Sk g gkt (6.6)

Since these estimates do not provide an exact weight vector wfj at each node we

would need to update the desired summation output estimates CZ;?H according to the
error produced at the output layer of the network. Repetition of this procedure for

each training data points improves these estimates, and therefore, the weight vectors.

Training process of the network is starts with the propagation of the randomly
initialized weight vectors through the network. Then we update the desired summation
output estimates CZ;?H using calculated errors which we refer as deltas. This process
continued until the convergence is achieved. As in the case of stochastic gradient
descent, this method allows for stochastic updates to be performed for each incoming

training pattern.
6.7.1. Linear Equations
In this section we consider the system of linear equations that relates the weight

vectors to the input and the desired summation output on a node. Every time the

desired summation outputs dp are estimated, the weights of the networks are updated.
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In the following subsection we derive the system of linear equations considering
only a single neuron. For simplicity we drop the estimation identifier, since whether

we use the actual or estimate values are not our concern in this section.

6.7.2. Error Function

Our objective is to minimize the total mean-squared error £ with respect to the

summation outputs .S, which is given as
B=3 (-5, (6.7)

where d,, is the desired summation output and S, is the actual summation output for
the p** training pattern, and m is the number of points in the training dataset. This
objective function can be minimized by setting partial derivatives of E with respect
to each weight to zero. The result will be a set of linear equations of the number of
weights connecting to the neuron. Minimizing the error F with respect to a weight w,,

produces

oF = oS,
= -2 d,— S =0 6.8
RO UERY (69
The summation output .S, is given as:
N
Sp = Z w;Opi (6.9)
=0

where N is the number of weight of the neuron. So, the partial derivative with respect

to the specific weight w,, is calculated as:

25,

owy,

= Opn (6.10)



Substituting Equation (6.9) and Equation (6.10) to Equation (6.8) we get

w.

a n p=1 =0
m m N
g d,Opp, = E g w;OpiOpp
p=1 p=1 =0

Rewriting the right-hand side of Equation (6.12) as

m N m N
D2 wi0pOm =3 O 3 wiOy
p=1 =0

p=1 =0

and changing the right summation to a vector multiplication, provide

> 0pw"0, =" 0,,0]w
p=1 p=1
By defining

and

we can express Equation (6.12) in matrix form as

r=P- -w
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(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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This equation can be interpreted as the matrix P that corresponds to the correla-
tion matrix of the training patterns, and the vector r as the cross correlation between

the training patterns and their desired outputs.

Now, we have a system of linear equations, and the weight vector w in (6.17)

can be expressed by solving the normal equations in Equation (6.17)
w=P .y (6.18)

Equation (6.17) is derived on a single neuron. This procedure must be repeated for

each neuron every time the weights of the network are updated.

Since the procedure requires all the training patterns to be propagated through
the network, in the case of large training sets solving such matrix equations at each

node might pose problem with the amount of computations required.
6.7.3. Stochastic Iteration

We can correct this deficiency by modifying the correlations in Equation (6.15)
and Equation (6.16), and also selecting the training patterns randomly. We rewrite
Equation (6.15) as

t
P(t) =Y _O(k)O(k)" (6.19)

k=1

and Equation (6.16) as

r(t) =Y _d(k)O(k) (6.20)
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Here ¢ corresponds to the index of the current iteration. Now (6.18) takes the form of
w(t) = P (t)r(t) (6.21)

Equation (6.19) and Equation (6.20) produce estimates for the correlation matrix P
and correlation vector r, except for a factor of %, and they improve with increasing ¢.
Now, the weight at each node can be updated at every iteration as training patterns

propagated through the network one by one to calculate these estimates.

Stochastic iterations in this form may increase the training time of the network.
Because we obtain the estimates for each layer from the data we receive from the previ-
ous layer, and each iteration in some form contains information about older correlation
estimates even after the network updated its weights. To cope with this problem, we

will use a factor called forgetting factor.
6.7.4. Forgetting Factor

The forgetting factor A allows the new data points to dominate while exponen-
tially reducing the effect of the earlier correlation estimates. It is inserted into the

correlation equations (6.19) and (6.20) as follows:

P(t) = zt: NRO(k)OT (k) (6.22)

t

r(t) =Y N (k)0 (k) (6.23)

k=1

Now, we can write both Equation (6.22) and Equation (6.23) recursively as:

P(t) =AP(t — 1) + O(t)O™(t) (6.24)
r(t) =Ar(t — 1) +d(t)O(?) (6.25)
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Although Equation (6.24) and Equation (6.25) are in recursive form, we need a recursive

equation for the inverse auto-correlation matrix P~1(t).
6.7.5. Recursive Least Squares

The recursive equation for the inverse auto-correlation matrix P~1(¢) is calculated

as in Section 4.3.1

Pty =X (PN (E— 1) — k;(0)O] P (t— 1)) (6.26)

J

where for the (k + 1) layer

k() = . 6.27
=N O E - 100) (627
And the weight vectors in (6.21) are updated as
w;j(t — 1)+ k;(t)(d; —S;)  for the output layer
wy) =4 e (6.28)

wi;(t — 1) + k;(t)no,(t) for the hidden layers

where ¢ is the iteration number, and w;; is the weight connecting the i node in the
k" layer to the j node in the (k + 1) layer. Constants A and 7 are the forgetting
factor and the learning rate, respectively. 6;(¢)’s are obtained from Equation (6.4) and

Equation (6.5).
6.7.6. The Algorithm
The proposed algorithm the authors used in [4] to train the neural network using

the recursive least squares back propagation and the sigmoid activation function can

be summarized as follows:



7

(i) Initialize:
(a) Randomize all weights in the network.
(b) Set the forgetting factor A, and learning rate 7.
(c) Initialize the inverse of the auto-correlation matrix P! to the o/ where I
is the identity matrix, and o is a large constant.
(ii) Feed forward a randomly selected training pattern (zo,tp) to the network, and

evaluate the summation outputs for each layer
k41 k Ak
Sith = Z w;;0;
i

and the sigmoid activation function outputs

1
OFtl = f(Sk+1) =
J (5570 1—|—exp(—S§“+1)

(iii) Calculate the Kalman gain K/ (t) for each node with index j in the (k+1)™ layer
to update Pj_1 where O; is the output of the k™ layer with the node index i:

(iv) Backpropagate the errors through the network
(a) For output layer k + 1 the delta terms are

k1 _ k+1 k+1
07 = 1S5t — 05
(b) And the delta terms for the interior hidden layer with index k + 1 is

5Jl§+1 _ f/(SjlyH) Z@lkﬂ . w;;lﬂ)

l
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Here the derivative of the sigmoid activation function f’(S f“) is given by

FIS5TY) = F(S7THA = £(S7)
(v) Adjust the weights in each layer using

wzkj (t—1)+ Kj(t)(dé?Jr1 - Sf“) for output layers

wfj(t) =

wi(t—1) + Kj(t)(néf“(t)) for hidden layers

where the desired summation output at the (k + 1) output layer calculated by

using the inverse function

k tj
d :ln< / ) (6.29)

for every j** node in the output layer.

Opi-11 E ' : Opr-11

Opr12 O Opr-12

A4
ey

Opr13 Opr-13

|
| |
iLinear Portion Error i

___________________________

Hidden Layers Output Layer

Figure 6.6. Linear and error portion of the neurons in the hidden and output

layers [4].

Let the number of the network parameters be M. The computational complexity
of computing the overall training set error and the gradients is O(M?) for standard
backpropagation algorithm. In the backpropagation algorithm using RLS, the matrix
inversion has complexity O(D?) where D is the dimension of the output layer. For

a single output neural networks, this inversion operation reduces to scalar division.
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The weight and auto-correlation matrix updates requires O(DM?), so that total com-
putational complexity is O(DM? + D3). Even though training with RLS algorithm
requires more computational power, the adaptive Kalman gain parameter increases the

convergence rate of the algorithm [4].
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7. EXPERIMENTS

7.1. Online K-means
7.1.1. Data
The proposed algorithms in Chapter 5 are tested on different data sets including
a synthetically generated data set and data from UCI machine learning repository [55]
and LibSvm [56]. We also used same data sets as proposed in [6] to compare our

results.

For synthetically generated data we used make_blobs module from python’s

scikit-learn library [57]. The available parameters are as follows:

(i) n_samples: The total number of points equally divided among clusters.

)
(ii) n_features : The number of dimensions of each point.
(iii) centers: The number of centers to generate, or the fixed center locations.
)

(iv) cluster_std : The standard deviation of the clusters.

We refer our synthetically generated data with respect to their chosen parameters as

shown in Table 7.1
7.1.2. Implementation

We listed the source code for our implementations of the algorithms we investi-

gated in Chapter 5 in Appendix A.1.



Table 7.1. Description of the synthetically generated dataset.

Name | n_samples | n_features | centers | cluster_std
D1 2103 2 20 0.6
D2 2103 2 40 0.6
D3 5- 10 2 20 0.6
D4 5-10% 2 40 0.6
D5 5-10* 2 60 0.6
D6 510 2 120 0.6

Table 7.2. Description of the datasets from UCI machine learning repository.

Name n_samples | n_features | centers
Iris 150 4 3
Bridge-binarized | 4096 16 256
House 5 bits 34112 3 256
magic04 19020 10 40
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7.1.3. Evaluation Metrics

Evaluating the performance of a clustering algorithm requires more than mea-
suring errors, calculating precision and recall for the proposed classification algorithm.
One of the difficulties come from the fact that it is difficult to write a one-to-one match-
ing between the original labels, and the new cluster sets. But, we can use the original
cluster labels as a discrete similarity measure. For these reasons, we used homogeneity,
and completeness metrics to measure similarity within each cluster. For datasets with

unknown labels, batch k-means results is used as a baseline.

Given a data set with N points, let S = {s;}"; to represent a set of classes, and

W = {w;}1L, represent a set of clusters of these data points.

7.1.3.1. Homogeneity. Perfect homogeneity of a clustering is achieved when all points

in that cluster are instances of a single class. Clusters that include samples from
different classes are not considered as homogeneous. Homogeneity score is between 0.0

and 1.0. 1.0 score corresponds to perfect homogeneity [58].

_ H(SW)

A TCR

Here H(S|W) is the entropy of classes S conditioned on cluster assignments W, and is

defined by:

H(S|W) = —ii%wmg (%) (7.1)

s=1 w=1
H(S) is the entropy of the classes and is given by:

n

H(S) = — %ldg (“N) (7.2)

s=1
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In the above equations, as and a, represent the number of data points belonging
to class s and assigned to cluster w respectively. The number of data points from class

s assigned to cluster w is given by as .

7.1.3.2. Completeness. Completeness is satisfied if all points of a given class are

grouped in the same cluster. Completeness score varies between 0.0 and 1.0, where

1.0 corresponds to perfect completeness [58].

_ HWIS)

' mmy

where H(W|S) is the entropy of clusters W conditioned on classes S and H(W) is

the entropy of clusters W, and symmetrically defined as in Equation (7.1) and Equa-
tion (7.2).

7.1.3.3. V-Measure. A clustering that splits classes into more than one clusters can

also be homogeneous. On the other hand, a clustering that assign two different classes
to the same cluster is still considered as complete. This means, any homogeneity or
completeness measure by themselves cannot be enough to evaluate the success of a
proposed clustering algorithm. We are going to combine these measure under a single
measure called the V-measure. V-measure score is calculated by the harmonic mean

between homogeneity and completeness [58].

7.1.3.4. Number of Clusters Ratio. This measure is the ratio of the number of clusters

calculated by the algorithm and the desired number of clusters. Recall that, in online

clustering algorithms the number of clusters is adjusted as new data points arrive.
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Hence, this metric is used for online clustering algorithms where the algorithm takes a
user-defined input for the target, i.e. the desired number of clusters, but may yield a
larger number of clusters. A smaller ratio means the number of calculated clusters is

closer to the target number of clusters.

7.1.4. Results

We used homogeneity and completeness as the main metrics to evaluate the
success of a clustering algorithm. In addition, we also compared algorithms in terms of
their time complexity and clustering cost. For the fully online k-means, we also used

the ratio of Kigrger and Koctuar s @ metric [6].

In online k-means we use the stochastic gradient descent to update cluster cen-
troids, but the number of clusters must be specified a priori. For the ART method
one has to choose a wigilance threshold. This threshold allows for creation of new
clusters as new instances of data points are fed to the algorithm. In the ART method,
choosing a convenient value for the wigilance threshold is the major drawback. With
a large vigilance value, even points that are too far from each other might fall in the
same cluster. On the other hand, a small vigilance value may cause generation of too
many clusters. In our experiments we observed that ART algorithm is too sensitive
to vigilance parameter. However, this sensitivity does not impact the homogeneity or

completeness metrics visibly.

The fully online k-means algorithm proposes using the same objective function
as the k-means clustering algorithm, but adds a new term for the cost of opening a
new cluster for an incoming data which comes from the online facility location problem.
The cost of opening a new cluster changes with the number of clusters created. Even
though some of the initially created cluster centroids may fail to attract points arriving
later in the stream Liberty et. al. (2015) in [6] showed that algorithm in Figure 5.9
creates only slightly more than the desired number of clusters. However, results of

our experiments on this algorithm are not on par with the results obtained in [6].
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Figure 7.2. Clustering result of online k-means algorithm on D1.

In the same paper the authors also suggest some practical adjustments on the fully
online k-means algorithm. With this modified online algorithm, initial £ value is set
to (kigrger — 15)/5. The authors also modify the hyper-parameter f from 2 to 10.
This modified version of the online algorithm in our implementation shows results
similar with their experiments. However, on our datasets this algorithm creates less
than k centers, and the ratio between kqcrua and kigrger ranges between 0.5 and 0.75.
Figure 7.3 shows clustering on the data set D1. It can be seen that interior clusters are
successfully detected by the algorithm, and outer clusters did not form correctly. Since
these algorithms do not update the cluster centroids, the centroids are not located in

the cluster centers.
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Clustering result of modified online algorithm on D1.
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Model Data ko |m p Homogeneity | Completeness | V-measure | CPU Ratio
Online k-means | Iris-normalized | 3 03] - 0.913 0.915 0.914 0.005 1
Online k-means | Bridge-binarized | 256 | 0.3 | - 1 1 1 0.196 1
Online k-means | House-5 bits 256 [ 0.3 | - 0.814 0.849 0.831 0.0451 |1
Online k-means | magic04 40 0.3 - 0.707 0.728 0.717 0.297 1
ART Iris-normalized | - 0.3 | 0.02 1 1 1 0.009 1
ART Iris-normalized | - 0.3 10.01 |0.930 0.931 0.931 0.0117 | 1.6
ART Iris-normalized | - 0.3 10.07 |0.579 1.000 0.734 0.010 0.6
ART Bridge-binarized | - 034 00.601 0.658 0.628 0.126 1.16
ART Bridge-binarized | - 0.31]0.7 1 1 1 0.4933 | 10.98
ART Bridge-binarized | - 03112 0.866 0.876 0.871 0.310 6.48
ART House-5 bits - 0.3 | 100 0.843 0.864 0.854 0.073 2.42
ART House-5 bits - 03] 1.6 0.940 0.996 0.967 0.119 7.17
ART magic04 - 0.3 | 10000 | 0.394 0.433 0.413 0.541 6.8
Fully-online Iris-normalized | 3 - - - - - 0.010 48.6
Fully-online Bridge-binarized | 256 | - - - - - 0.456 11.9
Fully-online House-5 bits 256 | - - - - 0.262 8.17
Fully-online magic04 40 |- - - - - 12.62 465.725
Modified-online | Iris-normalized | 3 - - - - - 0.008 3.3
Modified-online | Bridge-binarized | 256 | - - - - - 0.06918 | 0.25
Modified-online | House-5 bits 256 | - - - - - 0.043 0.28
Modified-online | magic04 40 |- - - - - 0.314 0.52
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Table 7.4. The results of online k-means experiments on synthetically generated data.

Model Data |ky |n |p | Homogeneity | Completeness | V-measure | CPU | Ratio
Online k-means | D1 20 103 - 0.839 0.916 0.876 0.039 |1
Online k-means | D2 40 0.3 |- 0.855 0.905 0.879 0.074 |1
Online k-means | D3 20 0.3 - 0.835 0.938 0.883 1.638 | 1
Online k-means | D4 40 0.3 |- 0.822 0.879 0.849 1.791 | 1
Online k-means | D5 60 |03 |- 0.793 0.848 0.820 1813 | 1
Online k-means | D6 120 | 0.3 | - 0.751 0.798 0.774 2035 |1
ART D1 - 0.3 0.6 |0.918 0.921 0.920 0.117 | 7.75
ART D2 - 0.3]0.6 | 0.891 0.893 0.892 0.133 | 5.7
ART D3 - 0.3 0.6 | 0.930 0.930 0.930 3.874 | 20.35
ART D4 - 0.3]0.6|0.833 0.834 0.833 4.234 | 11.8
ART D5 - 0.3]0.6 | 0.801 0.804 0.803 465 |9.2
ART D6 - 0.3]0.6 | 0.755 0.761 0.758 492 |5.14
Fully-online D1 20 |- - - - - 0.093 | 101.5
Fully-online D2 40 | - - - - - 0.218 | 51
Fully-online D3 20 |- - - - - 28.99 | 710.95
Fully-online D4 40 | - - - - - 48.67 | 740.75
Fully-online D5 60 |- - - - - 60.09 | 783.46
Fully-online D6 120 | - - - - - 60.09 | 417.675
Modified-online | D1 20 |- - - - - 0.041 | 0.65
Modified-online | D2 40 | - - - - - 0.074 | 0.5
Modified-online | D3 20 | - - - - - 1.812 | 0.7
Modified-online | D4 40 | - - - - - 1.829 | 0.72
Modified-online | D5 60 |- - - - - 1.868 | 0.63
Modified-online | D6 120 | - - - - - 1.944 | 0.625
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7.2. Online Multilayer Perceptron

38

We tested our implementations of the algorithms we investigated in Chapter 6 first

on XOR and HTRU_2 data set [59]. HTRU_2 dataset consists of approximately 18 thou-

sand datapoints each with 9 numerical features. Data comes from pulsar candidates

collected during the High Time Resolution Universe Survey [60]. We also used a syn-

thetically generated data set. For the data generation we used make classification

function in datasets module from python’s scikit-learn library [57] which has param-

eters as follows:

n_samples :

The total number of points.

n_features : The number of dimensions of each point.

n_classes

: Desired number of classes.

random_state : Random seed.
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Table 7.5. Description of the datasets for classification.

Name n_samples | n_features | n_classes
XOR 4 2

HTRU_2 | 17898 9 2

DD1 2000 2 2

DD2 5000 10 2

DD3 2000 10 2

DD4 5000 20 2

DD5 5000 4 2

DD6 5000 40 2

7.2.2. Implementation

We listed the source code written in Python for our implementations of the al-
gorithms we investigated in Chapter 6 in Appendix A.2 In the algorithms we use the

sigmoid activation function whose derivative is

ro = (=) (1= 1) = F00 - 1) (73)

14 e 2 1+4+e 2

7.2.3. Results

We evaluated the multilayer perceptron model using stochastic gradient descent
and recursive least squares backpropagation algorithms for two-class classification tasks.
The results are based on accuracy, the number of iterations, training time, and mean
squared error (MSE). Training and test sets are randomly sampled, and with a ratio
0.20. Then %75 of the training set is randomly chosen to be the actual training set
and the remaining to be the validation set. We selected the parameter values of the
models which provide the minimum cost on the validation set with minimum training

iterations needed. During testing, we used 0.5 as classification probability threshold.
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Figure 7.5. Visualization of the data points in DD1.

For HTRU 2 data set [59] we did our experiment fully online with only one epoch.
For this data set we also added a momentum term [61] for the SGD algorithm with a

factor 0.7. Table 7.6 shows our results.

Even though computational complexity of the RLS algorithm is higher than the
SGD algorithm, in our experiments we observed that RLS has faster convergence speed
than SGD. Figure 7.8 and Figure 7.7 shows cost values over epochs for XOR data set.
These results suggest that the adaptive coefficient (Kalman gain) of the RLS algorithm
makes the training algorithm less prone to get stuck in a local minimum. On the other
hand, we observed that on the HTRU_2 data set which is trained in a fully online
manner, SGD algorithm performed slightly better than RLS algorithm. This suggests
that the momentum term in the SGD algorithm makes it more effective than the RLS

algorithm is the online case.



91

Table 7.6. The results of classification with online MLP training on synthetically

generated data.

Model Data | n A Maximum Accuracy | Iterations | CPU (Training) | Training Cost | Test Cost
SGD backprop | DD1 | 0.1 |- 0.9833 5 2.6529 59.02326 27.92
SGD_backprop | DD2 | 0.1 |- 0.9884 8 7.20573 199.808 84.757
SGD_backprop | DD3 | 0.1 |- 0.9075 80 30.6813 48.9132 23.22045
SGD_backprop | DD4 | 0.1 |- 0.95 20 20.7066 118.187 59.598
SGD backprop | DD5 | 0.1 | - 0.938 10 8.6474 117.408 58.812
SGD_backprop | DD6 | 0.1 |- 0.817 20 79.55414 286.7083824 137.8
RLS_backprop | DD1 | 0.1 | 0.95 | 0.9833 2 0.8417 15.18359 5.7204
RLS_backprop | DD2 | 0.01 | 0.95 | 0.9848 2 2.14675 33.9065 15.636
RLS _backprop | DD3 | 0.1 | 0.95 | 0.9045 4 2.33173 50.9307 22.5615
RLS backprop | DD4 | 0.1 | 0.95 | 0.9606 3 4.1198 44.0093 24.6517
RLS backprop | DD5 | 0.1 | 0.90 | 0.95151 2 1.87012 100.212 36.9373
RLS backprop | DD6 | 0.1 | 0.85 | 0.8951 5 22.23 142.4299 63.4879

Table 7.7. The results of classification on XOR with online multilayer perceptron

models experiments.

Model Data |n | A | Network size | Iterations | CPU (Training) | Test Cost MSE Threshold
SGD _backprop | XOR | 0.9 | - (2,8,1) 2527 1.7387 0.0006 le-4
SGD_backprop | XOR | 0.7 | - (2,8,8,1) 5935 3.5409 0.0005 le-4

SGD _backprop | XOR | 0.7 | - (2,8,8,1) 503 0.41977 0.0793 le-2
RLS_backprop | XOR | 0.7 | 0.3 | (2,8,1) 9 0.13543 0.940 le-4

RLS backprop | XOR | 0.9 | 0.1 | (2,8,8,1) 3 0.10729 0.96316 le-4
RLS_backprop | XOR | 0.9 | 0.3 | (2,8,8,1) 2 0.10779 0.95 le-2
RLS_backprop | XOR | 0.5 | 0.8 | (2,8,8,1) 876 1.1520 1.4596279930479618e-07 | 1le-10




Figure 7.6. Data points in DDb.
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Table 7.8. The results of fully online training with online MLP models on HTRU_2

data set.

Model Data n A Network size | Accuracy | CPU (Training) | Training Cost | Test Cost
SGD _backprop | HTRU_2 | 0.6 | - (8,4,1) 0.96935 2.96438 326.245631588 | 133.34895
SGD_backprop | HTRU-2 | 0.5 | - (8,10,1) 0.975 2.90968 210.0264 80.6184
SGD _backprop | HTRU_2 | 0.8 | - (8,4,4,1) 0.978 2.50676 258.0811 55.6441
RLS backprop | HTRU 2 | 0.1 | 0.85 | (8,4,1) 0.91 2.60155 483.15869 226.14187
RLS_backprop | HTRU.2 | 0.5 | 0.9 | (8,10,1) 0.9649 2.73465 557.4692 251.13751
RLS_backprop | HTRU_2 | 0.7 | 0.85 | (8,4,4,1) 0.9673 3.45767 377.92 75.608
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Figure 7.8. The cost changes over the number of epoch of the backpropagation
algorithm using SGD on XOR.
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8. CONCLUSION

This thesis is written as a survey of online and stochastic methods used in machine
learning algorithms. Along with standard machine learning algorithms, we investigated
the k-means algorithm and multilayer perceptron model in detail from this perspective.
We wrote out own implementations (the python code for these experiments are listed
in the Appendix) and did numerical experiments to compare our implementations of
these different algorithms. The results of these experiments are analyzed in Chapter 7.
We hope that this thesis gives a good starting point to any researcher who would like
to learn more about the use of online and stochastic methods in machine learning

algorithms and neural networks.
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#synthetical data generation

def synthetical_data_generator (N, k, d, std, seed):
from sklearn.datasets.samples_generator import make_blobs
X, y_true = make_blobs(n_samples=N, centers=k, n_features=d,

cluster_std=std, random_state=seed)

return X, y_true

#initalization of the centroids
def initialize_centroids (points, k, shuffle=False):
"?7returns k centroids from the initial points”””
centroids = points.copy ()
if shuffle:
np.random. shuffle (centroids)

return centroids [:k]

Figure A.1. Data generation and initialization.
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# to adjust obtained cluster labels to target labels

def adjust_labels(labels, labels_true, k):

labels_adjusted = np.zeros_like (labels)
for i in range(k):
mask = (labels = 1)
labels_adjusted [mask] = mode(labels_true [mask]) [0]

return labels_adjusted

Figure A.2. Data postprocessing.

def kmeans(points ,k,epochs):

centroids = initialize_centroids (points, k)
trajectories =[centroids]

for epoch in range(epochs):

distances = np.sqrt (((points—centroids [: ,np.newaxis]) *%2) .sum(
axis=2))
closest np.argmin (distances , axis=0)

centroids = np.array ([points[closest=k].mean(axis=0)\

for k in range(centroids.shape[0])])
if epoch%b — 0:
trajectories .append(centroids)

return centroids ,trajectories

Figure A.3. K-means (Batch).
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def onlinekmeans (X, k):

77 Online k—means using stochastic gradient descent.

X : data matrix, C : initial centers
eta: 1 / nk gradually decreasing learning rate

3999

C = initialize_centroids (X,k)
etas = np.zeros (C.shape[0])
for x in X:
idx = np.argmin (((C — x)*%2).sum(1))
etas[j] +=1
eta = 1.0 / etas[j]
# update only the centroid with minimum distance
Cl[j] = (1.0 — eta) *x C[j] + eta * x

return C

Figure A.4. Online k-means with stochastic gradient descent.

def art (X, rho, eta=0.3):

rho: vigilance parameter

C = initialize_centroids (X,1)
for x in X:
d =np.min(((C — x)**2).sum(1))
if d < rho:
j = np.argmin (((C — x)*%2).sum(1))
Clj] = (1.0 — eta) * C[j] + eta * x
else:
C = np.append(C, np.array ([x]), axis=0)

return C

Figure A.5. Adaptive resonance theory.
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def fully_online (X, k, epsilon=le—10):

X : data matrix
C : initial centers
f: facility cost

C = initialize_centroids (X,k+1)

n = k+1

dists = []

for x in C:
d = ((C— x)*%x2).sum(1)
d=1[i for i in d if math.abs(i) > epsilon]
dists .append (d)

j = np.min(dists) /2

f=3/k
r=1
q=20

for x in X:

n+=1

D2 = np.min((C — x).sum(1))*x2

p = np.min((D2/f, 1))

random_number = np.random.random ()

if random_number < p:
C = np.append (C, np.array ([x]), axis=0)
q+=1

if q >= 3xkx(l+np.log(n)):

r +=1
q=20
f = 2«f

return C

Figure A.6. Fully online k-means.
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def modified_fully_online (X, k_target, epsilon=1e—10):
Modified algorithm in (Liberty et al.) for experimental design
in which they did pragmatic decisions about, e.g
how to set the initial facility.
k_target : the number of clusters we would like

the algorithm to output

k = (k_-target — 15) / 5

C = initialize_centroids (X,10)
k+1

dists =[]

n

for x in C:
d = ((C— x)*%2).sum(1)
d = [i for i in d if math.abs(i) > epsilon]
dists .append(d)

j = np.sum(sorted (dists)[:10]) /2

j
r =1
q=20

for x in X:
n+=1
D2 = np.min((C — x
p = np.min((D2/f,

csum (1)) *x2
))

if np.random.random() < p:

)
1

C = np.append (C, np.array ([x]), axis=0)
q4=1
if q>= k:
r +=1
q=20
f = 10xf

return C

Figure A.7. Modified fully online k-means.
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def estimated_cluster_num (centroids):
k = len(centroids)

return (’Estimated .number._of_clusters: %’ % k)

def homogenity_completeness_v_measure(labels, labels_true):
homogeneity , completeness, v_measure \
= metrics.homogeneity_completeness_v_measure(labels_true , labels)
print (" Homogeneity: .%0.3f” % homogeneity)
print (” Completeness: _%0.3f” % completeness)

print ("V=measure: .%0.3f” % v_measure)

def adjusted_rand_index (labels, labels_true):
return (" Adjusted _Mutual_.Information: . .%0.3f"% metrics .
adjusted_mutual_info_score(labels_true, labels)
def adjusted_mutual_information (labels, labels_true):
return (7 Adjusted _.Mutual_Information:_.%0.3{"% metrics.
adjusted_mutual_info_score(labels_true, labels))
def silhouette_coef (X, labels):
return (7 Silhouette.Coefficient : . %0.3{"% metrics.

silhouette_score (X, labels, metric="sqeuclidean’))

Figure A.8. Evaluation metrics.
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A.2. MULTILAYER PERCEPTRON

class MultiLayerPerceptron:

def __init__(self, network_size, model="SGD’):

7?7 Initialize the network

network_size = (n_input ,n_hiddenl ,... , n_hiddenk, n_output)
n_input: number of mneurons in input layer

n_hiddenj: number of hidden neurons in hidden layer j
where j = 1,2,..k

n_output :number of output neurons

999

# set layer values

self .indices = len(network_size) — 1
self .shape = network_size
self.inverse = inverse_exp
self . model = model

# to store inputs and outputs after forward propagation
self._S = []
self..O = []

# Initialize weights
layer_array = np.array ([network_size[: —1], network_size[1:]]).T
self.weights = []
for (layerpair_1 ,layerpair_2) in layer_array:
# create a random array
temp = np.random. uniform (low=-1.0, high=1.0, size=layerpair._2
x(layerpair_1 + 1))
self.weights.append (temp.reshape(layerpair_2 , layerpair_1 +

1))

Figure A.9. Algorithms.
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if self.model = ="RLS":
self .P_inv = [100*np.eye(x+1) for x in network_size[: —1]] +
100« [np.eye(network_size[—1])]
#Forward Propagation
def FeedForward(self , incoming):
7?77 Feed the network with inputs”””
# Reset values
self. .S = []
self..O = []

# Feedforward
for k in range(self.indices):
# if we are at the input layer
if k = 0:
# we also add bias
input_with_bias = np.array ([np.append(i,1) for i in
incoming])
S = self.weights [0].dot(input_with_bias.T)

# else we are the hidden layer

else:
# we take the data from previous layer
# hidden_input_with_bias
b = np.ones([1, incoming.shape[0]])

S = self.weights[k].dot(np.vstack ([self..O[—=1],b]))
# layer inputs
self._S.append(S)
# layer outputs
self._O.append(sigmoid (S))
# return output from the last layer

return self. O[—-1].T

Figure A.9. Algorithms (cont.).
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# Backpropagation

def RLSBP(self ,incoming ,target ,eta,forgetting_factor):
Backpropagate the network for one epoch
eta:learning rate
# to store deltas
delta = []

i = np.random.randint (np.array (incoming).shape [0])
x = np.array ([incoming[i]])

target [ 1]

«
|

# FeedForward the network

self . FeedForward (x)

# Compute deltas

# start from Output Layer and move backwards

for k in range(self.indices)[:: —1]:

# if we are at Output Layer

if k = self.indices — 1:
e = self. . O[k]—-y.T
output-delta = exsigmoid_derivative(self._S[k])
error = 0.5%np.sum(ex**2)
delta.append (output_delta)

# else we are at hidden layer

else:
# delta_h—> following layer’s delta
delta_h = self.weights[k + 1].T.dot(delta[—1])
f_deriv_S = sigmoid_derivative (self._S[k])

# takes all the but last rows that correspond to biases
hidden_delta = delta_h[:—1, :]xf_deriv_S
delta.append(hidden_delta)

Figure A.9. Algorithms (cont.).
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# Compute weight changes
for k in range(self.indices):
if k = 0:
# if we are in input layer
# add biases also
input_with_bias = np.array ([np.append(i,1) for i in x])
O = input_with_bias.T
else:
# output for previous layer
# add biases also
b = np.ones([1, self..O[k — 1].shape[1l]])
O = np.vstack ([self..O[k — 1],b])
# kalman gain

divide_to

np.dot (np.dot (O.T, self.P_inv[k]), O) \
+ forgetting_factor
K = np.dot(self.P_inv[k], O)/divide_to
self .P_inv[k] = np.divide ((self.P_inv[k] \
— K % O.T * self.P_inv[k]), forgetting_factor )
# adapt index of delta for reverse order
k_delta = self.indices — 1 — k
# take current deltas and multiply it with kalman gain

Delta_w_current = delta[k_delta]

# update the weights
if k = self.indices — 1:
# output layer update
desired_summation_output = self.inverse(y)
self . weights[k] —= \
np.dot ((self._S[—1]—np.array ([\
desired_summation_output]).T) ,np.array (K).T)
else:
self . weights[k] —= etax(Delta_w_current)*(np.array(K).T)
# returns error

return error

Figure A.9. Algorithms (cont.).
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# Backpropagation algorithm for stochastic gradient descent

def SGDBP(self, incoming, target, eta):

99

Backpropagate the network for one epoch
eta:learning rate

# to store deltas

delta = []

i = np.random.randint (np.array (incoming).shape [0])
x = np.array ([incoming[i]])

target [ 1]

«
|

# FeedForward the network

self . FeedForward (x)

# Compute deltas

# start from Output Layer and move backwards

for k in range(self.indices)[:: —1]:

# if we are at Output Layer
if k = self.indices — 1:
e = self. . O[k]—-y.T
output-delta = exsigmoid_derivative(self._S[k])
error = 0.5%np.sum(ex**2)
delta.append (output_delta)
# else we are at hidden layer
else:
# delta_h—> following layer’s delta
delta_h = self.weights[k + 1].T.dot(delta[—1])
f_deriv_S = sigmoid_derivative (self._S[k])

# takes all the but last rows that correspond to biases

hidden_delta = delta_h[:—1, :]xf_deriv_S
delta.append(hidden_delta)

Figure A.9. Algorithms (cont.).
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#Compute weight changes
for k in range(self.indices):
x get outputs of the layers
x multiply all the outputs from previous layer
by all of the deltas from the current layer
* update the weights that connect
previous layer to the current layer

* return error

if k = 0:
# if we are in input layer
# add biases also
input_with_bias = np.array ([np.append(i,1)
O = input_with_bias.T
else:
# output for previous layer
# add biases also
b = np.ones([1, self..O[k — 1].shape[1l]])
O = np.vstack ([self. O[k — 1],b])

# adapt index of delta for reverse order
k_delta = self.indices — 1 — k
# take current deltas and multiply it

# with previous layers’ outputs

for i in x])

delta_x_O = delta[k_delta][np.newaxis,: ,:].transpose(2, 1, 0)
* O[np.newaxis ,: ,:].transpose (2, 0 ,1)
Delta_w_current = etas*np.sum(delta_x_O, axis = 0)

# update the weights

self.weights [k] —= etaxDelta_w_current

# returns error

return error

Figure A.9. Algorithms (cont.).






